
P
 
e
 
N
   A 

I
 

T T
 
X
S
S
 

ET 
S
R
 

L 
S 

N 
N
\
 

»'[ 

¥ ,‘ 

b\ 

- 3 

¥ 

H3 

i T YT PP 

A ol o, 

o, 

Standard Level 
for the IB Diploma 

  
  

o 
Y 

S 
R
—
—
 

L 

o
 

= 
» 

T 
“ 

) 
= 

LN 
T
R
 

- 
oy 

- 
' 

e
y
 

¥ 
s 

v
 
T
r
e
e
e
 

.
t
v
 

. 
b 

- 
"
o
 

L 
23 

L
 

) 
L
 

- 

! 
Q
Q
'
.
}
'
 

» 
o
 

.
.
u
.
.
;
.
.
.
 

@ 
,
"
‘
 

S 
& 

Mathemat 

 



CONTENTS 

  

  

Introduction Vi 

| Exponents and logarithms 1 

1.1 Solving exponential equations 3 

1.2 Solving disguised quadratic equations 4 

1.3 Laws of logarithms 5 

1.4 Solving equations involving logarithms 6 

1.5 Problems involving exponential functions 7 

2 Polynomials 9 

2.1 Using the quadratic formula 10° 

2.2 Using the discriminant 11 

2.3 The completed square form y = a(x — h)*> + k ' 12 

2.4 Getting quadratic functions from their graphs 13 

2.5 Applying the binomial theorem 14 

2 Functions, graphs and equations 17 
3.1 Domain and range 19 

3.2 Inverse and composite functions 20 

3.3 Transformations of graphs 22 

3.4 Rational functions : 23 

3.5 Using the GDC to solve equations o 24 

3.6 Solving pairs of linear equations 25 

/ Sequences and series 28 

4.1 Arithmetic sequences and series 29 

4.2 Geometric sequences and series 30 

4.3 Applications S 31



fi 

o Trigonometry ' 34 

5.1 Transformations of trigonometric graphs 36 

5.2 Using identities to find exact values of trigonometric functions 37 

5.3 Solving trigonometric equations 38 

5.4 Using identities to solve trigonometric equations 39 

5.5 Geometry of triangles and circles 40 

5.6 The ambiguous case of the sine rule ' 41 

& Vectors - 45 
6.1 Proving geometrical properties using vectors 47 

6.2 Equation of a line and the intersection of lines 48 

6.3 Angles between lines 50 

6.4 Applying vectors to motion 51 

~ Differentiation 54 
7.1 Differentiation from first principles 57 

7.2 The product, quotient and chain rules ) 58 

7.3 Tangents and normals 59 

7.4 Stationary points 60 

7.5 Optimisation with constraints 61 

7.6 Points of inflexion 62 

7.7 Interpreting graphs 63 

7.8 Kinematics 65 

© Integration 68 
8.1 Integrating expressions 70 

8.2 Finding areas 71 

8.3 Volumes of revolution 72 

8.4 Kinematics 73 

8.5 Integration by substitution 74 

 



9 

10 

11 

12 

13 

  

Descriptive statistics 

9.1 Median and quartiles 

9.2 Mean, standard deviation and frequency histograms 

9.3 Cumulative frequency 

9.4 Box and whisker diagrams and comparing data sets 

9.5 Correlation and regression 

Probability 

10.1 Calculating probabilities by considering possible outcomes 

10.2 Venn diagrams and set notation 

10.3 Tree diagrams 

10.4 Discrete random variables 

10.5 The binomial distribution 

10.6 The normal and inverse normal distributions 

10.7 Using the standard normal distribution when W or ¢ is unknown 

Examination support 

Common errors 

How to check your answers 

Things you need to know how to do on your calculator 

Casio calculator 

Texas calculator 

Worked solutions 

Answers to practice questions 

77 

80 

81 

83 

85 

87 

93 

95 

96 
97 
08 

99 
100 
101 

104 
104 

105 

107 
107 

111 

115 

144



INTRODUCTION 

  

  

ABOUT THIS BOOK 

If you are using this book, you’re probably getting quite close to your exams. You may have started off 

as a bright-eyed student keen to explore international perspectives in mathematics and the nature of 

mathematical knowledge, but now you want to know how to get the best possible grade! This book is 

designed to revise the entire core material that you need to know, and to provide examples of the most 

common types of exam questions for you to practise, along with some hints and tips regarding exam 

technique and common pitfalls. ‘ 

If the material in a chapter involves maths outside of that chapter, this kind of box will direct you to the 

relevant part of the book where you can go and remind yourself of that maths. 

  

The most important ideas and formulae are emphasised'in the “What you need to know’ sections at the 
start of each chapter. When a formula or set of formulae is given in the Formula booklet, there will be 

a book icon next to it i‘ If formulae are not accompanied by such an icon, they do not appear in the 

Formula booklet and you may need to learn them or at least know how to derive them. 

For Mathematics Standard Level, each of the written papers: 

is worth 40% of the final grade 

® is one and a half hours long (plus 5 minutes of reading time) 

- has a total of 120 marks available 

e contains 9 or 10 short questions and 3 or 4 long questions. 

The difference between the two papers is that calculators are not allowed for Paper 1, but are required 

for Paper 2. 

fi In this book questions which are designed to be done without a calculator are accompanied by a 

non-calculator icon. 

% Questions which are only sensible to do with a calculator are marked with a calculator icon. 

All other questions should be attempted first without a calculator, and then with one. 

Between Papers 1 and 2 the majority of the material in the Standard Level course will be assessed. 
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IMPORTANT EXAM TIPS 
e  Grab as many marks as you can. 

e If you cannot do an early part of a question, write down a sensible answer and use that in later 

parts or, if the part you could not do was a ‘show that’ task, use the given result. You will still 
pick up marks. 

e Do not throw away ‘easy marks’: 

e Give all answers exactly or to three significant figures. Each time you fail to do so you will 
lose a mark. 

e Do not use rounded intermediate values, as this can result in an inaccurate answer; store all 

intermediate values in your calculator. 

® Read the questions carefully and make sure you have provided the answer requested. For 

example, if the question asks for coordinates, give both x and y values. If the question asks 

for an equation, make sure that you have something with an equals sign in it. 

e The questions are actually worded to help you. 

® Make sure you know what each command term means. (These are explained in the IB 
syllabus.) For example: 

° ‘Write down’ means that there does not need to be any working shown. So, for this type of 

question, if you are writing out lines and lines of algebra, you have missed something. 

e ‘Hence’ means that you have to use the previous part somehow. You will not get full marks 

for a correct answer unless you explicitly show how you have used the previous part. 

e ‘Hence or otherwise’ means that you can use any method you wish, but it’s a pretty big hint 
that the previous part will help in some way. 

e ‘Sketch’ means that you do not need to do a precise and to-scale drawing; however, you 

should label all the important points — at the very least where the curve crosses any axes. 

e If the question refers to solutions, you should expect to get more than one answer. 

e Look out for links between the parts of a question, particularly in the long questions. 

e  Use your 5 minutes of reading time effectively. 

e Decide on the order in which you will attempt the questions. It is very rarely most efficient 

to answer the questions in the order in which they are set; in particular, the last few short 

questions often involve a lot of work relative to the number of marks available. 

  

e For Paper 2, decide which questions can be done easily or checked effectively on the 

calculator. Do not be surprised if this is the majority of questions. 

e Try to classify which section of the course each question is about. 

  

Most importantly, there is nothing like good preparation to make you feel relaxed and confident going 

into an exam, which will help you achieve your best possible result. 

Good luck! 

The author team 
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EXPONENTS AND LOGARITHMS 

  

  

® am X q'* = g™t 

® = am—n 

Q = 

[ ]
 

®-
|m
 

X 
X 

Il 
/
N
 

o
 Q

 
= 

¢ The relationship between exponents and logarithms: 

° Jog,a*=x 

® alogux =x 

©  The rules of logarithms: 

e log.a+log. b=log. ab 

a 
e Jlog.a—log.b=1log. 5 

e log.a" =rlog.a 

1 
° Jlog, (—) =—log.a 

a 

* Jog.1=0   

WHAT YOU NEED TO KNOW 

¢ The rules of exponents: 

e g*=b < x=log,b where a is called the base of the logarithm 

  
  

1 Exponents and logarithms 1



    

  

1 
.’ ® The change of base rule: log, a = 084 

log. b 

There are two common abbreviations for logarithms to particular bases: 

e log,,x is often written as logx 

e log.x is often written as Inx 

e The graphs of exponential and logarithmic functions: 

5=
 

y=Aex 

A 

  

  \ exponential growth exponential decay logarithm 

EXAM TIPS AND COMMON ERRORS 

  

y: 1 Exponents and logarithms 

 



  

1.1 SOLVING EXPONENTIAL EQUATIONS 

WORKED EXAMPLE 1.1 

Solve the equation 4 x 5! = 3%, giving your answer in the form 

log(4 x5+%1)=log(3*) 

& log4+log(5++")=log(3*) 

& log4 +(x+1)logb=xlog3 

& log4 + xlogb +loghb = xlogd 

& xlogd—xlogb =log4+logh 

< x(log3—log5)=log4+log5 

__log4+log5 

_Iog5—log5 

log2 o 0920 

{3 
  

Practice questions 1.1 

1. Solve the equation 5%*! =15, giving your answer in the form 

are integers. 

2. Solve the equation 32**! = 4*-2, giving your answer in the form 

rational numbers. 

3. Solve the equation 3 X 2** = 51 

rational numbers. 

oga 
  

logh” 

  

  

Since the unknown is in the power, we take 

logarithms of each side. 

We then use the rules of logarithms to simplify the 

expression. First use log(ab) = loga + logb 
  

  

  

We can now use loga* = kloga to get rid of the 
powers. 
  

  

Expand the brackets and collect the terms 

containing x on one side. 
  

  

O—   
Use the rules of logarithms to write the solution 

in the correct form: 

loga +loghb = logab 

loga —logb = Iog(%) 

  

giving your answer in the form 

loga 

logh 
where a and b   

logp 

logg 
  where p and g are 

logp 

logg 
  where p and g are 

1 Exponents and logarithms 3



1.2 SOLVING DISGUISED QUADRATIC EQUATIONS 

WORKED EXAMPLE 1.2 

Find the exact solution of the equation 32! — 11 x 3* =4, 

  

We need to find a substitution to turn this into 2x4+1 _ X = 

5 11x5¢=4 a quadratic equation. 
S IEIXEF —11X3* =4 O First, express 32¥+! in terms of 3% 

©3x(3*) —11x3* =4 B2t = 325 x 31 = 3x (¥   
  

  

  

  

—%* Th After substituting y for 3%, this becomes a Let y=3* Then O— standard quadratic equation, which can be 
By?—1 Ty—4=0 factorised and solved. 

  

& (By+1)(y—4) 
1 Disguised quadratic equations may 

ey L » also be encountered when solving 
3 trigonometric equations, which is 

covered in Chapter 5. 

  

  

Remember that y = 3*, ) 
  
  

I 5““=—1 ora’ —4 
& 

ot = —5 is impossible since 3* > O for all x. 

  

  

  
  

  

o —4 

& log3* =log4 Since x is in the power, we take logarithms of 
O— both sides. We can then use loga* = kloga to get 

& xlogd =log4 rid of the power. 
log4 

X = 2 
log3 

Practice questions 1.2 
EX 4. Solve the equation 22— 5 x 2+ + 4= 0. 

% 5. Find the exact solution of the equation e* — 6e™ = 5. 

% 6. Solve the simultaneous equations e**” =6 and e* + e’ = 5. 

48 1 Exponents and logarithms



  

1.3 LAWS OF LOGARITHMS 

WORKED EXAMPLE 1.3 

If x=1oga, y=1logb and z =logc, write 2x +y — 0.5z + 2 as a single logarithm. 

  

2loga+logb—0.5logc+2 We need to rewrite the expression as a single 
logarithm. In order to apply the rules for combining Ay 2 Lt 0.5 @ 

=loga® +logb—logc®® +2 logarithms, each log must have no coefficient in 

front of it. So we first need to use klogx = logx*. 
  

  

s 200 0.5 

=loga®b—logc®° +2 We can now use logx + logy = log(xy) 

  
  

  

  
  

- O X 
=log fi_’i e and logx —log y = log —J 

Je 2 : 

2 
=log g__b_ +log100 We also need to write 2 as a logarithm so that 

\/Z O— it can then be combined with the first term. Since 
5 ; 

100a2b 102 =100, we can write 2 as log 100. 

=log -———\7—;—-—-— 

  

Practice questions 1.3 

7. Given x =loga, y =logb and z =logc, write 3x — 2y + 7 as a single logarithm. 

8. Givena =logx, b =logy and ¢ =logz, find an expression in terms of a, b and 

1 2 

c for log( (172; ] 
- 

9. Given that loga + 1 = logb?, express a in terms of b. 

  

10. Given that Iny =2 + 41Inx, express y in terms of x. 

@ 11. Consider the simultaneous equations 

e* + e’ =800 

3lnx+1lny=5 

(a) For each equation, express y in terms of x. 

(b) Hence solve the simultaneous equations. 

1 Exponents and logarithms &



  

rl— 

1.4 SOLVING EQUATIONS INVOLVING LOGARITHMS 

WORKED EXAMPLE 1.4 

@ Solve the equation 4log, x =9log, 4. 

[ 1 log, 4= logadec i 1o 
log, x log, x 

Therefore 

4log, x=9log, 4 

  Ao, x=9x 
log, x 

& 4(log, x)° =9 

& (log, x)° = 

»
©
 

lo x—é' ar. lg x~——5— 94 > 94 5 

Practice questions 1.4 

  

  

We want to have logarithms involving just one 

base so that we can apply the rules of logarithms. 

Here we use the change of base rule to turn logs 

with base x into logs with base 4. (Alternatively, 

we could have turned them all into base x 

instead.) 
  

  

  
Multiply through by log,x to get the log terms 

together. 
  

  

  

Take the square root of both sides; don't forget 

the negative square root. 
  

  

  Use log, b= x < b = a~ to ‘undo’ the logs. ) 
  

13. Solve the equation 2log, x — log,(x + 1) =3, giving your answers in simplified surd form. 

% 12. Solve the equation log, x + log,(x —6) = 2. 

  

% 14. Solve the equation 25log, x = log, 2. 

% 15. Solve the equation log, (4 — x) =10g,,(9x? —10x +1). 

6 1 Exponents and logarithms



  

1.5 PROBLEMS INVOLVING EXPONENTIAL FUNCTIONS 

WORKED EXAMPLE 1.5 

When a cup of tea is made, its temperature is 85°C. After 3 minutes the tea has cooled to 60°C. 

Given that the temperature 7 (°C) of the cup of tea decays exponentially according to the function 

T=A + Ce®% where t is the time measured in minutes, find: 

(a) the values of A and C (correct to three significant figures) 

(b) the time it takes for the tea to cool to 40°C. 

(a) Whent=0: 85=A+C ) 

Whent=3: 60=A+Ce™2% --.(2) 

(1) —(2) gives 25=C(1—e79°) 

25 
- 00 

S0 (=   =554 (3 SF) 
e 

Then, from (1): 

A=85-(C=85-554=296(3 SF) 

(b) When T=40: 
29.6+55.46702" =40 

o 40-29.6 

55.4 

40—29.6) 

55.4 

40-29.06 

554 ) 

= t=8.56 minutes 

= In(e‘O-Zt)=ln( 

= ~O.2t=ln( 

Practice questions 1.5 

O— andt (time) into T = A + Ce°%, remembering that 

O— temperature, which can be interpreted as the 

O— Now we can substitute for 7, A and C. 

O— logarithms of both sides and then ‘cancel’ e and 

  

Substitute the given values for T (temperature) 

e®=1. 
  

  

Note that A is the long-term limit of the 

temperature of the room. 

      
  

Since the unknown t is in the power, we take 

In using log, (a*) = x.   A
/
 

&
 
N
 A
/
 

  

  

16. The amount of reactant, V (grams), in a chemical reaction decays exponentially according 

to the function V = M + Ce 3%, where ¢ is the time in seconds since the start of the reaction. 

Initially there was 4.5 g of reactant, and this had decayed to 2.6 g after 7 seconds. 

(a) Find the value of C. 

(b) Find the value that the amount of reactant approaches in the long term. 

17. A population of bacteria grows according to the model P = Ae", where P is the size of 

the population after  minutes. Given that after 2 minutes there are 200 bacteria and after 

5 minutes there are 1500 bacteria, find the size of the population after 10 minutes. 

1 Exponents and logarithms s 

 



Mixed practice 1 
1 

2. 

3. 

Solve the equation 3 X 9* — 10 X 3*+ 3 = 0. 

Find the exact solution of the equation 23**! = 55+, 

Solve the simultaneous equations 

Inx>+Iny =15 

Inx+Iny’= 10 

Given that y = Inx — In(x + 2) + In(x? — 4), express x in terms of y. 

(a) 

(b) 

(© 

. The graph with equation y = 4 In(x — @) passes through the point (5, In 16). Find the value of a. 

An economic model predicts that the demand, D, for a new product will grow according 
to the equation D = A — Ce %%, where 1 is the number of days since the product launch. 
After 10 days the demand is 15000 and it is increasing at a rate of 325 per day. 

(1) Find the value of C. 

(i1) Find the initial demand for the product. 

(1i1) Find the long-term demand predicted by this model. 

An alternative model is proposed, in which the demand grows according to the formula 
D=Bn ( r+10 

  ) . The initial demand is the same as that for the first model. 

(i) Find the value of B. 

(i1)) What is the long-term prediction of this model? 

After how many days will the demand predicted by the second model become larger than 
the demand predicted by the first model? 

Going for the top 1 
1. Find the exact solution of the equation 2% x 32*=5 = 36+-2, giving your answer in the form 

1 . 
P here p and g are integers. 
Ing 

. Given that log, b* = ¢? and log, a = ¢ +1, express a in terms of b. 

. In a physics experiment, Maya measured how the force, F, exerted by a spring depends on 

its extension, x. She then plotted the values of @ = In F and b = Inx on a graph, with b on the 
horizontal axis and a on the vertical axis. The graph was a straight line, passing through the 
points (2, 4.5) and (4, 7.2). Find an expression for F in terms of x. 

8" 1 Exponents and logarithms



7 POLYNOMIALS 

  

  

-
 

&
 

W
 

W
 

-
y
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WHAT YOU NEED TO KNOW 

e The quadratic equation ax? + bx + ¢ = 0 has solutions given by the quadratic formula: 

e —b+~/b” —4ac 
2a 

e The number of real solutions to a quadratic equation is determined by the discriminant, 

A =b?—4ac. 

e If A > 0, there are two distinct solutions. 

e If A =0, there is one (repeated) solution. 

e If A <0, there are no real solutions. 

e The graph of y = ax? + bx + ¢ has a y-intercept at (0, ¢) and a line of symmetry at x = —%. 

e The graph of y = a(x — p)(x — g) has x-intercepts at (p, 0) and (g, 0). 

e The graph of y = a(x —h)? + k has a turning point at (A, k). 

e An expression of the form (a + b)" can be expanded quickly using the binomial theorem: 

(a+b)y'=a"+ (Y)a"—1b+...+ (”Jan—’b’ +...+b" 
v 

e The binomial coefficients can be found using a calculator, Pascal’s triangle or the formula 

ny_ n! 

r _r!(n—r)!     
EXAM TIPS AND COMMON ERRORS 

K J V1ak sure tinat you 1 ] ANge gquadrati >duatio 

  2 Polynomials 9 
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2.1 USING THE QUADRATIC FORMULA 

WORKED EXAMPLE 2.1 

% Solve the equation x? = 4x + 3, giving your answer in the form a + Jb. 

HE —di—=1) 
Herea=1,b=—4andc=-3 

r —(—4)£J(—4)? -4 % 1¢(-3) 

22X 

4+.28 

7 

_ATVAx7 
2 

. 4427 O—| Use the fact that ab =Ja x~/b to simplify the ] 

  

Rearrange the equation to make one side zero; 

then use the quadratic formula.   
  

X 

  

answer.   
  2 

=2 g7 

Practice questions 2.1 

. % 1. Solve the equation 12x = x? + 34, giving your answer in the form a + Jb. 

2. Find the exact solutions of the equation x + - =4, 
o 

  

3. Solve the equation x? + 8&% = 6kx, giving your answer in terms of k. 

4. Using the substitution u = x°, solve the equation x* — 5x*> + 4 = 0, 

5. A field is 6m wider than it is long. The area of the field is 50m?. Find the exact 
dimensions of the field. 

108 2 Polynomials



2.2 USING THE DISCRIMINANT 

WORKED EXAMPLE 2.2 

  

The line y = kx — 1 is tangent to the curve y = x%. Find the possible values of k. 

Using calculus to find the equations of tangents (and nermals) is covered 

in Chapter 7. 

  

y=kx-1 ---(1)   

y=5F (g 
Substituting (2) into (1): 

  

We use the fact that the tangent and the curve 

intersect at only one point to deduce that there - 

can only be one solution to their simultaneous 

equations. 
  x2=kx—1 

—ar byt =0 

  Since there can only be one root, b? — 4ac = 0O: 

  
For this quadratic to have only one solution, the 

discriminant must be zero. 
  

(k) —451x1=0 oy 

= k2=4 

S k=122 

Practice questions 2.2 

6. Find the set of values of k for which the 

equation 2x? — x + k = 0 has equal roots. 

7. Find the values of & such that the quadratic 

expression kx> + 12x + 6 is always positive. 

8. Given that the liney=ax—5isa 

tangent to the curve y = 3x* + x — 2, 

find the possible values of a. 

  2 Polynomials
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2.3 THE COMPLETED SQUARE FORMy =a(x — h)*+ k 

WORKED EXAMPLE 2.3 

(a) Write the expression f(x) = 2x? + 12x + 10 in the form a(x + h)* + k. 

(b) Hence write down the coordinates of the vertex of the graph y = 2x* + 12x + 10. 

  

  

  

    
  

2 o 2 2 
(@) a(x+h)" +k=ax”+2ahx+ah® +k Expand the brackets in the completed square 

O_ 

form alx + h)? + k. 

a=2 Zah="12 andah-+k=10 Compare coefficients with the given expression. 

5o~h EE ol b B O— (Comparing coefficients is one of several ways of 

5 completing the square.) 
Therefore 2x2 +12x+10=2(x+3)" — & 

. We must be careful to get the signs correct here. 

(b) Thevertexis (—5,—8). ~ Comparing with the standard completed square 
form a(x — h)? + k, we see that the x-coordinate of 

the minimum point is —3.     

  

Practice questions 2.3 

9. (a) Write the expression x*> — 9x + 4 in the form (x — h)* + k. 

(b) Hence write down the coordinates of the turning point on the graph y = x> — 9x + 4. 

10. (a) Write the expression 3x* + 18x + 20 in the form a(x + h)* + k. 

(b) Hence find the exact solution of the equation 3x* + 18x + 20 = 0. 

11. (a) Write the expression x? + bx + ¢ in the form (x + h)* + k. . 

(b) Hence show that the solution of the equation x> + bx +¢=01s x = = +./——c. 

12. Explain why the minimum point of the curve y = (x — h)* + k is (h, k). 

12° 2 Polynomials



2.4, GETTING QUADRATIC FUNCTIONS FROM THEIR GRAPHS 

WORKED EXAMPLE 2.4 

The diagram shows the graph of the quadratic function f(x) = ax* + bx + c. 

X 

o))
 

R 
Find the values of a, b and c. 

Since the roots are 1 and 3, the function can be 

written as a(x—1)(x—3). o 

Whenx=0,f(x)=6,s0 

ax(-1)x(-3)=6 o 

a=2 

2(x—N(x—3)=2(x% —4x+3)=2x?—8x+6 

Soa=2,b=-8andc=06. 

Practice questions 2.4 

13. Find the equation of the graph of the 

quadratic function shown on the right. 

14. Find the equation of a quadratic graph with 
x-intercepts 4 and -2 and y-intercept 6. 

15. The quadratic graph y=x*>+bx+chasa 
minimum point at (4, 6). Find the values 

of b and c. 

16. Find the equation of the quadratic graph 

which has an x-intercept at (4, 0) and 

vertex at (6, 3). 

  

Y.
 

    
Since we are given the x-intercepts, fix) = alx — p) 

(xx — q) is the most useful form of a quadratic 

function to use. 
  

  

  
When only one unknown parameter is left, we 

can use a third known point on the graph to find 

the value of the parameter. 
  

    Expand the brackets to put the expression into 

the correct form. 
  

. B
 

  
17. (a) The graph y = x> + bx + ¢ has a line of symmetry at x = 5 and a y-intercept at y = 24. 

Find the values of b and c. 

(b) Find the x-intercepts of this graph. 

2 Polynomials IS 
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2.5 APPLYING THE BINOMIAL THEOREM 

WORKED EXAMPLE 2.5 
6 

. 5 
Find the coefficient of x* in the expansion of (x i ;) ; 

6 By 
The general term in the expansion is ( 5 )xe“’ (——) 

X 

= (6).906"‘ ot x(—5) 

(s 
Require that ©6 — 2r=4 

JeZ2r= A 

and so r="1 

5
 

The relevant term is therefore 

(f)x‘* (-5)' =-30x* 

So the coefficient is —30. 

Practice questions 2.5 

18. Find the constant term in the expansion of ( 

  

  

O— 

  

Start with the form of a general term. We could 

6-r 

also have chosen (6J X6 (_E) , but this is 
r X 

algebraically harder to work with. 
  

    Simplify using the rules of exponents. ) 
  

  

  

  
We need the term in x4, so equate that to the 

power of x in the general term. ) 
  

  

) . 6 . 
Substitute » = 1 into x8-2r x (-5)" to find the 

required term. i 

  

  

- 

3y 

) 
19. The third term in the binomial expansion of (1 + px)” is 84x2. Find: 

(a) the possible values of p 

(b) the fifth term in the expansion. 
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Mixed practice 2 
1. Find the exact solutions of the equation x? + 8x + 3 = 0, simplifying your answers as 

far as possible. 

. The graph of a quadratic function passes through the points (a — 4, 0) and (a + 2, 0), and the 

coordinates of its vertex are (5, —2). Find the value of a. 

. (a) Find the first four terms in ascending powers of x in the expansion of (2 — x)>. 

(b) Hence find the value of 1.99° correct to 5 decimal places. 

. The curve y = x* + kx + 2 touches the x-axis. Find the possible values of k. 

. (a) Write x? —8x + 25 in the form (x — p)* +gq. 

3 
(b) Hence find the maximum possible value of ——— . 

x2—8x+25 

8 
3 

. Find the term that is independent of x in the expansion of (x3 i ;) . 

. Find the set of values of k for which the equation 3x — 2x? = k has no solutions. 

. Solve the equation x* + x2 —20=0. 

. (a) Factorise ax — x* and hence find the solutions to the equation ax — x> = 0. 

The graph shows the path of a football after Melissa kicks it. A 
The path can be modelled by the curve y = ax — x?, where y 

is the height of the ball in metres above the ground and x is 
the horizontal distance in metres travelled by the ball. 

(b) State the value of a. 

(c) Find the maximum height reached by the football. 

  Y.
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10. A graph has equation y = x* +4x —12. 

(a) Find the coordinates of the points where the line with equation y = 6x —9 intersects 

the graph. 

(b) Find the coordinates of the points where the graph crosses the x-axis. 

A second graph has equation y = ax? + bx + ¢ and the same x-intercepts as the first graph, as 

shown below. 

  

Y 

36 

/\/}/\‘x 

(c) Find the values of a, b and c. 

(d) Find the distance between the vertices of the two graphs. 

Going for the top 2 
1. Find the quadratic term in the expansion of (2 + x)(3 — 2x). 

2. The graph of a quadratic function is shown in the diagram. 

Find the equation of the graph. 

Y.
 

. ) 
3. The coefficient of x? in the expansion of (1+ ax)” is 54 and the coefficient of x is 12. Find the 

values of a and #n. 

4. The graph with equation y = kx? 4+ 9x + k crosses the x-axis twice. Find the set of possible 

values of k. 
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3 FUNCTIONS, GRAPHS AND EQUATIONS 
  

WHAT YOU NEED TO KNOW 

  

e A function is a rule where for every input there is only one output. Graphically, any vertical 

line will cross the graph of a function no more than once. 

®* The domain of a function is the set of allowed inputs. Typical reasons to restrict a domain 

include: 

e division by zero 

e square rooting of a negative number 

e taking the logarithm of a negative number or zero. 

® The range is the set of all possible outputs of a function. The easiest way of finding the 

range is to sketch the graph. 

e A GDC can be used to identify the important features of a graph and to solve equations. 

e The y-intercept can be found by substituting x = 0 into the equation. 

® The x-intercepts are also called zeros or roots; they can be found by setting y = 0. 

e The maximum and minimum points need to be considered when finding the range. 

  

e The solutions of the equation f(x) = g (x) are the intersection points of the graphs of 

y=f(x)and y = g (x). 

e Composing functions means applying one function to the result of another: 

® fg(x) is the function fapplied to the output of the function g. This can also be written as 

Segx) or f(g(x)). 

e Aninverse function, f~!(x), is a function which undoes the effect of another function, f. 

e fFl@=rfx)=x 

e To find f~'(x), write y = f(x), rearrange to get x in terms of y, and then replace each 

y with an x. 

e Inverse functions have certain properties: 

e The graph of y = f~!(x) is the reflection of the graph y = f(x) in the line y = x. 

e The domain of f~!(x) is the same as the range of f(x). The range of f~'(x) is the 

same as the domain of f(x).     
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The rational function f(x)= 
cx + 

+b 
i 4 has a graph called a hyperbola.   

: . . b 
® The x-intercept is at x = ——. 

a 

! b 
The y-intercept is at y = I 

. ) d 
The vertical asymptote is x = ——. 

c 

The horizontal asymptote is y = g 
c 

A change to a function results in a change to the graph of the function. 

Transformation of y = f(x) 

  

Transformation of the graph 

  

  

  

  

      

y=fx)+c¢ Translation (OJ 
c 

. (—d 
y=flx+d) Translation 0 

y = pfx) Vertical stretch of factor p, away from the x-axis for p > 0 

1 
y =f(gx) Horizontal stretch of factor E towards the y-axis for g > 0 

y=—f(x) Reflection in the x-axis 

y =f=x) Reflection in the y-axis 
  

EXAM TIPS AND COMMON ERRORS 
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3.1 DOMAIN AND RANGE 
WORKED EXAMPLE 3.1 

If f(x)= -1—: 
Inx . 

(a) Find the largest possible domain of f(x). 

(b) Find the range of f(x) if the domain is x > e. 

  

(a) x>0, as this s the domain of Inx. The two restrictions relevant here are logs 

But also require Inx# O to avoid division O— having to take a positive argument and not 

by zero,so x# 1. dividing by zero. 

Hence the domainis x>0, x# 1. 

    

  

  

  % Use the graph to state what y values can occur. 

It is not obvious from the GDC that the x-axis is 

an asymptote here. You need to know that Inx 

slowly gets larger as x gets larger, which means 

that y = IL slowly tends to zero, i.e. the x-axis. 
nx   Therangeis O<y<T. 
  

Practice questions 3.1 

@ 1. Find the largest possible domain of the function f(x)= = : g 
—x 
  

@ 2. Find the domain of the function f(x) = e ——1— 
1-x 1+x 

  

3. Find in terms of a the range of the function y = x> — 6ax + a* 
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3.2 INVERSE AND COMPOSITE FUNCTIONS 

WORKED EXAMPLE 3.2 

If £ ()= fl 
X + 

  

  
1 1 

y= =Jx+1=— 
T x4 y 

Al 
=Jx=—-1 

3 
/] 2 

:>x=(——1) 

y 

The domain of f~*(x) is the range of f(x), which 
s0<y= 1. 

2 

Therefore f‘“(x)z(l—’l) forDaxe 1. 
o 

for <= ) 

,I 2 

5(——1) =1 
X 

2 

@(1—1) =4 
X 

@l—1=iz 
o 

1 
Sax=—or x——| 

9 

PutO<x= 1. 

3 Functions, graphs and equations 

[ x20 and g(x) =3x — 1, solve the equation gf!(x)=11. 

  

  

We first need to find f-"(x). 

Set y = f{x), rearrange to make x the subject, and 
then replace each y with an x. 
  

  

  

Compose the two functions by replacing 

2 

each x in g(x) with (1—1) . 
X 
  

  

O— 

  

Here it is easier to take the square root of 

both sides than to multiply out the brackets, but 

  

remember the + and — signs when doing so.



  

Practice questions 3.2 

4. If f(x)=e=*, find f(x). 

x 9 
5. If f(x)=———,x20 and g(x) =3x+1, solve the tion fle(x)=—. fln) —1-::/—;94 g(x)=3x solve the equation f~'g(x) ie 

Hint: do not attempt to find f~'(x). 

6. A function is defined in the following table: 
  

  

  

  

                  

(a) Find fo f(3). 
(b) Find £-(9). 

3 Functions, graphs and equations 
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3.3 TRANSFORMATIONS OF GRAPHS 

WORKED EXAMPLE 3.3 

If £(x)=x* +sinx: 

(a) Find the resulting function when the graph of f(x) is transformed by applying a translation with 
3 

vector ( 6) followed by a vertical stretch with scale factor 2 away from the x-axis. 

(b) Describe the transformation which transforms the graph of y = f(x) to the graph of 
8(x)=8x% +sin(2x). 

  

Relate each transformation to function notation: 

O— flor - 3) translates the graph 3 units to the right; 
f{x) + 6 translates the graph 6 units up.    

> 
(a) Translation with vector (6} 

  
  f(x=3)+6=(x-3)" +sin(x—3)+6 

  

  Then, applying a vertical stretch with | 2f(x) stretches the graph vertically with 
scale factor 2; scale factor 2. 

  

2( f(x~5)+6):2((x——5)5+5in(x—5)+6) 

  

(b) 8x® +sin(2x)=(2x)° +sin(2x)= f(2x) 
This is a horizontal stretch away from 

  

e | Write g(x) in terms of f(x) and relate this form to 
a transformation.   

1 
the y-axis with scale factor 5 

  

Practice questions 3.3 

% 7. Sketch the graph of y=—sin2x for 0 <x <. 

8. Describe two transformations which transform the graph of y = x2 to the graph of: 

(8) y= 30 ) 
3 

)j} 

(b) y=3x2-2 ok 

LAl 

9. The diagram shows the graph of y = f(x). e 
Sketch the graph of y =3 f(2x). ? e 

  

1 ‘\, ! | ) 7" Vx 

5-N3-2-3] 12 3\ 5 

el L L L 
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3.4 RATIONAL FUNCTIONS 

WORKED EXAMPLE 3.4 
x+1 

2 
  fi Sketch the graph of y = labelling all the axis intercepts and asymptotes. s 

X 

  

This is a rational function of the form 

ax+b 
Asymptotes: vertical x= 2, horizontal y=—1. flx)= cx+d 

We can find the x- and y-intercepts by 
O— substituting y = 0 and x = 0, respectively. 

1 
(a) Wheny=0,x=-1;when x=O,y=§. 

  , 50 the graph is a hyperbola.     The vertical asymptote occurs when the 

denominator is zero and the horizontal asymptote 

, a 
isaty=—. 

c   
  

  

Practice questions 3.4 
2 

  

10. Sketch the graph of y = f‘: where a and b are positive constants. State the equations 
Xt : 

of all the asymptotes and the coordinates of axis intercepts. 

] 

23 

(a) Find an expression for f~!'(x). 

(b) State the domain and range of 

@ fx) Gy f(x) 

1. Iff(x)=   . 

12. The diagram shows the graph of y = f(x). 

(a) On a separate diagram sketch the 
graph ofy = f-!(x). 

(b) Given that £(x)=222. find the values e AT 
of a and b. /—"_ 

| X 
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3.5 USING THE GDC TO SOLVE EQUATIONS 

WORKED EXAMPLE 3.5 

Solve the equation 3 =4 — x2. 

Using GDC to find the intersection of y = ™ 

andy=4 —x% 

  

Y 

  

Y-
 

  

  

The question is asking us to solve for x, so we 

x—-lorl 9/ (e oh) O— just need to write down the x-coordinate of the 
intersection points.     

Practice questions 3.5 

  

13. Solve the equation 5* =x° + 2. 

14. Find all the solutions of the equation x — 4 =4-—x2 
X 

15. The first term of a geometric series is 2 and the sum of the first four terms is 17. 

Find the value of the common ratio. 

» Geometric series are covered in Chapter 4. 
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3.6 SOLVING PAIRS OF LINEAR EQUATIONS 

WORKED EXAMPLE 3.6 

A function is given by g(x) = ax® — bx + 2. Given that g(—1) =4 and g(2) = 16, find the values 

of a and b. 

g(-N=a(-1)’ -b(-)+2=4=—a+b=2 

2(2)=a(2)’ -b(2)+2=16=8a-2b=14 

FromGDC:a=2,b=5 

Practice questions 3.6 

  

  
P Find g(-1) and g(2) to form a pair of linear ) 

equations. 
  

  

16. The graph of the function f(x)= A x3* +k passes through the points (1, 16) and 
(2, 46). Find the values of A and k. 

17. Find the coordinates of the point of intersection of the lines with equations 3x — 4y =7 
and 11x + 5y = 74. 

18. The fifth term of an arithmetic sequence is 25 and the eighteenth term is 64.       Find the first term and the common difference of the sequence. 

» Arithmetic sequences are covered in Chapter 4. 

     

  

19. 

Find the values of a and b. 

» Differentiation is covered in Chapter 7. 

20.     

A function f(x) = ax* + bx + 1 satisfies f(2) =42 and f’(2)=21. 

A bag of rice costs r dollars and a loaf of bread costs b dollars. Samir orders 26 bags of 
rice and 42 loaves of bread for his restaurant, and pays 272 dollars. 

(a) Write an equation to represent the information given. , 

Anita buys 2 bags of rice and 7 loaves of bread for her party. She spends 26 dollars. 

(b) Find the price of a loaf of bread. 

3 Functions, graphs and equations 29 
   



Mixed practice 3 
% 1. (a) Sketch the graph of y =x*—x— 6. 

(b) -Hence state the domain of the function f(x)= In(x* —x—06). 

2. Find, in terms of a, the domain of the function f(x)=+x*—a*. 

3. Below is the graph of y = acos(bx + ¢). Find the values of a, b and c. 

> 

sl
 

  

4 
4. (a) Draw the curve y=x+—. 

X 4 
(b) Find the exact solutions of the equation x +—=10. 

x 

(¢c) The equation x + - = k has one solution. Find the two possible values of k. 
2 

5. The diagram shows the graph of the function y = f(x). On separate 

diagrams, sketch the graphs of: 

(a) y= 3f(x = 2) 

(b) y=f(-2x) 

  

6. Butter is taken out of the fridge and left to warm up. The temperature of the butter, 7°C, after 

m minutes is given by the equation 7= ¢ — k x 1.27". The initial temperature of the butter is 

5°C, and after 5 minutes its temperature has increased to 15°C, as shown on the graph. 

(a) Find the values of k and c. N 

(b) How long does it take for the butter to warm up to 20°C? 

(c) Find the equation of the asymptote of the graph. What does 15 

this value represent? 
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8. If f(x)= 

7. A function is defined by g(x) = x* — ax + b. The graph of y = g(x) has gradient 3 at the 

point (2, —2). Find the values of a and b. 

  
2x -1 

X 

(a) Sketch the graph of y= f(x). 

(b) Find an expression for f~!(x) and state its range. 

(c) Find the domain of the function g(x)= (2 — x). 

(d) Solve the equation f(x)= g(x). 

Going for the top 3 
1. (a) On the same axes, sketch the graphs of y=Inx and y=21In(x - 2). 

(b) Solve the equation Inx = 21n(x —2). 

2. The graph of y = 2x* — 5x is translated 3 units in the positive vertical direction and 2 units to 

3. Consider a function, f, defined by f(x)= 

the left, and is then reflected in the x-axis. Find the equation of the resulting graph in the 

form y = ax? + bx* + cx + d. 

ax—a*+1 

x—a 

(a) Show that f(x)=p+ -——1——, where p and g are constants to be determined in terms of a. 
xX—a 

1 
(b) Hence give two transformations which change the graph of y = — into the graph of 

y=fx). i 
(c) Sketch the graph of y = f(x), labelling all asymptotes and points of intersection 

with the axes. 

(d) State the domain and range of f(x). 

(e) Find and simplify f o f(x). 

(F) Find f '(x), 

(g) What does your answer to part (f) tell you about the graph of f(x)? 

     A   3 Functions, graphs and equations



  

SEQUENCES AND SERIES 
  

o
 
W
 

N
 

W
 
W
 
W
   

The notation for sequences and series: 

® u,represents the nth term of the sequence u 

® S, denotes the sum of the first n terms of the sequence 
n 

n 

° Zur denotes the sum of the kth term to the nth term, so S, = ZM, 
~ =k 

r=1 
A sequence can be described in two ways: 

® using a recursive definition to define how u,,, depends on u, 

° using a deductive rule (the nth term formula) to define how u, depends on n 

An arithmetic sequence has a constant difference, d, between terms: Uy =U,+d 

e u,=u+m-1d 

o S§= g(zu1 +(n-1)d) = g(u1 +u,) 
A geometric sequence has a constant ratio, r, between terms: Uy, = FlUL, 

o U, =urm! 

w( =) _md=r) 
r—1 1-r u, 

® When|r|<1, S, approaches a limit as » increases, called the sum to infinity: S, = T—r 
=7 

o Sn: 

A 
Many questions on sequences and series involve forming and then solving simultaneous 
equations. 

For questions on geometric sequences, you may need to use logarithms or rules of 
exponents. 

You may need to use the list feature on your calculator to solve problems involving 
sequences, 

You only ever need to use the first sum formula for geometric sequences. 

Geometric sequences are often used to solve problems involving percentage increase or 
decrease, such as investments and mortgages. 
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4.1 ARITHMETIC SEQUENCES AND SERIES 

WORKED EXAMPLE 4.1 

The third term of an arithmetic sequence is 15 and the sixth term is 27. 

(a) Find the tenth term. 

(b) Find the sum of the first ten terms. 

(c) The sum of the first n terms is 5250. 

Find the value of n. 

() = +2d=186 . sdl) 

Uy =, +5d=27 - (2) 

(2)-(1): 3d=12=d=4 andsou, =7 

Hence u,p =, +9d =7+9X4 =43 

10 
(b) S‘]O =7(u7 +u10) 

=5(7+43) 

=250 

©) 525O=—Z-(2u1+(n—’l)d) 

=-’f‘2—(1 4+4(n-1)) 

The solutions (from GDC) are n=50 or —=52.5; 

but n must be a positive integer, o n =50. 

Practice questions 4.1 

1. The fifth term of an arithmetic sequence is 64 and the eighth term is 46. 

(a) Find the thirtieth term. 

(b) Find the sum of the first twelve terms. 

5 The first four terms of an arithmetic sequence are 16, 15.5, 15, 14.5. 

(a) Find the twentieth term. 

(b) Which term is equal to zero? 

(c) The sum of the first n terms is 246. Find the possible:values of n. 

  

  

We can form two equations from the given 

information about the third and sixth terms. 

It is then clear that we need to solve these 

equations simultaneously for u; and d. 
  

  

  
There are two possible formulae for the sum 

of an arithmetic sequence. Since we know the 

first term and the last term (from part (a)), we use 

Sn = g(% + un)' 

  

  

  

Again we need a formula for the sum, but this 

time the other formula is the one to use as n is the 

only unknown here. Form an equation and solve it 

using a GDC. 
  

AL L L  
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/.2 GEOMETRIC SEQUENCES AND SERIES 

WORKED EXAMPLE 4.2 

The second term of a geometric sequence is —5 and the sum to infinity is 12. 

Find the common ratio and the first term. 

  

st i (1) We can form two equations from the given 

2 information about the second term and sum 
S =“_“:1 D0 (2) O— toinfinity. 

= It is then clear that we need to solve these 
From (2): u,=12(1-r) simultaneously for u, and r.     
Substituting into (1): 12r (1-r)=-5 

S r==02180rF="1.57 (from GDC) 

Since the sum to infinity exists, |r| < 1 and 
sor=-0.516. 

Hence u, =12(1-(-0.316))=15.8 

  

Practice questions 4.2 

3. The fourth term of a geometric sequence is —16 and the sum to infinity is 32. 

Show that there is only one possible value of the common ratio and find this value. 

% 4. The fifth term of a geometric series is 12 and the seventh term is 3. 

Find the two possible values of the sum to infinity of the series. 

5. The sum of the first three terms of a geometric sequence is 38, and the sum of the first 

four terms is 65. Find the first term and the common ratio, r > 1. 

6. The fifth term of a geometric sequence is 128 and the sixth term is 512. 

(a) Find the common ratio and the first term. 

(b) Which term has a value of 327687 

(¢) How many terms are needed before the sum of all the terms in the sequence exceeds 

100000? 

7. The first three terms of a geometric sequence are 2x + 4, x + 5, x + 1, where x is a real 

number. 

(a) Find the two possible values of x. 

(b) Given that it exists, find the sum to infinity of the series. 
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4.3 APPLICATIONS 

WORKED EXAMPLE 4.3 

Daniel invests $500 at the beginning of each year in a scheme that earns interest at a rate of 4% per 

annum, paid at the end of the year. 

. " 3 . Ink 
Show that the first year, 7, in which the scheme is worth more than $26 000 satisfies n > , 

where k is a constant to be found. Hence determine 7. In1.04 

Amount in the scheme at the end of the first year: Coneraiathe first and secondl s 5t th 

500x1.04 sequence to establish a pattern. 

Amount at the end of the second year: 

(500 +500 % 1.04) x 1.04 

=500 % 1.04 + 500 X 1.04% 

So, amount at the end of the nth yearis: 

500%1.04+500%x1.04% +..+500%1.04" 

‘. 500%1.04(1.04" -1) 

4 1.04-1 
=13000(1.04" -1) 

So, for the amount to exceed $ 26 O00: 

13000(1.04" —1)>26000 

— 02 | 

=1.04">3 

=1n(1.04")>In3 

=nln1.04>In3 

n3 

n1.04 

Therefore, k=3 andn=29. 

n>   =28.01(2DP) 

  

  

  
    

  

  

ol This is a geometric series with i, = 500 x 1.04 

and r = 1.04. 
  

  

We can use the formula for the sum of the first 

O— n terms of a geometric sequence to form an 

inequality, which we then solve to find #.   
  

  

O— The unknown 7 is in the power, so use J 

  logarithms to solve the inequality. 

« Logarithms are covered in Chapter 1. 
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Practice questions 4.3 
8. 

10. 

11. 

A starting salary for a teacher is $25 000 and there is an annual increase of 3%. 

(a) How much will the teacher earn in their 10th year? 

(b) How much will the teacher earn in total during a 35-year teaching career? 

(¢) Find the first year in which the teacher earns more than $35 000. 

(d) How many years would the teacher have to work in order to earn a total of 

$1 million? 

Beth repays a loan of $10500 over a period of n months. She repays $50 in the first 

month, $55 in the second, and so on, with the monthly repayments continuing to increase 

by $5 each month. 

(a) How much will Beth repay in the 28th month? 

(b) Show that n? + 191 — 4200 = 0. 

(¢c) Hence find the number of months taken to repay the loan in full. 

A ball is dropped from a height of 3m. Each time it hits the ground it bounces up to 90% 

of its previous height. 

(a) How high does it reach on the fifth bounce? 

(b) On which bounce does the ball first reach a maximum height of less than 1 m? 

(c) Assuming the ball keeps bouncing until it rests, find the total distance travelled by 

the ball. 

Theo has a mortgage of $127 000 which is to be repaid in annual instalments of $7000. 

Once the annual payment has been made, 3.5% interest is added to the remaining 

balance at the beginning of the next year. 

(a) Show that at the end of the third year the amount owing is given by 

127 000 x 1.035% — 7000 (1 +1.035 +1.035%) 

(b) By forming a similar expression for the amount owing after n years, show that 

Ink 
= 

In1.035 

where k is a constant to be found. 

+1   

(¢) Hence find the number of years it will take Theo to pay off his mortgage. 
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Mixed practice 4 
1. The fourth term of an arithmetic sequence is 17. The sum of the first twenty terms is 990. 

Find the first term, a, and the common difference, d, of the sequence. 

2. The fourth, tenth and thirteenth terms of a geometric sequence form an arithmetic sequence. 

Given that the geometric sequence has a sum to infinity, find its common ratio correct to three 

significant figures. 

12 r 

3. Evaluate 24r + (%) correct to four significant figures. 
r=1 

4. Find an expression for the sum of the first 20 terms of the series 

Inx+Inx* +Inx” +Inx +... 

giving your answer as a single logarithm. 

5. A rope of length 300m is cut into several pieces, whose lengths form an arithmetic 

sequence with common difference d. If the shortest piece is 1 m long and the longest 

piece is 19m, find d. 

6. Aaron and Blake each open a savings account. Aaron deposits $100 in the first month and 

then increases his deposits by $10 each month. Blake deposits $50 in the first month and then 

increases his deposits by 5% each month. After how many months will Blake have more money 

in his account than Aaron? 

Going for the top 4 
1. (a) (i) Prove that the sum of the first n terms of a geometric sequence with first term a and 

common ratio r is given by: 

a(r'—1) 
8, = 

r—1 

(i1) Hence establish the formula for the sum to infinity, clearly justifying any conditions 

imposed on the common ratio r. 

(b) Show that in a geometric sequence with common ratio r, the ratio of the sum of the first 

n terms to the sum of the next n terms is 1:7". 

(c) In a geometric sequence, the sum of the seventh term and four times the fifth term equals 

the eighth term. 

(i) Find the ratio of the sum of the first 10 terms to the sum of the next 10 terms. 

(i) Does the sequence have a sum to infinity? Explain your answer. 

2. Find the sum of all integers between 1 and 1000 which are not divisible by 7. 

KK       4 Sequences and series
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The graphs of trigonometric functions: 

Y =isimx 1 y 

2 

  

  

  
  

  

        
  

Trigonometric functions are related through identities: 

e Definition of tan: 

sin© 
  tan0 = 
cos0 

e Pythagorean identity: 

cos?0+sin’0 =1 

e Double angle identities: 

e sin20=2sin 6 cos O 

o 0520 =c0s0 —sin?0 =2co0s’0 —1=1-2sin*0 

When solving trigonometric equations of the form sinA =k, cosA=k or tanA =k: 

e Draw a graph to see how many solutions there are. 

e Usesin™!, cos™! or tan! to find one possible value of A: A,. 

e Find the second solution, A,, by using the symmetry of the graph: 

e ForsinA=k, A =n—A4 

e ForcosA=k, A =2n—-A, 

e FortanA=k,A =A)+T 

e  Tind all the solutions in the required interval for A by adding multiples of 27. 
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With more complicated equations, it may be necessary to first use one or more of the identities 

to manipulate the equation into a form that can be solved. 

The sine and cosine rules are used to find the sides and angles of any triangle: 

  

  

e Sinerule: —% - b __¢ 
sinA sinB sinC 
      

a’+b?—c? 

2ab 

® The sine rule is only used when a side and its opposite angle are given. 

e (Cosine rule: ¢?2 =a? +b? —2abcosC, or cosC = 

! . r . 
® The area of a triangle can be found using Area = Eab sinC. 

e When solving problems in three dimensions, look for right-angled triangles. 

e In acircle of radius r with an angle of 0 radians subtended at the centre: 

e the length of the arc AB: [ =10 

1 
e the area of the sector AOB: A = 5r29 

  

EXAM TIPS AND COMMON ERRORS 

5 Trigonometry 

 



5.1 TRANSFORMATIONS OF TRIGONOMETRIC GRAPHS 

WORKED EXAMPLE 5.1 

The grapfi shown has equation y=c—a sin(%). Find the values of @, b and c. 

y (25 

  

  

Vnax TSI “(“5) =5 a has the effect of stretching the sine curve 
s vertically. The distance between the maximum and 

sa=—=4% O— minimum values of the original sine curve is 2. The 

minus sign in front of a causes a vertical reflection; 

it does not affect the amplitude. 

1om O% - 

Transforming graphs is covered in 
Chapter 3. 

period = o on 
2 Dividing x by b stretches the sine curve 

O— horizontally by a factor of b. The period of the 

“h=—"=3 original sine curve is 2m. 

    

  

  

  

¢ causes a vertical translation. After multiplication 

o— by —a = -4, the minimum and maximum values 

would be —4 and 4 respectively, but here they are     

  

-3 and 5. 

Practice questions 5.1 
y n 

1. The graph shown has equation y = asin (bx - E). (3.9 
Find the values of a and b. 6 /\ / 

2. Find the range of the function f(x)= ————2—— o5 
5+ 2sinx o 

3. Find the smallest positive value of x for 

1 n 
which et takes its maximum value. (-3 

3— sin(x — Z) 

368 5 Trigonometry



    

5.2 USING IDENTITIES TO FIND EXACT VALUES OF 

TRIGONOMETRIC FUNCTIONS 

WORKED EXAMPLE 5.2 

Given that cos A = l and A e {0, E}, find the exact values of: 
3 2 

(a) tanA (b) sin2A 

  

(a) sinf A=1—cos? A 
  

A 
1.8 tanA = sin , SO we need to find sinA from the 
e o Cos A 

909 given value of cosA. To do this we can use the 
identity sin? A+cos? A=1.   
  

sinAzi\/§=i————2\/—2— 
9 9 

  

  

We now have to choose either the positive or the T . 
ForAe [O’ E:I sinAz0 negative value, so consider the sine function in the 

  
  

  

1 
T 

a8l given interval 0< A< . 
S.einA=—— 2 

5 

2J2 

=tanA= e = 
cosA 1 

- 

  

(0) sin2A=2sinAcosA As we need sin 24, the only option is to use the 

oo W O— sine double angle identity. 

=e 3 (g) Substitute the values for sinA and cosA. 

_ 42 
9 

  
  

Practice questions 5.2 

% 4. Given that cos20 = %— and B e B-:, Tc], find the exact value of cos®. 

% 5. Given that cos0 = —3— and O e FZE’ 21!] , find the exact value of sin®. 

% 6. GiventhattanA=2 and A e [O, g—], find the exact value of sin A. 

37     5 Trigonometry  
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5.3 SOLVING TRIGONOMETRIC EQUATIONS 

WORKED EXAMPLE 5.3 
1 

Solve the equation sin3x = 5 for x e [0 

b T Bn 
AxX=—0orm——=— 

o @ O 

T 51 
X=—or— 

1% e 

Practice questions 5.3 

% 7. Solve the equation g 
cos2x 
  

T 
72- 

  

  
First find one possible value for 3x. ) 

  

  
Find the range of possible values for 3x. ) 

  

  

Draw the graph to see how many solutions there 

are in the required interval. In this case there are 

only two. 

  

  

  

For the sine function, the second value will always 

be 7t — first value. 

Finally, divide by 3 to find x. 

  

  

=42 for x€[0, 7], 

8. Solve the equation tan3x = J3 for xe[-m, m]. 

% 9. Solve the equation sin(Sx + %) 
3 

=—for xe 
2 

[-m, 7). 

10. Solve the equation 8sin®>2x =6 for 0 <x < 2m. 

5 Trigonometry



    

5.4 USING IDENTITIES TO SOLVE TRIGONOMETRIC EQUATIONS 

WORKED EXAMPLE 5.4 

Solve the equation 3sin? x+1=4cosx for x e [—n, n]. 

Bsin® x+1=4cosx 

© 3(1—cos? x)+1=4cosx 

& 3-3005° x+1=4cosx 

  

& 5c08? x+4cosx—4=0 

& (Bcosx—2)(cosx+2)=0 

2 
@cosx:—g or cosx=—2 

2 
.'.cosng (as —1<cosx <) 

cos™ (%) —Ood (5 oh) 

  

  

I T T " 
-V ~0.841 0.841 \L 

2n—0.641=5.44 is not in the interval 

544 —-21 isin the interval 

=024 

Practice questions 5.4 

  

  

Using the identity sin®x + cos?x = 1, we 
can replace the sin? term and thereby form 
an equation that contains only one type of 

trigonometric function (cos). 
  

  

  
This now becomes a standard quadratic 

equation, which can be factorised and solved. 
  

Disguised quadratics are also 
encountered in Chapter 1 when solving 

exponential equations. 

  

  

  

Draw the graph to see how many solutions there 

are in the required interval. Here only two are 

needed. 
  

  

  

For the cosine function, the second value will 

always be 2t — first value, but heré that is not in 

the required interval. Therefore, subtract 2n from 

this value to get the second answer. 
  

11. Solve the equation 3sin>@—5cos®=1 for 6 € [-m, t]. 

12. Solve the equation cos2x —2 = 5cos x for x [0, 2x]. 

ER
 
B 13. Solve the equation 2sinx = tanx for—-w < x < . 

14. Find the values of 8 [0, 7] for which sin® 20 — 4 cos 20+ 505220 = 0. 

5 Trigonometry     
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5.5 GEOMETRY OF TRIANGLES AND CIRCLES 

WORKED EXAMPLE 5.5 

The diagram shows a circle with centre C and radius 12cm. Points P and Q are on the circumference 

on the circle and PCQ = 0.72 radians. 

(a) Find the length of the chord PQ. 

(b) Find the area of the shaded region. | C 

‘ ) 

L 
Q 

(a) Using the cosine rulein triangle PCQ: 
  

CP = CQ = 12 since CP and CQ are both radii. 

PR =122 41222121 2c050.72 O0— As we don’t have an angle and its opposite side, 

i we need to use the cosine rule. 

(b) Area of sector PCQ: 

    

1r26=1><1 220 /2—B1 &4 
Z 2 

  

We can find the area of the shaded region by 

O— subtracting the area of the triangle from the area 

of the sector. 

Area of triangle PCQ: 

    1 
—Z—absinCz—;—(’l 2)(12)sin0.72=475 

Shaded area=51.84—47.5=4.36cm* 

Practice questions 5.5 

15. A sector of a circle with angle 0.65 radians has area 14.8 cm?. 

Find the radius of the circle. 

16. The diagram shows a rectangle and a sector of a circle. 

Find the perimeter of the shape. 

17. The sides of a triangle have lengths 12cm, 17cm and 13 cm. 

Find, in degrees, the size of the largest angle of the triangle. 4 

5 Trigonometry



    

5.6 THE AMBIGUOUS CASE OF THE SINE RULE 

WORKED EXAMPLE 5.6 

In triangle ABC, AB = 10cm, AC = 12cm, and ACB = 46°. Find the possible values of ABC. 

A 2 C 

Using the sine rule: 

    
sinABC _ 5in46° 

12 10 

=>5inAéC=j—?—i%i6—=O.5652... 

sin~1(0.86632..)=59.678.. 

So ABC=59.7° or 180° - 59.7° = 120° (3 SF) 

If ABC=59.7°, the third angle will be 
180°—59.7° — 46° = 74.3°, which is fine. 
If ABC=120°, the third angle will be 
180°—120° — 46°= 14°, which is also fine. 

Practice questions 5.6 

  

O 

  
Start by sketching a diagram. J 
  

  

  
The sine rule can be used as we have a side and 

the angle opposite. 
  

  

O 

  
Both 8 and 180° — 0 are possible answers (since 

sin® = sin(180° - 0)). 
  

  

  

  

We need to check whether each solution is 

possible by finding the remaining angle using the 

fact that the three angles sum to 180°. 

In this case, there are two possible triangles. 
  

  

18. In triangle ABC, AB =6, AC = 14 and ACB = 20°. Find the two possible lengths BC. 

19. In triangle ABC, AB =22cm, AC = 14cm and ACB =58°. Show that there is only one 
possible triangle with these measurements, and find its area. 

R I eloTa oo (1A 
   



Y] 

Mixed practice 5 
1. The area of the triangle shown in the diagram is 12cm®. ‘ 

Find the value of x. 

2 =<
 T N
 

2. The triangle shown in the diagram has angles 6 and 26. Find the value of 0 in degrees. 

o 

  2 

3. The depth of water in a harbour is modelled by the equation d=14-12 cos(n—t), where d is 

measured in metres and 7 is the time in hours after midnight. 12 

(a) What is the first time after midnight at which the water depth is 14m? 

(b) What is the smallest possible depth? 

(¢) Find the times, within the first 24 hours, when the depth of water is less than 13.5m. 

4. Solve the equation 3sin26 = tan20 for 6 e[ g —725] 

5. In the diagram, O is the centre of the circle and 

  

- 

PT is the tangent to the circle at T. The radius of 

the circle is 7cm and the distance PT is 12cm. 

(a) Find the area of triangle OPT. 0 

(b) Find the size of POT. 

(c) Find the area of the shaded region. 

6. Two observers, positioned on horizontal ground at A and T 

B, are trying to measure the height of a vertical tree, GT. e 

The distance AB is 20m, GAB = 65° and GBA =80°. - e 

From A, the angle of elevation of the top of the tree is 18°. A \ G 
20 

(a) Find the distance between A and the bottom of the tree. : 
B 

(b) Find the height of the tree. 

7. The area of the shaded region is 6.2 cm®. 

(a) Show that 6 —sin6 =0.496. A\ 

(b) Find the value of 6 in radians. /N 

5 Trigonometry



    

8. A straight line passes through the origin and the point (a, b), and makes 

10. 

11. 

an angle of O with the positive x-axis. 

(a) Express b in terms of a and 0. 

(b) Hence find the gradient of the line. 

(¢) Find the angle that the line with equation y = 3x — 2 makes with the positive x-axis. 

A small Ferris wheel has radius 6 m, and the bottom of the wheel is 1 m above the ground. 

A car is attached to one arm of the wheel, which makes an angle of 6° with the horizontal, 

as shown in the diagram. 

  

(a) Find the height of the car above the ground when 6 = 50. 

(b) Find the values of 8 for which the car is exactly 10m above the ground. 

(c) Assuming that the wheel rotates at a constant speed, for what proportion of time is the car 

more than 10m above the ground? 

(a) The function fis defined by f(x)=3x> -2x+5for -1<x< 1. 

Find the coordinates of the vertex of the graph of y= f(x). 

(b) The function g is defined by g(8) =3c0s20 —4cos0+13 for 0<6 <2m. 

(i) Show that g(0)=6cos?>6 —4cos0+10. 

(ii) Hence find the minimum value of g(6). 

In the diagram, AC is the diameter of the semicircle, 

BD is perpendicular to AC, AB =2 and BC = 1, £ 
and BAD=CAE=0.LetR=AD - CE. 

(a) Find an expression for R in terms of ©. 

(b) Show that R has a stationary value o 

when 2sin0 = 3cos’ 0. A 0 B c 

(c) Assuming that this stationary value is a minimum, 

find the smallest possible value of AD — CE. 

     RIS A -



Going for the top 5 
1. A vertical cliff, BT, of height 50 m stands on horizontal ground. 

The angle of depression of the top of a lighthouse, L, from the top of the cliff is 20°. 

The angle of elevation of L from the bottom of the cliff is 15°. 

Find the height of the lighthouse. 

L - 50m 

  

2. In triangle ABC, AB = 6¢cm, AC = 10cm, and ACB = 34°. Show that there are two possible 

triangles with these measurements, and find the difference between their areas. 

3. (a) Given that t_l_ —tanx=2 and x € [O, 125]’ find the exact value of tan x. 
an x 

1 
(b) (i) Show that —— —tanx = . 

tan x tan2x 
  

1 
(i1) Hence solve the equation g tanx =2 for x [0, «]. 

an x 

(¢) Find the exact value of tan(g). 
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/,  VECTORS 

  

  

WHAT YOU NEED TO KNOW 

  

o A vector can represent the position of a point relative to the origin (position vector) or the 

displacement from one point to another. 

* The components of a position vector are the coordinates of the point. 

e If points A and B have position vectors a and b, the displacement vector AB=b-a. 

o The position vector of the midpoint of [AB] is %(a + b). 

¢ A vector (in 3-dimensional space) can be represented by its components: 

Vi 

v=|v, |=vit+v,j+vk 

V3 

i‘ o The magnitude of v is | v ‘ = o VP U2 5, 

i . .. | 
¢ The unit vector in the same direction as v iS v = flv. 

y 

¢ The distance between two points A and B, with position vectors @ and b, is AB = lb - al. 

Vi Wi 

o The scalar product (or dot product) of two vectors v=| v, | and w=| w;, |is given by 

V3 W3 

L 

i’ Vew=vw, + VW, + V3w, 

» The scalar product has many properties similar to those of multiplication: 

* ab=b-a 

e (ka)-b=k(a-b) 

e ag-(b+tc)=a-b+a-c 

o The scalar product can be used to calculate the angle between two vectors: 

i‘ cosO = rw 

[v]|w] 
e If vectors a and b are perpendicular, a-b = 0. 

e If vectors a and b are parallel, a-b = IaHb ; in particular, a-a = |a\2. 
  

e For parallel vectors @ and b, a = Ab for some non-zero scalar A.     
  

(Al 

   



P 

’ e A straight line can be described by a vector equation 

r=a+ \d, where: 

A
 

e d=|d, |is the direction vector of the line 

* A(q,a,,ay) is one point on the line. 

  

o Different values of the parameter A give the 

positions of different points on the line. 

e To find the point of intersection of two lines r = @, + Ad, and r = a, + jid,, set the two position 

vectors equal to each other to form three separate equations. Solve two of these simultaneously 

to find the unknown parameters A and (1, checking that the parameters also satisfy the third 

equation. 

e If two lines have parallel direction vectors, they are either parallel or coincident 

(the same line). 

e To find the angle between two lines r = @, + Ad, and r = a, + [Ld,, find the angle between their 

d -d, 

||| 
direction vectors using cos0 =   

e An object starting at the point with position vector @ and moving with (constant) 

velocity vector v moves along a path given by r =a + tv, where ¢ is the time after the start 

of the motion. 

A 
Use a vector diagram to show all the given information and add to it as you work through a 

question. 

In long questions, it may be possible to answer a later part without having done all the 

previous parts. 

Be clear on the difference between the coordinates of a point, (g;, 4, a, ), and the position 

4 

vector of the point, | a, |. 

a3



    

5.1 PROVING GEOMETRICAL PROPERTIES USING VECTORS 

WORKED EXAMPLE 6.1 

ABCD is a square. Points M, N, P and Q lie on the sides [AB], [BC], [CD] and [DA] so that 

AM:MB =BN:NC=CP:PD=DQ:QA=2:1.Let AB=b and AD=d. 

Prove that [QN] and [MP] are perpendicular. 

  

/N QN=QD+DC+CN 
d 
Q =§d+b+i(—d) 

o 5 

=b+ld 
5 

      

A b M B 

MP=MB+BC+CP 

=lb+d+§(—b):—lb+d 
O o 9 

W@:(—lbm)-(mld) 
5 3 

a1 
5 9 3 

=—111b|2+b-d—1b-d+1|dl2 
3 9 3 

Ok 
9 

Hence [QN] and [MF] are perpendicular. 

Practice questions 6.1 

  

  

We need an expression for QN in terms of b and 

d. Note that a ratio of 2: 1 means £ and 4, 
respectively, of the total length, and that moving 

backwards along a vector (in this case d) means a 

negative sign. N
/
 

  

Similarly, we find an expression for MP in terms 

of b and d. 
  

  

To prove that MP and QN are perpendicular, we 
need to show that MP- QN = 0. 
  

  

The brackets can be expanded with the scalar 

product just as with normal multiplication. 

  

Use the facts thatb - d =d - b and b-b = |b[". 
  

    Since the sides of a square have equal length 

and are perpendicular, |b| = |d|and b - d = 0. A
 

N
8
N
 
A
8
\
 

  

1. Points A, B, C and D have position vectors a, b, ¢ and d, respectively. M is the midpoint of 
[AB] and N is the midpoint of [BC]. 

(a) Express MN in terms of a, b and c. 

P is the midpoint of [CD] and Q is the midpoint of [DA]. 

(b) By finding an expression for Qf) in terms of a, ¢ and d, show that MNPQ is a 

parallelogram. 

6 Vectors 

 



6.2 EQUATION OF A LINE AND THE INTERSECTION OF LINES 

WORKED EXAMPLE 6.2 

(a) Find a vector equation of the line [, passing through points A(2, 1, 3) and B(-1, 1, 2). 

1 2 

(b) Show that /; does not intersect the line /, with equationr=| —1 |+#| 1 |. 

0 3 

(3) r=a+M\d 

-1 2 ) 

d=AB=b-a=| 1 |-|1]|=]| O 

2 3 ~1 

2 -5 

So avectorequationisr=| 1 |[+A| O 

9 —1 

() Forl,: 
Peomy 

= 1 

35—\ 

and for L: 

1+21 

r=| =1+t 

ot 

If the lines pass through the same point: 

2 DA 147 

1=—"1+1 

B—h=3t 

From the second equation, f=2, and 
substituting this into the first gives A=—1. 

Checking the third equation: 

3-(-1)=3x%2 

5o the lines do hot intersect. 

6 Vectors 

  

  

We need the position vector of one point on the 

line and the direction vector of the line: a is the 

position vector of point A on the line, and AB is a 

vector in the direction of the line. 
  

  

  

  

The two vectors on the RHS give expressions for 

the components of a position vector of a point on 

each line. 

If the two lines intersect, there must be a value 

of t and a value of A that give the same position 

vector. 
  

  

When two vectors are equal, all three 

components have to be equal. This gives three 

equations with two unknowns. 

We can find ¢ and A from the first two equations, 

and we must then check whether these values 

also satisfy the third equation. 
  

    This shows that there are no values of t and A 

which make the two position vectors equal. 
  

 



    

Practice questions 6.2 

2. (a) Find a vector equation of the line passing through the points A(=3, 1, 2) 

and B(-3, 3, 7). 

(b) Find the coordinates of the point where this line meets the line with equation 

1 -2 

r=|-1{+Ai| 3 

-2 7 

2 1 5 -1 

3. Determine whether the linesr=| 3 |+s| 4 |andr=| 1 |+¢| 10 | intersect. 

8 0 3 2 
If they do, find the point of intersection. 

3 2 3 6 

4. Two lines have equations r=| 1 |[+A| -3 |andr=}a |[+U| p|. 

—3 1 b q 

(a) Find the values of p and g for which the two lines are parallel. 

(b) For those values of p and g, find the values of @ and b for which the two lines are 

coincident. 

5. The line m passes through the points A(-1, 3, 3) and B(7, 2, 2), and intersects the X-axis 

at the point Q. 

(a) Find the equation of line m. 

(b) Find the coordinates of point Q. 

(¢) Calculate the distance of Q from A. 

6. (a) Determine whether the point (—4, 1, 2) lies on the line with equation 

2 2 

r=|-1{+A] 1] 

3 1 

The line [ is parallel to the line above and passes through the point (1. 4, =3). 

(b) Write down the equation of line [. 

(c) Determine whether [ intersects the z-axis. 

  

(ATl s 

 



4 3 ANGLES BETWEEN LINES 

WORKED EXAMPLE 6.3 

Find the acute angle between the lines with equations r = (—i +2j +3k)+ A(2i+ j—2k) and 

r=2i+3j+k)+ui—j+3k). 

  

The direction vectors of the two lines are: 
  

    

  

  

d,=2i+j-2k 
o | We need to find the angle between the two 

d,=i—j+3k 
direction vectors. 

d1 'd2 

cosf=—— 
Use the scalar product formula. 

|d.||d-| 
i 2-1-6 

JA+1+4V1+1+9 

=-0D028, . 

S Ouera N-DBOTE. J=1002" 

  

So the acute angle is " iy t ‘ j 

180°—120.2°=59.8° 
e were asked for the acute angle. 

    

Practice questions 6.3 

7. Find the acute angle between the lines with equations r = (i +2k) + MQ3i+4j+12k) and 

r=-2j+uQRi+2j+k). 

0 2 

8. Find the acute angle that the line with equation r=| 4 |+A| -1 makes with the y-axis. 

0 5 

  

9. The vertices of a triangle are the points A(-1, 2, 5), B(1, 1,6) and C(-3, 5, 7). 

(a) Find the length of the side [BC]. 

(b) Find the size of angle B in degrees. 

B0 6 Vectors 

 



    

6.4 APPLYING VECTORS TO MOTION 

WORKED EXAMPLE 6.4 

An aircraft taking off from 0 + 10j + Ok km moves with velocity 150i + 150f + 40k kmh™', where the 

vector i represents East, j represents North and k represents vertically up. 

(a) If ¢ is the time in hours, write down a vector equation for the motion of the aircraft. 

(b) Find the speed of the aircraft. 

(c) Find the angle of elevation of the aircraft. 

  

  
  

We can use the standard formr =a + tv 1o 

0 150 O describe the path of the aircraft. J 

(a8) r=|10 |+t 150 

0O 40 

  

  

(b) Speed =N150%+150% +40% =216kmh'  O—| Speed is the modulus of the velocity vector. 
  

  

  
(c) The resultant speed of the components in the The velocity is made up of a component 

easterly and northerly directions is: O— ‘along the ground’ (the resultant of the i and j 

1502 +1502 =212 kmh-! components) and a vertical (k) component. 
  

So the angle of elevation 0 satisfies 

40 
tanf=—— 

212 40 
01 a 7 212 

  

Practice questions 6.4 

10. The path of a flying bird is modelled by r = 41i + 6tj + (2 — t)k metres where 7 is in 

seconds. 

(a) Find the speed of the bird. 

(b) Find the angle of depression of its flight. 

(c) How far has the bird travelled when it lands on the ground? 

11. A ship starts at 0i + Qf km and moves with velocity 20i + 5f kmh™'. A second ship starts 

at 7i + 12j km and moves with velocity —19 — 8 kmh™'. Show that the ships have the 

same speed but do not collide. 

(Aot (oI - 

 



Mixed practice é 
1. Point A has position vector 3i + 2j — k. Point D lies on the line with equation 

r=(i— j+5k)+M-i+ j—2k). Find the value of A such that (AD) is parallel to the x-axis. 

. sin® cos9 
% 2. Two vectors are given by a = and b=| . , where 0 € [0, 2n]. 

cosB sin20 

Find all possible values of 0 for which a and b are perpendicular. 

% 3. (a) Find a vector equation of the line / passing through the points P(3, —1,2) and Q(-1, 1, 7). 

_(b) The point M has position vector 3i — 4j + k. Find the acute angle between (PM) and /. 

(c) Hence find the shortest distance from M to the line [. 

4. (a) Three points have coordinates A(3, 0, 2), B(-1,4, 1) and C(-4, 1, 3). 

Find the coordinates of point D such that ABCD is a parallelogram. 

(b) Find the point of intersection of the diagonals of the parallelogram. 

(c) Find the acute angles between the diagonals. 

(d) State, with a reason, whether this parallelogram is a rectangle. 

5. The angle between vectors p =i + 2j + 2k and g =xi + xj + 2k is 60°. 

(a) Find constants a, b and ¢ such that ax* + bx + ¢ = 0. 

(b) Hence find the angle between the vector g and the z-axis. 

6. Three points have coordinates A(4, 1, 23 B(1. 5 Dand U(A ). 3). 

(a) Find the value of A for which the triangle ABC has a right angle at B. 

(b) For this value of 2, find the coordinates of point D on the side [AC] such that AD =2DC. 

3 5 /. 

@ 7. The line [, has vector equation r = A| 5 | and the line [, has vector equation r=| 15 {+u| 0 | 

1 3 - 

(a) Show that the two lines meet and find the point of intersection. 

(b) Find the angle between the two lines. 

Two flies are flying in an empty room. One fly starts in a corner at position (0, 0, 0) and 

every second flies 3 cm in the x direction, 5cm in the y direction and 1cm up in the vertical 

z direction. 

(c) Find the speed of this fly. 

The second fly starts at the point (9, 15, 3)cm and each second travels 2cm in the 

x direction and 1cm down in the vertical z direction. 
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(d) Show that the two flies do not meet. 

(e) Find the distance between the flies when they are at the same height. 

(f) (1) Write down the displacement vector between the two flies at time 7. 

(i1) Show that at time 7 the distance, d, between the two flies satisfies 

d* =315-180t + 30¢2. 

(i11) Hence find the minimum distance between the two flies. 

Going for the top 6 
1 1 3 1 

1. Two lines have vector equations [, :r=| 3 [+A| -1 |and L, :r=| -1 |+ | 1| 

1 2 5 3 

Points A on [/, and B on /, are such that [AB] is perpendicular to both lines. 

(a) Show thatpu, —A;=1. 

(b) Find another linear equation connecting A and [,. 

(c) Hence find the shortest distance between the two lines. 

. PQRS is a rhombus with f’_d =q and QT{ = b. The midpoints of the sides [PQ], [QR], [RS] and 

[SP] are A, B, C and D, respectively. 

(a) Express AB and BC in terms of @ and b. 

(b) (i) Explainwhya-a=5b-b. 

(ii) Show that [AB] and [BC] are perpendicular. 

(c) What type of quadrilateral is ABCD? 

. (a) Show that the point A with coordinates (-1, 5, 3) does not lie on the line / with equation 

-2 1 

r=| 3 |+A] 2 | 

1 -1 

(b) Find the coordinates of the point B on / such that [AB] is perpendicular to /. 

      (ATt (o] g <<    



/ DIFFERENTIATION 

  

  

A
 
W
 

<7h 

  

WHAT YOU NEED TO KNOW 

  

® The derivative can be interpreted as the rate of change of one quantity as another changes, or 
as the gradient of a tangent to a graph. 

.. . . d , 
® The notation for the derivative of y = f(x) with respect to x is é}c— or f'(x). 

. . . .. d? : . 
e Differentiating again gives the second derivative, —); or f”(x), which can be interpreted 

as the rate of change (or gradient) of f’(x). 

¢ Differentiation from first principles involves looking at the limit of the gradient of a chord. 
The formula is: 

by 1o Tl RY= F(x) 
f(X)—}ll_r}g(—h——j 

e These derivatives are given in the Formula booklet: 

  

  

  

  

  

  

Ll 
xn nxn1 

sinx COSX 

COoSXx —sinx 

1 
tanx 

cos? x 

e er 

1 
Inx — 

X         

® The above derivatives can be combined by adding two together or multiplying by a constant: 

* [f(®)+g@)N = f'(x)+g'(x) 

° [kf()I'=kf'(x) 
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The following derivatives of common functions composed with linear functions are very 

useful. (They are not in the Formula booklet but follow from those that are when the chain 

rule is applied.) 

n ( )n—1 

  

  

  

  

  

        

(ax+Db) an(ax +b 

eax+b aeax+b 

In(ax + b) a 
ax+b 

sin(ax +b) acos(ax +b) 

cos(ax +b) —asin(ax +b) 

a 

tan(ax +b) e 

  

Further rules of differentiation: 

o The chain rule is used to differentiate composite functions: 

  

dy dy du 
=g(u) where u= f(x) = —=—X— y=g(u) = 5 = R 

e The product rule is used to differentiate two functions multiplied together: 

dy dv  du 
y=uy = —=u—+v— 

dx dx 

e The quotient rule is used to differentiate one function divided by another: 

w_ dv 
w _ dy g My = —= — 

v dx v? 

The equation of a tangent at the point (x,,y,) is given by y — y; = m(x — x;) where m = f L e 

| 
The equation of the normal at the same point is given by y — y; = m(x — x,) where m = — o0 

X 

If a function is increasing, f’(x)> 0; if a function is decreasing, f’(x) < 0. If the graph is 

concave up, f”(x)>0; if the graph is concave down, f”(x)<0. 

Stationary points of a function are points where the gradient is zero, i.e. f ’(x) =0. 

The second derivative can be used to determine the nature of a stationary point. 

e Atalocal maximum, f”(x)<0. 

e At alocal minimum, f”(x)20. 

e Ata point of inflexion, f”(x) =0 but f”’(x) # 0; there is a change in concavity of 

the curve.   
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e Optimisation problems involve setting up an expression and then finding the maximum or 

minimum value by differentiating or using a GDC. 

e If there is a constraint, it will be necessary to set up a second expression from this 

information and then substitute it into the expression to be optimised, thereby eliminating 

the second variable. 

e The optimal solution may occur at an end point of the domain as well as at a stationary 

point. 

e Differentiate with respect to time to change an expression for displacement (s) into an 

expression for velocity (v) and then into one for acceleration (a): 

C o ds 
® V= — 

dr 

dv d%s 
qg=—=— 

dr dr? 

A 
Be careful when the variable is in the power. If you differentiate e* with respect to x the 

answer is e* not xe'"'. 

Always use the product rule to differentiate a product. You cannot simply differentiate each 

factor separately and multiply the answers together; the derivative of x2sinx is not 2xcos x. 

Make sure you are clear whether you have a product (such as e*sinx) or a composite function 

(such as e¥™) to differentiate. The latter is differentiated using the chain rule. 

It is sometimes easier to differentiate a quotient by turning it into a product (i.e. writing 

it as the numerator multiplied by the denominator raised to a negative power) and then 

differentiating using the product rule. 

Do not confuse the rules for differentiation and integration. Always check the sign when 

integrating or differentiating trigonometric functions, and carefully consider whether you 

should be multiplying or dividing by the coefficient of x. 

When differentiating trigonometric functions you must work in radians. 

7 Differentiation



    

7.1 DIFFERENTIATION FROM FIRST PRINCIPLES 

WORKED EXAMPLE 7.1 

Use differentiation from first principles to prove that the derivative of x* is 3x. 

(x)= um(f_(xi)—_f(i)) 
h—0 h 

(x+h)5—x5) 
= lim 

h 

Bx2h+3xh?+h® ) 

h 

= lim (322 +3xh+h?) 
h—0 

o 

Practice questions 7.1 

1. Given that y = 5x2, use differentiation from first principles to find = 

(x5 +3x2h+3xh? +h® —x° ) 

  

  

We start with the definition of the derivative at 

the point x (i.e. the formula for differentiation from 

first principles). N
/
 

  

We do not want to let the denominator tend 

to zero straight away, so first manipulate the 

numerator to get a factor of & that we can cancel 

with the % in the denominator. 
  

  

Divide top and bottom by 4. 
  

    Once there is no A in the denominator we can let 

h— 0. A
W
 

dy 

2. Prove from first principles that the derivative of x* is 4x°. 

d 
3. Prove from first principles that —d—x—(x2 ~5x+2)=2x—-5. 

4 Let f(x)=(x+1)}x-3). 

(a) Without expanding the brackets, use differentiation from first principles to find f x) 

(b) Use the rules of differentiation to confirm that your expression for f ’(x) is correct. 
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7.2 THE PRODUCT, QUOTIENT AND CHAIN RULES 

WORKED EXAMPLE 7.2 

Differentiate y = xes"*, 

du 
Letu=x.Then —="1 

dx 

Letip=ge® 

d , 

To find —L, let w=sinx. Thenv=ege", 
dx 

dw dv ; 
—=cosXx and —=¢e" 
dx dw 
Therefore 

dv dv = dw 

dx dw dx 

=g" cosx 

= e cos x 

dy dv  du . , 
S0 - —1u P —xeosxe e 

dx dx 

Practice questions 7.2 

5. Differentiate y = 4x2 cos3x. 

  

  

  

O_ 

  

This is a product, so we need to use the product 

rule. It doesn’t matter which function is u(x) and 
which is v(x). 
  

  

  
v(x) is a composite function, so use the chain rule. ) 
  

  

  

O.__ 

    

  

% 6. Find the gradient of the graph of f(x)=In(3x> —1) at the point where x = 3. 

  

7. Differentiate y=e* + - 3x. 
2% 

, . . 2 . 
8. Find the values of x for which the function f(x) = ln( ; 12) has a gradient of 2. 

x — 

. x2 -1 . a — bx? 
9. Given that f(x)= ,find f”(x) in the form ——. 

¥ rl (0 

AT =l L o) )



    

7.3 TANGENTS AND NORMALS 

WORKED EXAMPLE 7.3 

Find the coordinates of the point where the normal to the curve y = x? at x = a meets the curve again. 

0 
dx 

2x 

Atx=a, % =2a,ie. gradient of tangent is 2a. 

Therefore gradient of normal is m = g 

1 
Equation of normal: y—a? = —E——(x—-a) 

a 

Intersection with y = x%: 

2 —g? e q x o 

:>(x—a)(x+a)=——é(x—a) 

:>(x—a)(x+a+£;)=0 

1 
50x:aorx=—a—£—— (x =a was given) 

a 

2 

When xz—a—i, y=(——a—i) 
2a 2a 

So the coordinates of the point are 

el 

Practice questions 7.3 

  

  
The normal is perpendicular to the tangent, so 

we need the gradient of the tangent first. 
  

  

The normal is a straight line, so its equation is of 

the form y — y, = m{x — x). 
  

  

y = x?, so substitute y = x2 into the equation of 

the normal. 

Factorise the left-hand side (LHS) so that we hav 

a common factor on both sides. 

We need to find the point of intersection with 

e 

  

  

Move everything to the LHS and factorise. Do 

not divide by (x — a) as this could result in the loss 

of a solution. Instead, we find all possible solutions 

and then reject any that are not relevant. 
  

    We can now find y by substituting into y = x2. ) 
  

  

g 10. Find the equation of the normal to the curve y =e™* at the point where x = 2. 

. . T 
% 11. A tangent to the curve y = tanx for —g <x< g is drawn at the point where x = . Find 

the x-coordinate of the point where this tangent intersects the curve again. 
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7 4, STATIONARY POINTS 

WORKED EXAMPLE 7.4 

% Find and classify the stationary points on the curve y = 2x3 —9x? + 12x + 5. 

  

dv 
Y _6x2—18x+12 
dx 

For stationary points _d;V O At stationary points the first derivative is zero, 0 

o dy ; 

5 L we need to find == and then solve the equation 

6x2-16x+12=0 
T < 

& x2-3x+2=0 o 
dx 
  o (x=1)(x-2)=0 

e x=1orx=2 

Whenx=1,y=2-9+12+5=10 

When x=2,y=2(2)° —9(2)" +12(2)+5=9 o— 

  

Find the y-coordinates and give the full 

coordinates of the stationary points. 
    

So stationary points are (1,10) and (2, 9). 

2y 
We can use the second derivative to determinej 

=12x—186 
the nature of the stationary points. 

  

      
d.X'Z 

  

  d?y 
Atx=1——=12-186=-6<0 

dx? 
Apply the second derivative test by substituting 

2 

the x values into il 
dxz 

= (1,10) is a local maximum. 
d?y 

Aba=2 —2=12(2)-18=630 
dx2 

  

. (2,9) is alocal minimum. 

Practice questions 7.4 

% 12. Find and classify the stationary points on the curve y = x> — 3x + 8. 

% 13. Find and classify the stationary points on the curve y = x sinx + cosx for 0 < x < 2. 

% 14. Find the maximum value of y=In(x— sin? x) for 0 <x < 2m. 
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7.5 OPTIMISATION WITH CONSTRAINTS 

WORKED EXAMPLE 7.5 

What is the area of the largest rectangle that can just fit under the curve y = sinx, 0 <x <, if one 

side of the rectangle lies on the x-axis? 

  

A We start by defining the variables, taking the 
bottom left corner of the rectangle to be the 
point (x, 0). Everything else then follows from the 

(2, sin x) (r - x, sin(r — x)) symmetry of the sine curve.     

  

      

  

  

  

X n-—x 

Width of rectangle = (1 —x)—x=n—2x o Find an expression for the quantity that needs to 

So area = (1t—2x)5inx be optimised, in this case area.     

Using a GDC for the graph of area against x: 

) 
12 

  

y=lo-2nona Since this is a calculator question, we do 
not need to differentiate; but we do need to 

O— sketch the graph to justify that we have found a 

maximum (rather than any other stationary point) 

and that the maximum is not at an end point. 

Y.
 

    
  

Therefore, the maximum area is 1.122 (4 SF). 

Practice questions 7.5 

% 15. An open cylindrical can has radius r and height h. The height and the radius can both 

change, but the volume remains fixed at 647cm?. Find the minimum surface area of the 

can (including the base) and justify that the value you have found is a minimum. 

16. Find the smallest surface area of a cone (including base) with volume 100cm’. 

17. A square-based cuboid has surface area 520cm?. Prove that it takes the largest possible 

volume when it is a cube. 
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Y3 

7.6 POINTS OF INFLEXION 

WORKED EXAMPLE 7.6 

The curve y =x3 — 6x2 + 5x + 2 has a point of inflexion. Find its coordinates. 

  

  

    

  

    

fl = Bl A Bt B At a point of inflexion the second derivative 

dxd? o is zero, so we need to find % and solve the 

=2 =6x-12 s 
X equation —= = 0. 

dzy Ge® 
At a point of inflexion, —=0: 

dx?_ 

6x-12=0 

S x=2 

Wosnxs2 O— Find the y-coordinate. ) 

y=(2)°—6B(2)2+5(2)+2=—4 

So the point of inflexion is at (2, —4). 

  

Practice questions 7.6 

18. Find the coordinates of the point of inflexion on the curve y = x* — 12x* + 7. 

19. The graph of y = 4x* — ax? + b has a point of inflexion at (-1, 4). 
Find the values of a and b. 

20. A curve has equation y = (x* —a)e”. 

(a) Show that at a point of inflexion, x* +4x —a +2=0. 

(b) Hence find the range of values of a for which the curve has at least one point 

of inflexion. 

(c) When a =—1, show that one of the points of inflexion is a stationary point. 

(d) For this value of a, sketch the graph of y =(x* —a)e™. 
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7.7 INTERPRETING GRAPHS 

WORKED EXAMPLE 7.7 

The graph shows y = f’(x). 

On the graph: 

(a) Mark points corresponding to a local maximum of f(x) 

with an A. 7 Yo 

(b) Mark points corresponding to a local minimum of f(x) 

with a B. 

(c) Mark points corresponding to a point of inflexion of f(x) 

with a C.   
Local maximum points occur where the graph 

crosses the x-axis with a negative gradient. A local maximum has f’(x) = 0 and f”(x) <0, 

O— i.e. the gradient of the graph of y = f’(x) is 

negative there. 

  

    

  

  
Local minimum points occur where the graph 
crosses the x-axis with a positive gradient. o Aotk BEs SIS OENER) =), 

i.e. the gradient of the graph of y = f’(x) is 

positive there.     

  Foints of inflexion occur at stationary points on 
the graph. At a point of inflexion f”(x) =0, i.e. the gradient 

of the graph of y = f”(x) is zero (and the gradient 
is either positive on both sides of that point or 

Therefore: negative on both sides).     

O s
 

Y. 

A\/ B A B 
G 
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Practice questions 7.7 

21. The graph shows y= f'(x). 

V. 

A 

e
 

7 
. 

  

  
On the graph: 

(a) Mark points corresponding to a local maximum of f(x) with an A. 

(b) Mark points corresponding to a local minimum of f(x) with a B. 

(c) Mark points corresponding to a point of inflexion of f(x) with a C. 

(d) Mark points corresponding to a zero of f”(x) with a D. 

22. The graph shows y= f”(x). 

A 

e 
(a) On the graph, mark points corresponding to a point of inflexion of f(x) with an A. 

(b) State whether at the point B, the graph of y = f(x) is concave up or concave down. 

Y 

  
(¢) Is f’(x) increasing or decreasing at the point C? 

(d) Given that the graph of y = f(x) has a stationary point with the same x-coordinate 

as the point marked D, state the nature of this stationary point and justify 

your answer. 
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7.8 KINEMATICS 

WORKED EXAMPLE 7.8 

If the displacement, s, at time ¢ is given by s = 472 —3e~¥, find the time at which the minimum 

velocity occurs in the form Ink where & is a rational number. 

  

  

  

  
  

  

s 
V=gt‘:5f+9e_5t o | We first need to find an expression for the 

velocity. 

dv 
—=8-27e% . e o 
dr If there is a local minimum, it will occur when 

At a local minimum, Q:o | v 
dr dr 

2 
B-P7e =0 — o — 

5 

1 ( 7) ( ) Use the | fl h h | =l e | se the laws of logarithms to put the result into 

5 & o the required form. J   
  

Laws of logarithms are covered in 

Chapter 1. 

  

2 

SV sty 
dr? 

  

We now need to check that this is a local 

z o minimum (rather than a maximum or point of 

Therefore t= ln(——) is a minimum. inflexion). If it is not a minimum, the minimum 

2 velocity would occur at an end point.   
  

Practice questions 7.8 

23. A hiker has a displacement skm, at a time thours, modelled by s = — 4z, 1> 0. 

(a) Find the time it takes for the hiker to return to his original position (where he stops). 

(b) Find the maximum displacement from the starting point. 

(¢) Find the maximum speed of the hiker. 

fi 24. A small ball oscillates on a spring so that its displacement from the starting position 

depending on time is given by s = %sm(ggt). 

(a) Find expressions for the velocity and acceleration of the ball at time 7. 

(b) Find the first two values of ¢ for which the speed of the ball equals g 
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Mixed practice 7 
1. Find the coordinates of the stationary point on the curve y=2x—e". 

- A rectangle has perimeter 40 cm. One side of the rectangle has length xcm. 

(a) Find an expression for the area of the rectangle in terms of x. 

(b) Prove that the rectangle with the largest area is a square. 

Find the equation of the normal to the curve y = 5sin3x + x> where x = &, giving your answer in 
the form y = mx + c. 

G particle is moving with displacement s at time . 

(@) A model of the form s = ar® + bt is applied. Show that the particle moves with constant 
acceleration. 

It is known that whent=1,v=1 and whenr=2, v=35. 

(b) Find the values of ¢ and b. 

X . . 1 . - Find the coordinates of the points on the curve y = 3In x +— where the tangent is parallel to the 
line 2x —y = 4. . 

. The cubic graph y = ax® + bx* + cx + d has one stationary point. Show that b2 — 3ac = 0. 

- When a model rocket is launched, it moves vertically upwards and its height (in metres) is 

given by the equation /4 = o9 %[2’ where 7 is the time (in seconds) since take-off. 

(a) Find an expression for the velocity of the rocket. 

(b) Find the maximum velocity of the rocket. 

(c) Find the speed of the rocket when it returns to the ground. 

Consider f(x)=x*—x. 

(a) Find the zeros of f(x). 

(b) Find the region in which y = f(x) is decreasing. 

(c) Solve the equation f”(x)=0. 

(d) Find the region in which y = f(x) is concave up. 

(e) Hence explain why y = f(x) has no points of inflexion. 

(f) Sketch the curve y= f(x). 
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1. The point (x, g) lies on the curve y = x°. 

Going for the top 7 

(a) Express g in terms of x. 

(b) Let d be the distance between (x, ¢) and the point (0, 9). 

Write down an expression for d in terms of x. 

(c) Find the value of x that gives the minimum value of d. 

(d) Hence write down the coordinates of the points on the curve y = x? that are closest to (0, 9). 

. The point P lies on the curve y = e* with x=p, p > 0. O is the origin, and the line OP makes an 
angle of o with the positive x-axis. The tangent to the curve at P crosses the x-axis at Q 

(a) Letp=2. 

(i) Find the value of o in degrees. 

(i1) Find the gradient of the tangent at P, and hence find the size of the angle OIA)Q. 

(b) In this part of the question, p is not assigned any specific value. 

(1) Find, in terms of p, the equation of the tangent to the curve at P. 

(i1) Find the coordinates of Q. 

(c) A line with equation y = kx is tangent to the curve. By considering your answer to part (b), 
find the value of k. 

. The point P lies on the curve y = . withx=p, p > 0. 

(a) (i) Find, in terms of p, the gfadient of the tangent to the curve at P. 

(if) Show that the equation of the tangent is p’y +x = 2p. 

The tangent to the curve at P meets the y-axis at Q and meets the x-axis at R. 

(b) (i) Find the coordinates of Q and R. 

(ii) Calculate the area of the triangle OQR (where O is the origin). 

(c) Show that the distance QR is given by 24/ p* + p~2. 

(d) Find the value of p that minimises the distance QR. 

7 Differentiation 

    

   

67  



  

INTEGRATION 
  

  

o
 
W
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WHAT YOU NEED TO KNOW 

  

Integration is the reverse process of differentiation. 

The basic rules of integration: 

n+l1 

  e For all rational n #—1, J-x” dx = s 
n+1 

° j kf(x)dx = k_[ f(x) dx for any constant k. 

+ C, where C is the constant of integration. 

o [ fa)+gdr=] f(x)dr+] gx)dx 

Definite integration deals with integration between two points. 

e If [ f(x)dx = F(x) then jb f(x) dx = F(b)— F(a), where a and b are the limits of integration. 

o [[fede+] foar=]" o0 dr 

o [rode=-f e dx 

Not all integrals are given in the Formula booklet. The table on the right lists some useful 

versions to learn. 

T 
1 
  

    

    

    

i Inx+C lln(ax+b)+C 
X ax+b a 

1 
sinx —cosx+C sinkx —%coskx +C 

. 1 
cosx sinx+C coskx Esm kx+C 

kx 1 k 
er e+ C e —ekx+C             
  

  

Integration by substitution can be useful when there is a composite function and (a multiple of) 

the derivative of the inner part of that function. (This can also be achieved by simply reversing 

the chain rule.) 

o [g0r (s0)dx=f(g(n)+C 
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Integration can be used to calculate areas: 

b 
® The area between a curve and the x-axis from x = a to x = b is given by J ydx. 

a 

b 
® The area between two curves is given by .[ f(x)—g(x)dx, where f (x) > g (x) and g and b 

are the intersection points. ‘ 

b 
The volume of revolution is given by V = J. Ty* dx for rotation around the x-axis from x = a 
tox=b. ¢ 

Integrate with respect to time to change an expression for acceleration () into an expression 
for velocity (v) and then into one for displacement (s):   
e V= J.a dr 

e s= _[v dt 

L ® The displacement between times ¢, and ¢, is J- vdz. 
4 

L ® The distance travelled between times ¢, and 1, is J. |v| dr. 
L 

A 
Don’t forget the “+ C” for indefinite integration — it is part of the answer and you must write 
it every time. However, it can be ignored for definite integration. 

Make sure you know how to use your calculator to evaluate definite integrals. You can 
also check your answer on the calculator when you are asked to find the exact value of 
the integral. 

Always look out for integrals which are in the Formula booklet. 

You cannot integrate products or quotients by integrating each part separately. 

When integrating fractions, always check whether the numerator is the derivative of the 
denominator. If this is the case, the answer is the natural logarithm of the denominator: 

J'f ‘(x) 

J(x) 

You may have to simplify a fraction before integrating. This can be achieved by splitting into 
separate fractions or by polynomial division (or equivalent method). 

dx=In f(x)+C. 
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2.1 INTEGRATING EXPRESSIONS 

WORKED EXAMPLE 8.1 

. 2J_ 
  Find J 

  J-B 2J_ f 2Jx 
  

    

  

e g;“g—x—d’f Use algebra to rewrite the expression in a form 

) O— which can be integrated. Fractions can be split up 

e él_gx—z d and the rules of indices applied. 

SECED 

1 

i é l doc __2_ ¥ 2dx O—| We can split up the integral of a difference and 

5J x 5 move the constants outside the integrals. 
    

  

Practice questions 8.1 

\/;+1 

2. Find jsm 3x+e + \/;c_dx. 

3. Find [ (3x+\[;)2 & 

  1. Fin dj 

  

4. Find j(ex +3)2 dx. 

5. Find j(sinx + cos x)? dx. 

« You will need to use a double angle formula in question 5. 

  

This is covered in Chapter 5. 

6. Find jtan 2xcos2xdx. 
2 

7. Find j (x—al—) dx. 
X 
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8.2 FINDING AREAS 

WORKED EXAMPLE 8.2 

Find the area enclosed between the curves y=x?>—5x and y="7x—x% 

Using GDC: 

¥     
Intersections: x=0 and x=6 

o Aren= I:(7x —x?)—(x? —Bx)dx 

:J.O@1 2x—2x°dx 

o 

=[6x2 ——%965] — 72 
0 

Practice questions 8.2 
T 

% 8. Find the area enclosed by the curves y = sinx and y = cosx between x = — and v— 

o Write down the integral representing the area ) 

  

the intersection points.   
Sketch the graph on the GDC and use it to find ) 

  

  

  and carry out the definite integration. 
    

3n 

4 

E 9. The diagram shows the graphs of y=x*—4x+3 and y=6x—5~— x%. Find the shaded area. 

  

Y 

  SR T T I 
   



8.3 VOLUMES OF REVOLUTION 

WORKED EXAMPLE 8.3 

Find the exact volume of revolution when the curve y = x> between x = 1 and x = 3 is rotated 360° 

about the x-axis. 

  3 

Volume = TCL y2 dx To visualise this, sketch a graph. 

2 y 
- TcJ-:(x2 ) dox ' 

  

  

    
Practice questions 8.3 

11. Find the exact volume generated when y = e*, for 1 <x < 3, is rotated 360° around the x-axis. 

12. The diagram shows the graph of y = x*. Find the volume generated when the shaded area 

is rotated 27 radians about the y-axis. 

  
(a) Find the coordinates of the point P. 

(b) Hence find the volume generated when this region is rotated 360° around the x-axis. 
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8.4 KINEMATICS 

WORKED EXAMPLE 8.4 

The velocity, vms™, of a ball is given by v = > — 4¢, where ¢ is measured in seconds. 
Initially the displacement is zero. 

(a) Find the displacement when ¢ = 10. 

(b) Find the distance travelled in the first 10 seconds. 

  

  
  

  

  
  

10 

(a) e :jo v dt 3 ‘Initially” means when ¢ = 0, so we integrate 

o between the limits t = 0 and 7 = 10. 

= _[ 12 —4t dt 
0 

400 
=——m (from GDC) 

= 

(b) Distance = levl dr To find the distance travelled, we need to take 
0 O— the modulus before integrating, as the velocity 

10 may be negative for part of the journey. =_[O |12 — 44 dr EEEL Sl JOLnEy 

464 
= —5—— m ('FI"OI’H GDC) 

  

Practice questions 8.4 

fi 14. The acceleration of a car for 0 <7< 5 is modelled by a = 5(1 e ), where a is 

measured in ms™ and ¢ is measured in seconds. The car is initially at rest. 

(a) Find the velocity of the car after 7 seconds. 

(b) Find the displacement from the initial position after 7 seconds. 

(c) Find the maximum velocity of the car. 

15. The velocity of a wave is modelled by v = cos 57. When ¢ = 0, s = 0. Show that the 

acceleration a and displacement s are related by a = ks, where k is a constant to be 
determined. 

16. A bird has acceleration modelled by 2e"m s due north, where ¢ is the time in seconds. 

The bird is initially travelling with speed 8 ms™! north and is 100 m south of a tree. 

(a) Find an expression for the velocity of the bird at time ¢. 

(b) According to the model, when does the bird reach the tree? 

8 Integration 

    

K  



    

  

      

  

  
  

8.5 INTEGRATION BY SUBSTITUTION 

WORKED EXAMPLE 8.5 

Find | x? cos(x® +2) dx. ‘1 

du The integral involves a composite function, so 
Lang SRt R D ) 

Loty arie 2 hen . 2 O— integration by substitution will be useful. Choose 

du u = ‘inner function’. 

2 du 
x2cos(x®+2)dx=|x?cosu——- J 2 cos(ax? +2) dw= [x* cosu = 

1 
= gj‘coeu du 

i 
=—sinu+c 

5 

0 . ) 
= ——5m(_x5 +2)+c O— Write the answer in terms of x. ) 

5 
    

  

  

Practice questions 8.5 

17. Find [ % e* dx. 

18. Find Jcosxes"“"dx. 

19. Find j 2x/x% —4 dx. 

20. By using the substitution u = cosx, find J.tanxdx. 

COoS X 

sinx+4 
  21. Find j dx. 

22, Find jl—“fidx. 
X 
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Mixed practice 8 

1. Find: (@) [Verdr (b) j:"°3cos(5x)dx 

In2 e* 
dx.   

2. Use the substitution # = e* + 1 to find the exact value of JO . 
e’ + 

1 
3. Find the area enclosed by the curves y= 4x and y= Exz. 

1 
. Evaluate j e hadr 

0 

5. A ball’s velocity, vms™', after time 7 seconds is given by v =3sint. 

B
 

&
1
 

B
B
 

oY
 

(a) Find the displacement of the ball from the initial position when 7 = 3715 S. 

3 
(b) After how long has the ball reached its maximum displacement in the first _215_ seconds? 

(c) Find the distance travelled by the ball in the first 3775 seconds. 

6. Find aif j:smzxdx: %, 0<a<m. 

d 
7. A curve has gradient given by the equation e - ,and when x=0, y=0. 

dr 3wt 1 
  

Find the value of x for which y = 2. 

. . . 1 o 
8. An object moves with acceleration a = T where ¢ is time and 7 > 3. When ¢ = 3, the 

velocity of the object is 5 and its displacement from the origin is 20. 

(a) Find an expression for the velocity of the object. 

(b) Find the displacement of the object from the origin when 7 = 5. 

fi 9. (a) Using an appropriate double angle formula, show that sin’ 6 = %(1 —0s20). 

(b) Hence find | sin’ 6 do. 

The region R is enclosed by the x-axis and the graph of y = sinx between x =0 and x = T. 

(¢) Find the area of R. 

(d) Find the exact volume of the solid generated when R is rotated 360° around the x-axis. 

(e) Use the substitution u# = cosx to find I sin® x dx. 

AT [T  
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Going for the top 8 
  

  

  

£ o 
1. (a) Find the value of C such that x— 2+ 7 3. 

x+2 x+2 

(b) Hence find_‘.xu+3dx. 
x+2 

dx=1n2.   

- 

2. Using a suitable substitution, show that J. o 
¢ 2xInx 

3. The region between the curves y = x + 2 and y =5 — x is labelled R. 
3 

(a) Use integration to find the area of R. 

(b) Find the volume generated when R is rotated a full turn around the x-axis. 

4. Use a suitable substitution to find _[ sin* @ cos0 do. 

5. (a) Use a double angle formula to show that f cos? x—sin? xdx = —;—sin 2x+c. 

The diagram shows the graphs of y = cosx and y = sinx. 

-~ 

(b) Find the x-coordinate of the point of intersection shown in the diagram. 

(c) Find the exact area of the region labelled R. 

(d) Find the volume of the solid generated when the region labelled S is rotated around 

the x-axis. 
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9 DESCRIPTIVE STATISTICS 
  

WHAT YOU NEED TO KNOW 

  

* Grouping a large sample of data into groups (or classes) makes it easier to summarise. 

e The upper and lower class boundaries are the largest and smallest data values that would 

be included in that group. 

® The mid-interval value is the mean of the upper and lower class boundaries. 

o If the data are discrete, the upper and lower class boundaries are as shown in the grouped 

frequency table. For example, a group 12-15 includes the values 12, 13, 14 and 15, and 

the mid-interval value is 13.5. 

e If the data are continuous but have been rounded, the class boundaries need to be adjusted. 

For example, if lengths have been rounded to the nearest metre, then 12—15 means that 

11.5 <length < 15.5, and the mid-interval value is 13.5. 

e Age is rounded differently from other measurements. For example, 12-15 years means 

12 < age < 16, and the mid-interval value is 14. 

e Three measures of central tendency are the mean, median and mode. 

o The mean is the sum of all the data values divided by the total number of data items: 
n 

Zfixi 
i=1 x==— 

n 

D 
i=1 

To find the mean for grouped data, assume that every item is at the centre of its group; that 

is, use the mid-interval value of the group for x;. 

e The median is the middle of a data set whose values have been arranged in order of size. 

e The mode is the most common data value. 

o There are three ways of measuring how spread out a data set is: range, interquartile range and 

standard deviation. ‘ 

e The range is the difference between the largest value and the smallest value. 

e The interquartile range (IQR) is the difference between the upper quartile (Q5) and the 

lower quartile (Q,): IQR = Q05— 0. 

e To find the quartiles, first split the data set (with numbers arranged in order) into two 

halves. The lower quartile is the middle value of the bottom half. The upper quartile is 

the middle value of the top half. 

e Standard deviation can be calculated on a GDC. 

e To estimate the standard deviation or mean of grouped data, assume that every item is 

at the centre of its group; that is, use the mid-interval values for calculations.     
  

AT o[RS CHE [/



fi 

  

® The measures of central tendency and spread can be affected when constant changes are 
applied to the original data, for example, to convert units or to simplify calculations. 

e If every data item is increased (or decreased) by the value x, all measures of the centre of 
the data will also increase (or decrease) by x, while all measures of the spread of the data 
will remain unchanged. 

° If every data item is multiplied (or divided) by the value x, all measures of the centre of 
the data and all measures of the spread of the data will also be multiplied (or divided) by x. 

e If the standard deviation is multiplied by x, the variance is multiplied by x2. 

® In a histogram, there should be no gap between the bars, and the height of each bar is equal to 
. the frequency of that group. 

® Cumulative frequency is the total frequency up to a certain data value. 

® To draw a cumulative frequency curve: 

®  Start the curve from a point on the x-axis corresponding to the lower boundary of the 
first group. 

® For each group, plot the cumulative frequency against the upper boundary of the 
group. Join up the points with a smooth increasing curve. 

® The cumulative frequency curve can be used to find the median and quartiles. 

®  For the median, the value on the y-axis will be at m; for the lower 

total frequency      quartile, the value will be at — and for the upper quartile it will be at 

3 X total frequency 

4 

250 
5 

200 
> 3T 
o7 
o 

g 150 
2 

o 
fi 2 

T 100 
E 
=2 
O 

N o)
l 

o
 

  

QO Q1 QQ Q3 Q4 

® A box and whisker diagram summarises five important values from a set of data: the smallest 
value (Q,), the lower quartile (Q,), the median (Q,), the upper quartile (Q,) and the largest 
value (Q,).       
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® Each ‘whisker’ and each half of the ‘box’ contains a quarter of all the data. 

To compare two sets of data: 

® Use the mean and median to compare ‘avérages’. 

® Use the standard deviation and IQR to compare the spread of the data. 

® The data set with the smaller spread can be described as “less varied’ or ‘more 
consistent’, 

Correlation is a relationship between two variables. Correlation does not imply causation. 

e Pearson’s product-moment correlation coefficient, r, is a measure of the linear correlation 
between two variables. It can take any value between —1 and +1. 

® A value of r close to —1 shows that there is a strong negative correlation; a value close 
to +1 shows that there is a strong positive correlation; and a value close to 0 shows no 
linear correlation. 

A regression line describes a linear relationship between two variables. 

® The variable plotted on the x-axis is the independent, or controlled, variable. The variable 
plotted on the y-axis is the dependent variable. 

® The regression line always passes through the mean point of the data. 

® The regression line can be used to estimate values that are not in the original data. Such 
an estimate is reliable only if the correlation is strong and the values of the variables are 
within the range of the original data. 

The correlation coefficient and the equation of the regression line can be found using a GDC. 

A 
When using a calculator to find statistics, make sure you show the numbers that you are using. 
A common error when drawing a cumulative frequency curve is forgetting to plot the first 
point, which corresponds to zero frequency at the lower boundary of the first group. 
In a box and whisker diagram, the width of the box represents the interquartile range, not 
the number of data values in that range; it is a common mistake to say that a wider box 
‘contains more people’. When comparing two box and whisker diagrams, always make it 
clear whether it is the width of the box or its position that is being referred to. ‘Higher IQR’ 
should mean that the box is wider, not that the quartiles are larger. 
If a question asks you to find the equation of a ‘suitable regression line’, you should first 
identify the independent variable and enter the corresponding values into the X list on your 
calculator. The data given in the question may be presented the wrong way round! 
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7.1 MEDIAN AND QUARTILES 

WORKED EXAMPLE 9.1 

Consider the following set of data: 

14,12, 18, 20, 17, 18, 12, 16, 15, x 

(a) Given that the median of the data set is 16, find the value of x. 

(b) Find the interquartile range of the data. 

  

. Put the nine known numbers in order of size. 

(@) 1e, 1, i 18, 16 17, 16, b, 20 O— Including x, there are 10 numbers, so the median 
is the mean of the 5th and 6th values. 
  

  

The median is the mean of 16 and x. The known number 16 is either the 5th or the 

. . 6th value, so the median is the mean of 16 and 

Since the medianis 16,x=16. o another number. Since we are given that the 

median is 16, the other number must also be 16. 
  

  

(b) Lowerhalf:12,12,14,15, 16 = ;=14 To find the quartiles Q, and Q;, divide the 

Upper half. 16,17,18, 18,20 = Q=16 O—| data set (with numbers in order) into two halves 
and find the median for each half. Then use the 

IR 10 Aarecr formula IQR = Q, — Q.     
Practice questions 9.1 

1. The following data set contains 13 numbers: 

2.4,5, 10, 12, 14, 14, 16, 18, 21, 23, 23, 25 

(a) Explain why the lower quartile is 7.5. 

(b) Find the interquartile range of the data. 

2. The median of the numbers x— 2, x+ 1, x+3, x+6,x+7,x+ 10is 6.5. 

Find the value of x. 

3. Find the median and the interquartile range of the grades summarised in the table: 

  

Grade 
  

Frequency               
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7.2 MEAN, STANDARD DEVIATION AND FREQUENCY HISTOGRAMS 
WORKED EXAMPLE 9.2 

     The histogram below shows 
the masses of some dogs (in 
kilograms). 

40 

(a) How many dogs were 
included in the sample? 30 

(b) What is the modal 

group? 

(c) Estimate the standard 
deviation of the masses. 

(d) All the masses are 
converted into pounds 
(Ib), where 1kg = 
2.2051b. Find the 10 
standard deviation of 
the masses measured in 

F
r
e
q
u
e
n
c
y
 

N
 
o
   

  

  

  

  

  

  

  

  

              

  

pounds. 

0 
0 10 20 30 40 50 

Mass (kg) 

(@) Totalfrequency=5+20+25+30+15+5 
=100 fxi The number of dogs in each group is represented 

by the height of the histogram bar. There were 100 dogs in the sample. 

() The modal aolpls ey Dlkg The modeal group is the data class with the G- 
highest bar. 

To estimate the standard deviation, we need to VI e T use the mid-interval value of each group, which is A 17.5122.5 127.56|32.5|37.5 the mean of the lower and upper class boundaries I ——— 
O of that group. For the first group, the mid-interval Frequency 20 1 256 | 30 | 15| 5 10+15 

value is 5 = 12.5.   (From GDC) Standard deviation=6.22 (o ok 
  

When all the data values are multiplied by a 
constant, the standard deviation is multiplied by 
the same constant. 

  
(d) Standard deviation in pounds 

=0 PZX2 2082 71 
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Practice questions 9.2 

4. The mean of the numbers 4, 5, 3, 3, 5 and k is 3.5. 

{ (a) Find the value of k. 

(b) Find the standard deviation of the numbers. 

5. The frequency table shows the heights of 26 trees. The mean height is 6.5 m. 

  

Height (m) 3 B y 10 
  

        Frequency 4 X 11 5 

  

  

(a) Find the values of x and y. 

(b) Calculate the standard deviation of the heights. 

6. The heights of 50 buildings. rounded to the nearest metre, are summarised in the 

following table: 

  

Height (m) 1217 18-23 | 24-29 | 30-35 
  

Frequency 12 14 16 8 

  

        
  

(a) Write down the upper and lower boundaries of the 24-29 class. 

(b) Draw a histogram to represent the data. 

(¢) Find the mean and standard deviation of the heights. 

(d) The heights of 50 hills are recorded in the following table: 

  

Height (m) 512-517 518-523 524-529 530-535 
  

Frequency 12 14 16 8 

  

        
  

Write down the mean and standard deviation of these heights. 

7. The ages of 35 teachers are recorded in the table: 

     
    

  

INENCEa 21-30 | 31-40 | 41-50 51-60 | 61-70 
  

e[V (la (e           
  

(a) Write down the upper and lower boundaries of the 21-30 group and find its 

mid-interval value. 

(b) Draw a histogram to represent the data. 

(¢) Find the mean and standard deviation of the ages. 
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   7.3 CUMULATIVE FREQUENCY 

WORKED EXAMPLE 9.3 

The cumulative frequency curve below represents the heights of 36 children. 

40 

30 

Cu
mu
la
ti
ve
 
fr
eq
ue
nc
y 

N
 

o
 

10 

  130 140 150 160 170 180 190 

Height (cm) 

Estimate the median and interquartile range of the heights. 

  

Vel 1a0am 2 %36=18 1 x36=9;2 x 3627 
Q,=153cm 2 : % 

0 To estimate the median, draw a line horizontally &= 1650m O across from 18 on the vertical axis to the curve IQR=165—-153=12¢cm and then vertically down until it meets the 
horizontal axis. Similarly find Q; and Qs, and hence 
calculate the IQR.   
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Practice questions 9.3 
8. The ages of students at a school are summarised in the table. [BACENCELD] ' i 

  

  

  

(a) Draw a cumulative frequency curve to represent the 4-7 20 
m.formatlon. . 

811 40 
(b) Find the median age. 

(c) The oldest 10% of the students are older than m years. 12-15 80 
Find the value of m. 16-=19 60         

9. Use the cumulative frequency curve below to complete the frequency table. 

A 
50 
  

  

40 
  

@ o 

  

  

N
 

o
 

  Cu
mu
la
ti
ve
 
fr
eq
ue
nc
y 

  

10 
  

                    

140 150 160 170 180 190 
Height (cm) 

Height, & (cm) N (L 1= ol 

150<h <160 

  

  

160<h <168 
  

168 <h <175 
      175<h <190 
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7.4, BOX AND WHISKER DIAGRAMS AND COMPARING DATA SETS 

WORKED EXAMPLE 9.4 

  

The English test marks (in %) of a group of students are summarised in the following diagram. 

  

30 40 50 60 70 80 90 

Marks (%) 

The marks for the same group of students on a Mathematics test had the following features: 

lowest mark 24%, highest mark 93%, lower quartile 43%, median 62%, upper quartile 72%. 

(a) Draw a box and whisker diagram for the Mathematics marks. 

(b) Compare the performance of the group in the two tests. 

(@) 
  

  

Use the five figures given to draw the box and 
200 80 ¢ A8 L s0BE L0 B0 00 0D whisker diagram. 

Marks (%) 
  

  (b) The English marks are higher on average — 
(median of 71% compared to 62%). O Thg IQR indicates the spread of the data. ) 

The IQR is 1& for English and 29 for Maths, 

50 the English marks are more consistent. 

  
  

  VATl g [ (R T ([ 

 



Practice questions 9.4 

10. Draw a box and whisker diagram to represent the following data: 

Smallestl Largest I T ] Standard deviation IMedianl (e} l (6% 

  

  

11. Two schools took part in a cross-country race. The times are summarised in the diagram 

below. Write three comments comparing the times of the students from the two schools. 

'Sché)oIA”“' tr et '__ — o b EEEEE L 

5S¢hboliB""""|-‘ | SEREBERLEREaREEEREE 

T T T 

  

  

        
  

  

                

30 40 50 60 70 80 

Time (minutes)   
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9.5 CORRELATION AND REGRESSION 

WORKED EXAMPLE 9.5 

The following table shows the outside temperature and the amount of money taken by a hot chocolate 
machine, recorded on nine randomly selected days. 

Temperature, T (°C) 23 12 5 8 16 -4 1 -2 9 

Sales, S ($) 72 112 | 142 | 148 85 161 170 | 132 85 

(a) Calculate the value of Pearson’s product-moment correlation coefficient for the data, and 
comment on the value of r. 

  

  

                    

(b) A regression line is to be used to describe the relationship between the temperature and sales of 
hot chocolate. Identify the independent variable and find the equation of a suitable regression line. 

(c) Estimate the outside temperature on a day when the total sales of hot chocolate are $120. 

(d) The regression line is used to estimate the sales of hot chocolate on a day when the outside 
temperature is 35°C. Comment on the reliability of this estimate. 

(@) FromGDC: r=-0.832 

The value of ris close to —1, indicating that there 

is strong negative correlation between the 

outside temperature and sales of hot chocolate. 
As the outside temperature decreases, the 

sales of hot chocolate increase. 

  

  

(b) The independent variable is the temperature, T. The temperature may affect the sales, but the 
e EOC 5= B it qA sales cannot affect the temperature. Hence, the 
b o t.lo2 oy regression line should be of Son T. Put the T 

values into the X list on the GDC. 
  

  

e Substitute S = 120 into the equation of the 
3.44T7=29 regression line from part (b). 

S T=5643°C 
  

(c) When5=120:120=-3.44T+ 149 ) 

  

(d) The estimate would be unreliable, because 35°C 
is outside the range of the data values already 
collected. 
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Practice questions 9.5 

12. The following table shows the English and History test marks obtained by a group of 

eight students.    
    
  

History mark (%) 62 48 82 it 53 67 20 56 

  

  

  

English mark (%) 54 71 52 46 85 72 76 82 
                
  

(a) Calculate Pearson’s product-moment correlation coefficient, r, for the data, and 

comment on what the value of r suggests about the relationship between the History 

and English marks. 

(b) Another student scored 63% in the English test but missed the History test. State, 

with a reason, whether a regression line could be used to estimate the History mark 

she would have got. 

13. Ten athletes recorded their average number of hours of training per week (/1) and their 

100m time in a competition (z seconds): 

  

h (hours) 12 16 8 21 10 14 6 17 21 9 

  

eneom 12.7 | 11.3 | 129 | 10.7 112 | 122 | 13.1 | 11.4 | 11.1 | 12.6 

  

                      
(a) Find the product-moment correlation coefficient between the number of training 

hours and the 100m time. 

(b) Identify the independent variable and find the equation of a suitable regression line. 

(¢) Mario achieved a time of 11.6 seconds in the race. 

(i) Use your regression line to estimate how many hours of training per week he did. 

(ii) Comment on the reliability of your estimate. 

(d) Jack says that the calculations above prove that he will decrease his 100m time if he 

trains more hours per week. State, with a reason, whether he is right. 

14. The managers of two companies want to see whether there is any correlation between the 

age (A) and salary (S) of their employees. The employees in the sample are aged between 

16 and 42. 

(a) The first manager finds that the correlation coefficient of the data A and S is 0.872 

and the equation of the regression line is S = 10004 + 2000. He uses the equation to 

estimate salaries for given ages. For each of the values of A below, either estimate 

the salary or explain why the estimate would not be reliable. 

i A=37 (i) A=56 

(b) The second manager finds that the correlation coefficient is —0.217 and the equation 

of the regression line is § = —502A + 2720. He uses this equation to estimate the 

salary of a 25-year-old employee. Comment on the reliability of this estimate, 

giving reasons for your answer. 
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Mixed practice 9 
1. The results of a Physics exam for two different schools are summarised in the table below: 

       

  

  

Lowest mark 1 Highest mark l Median l Lower quartile | Upper quartile 

School 1 41 

School 2 48           
  

(a) Calculate the interquartile ranges of the marks for the two schools. 

(b) Draw two box and whisker diagrams to represent the results. 

(c) Describe one similarity and one difference between the two schools’ results. 

2. The table shows the History grades of IB students at a college: 

  

Grade 3 4 5 6 7 
  

Number of students 4 12 X 17 9 

  

            

(a) Given that the mean grade is 5.23 (to three significant figures), find the value of x. 

(b) Find the median grade. 

3. Match each diagram with the most appropriate value of Pearson’s product-moment correlation 

coefficient. 

(@& r=0932 (b) r=-0561 (c) r=0.125 

) 

    
4. The following table shows the masses (mkg) and lengths (/cm) of 11 babies. 

  

27 |1 43 | 34 |29 |36 |47 | 41|33 | 31| 43 | 37 
  

48 55 52 47 51 56 53 51 50 51 49 

  

                      
  

(a) Write down the correlation coefficient, r, of the data. 

(b) Find the equation of the regression line of / on m. 

(¢) Use your equation to estimate the length of a baby whose mass is 3.2kg. 

(d) Can the regression line be reliably used to estimate the length of a baby of mass 5.6kg? 

Explain your answer. 

ATl g o (/R = LU (o R <1 
   



  
A 
  

5. The ages of employees at a company are summarised in the cumulative frequency table. 

The youngest employee is 16 years old. 

Age (years) Cumulative frequency 

  

  

  

  

<26 12 

<36 46 

<46 82 

< 56 90         
  

(a) Draw a histogram to represent the data. 

(b) Estimate the mean and standard deviation of the ages. 

6. All athletes in a club competed in a long jump competition. Their results are shown in 

the histogram: 
1
 

o
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0 
400 2456 500 550 600 

Distance (cm) 

(a) Use the histogram to complete the frequency table, where the distances have been rounded 

to the nearest centimetre. 

  

e el 441-460 | 461-480 | 481-500 | 501-520 | 521-540 | 541-560 
  

  = (V[ 

  

          
  

(b) Estimate the mean and standard deviation of the distances. 

(c) The distances are converted from centimetres to inches (linch = 2.54 cm). Find the mean 

and standard deviation of the distances measured in inches. 

(d) Draw a cumulative frequency curve for the original data. 

(e) (i) Find the percentage of athletes who jumped further than 4.80m. 

(ii) Two athletes are selected at random. What is the probability that they both jumped 

further than 4.80m? 

(f) The top 20% of athletes will qualify for a regional competition. Estimate the minimum 

distance required for qualification. 
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Going for the top 9 
  

  

    

  

1. The frequency table summarises 36 pieces of M 4 5 6 ’ 
data with mean %z Find the values of x and y. Frequency 9 13 x y       

2. The set of numbers 3, 2, 3,7, 10, 5, 7, 12, x, ¥, z has mode 3, median 6 and mean 6. Find the 
values of x, y and z. 

3. The histogram shows the times a group of 55 students took to complete their homework. 

20 “,‘ 
  

  -t
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 1           0   

20 25 30 35 40 

Time (minutes) 

(a) Estimate the number of students who took: 

(i) more than 25 minutes 

(i1) more than 37 minutes. 

(b) Given that a student took more than 25 minutes to complete their homework, find the 
probability that they took more than 37 minutes. 

4. A sports club recorded the amount of money they spent on advertising (a dollars) over a period 
of several years together with the number of members (M). They found that there is a strong 
correlation between the two, and that the equation of the regression line is M = 123 + 2.64. 
(a) How much money does the club need to spend on advertising if they want 250 members? 
(b) What does the number 123 in the equation of the regression line represent? 

VA (VR YIS il     
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5. The test scores of a group of 120 students are shown in the frequency histogram below. 

F
r
e
q
u
e
n
c
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40 50 60 70 80 90 100 

Score 

(a) Estimate the mean and the standard deviation of the test scores. 

(b) The scores are converted to the standard score scale by using the following formula: 

original score —30 

10 

Find the mean and standard deviation of the standardised scores. 

standardised score = 

(c) Estimate the number of students whose test score is within one standard deviation of the mean. 

(d) Hence explain whether a normal distribution e 
: Normal distribution is covered 

would be a suitable model for these test scores. T 
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10) ProBaBILITY 
  

  

WHAT YOU NEED TO KNOW 

  

® The probability of an event can be found by listing or counting all possible outcomes. 

° The probabilities of combined events are often best found using Venn diagrams or 
tree diagrams. 

® Venn diagrams are often useful when the question involves the union of events. 

® The union of events A and B can be found using the formula: 

P(AUB)=P(A)+P(B)-P(ANB) 

® Mutually exclusive events cannot happen together: P (A N B) = 0. For mutually 
exclusive events, the above formula becomes: 

P(Au B)=P(A)+P(B). 

® Tree diagrams can be used when the question involves a sequence of events. 

°® The probability of event B happening given that an event A has already happened is known as 
conditional probability and is given by: 

P(ANB) 

P(A) 

* Conditional probabilities are usually best represented on a tree diagram. A conditional 

probability can also be found from a Venn diagram, by considering only the part of the 

diagram corresponding to the given condition. 

P(B1A)= 

° Events A and B are independent if P(A | B) = P(A) or, equivalently, P(A N B) = P(A) P(B). 

° A discrete random variable can be described by its probability distribution, which is the list of 
all possible values and their probabilities. 

® The total of all the probabilities must always equal 1. 

® The expected value is E(X)=p = zx P(X =x). 

e If there is a fixed number of trials (n) with constant and independent probability of success (p) 
in each trial, the number of successes follows a binomial distribution: X ~ B(n, P). 

* EX)=np 

¢ Var(X)=np(1-p) 

® A calculator can be used to find probabilities of the form P(X = k) and P(X < k). Other 

probabilities can be found from these; for example: 

° P(X>7)=1-P(X<6) 

° P(5<X<9)=P(X<8)-P(X<4)       

10 Probability 
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® The normal distribution is determined by its mean ([1) and variance (6%): X ~ N(U, 62). 

e Normal probabilities are found using a calculator. 

‘¢ On anormal distribution diagram, the shaded area represents the probability. 

® The inverse normal distribution is used to find the value of x that corresponds to a given 

cumulative probability: p = P(X < x). 

e If g or ¢ is unknown, use the standard normal distribution to replace the values of X with 

their Z-scores, z = x_—]{’ which satisfy Z ~ N(O, 1). 
o 

a
 
-
 

A 
Make sure that you do not confuse standard deviation and variance, especially when working 

with the normal distribution. 

When interpreting probability questions, pay particular attention to whether the required 

probability is conditional or not. 

Most conditional probability questions can be answered by considering a tree diagram or 

Venn diagram. Similarly, most questions involving P(A U B) can be answered from a Venn 

diagram, without having to use the formula. 

With tree diagrams, remember to multiply along the branches and add down the branches. 

When working with the binomial distribution, make sure that you do not confuse single 

probabilities with cumulative probabilities (pdf and cdf on your calculator). When finding a 

cumulative probability, always check whether the endpoints should be included. 

In normal distribution questions, always start by drawing a diagram and shading the required 

probability. 

When you use your GDC to find binomial and normal probabilities, you must write the 

results using the correct mathematical notation, not calculator notation. 
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   10.1 CALCULATING PROBABILITIES BY CONSIDERING 
POSSIBLE OUTCOMES 

WORKED EXAMPLE 10.1 
A cubical die has the numbers 1, 1, 2, 3, 3, 3 written on its faces. The die is rolled twice. 
Find the probability that the sum of the two scores is greater than 4. 

The possible sums are 5=5 and 5=6. 

P(5=6)=P(3n3) 
=P(3)xP(3) 

ol 
=—X—=— 

Z 2 A 

There are two ways of getting a sum of 5: 2 + 3 
and 3+ 2. 

P(5=5)=P((2 then 3) OR (3 then 2)) 

=(P(2)xP(2))+(P(3)xP(2)) 
o 
=X k00 = 

6 20 0 5 

5 
The total probability is —+—=1—2*. 

Practice questions 10.1 

  

The scores on the two rolls of the die are 
independent, so P(3n 3) = P(3)xP(3). ) 
  

  
The event ‘a 2 followed by a 3’ has to be 
counted as a separate event from ‘a 3 followed 
bya?2’. 
  

  

  
The two events S=5 and S =6 are mutually 
exclusive, so we use P(A U B) = P(A) +P(B). 
  

1. The random variable X has probability distribution as shown in the table below. 
  

3 
  

1 2 

0.4 0.3     0.3     

Find the probability that the sum of two independent observations of X is 4. 

2. A standard cubical die is rolled twice. 

(a) Find the probability that the larger number is 5 (or that both are equal to 5). 
(b) Find the probability that the product of the scores is a multiple of 4. 

3. A bag contains seven caramels and one chocolate. Three children, Peng, Quinn and Raul, 
take turns to pick a sweet out of the bag at random. If the sweet is a chocolate, they take it; 
if it is a caramel, they put it back and pass the bag around. 
(a) Find the probability that Raul gets the chocolate on his second turn. 
(b) Find the probability that the chocolate is still in the bag when it gets to Quinn for the 

fifth time. 
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10.2 VENN DIAGRAMS AND SET NOTATION 

WORKED EXAMPLE 10.2 

The events A and B are such that P(AU B) = %, P(B)= % and P(BlA) = % 

(a) State, with a reason, whether A and B are independent. 

(b) Find P(A). 

  

(a) The events Aand Bare not independent 
For independent events, knowing that A has 

because P(B|A)#P(B). 
O— occurred has no impact on the probability of B 

occurring, i.e. P(B| A) = P(B).   
  

(b) Let P(ANB)=x.Then P(BmA’)zé—x and 

P(AmB’)=§—(§—xJ—x:% 

  

  

  
    

  

    
  

PB) =2 

2 
5 

]9(5 | A): P(]f(r/;)A) For conditional probability we can use the 

5 formula P(8 | A)= “E0A) 
b P(A) 

7o L 
5 

3 
=S X=— 

20 

5 
Hence P(A)=—+—=— 

2 20 20 

Practice questions 10.2 

% 4. Given that P(B) = 0.5, P(A’'n B’)=0.2 and P(B| A) = 0.4, find P(A). 

5. All of the 100 students at a college take part in at least one of three activities: chess, basketball 
and singing. 10 play both chess and basketball, 12 play chess and sing, and 7 take part in both 

singing and basketball. 40 students play basketball, 62 play chess and 22 sing. 

(a) How many students take part in all three activities? 

(b) A student is chosen at random. Given that this student plays basketball and sings, 

what is the probability that she also plays chess? 
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10.3 TREE DIAGRAMS 

WORKED EXAMPLE 10.3 
1 

fi The events A and B are such that P(A) = 3 P(BIA)= % and P(BIA")= % Find P(A| B). 

  

The conditional probability B | A can be 
represented on a tree diagram as a branch after 

o event A, and the conditional probability B| A” can 

be represented as a branch after A’. 

1=
 T 

/
\
A
 

w 
w 

©o
|n
 

The remaining probabilities in the diagram can 

then be filled in.   
  

wi
ro
 

> 

A
A
 

w 

W
=
 

W
[
 

  

  

  

  

P(AI 5): P(:(Q)B) We can find P(A | B) using the formula 

: P(A|B):P(AQB)- 

| O— P(B) 

s :l_ The probabilities shown in red correspond to 

1+1 4 event B happening, and the circled one is the 

9 3 probability of both A and B happening. 
  

Practice questions 10.3 

6. The events A and B are such that P(B1 A)=0.2,P(B’ | A")= 0.3, P(A| B) = 0.4 and P(A) = x. 

(a) Complete the following tree diagram. 

B (b) Find the value of x. 

(c) State, with a reason, whether the 

events A and B are independent. 

7. Given that P(B) = 0.3, P(A1 B)=0.6 and P(A|B’) = 0.4, find P(B1 A). 

8. Every morning I either walk or cycle to school, with equal probability. If I walk, the 

probability that I am late is 0.2. If I cycle, the probability that I am late is 0.4. Given that I 

was late for school yesterday, what is the probability that I walked? 

9. A box contains 17 yellow balls and 13 green balls. A ball is picked at random and not 
replaced. A second ball is then picked. 

(a) Find the probability that the second ball is yellow. 

(b) Given that exactly one ball is yellow, find the probability that it is the second one. 

e 
     



=
 

T
 

  

10.4 DISCRETE RANDOM VARIABLES 

WORKED EXAMPLE 10.4 

A discrete random variable Y has probability distribution as shown in the table below. 

  

  

  

      
  

  

2 3 4 5 | 

e | 2] zd 
5 4 

(a) Find the exact value of k. 

(b) Find the expected value of Y. 

24 7 
(@) k+—+—+2k=1= k=— We use the fact that the probabilities must add 

D €0 uptol. 
  

  

(b) E(Y)= 2(—7—)+5(§)+ 4(l)+5(—1i) =5 Find the expected value using the formula 

g El e E(r) = X yPI =)- 
  

Practice questions 10.4 

10. Find the expected value of the following discrete random variable. 

11 13 17 19 23 

0.2 0.1 0.1 0.2 0.4 

@ 11. The random variable X has probability distribution as shown in the table below. 

1 2 3 4 

C p 0.4 0.2 

Given that E(X) = 2.6, find the values of ¢ and p. 

  

  

          
  

  

  

          

12. A fair six-sided die has sides numbered 3&* for k=1,2, ..., 6. 

Find the expected score when the die is rolled once. 
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10.5 THE BINOMIAL DISTRIBUTION 

WORKED EXAMPLE 10.5 

When Sandra makes a sales call, the probability that the call is answered is 0.4. 
She makes 15 calls every hour. 

(a) Find the probability that during a particular hour, more than 10 of Sandra’s calls are answered. 
(b) Find the probability that more than 10 of Sandra’s calls are answered during two out of seven 

working hours. 

  (a) Let X=number of calls answered during one hour. We start by defining the random variable and 
ThenX ~B(15,0.4) stating the probability distribution. 

O— There is a fixed number of calls and a fixed 

probability of success for each call, so we need to 
use the binomial distribution. 
  

  

  
  

P(X>10)=1-P(X <10) O Write down the probability required. To use the ) 
41 posneE. (fi"om GDC) calculator we must relate it to P(X < k). 

=0.00935 (3 Sk} 

  

(b) Let Y'=number of hours out of 7 in which There is a fixed number of hours, with a fixed 
more than 10 calls are answered. Then probability of getting more than 10 calls answered Y~B(7,0.00935) O— in each hour, so we need to use the binomial 
P(Y= 2)= 0.00175 (5 SF) from GDC distribution again. The probability of ‘success’ is 

the answer to part (a).   
  

  

Practice questions 10.5 

13. A fair six-sided die is rolled 16 times. Find the probability it lands on a ‘4’ more than 
5 times. 

14. At the end of each training session, Anna takes 12 shots at a target. 
She knows that, on average, she can expect to hit the target 8 times. 

(a) State two conditions which are needed in order that the number of hits can be 
modelled by a binomial distribution. 

(b) Find the probability that Anna hits the target at least 7 times. 

15. The random variable X has distribution B(n, p). The mean of X is equal to three times its 
variance, and P(X = 0) = 0.0123 (to three significant figures). Find the values of n and p.   

    
T i



  

10.6 THE NORMAL AND INVERSE NORMAL DISTRIBUTIONS ri 

WORKED EXAMPLE 10.6 3 

Test scores are normally distributed with mean 62 and standard deviation 12. 

(a) Find the percentage of candidates who scored below 50. 

(b) Itis known that 44% of candidates scored between 62 and p. Find the value of p. 

  

(a) Let X=1test score,s0 X ~N(62, 1 22) 

stating the distribution used. 

P(X <50)=0.159 (3 SF) from GDC 

S0 15.9% of candidates scored below 50. — 

(b) P(62<X<p)=044 

o We start by defining the random variable and ] 

  
  

  
   

        

   

  

Sketching a diagram allows us to see more 

clearly exactly what we need to find from the 

GDC. 

As the probability is known, we need to use the 
inverse normal distribution.   
  

  

      62 2 

From the diagram, P(X > p)=0.06 

From GDC, p=80.7 (5 5F) 

Practice questions 10.6 

16. The random variable Y follows a normal distribution with mean 7.5 and 
variance 1.44. Find: 

(a) P(6<Y<T) 

(b) P(Y¥=8.5) 

(c) the value of k such that P(Y < k) = 0.35. 

17. The weights, Wkg, of babies born at a certain hospital satisfy W ~ N(3.2, 0.72). Find the 

value of m such that 35% of the babies weigh between mkg and 3.2kg. 

18. The time a laptop battery can last before needing to be recharged is assumed to be 

normally distributed with mean 4 hours and standard deviation 20 minutes. 

(a) Find the probability that a laptop battery will last more than 4.5 hours. 

(b) A manufacturer wants to ensure that 95% of batteries will last for 4 =+ x hours. Find x. 
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10.7 USING THE STANDARD NORMAL DISTRIBUTION WHEN 
1 OR & IS UNKNOWN 

WORKED EXAMPLE 10.7 

It is known that the average height of six-year-old boys is 105 cm and that 22% of the boys are taller 
than 110cm. Find the standard deviation of the heights. 

  

  

  

  

    

        

Let X= heightzofa six-year-old boy. Then o We start by defining the random variable and 
X ~N(1 05,0 ) stating the distribution. 

| s , The standardised variable is Z = and As o is unknown, we need to use the standard 

. N(O ’I) c 8 | rommal distribution, Z ~ N(0, 1) where Z = £l . ) o 

X ~N (105,02) 

. l0.22 

105 110 

need to use the inverse normal distribution.   
As the probability is known (22% = 0.22), we 3 

  

P(Z>7)=022 

=7=0.7722 (from GDC) 
  

    

  

x—105 O— We can now find ¢ from z. ) 
Z: 

o 

1la- 108 

o 
G = 

=0=048cm 

Practice questions 10.7 

19. The weights of apples sold at a market are normally distributed with mean weight 125 g. 

It is found that 26% of the apples weigh less than 116 g. Find the standard deviation of 

the weights. 

20. A machine dispenses cups of coffee. The volume of coffee in a cup is normally 

distributed with standard deviation 5.6 ml. If 10% of cups contain more than 160 ml, find 

to one decimal place the mean volume of coffee in a cup. 

21. The random variable X follows the distribution N(, 6%), and P(X £ 3.6) = P(X = 8.2) = 0.32. 

Write down the value of L and find the standard deviation of the distribution. 

(ORI eT oI AN 
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Mixed practice 10 
1. 

10 Probability 

The heights of trees in a forest are normally distributed with mean height 26.2 m and standard 
deviation 5.6 m. 

(a) Find the probability that a tree is more than 30m tall. 

(b) What is the probability that among 16 randomly selected trees at least two are more than 

30m tall? 

A discrete random variable X is given by P(X=n) =kn*forn=1, 2, 3, 4. 

Find the value of k and the expected value of X. 

. IfP(A)=0.3,P(BIA")=0.5and P(AI B)= {6’ find P(B1 A). 

. The discrete random variable Y has probability distribution as shown in the table below. 

  

y 1 2 3 

P(Y =y) 0.1 0. 
  

        
  

Given that E(Y) = 3.1, find the values of p and g. 

. A fair red die has sides labelled 1, 1, 1, 4, 5, 6. A fair blue die has sides labelled 1, 2, 3, 4, 5, 6. 

The two dice are rolled and the results are added. Find the probability that: 

(a) the total is greater than 7 

(b) the total is 10 given that it is not 7. 

30% of clothes sold by a shop are pink, and 60% are dresses. Given that the colour of the item 

sold is independent of whether or not it is a dress, find the proportion of clothes sold in the 

shop which are neither pink nor dresses. 

. A company hires out vans on a daily basis. It has three vans it can hire out. The number of 

requests it gets for hiring a van can be modelled by the following distribution: 

Number of requests 0 1 2 3 4 5 

Probability 0.07 0.22 0.35 0.21 0.12 0.03 

(a) Find the probability that in one day some requests have to be turned down. 

  

  

            
  

(b) Given that some requests have to be turned down, find the probability that there were 

exactly four requests. 

(c) Find the probability that in a seven-day week there are at least two days in which requests 

are rejected. 

(d) Find the probability distribution of the number of vans that are hired out each day. 

(e) The price of hiring a van is $120. Find the expected daily takings of the company. 

(f) The number of kilometres travelled by each van can be modelled by a normal distribution 

with mean 150km. 10% of vans travel more than 200 km. Find the standard deviation of 

the normal distribution. 

(g) If two vans are hired, find the probability that each travels less than 100km. 

   



    

Going for the top 10 
1. A large box contains three different types of toys. One third of the toys are cars, one quarter 

are yo-yos and the rest are balloons. 20% of the cars, 30% of the yo-yos and 40% of the 

balloons are pink. A toy is selected at random from the box. Given that the toy is pink, find the 

probability that it is a balloon. 

. Tt is known that the scores on a test follow a normal distribution N(, 6%). 20% of the scores are 

above 82 and 10% are below 47. 

(a) Show that p + 0.841620 = 82. 

(b) By writing a similar equation, find the mean and standard deviation of the scores. 

. A bag contains 12 red balls, 20 green balls and 18 blue balls. 

(a) If three balls are picked at random, find the probability that they are all the same colour. 

(b) If three balls are picked at random, find the probability that they are all different colours. 

(¢) Given that the first two balls picked are blue, find the probability that the third ball picked 

is blue. 

(d) Find the probability that the third ball picked is red. 

Three basketball players, Annie, Brent and Carlos, try to shoot a free throw. Annie shoots first, 

then Brent, then Carlos. The probability that Annie scores is 0.6, the probability that Brent 

scores is 0.5, and the probability that Carlos scores is 0.8. The shots are independent of each 

other and the first player to score wins. 

(a) Find the probability that Annie wins with her second shot. 

(b) What is the probability that Carlos gets a second shot? 

(c) (i) Show that the probability of Brent winning with his kth shot is 0.2 x 0.04%L, 

(ii) Hence find the probability that Brent wins. 
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17 ExamiNaTION SUPPORT 
  

COMMON ERRORS 
There are several very common errors which you need to be aware of. 

e Making up rules which don’t exist, such as: 

e In(x+y)=Inx+Iny 

[Note: In(x + y) cannot be simplified.] 

* (xtyP=xt+y 
[Note: The correct expansion is x? + 2xy + y*.] 

d d d 
® — X o X — o (f(x)x g(x)) i fx) o g(x) 

[Note: You cannot differentiate products by finding the derivatives of the factors and 

multiplying them together.] 

e  Algebraic errors, especially involving minus signs and brackets, such as: 

e 3-(1-2x)=3-1-2x 

[Note: The correct expansion is 3 — 1 + 2x.] 

¢ (5x)=5% 

[Note: The correct expansion is 125x3.] 

e Arithmetic errors, especially involving fractions, such as: 

[ 3)(_2_—:2 

5 15 . 6 
[Note: The correct answer 1s g.] 

Spot the common errors 

Find the errors in the solutions below. 

1. Find szezx dx. 

3 

Solution: J.xze”C dx = X X 2e2* 
oy 3 

2. Solve Inx—1In(10—x)=1n (g) 

Solution: Inx—In10—Inx= —ln(g) 

—1n10=1n(f) 
2 

10 = so= =1 
2 
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3. If f(x)=$,find fof(x) 

  

1 3<% 11 
Solution: fo f(x)= = = = 

3_31 33~%) -1 3-1 2 
— X 

HOW TO CHECK YOUR ANSWERS 

~ What you need to know   Checking questions by reading through your previous working is usually not very effective. You need 

to try more subtle methods such as: 

e using your calculator to check a solution you obtained algebraically, and vice versa 

‘ ® estimating the answer 

‘ ° gsubstituting numbers into algebraic expressions. 

~ Itis vital that you know how to use your calculator to check work. It often requires a little imagination. 

~ Example 1: Definite integration 

i\ Suppose you were asked to find J- xe?* dx and you said that the answer was e*(2x — 1) + ¢. To check 

‘ this, turn it into a definite integral. 

According to your answer: 

4 4 [, xerr dr=[e?*(2x D]} = 7¢* —5¢¢ ~ 18850 

  

  
4 

But according to the definite integral function on your calculator, L xe?* dx = 4712, so you have 

made a mistake! This does not necessarily mean, however, that you have to go all the way back to the 

beginning. Inspecting the two numbers shows that your answer is exactly four times too big, so you 

have a hint as to what the correct answer should be! 

Example 2: Algebraic manipulation 

Suppose you were asked to expand (1 + 2x)* and you got 1 + 8x + 12x? + 8x* + 2x*. 

Substituting x = 1 into the original expression gives 3* = 81. Substituting x = 1 into your answer 

gives 31, so something has gone wrong. 
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Example 3: Differentiation 

Suppose you were asked to differentiate x2sinx and you said that the answer was 2xsinx + Peusx. 

If this is the derivative, then the gradient at x = 3 would be 6sin3 +9cos3, which is —8.06. According 

to the differentiation function on the calculator, the gradient at x = 3 is —8.06, so your answer is 

plausible. 

  

Example 4: Problems involving parameters 

Many questions try to eliminate the option of using a calculator by putting an additional unknown into the 

question. For example, suppose a question asked you to find the range of the function f(x) = X —2ax +3d%, 

giving your answer in terms of a. 

If you thought the answer was f(x) = 242, then you could check this by sketching the graph with a =3. The 

minimum point on this graph turns out to be 18, which is consistent with the range being f(x) = 2a”. 
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THINGS YOU NEED TO KNOW 
HOW TO DO ON YOUR CALCULATOR 
  

CASIO CALCULATOR 
Note: These instructions were written based on the calculator model fx-9860G SD and may not be 

applicable to other models. If in doubt, refer to your calculator’s manual. 

Niiel | 

Store numbers 

| On a Casio calculator 

In the RUN menu use the — button and 
  

  

  

Go to the G-Solv menu (F5), and use 

the ISCT (F5) function to find the 

intersection. 

If there is more than one intersection, 

press across to move the cursor to the 

next intersection point. 

  

  

as variables then key in a letter. =il Ba H. 2668254038 
Arns+P 

B. BeeR254838 
Fa+1 

1.75 

T 

Solve equations | In the GRAPH menu input one equation Vi=1—@, 4% 

graphically into Y1 and the other into Y2. Womsin ¥ 

ANY 
H{Eafix IZECT 

¥=-0. 431975038 :i
::
::
a"
::
: 

n=3. 594931595     

  

Solve equations 

numerically 

    
In the RUN menu press OPTN, CALC 

(F4) and then SolveN (F5). 

Put in the equation you want to solve. 

  

%nlueHicns A=tan (2¥2 

[TV 
  

      
AR 

N 1. B53| 
3| -5.908 
3| -u.m1z 
Ul -3.518 
5| -1.51 

-T.853921634       
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     Solve linear 

  

On a Casio calculator 

In the EQUA menu press F1 for 
   

  

ans+thnY+ChZ=dn 
4 b [ 
  

  

            
  

  

access a list of functions which can be 
applied to complex numbers, such as 
finding the modulus or the argument. 

You can enter complex numbers in polar 
form by using the re'® notation. 

  

  

simultaneous simultaneous equations. d 
equadons Rearrange the equations into the ;[ -il : : '.':] 

form ax + by + ¢z = d and input all 3 o 1 -1 o 
the coefficients. 

1 

[£GL% (3 [CLR [EDTT 

Use modulus In the RUN or GRAPH menu press Abs Z-m 
functions OPTN then across (F6) and NUM (F4). = & A, 1415926536 

Abs (F1) is the modulus function. 

[P T (TR ] il [ 

Work with In the RUN menu, uf}ng SHIFT 0 T 
complex allows you to enter ‘i’ and use it for i numbers calculations. Ara Ans 

) . 1.5TATIE32T By pressing OPTN, CPLX (F3) you can | | &™¢im? i 

Ui Ak |Ara]ion] o 
  

  
Put sequences 
into lists 

    
Go to the STAT menu. With the 
cursor over List 1 press OPTN, List (F1) 
and then Seq (F5). The syntax is 

Seq(expression, X, lowest value, 
highest value, increment). 

To find the sum of the sequence, g0 
to List 2 and, using the same menu 
as before, go across to get Cuml then 
List 1. 

  

  

  

  

List | Lift 3| List 4 
e 

| d g 
g 5 1 
3 g 15           u 11 g 

Cuml List 1 
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   Ml 

Find numerical 

derivatives 

On a Casio calculator 

In the RUN menu press OPTN, CALC 

(F4) and then d/dx (F2). 

Input the expression you want to 

differentiate followed by a comma and 

the value at which you want to evaluate 
the derivative. 

If you want to sketch a derivative you 

can use this expression in a graph too. 

  

drdeisin (IXI.m 

  

  

  

-3 

[T 

Grarh_Func Y= 
W1BK"E-2KE+E [—1] 
YeBd- drecll. 5 [—] 

yo: [—] 
Y L~—1 
ZEL TR B ETW A [oRAtd     

  

Find numerical 

integrals 
In the RUN menu press OPTN, CALC 

(F4) and then [ dx (F4). Input the 
expression you want to integrate 

followed by the lower and upper limits, 

all separated by commas. 

  

JCC=sin Kig,8.m2 
1.37TETIEI2T 

FETITEY ETEES FLARPEL MG SO [ o 
  

  

Find maximum 

and minimum 

points on a 

graph 

In the GRAPH menu, plot the graph and 
press G-Solv (F5). 

Then press Max (F2) or Min (F3). 

  

W1=m"3—2KE+R 

  

MAK 

  

#=0.3333333319 Y=O. IUBIUBILA] 

    Find sample 

statistics   In the STAT menu enter the data in 

List 1 and, if required, the frequencies in 

List 2. Press CALC (F2). Use SET (F6) 

to make sure that the 1-Var XList is 

List 1 and that 1-Var Freq is either 1 

or List 2, as appropriate. Then exit and 

press 1-Var (F1). Scrolling down shows 

the median and quartiles. 

  

  -llariahl 

5
 
I
 

M
o
 u           
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Skill 

Find 

probabilities in 

distributions 

On a Casio calculator 

In the RUN menu, press OPTN, STAT (F5) and then DIST (F3). There are 
several options: 

Name l Description 

Ncd Probability from a normal 

N(u, o?) distribution 

I 531D 

NormalCD(lower fimit, 

upper limit, W, o) 
  

Bpd Probability from a binomial 
B(n, p) distribution 

BinomialPD(x, n, p) 

  

Bed Cumulative probability, 
P(X < x), from a binomial 

B(n, p) distribution 

BinomialCD(x, n, p) 

  

  

distribution     P(X < x), from a Poisson Po(m) 

Ppd Probability from a Poisson Po(m) PoissonPD(x, m) 
distribution 

Pcd Cumulative probability, PoissonCD(x, m)     

  

BinominalChcl.3.68,5) 

PoissonPD(Z, 2. 4 : 
B, 26126 TTES5S 

PFd JFcd JTkuf 
  

  

Use inverse 

normal 

functions 

    
To find the boundaries of a region with 
a specified probability, go to the STAT 
menu, then DIST (F5), NORM (F1) and 
InvN (F3). Input the data as a variable. 

Depending on the information you 
have, you can use different ‘tails’: for 
P(X < x) use the left tail, for P(X > x) 

use the right tail, and for P(—x < X < x) 

use the central tail. 

Input the mean and standard deviation. 
Use =0 and 6 = 1 if you do not know 
the mean or standard deviation and want 
to find a Z-score. 

  

  
Inverse Mormal 
Data tllariakle 
Tail ilefl 

B 6 
Save Res!Hone J 

  

  
  

P 

  

  
  

   



  

  

TEXAS CALCULATOR      
Note: These instructions were written based on the calculator model TI-84 Plus Silver Edition and may 

not be applicable to other models. If in doubt, refer to your calculator’s manual. 

el 

Store 

numbers as 

variables 

| On a Texas calculator 

  

In the RUN menu, use the STOP button 

and then key in a letter. 

  

Solve 

equations 

graphically 

In the Y= menu, input one equation into 

Y1 and the other into Y2. Then press the 

GRAPH button. 

You may need to use the WINDOW or 

Z0OOM functions to find an appropriate 

scale. 

To look for intersections, press CALC 

(2nd, F4) then intersect (F5). You must 

select the two graphs you want to 

intersect and move the cursor close 

to the intersection point you are 

interested in. 

  

  

Solve 

equations 

numerically 

    
In the MATH menu press Solve (0). 

You must rearrange your equation into 

the form ... = 0. Input this and press 

Solve (ALPHA, ENTER) when the 

cursor is above the X value. To find 

other values, change the bounds within 

which you want the calculator to search. 

For polynomial equations, you can 

find all solutions by using the solver 

in the PolySmlt 2 APP (which is 

recommended by the IB). 

  

    
  

(VACID[OR=TT]o]oTo]udi  



   

   

  

Skill ! : On a Texas calculator 

Solve linear In the PolySmlt APP select 

| simultaneous ‘SimultEqnSolver’ (2). You can change 

equations the number of equations and the number 

of unknowns. 

Rearrange the equations into the 

form ax + by + ¢z = d and input all 

the coefficients. If the solution is not 

unique, a parametric representation of 

the solution will be given. 

  

Use modulus In the MATH menu, go across to NUM; 

  

  

functions the first option is ABS, which is the 

calculator notation for the modulus 

function. 

Work with 2nd, . (decimal point) allows you to 

complex enter ‘i’ and use it for calculations. 
numbers 

By pressing MATH and going across to 

CPX you can access a list of functions 

which can be applied to complex 

numbers, such as finding the modulus 

(abs) or the argument (angle). 

  

You can enter complex numbers in polar 

form by using the re® notation. 
  

  

Put sequences Press LIST (2nd, STAT) and move 

into lists across to OPS. Option § is seq, an 

operation which puts a sequence 

into a list. The syntax is seq(rule, X, 

lower limit, upper limit, step). 

You can store this sequence in a list 

using the STOP> button. To look at the 
cumulative sum of your sequence, 

use the cumSum function from the 
same menu. 

(1117 I VA o] oAV o olo) yi 

  

           



  

el On a Texas calculator 

    
  

Find In the MATH menu, option 8 is the 

numerical numerical derivative, nDeriv. The 

derivatives syntax is nDeriv(function, X, value of 

interest). 

If you want to sketch the derivative 

function, you can graph 

Y1 = nDeriv(function, X, X). 

Find In the MATH menu, option 9 is 

numerical numerical integration, fnlnt. The syntax 

integrals is fnlnt(function, X, lower limit, upper 

limit). 

If you want to see how the value of the 

integral changes with the upper limit, 

you can graph Y1 = fnInt(function, X, 

lower limit, X). 

Find When viewing a graph in the CALC 

maximum menu (2nd, F4), press minimum (3) or 

and minimum maximum (4). Use the cursor to describe 

points on a the left and right sides of the region you 

graph want to look in and then click the cursor 

close to the stationary point. 

  

  Find sample 

statistics   In the STAT menu, use the edit function 

to enter the data in List 1 and, if required, 

the frequencies in List 2. Press STAT 

and CALC, then 1-Var Stats (1) as 

appropriate. 

Give the name of the list which holds 

the data and, if required, the list which 

holds the frequencies. Scrolling down 

shows the median and quartiles. 
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Find 

probabilities in 

distributions 

Probabilities from different distributions can be found using the DISTR menu 

On a Texas calculator 

(2nd, VARS). There are several options: 

  

  

  

  

Name . (B[E=Tel el iTol ) l Syntax 

normalcdf Probability from a normal normalcdf(lower limit, 

N(u, o?) distribution upper limit, u, o) 

binomialpdf Probability from a binomial binompdf(n, p, x) 

B(n, p) distriobution 

binomialcdf Cumulative probability, binomedf(n, p, x) 

P(X < x), from a binomial 

B(n, p) distribution 

poissonpdf Probability from a Poisson poissonpdf(m, x) 

Po(m) distribution 

poissoncdf Cumulative probability, poissoncdf(m, x) 

P(X < x), from a Poisson 

Po(m) distribution         
  

  

Use inverse 

normal 

functions     
If you know the probability of an event 

being below a particular point of a normal 

distribution, you can find the value of that 

point. In the DISTR menu (2nd, VARS), 

use the invNorm function with the syntax 

invNorm(probability, |1, ©). 

Use =0 and ¢ = 1 if you do not know 

the mean or standard deviation and want 

to find a Z-score.   

  

  

114 12 GDC support 

   


