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FOREWORD

Mathematics for the International Student: Mathematics HL has been written to embrace the
syllabus for the two-year Mathematics HL Course, to be first examined in 2014. It is not our
intention to define the course. Teachers are encouraged to use other resources. We have developed
this book independently of the International Baccalaureate Organization (IBO) in consultation with
many experienced teachers of IB Mathematics. The text is not endorsed by the IBO.

Syllabus references are given at the beginning of each chapter. The new edition reflects the new
Mathematics HL syllabus. Discussion topics for the Theory of Knowledge have been included in this
edition. See page 12 for a summary.

In response to the introduction of a calculator-free examination paper, the review sets at the end of
each chapter have been categorised as ‘calculator’ or ‘non-calculator’. Also, the final chapter
contains over 200 examination-style questions, categorised as ‘calculator’ or ‘non-calculator’. These
questions should provide more difficult challenges for advanced students.

Comprehensive graphics calculator instructions for Casio fx-9860G Plus, Casio fx-CG20, TI-84 Plus
and TI-nspire are accessible as printable pages on the CD (see page 16) and, occasionally, where
additional help may be needed, more detailed instructions are available from icons located
throughout the book. The extensive use of graphics calculators and computer packages throughout
the book enables students to realise the importance, application, and appropriate use of technology.
No single aspect of technology has been favoured. It is as important that students work with a pen
and paper as it is that they use their graphics calculator, or use a spreadsheet or graphing package on
computer.

This package is language rich and technology rich. The combination of textbook and interactive
Student CD will foster the mathematical development of students in a stimulating way. Frequent use
of the interactive features on the CD is certain to nurture a much deeper understanding and
appreciation of mathematical concepts. The CD also offers for every worked example.
is accessed via the CD — click anywhere on any worked example to hear a teacher’s
voice explain each step in that worked example. This is ideal for catch-up and revision, or for
motivated students who want to do some independent study outside school hours.

For students who may not have a good understanding of the necessary background knowledge for
this course, we have provided printable pages of information, examples, exercises, and answers on
the Student CD — see ‘Background knowledge’ (page 16).

The interactive features of the CD allow immediate access to our own specially designed geometry
software, graphing software and more. Teachers are provided with a quick and easy way to
demonstrate concepts, and students can discover for themselves and re-visit when necessary.

It is not our intention that each chapter be worked through in full. Time constraints may not allow for
this. Teachers must select exercises carefully, according to the abilities and prior knowledge of their
students, to make the most efficient use of time and give as thorough coverage of work as possible.
Investigations throughout the book will add to the discovery aspect of the course and enhance
student understanding and learning.

In this changing world of mathematics education, we believe that the contextual approach shown in
this book, with the associated use of technology, will enhance the students’ understanding,
knowledge and appreciation of mathematics, and its universal application.

We welcome your feedback.
Email: info@haesemathematics.com.au DCM RCH SHH
Web: www.haesemathematics.com.au PMH MAH
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USING THE INTERACTIVE STUDENT CD

The interactive CD is ideal for independent study.

Students can revisit concepts taught in class and undertake their own revision
and practice. The CD also has the text of the book, allowing students to leave
the textbook at school and keep the CD at home.

By clicking on the relevant icon, a range of interactive features can be
accessed:

INTERACTIVE
O =) Self Tutor LINK

-« >
+ Graphics calculator instructions 1')

+ Background knowledge (as printable pages)

+ Interactive links to spreadsheets, graphing and geometry software,
computer demonstrations and simulations

CD, as printable pages (see page 16). Click on the icon for Casio fx-9860G
Plus, Casio fx-CG20, TI-84 Plus, or TI-nspire instructions.

GRAPHICS
CALCULATOR

Graphics calculator instructions: Detailed instructions are available on the /\,
INSTRUCTIONS

SELF TUTOR is an exciting feature of this book.
The icon on each worked example denotes an active link on the CD.

Simply ‘click’ on the (or anywhere in the example box) to access the worked
example, with a teacher’s voice explaining each step necessary to reach the answer.

Play any line as often as you like. See how the basic processes come alive using
movement and colour on the screen.

m ) Self Tutor

A line passes through the point A(1, 5) and has direction vector (g)

Ideal for students who have missed lessons or need extra help.

Describe the line using:

a a vector equation b parametric equations ¢ a Cartesian equation.

a The vector equationis r = a + Ab where

NI
() () (2) e

b r=1+3\ and y=5+2\, AeER

3 2
20 —2 =3y — 15
2z — 3y = —13

See Chapter 15, Vector applications, p. 438
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SYMBOLS AND NOTATION USED IN THIS BOOK

7+

Q+

Rt

the set of positive integers and zero,
{0,1,2,3,..}

the set of integers, {0, £1, +2, £3, ...}
the set of positive integers, {1, 2, 3, ....}
the set of rational numbers

the set of positive rational numbers,
{z]z >0, z€Q}

the set of real numbers

the set of positive real numbers,
{z]z>0, zeR}

the set of complex numbers,
{a+bi|a, bR}

Vas)

a complex number

the complex conjugate of z

the modulus of z

the argument of z

the real part of z

the imaginary part of z

the set with elements i, o, ....
the number of elements in the finite set A
the set of all x such that

is an element of

is not an element of

the empty (null) set

the universal set

union

intersection

is a proper subset of

is a subset of

the complement of the set A

a to the power of l, nth root of a
n
(if @ >0 then /a>0)

a to the power 1, square root of a
(if @ >0 then /a > 0)
the modulus or absolute value of x, that is

zfor >0, ze€R
—x for <0, xz€R

Y
2 V
WV

IN

AWM QA

N

[a, b]
Ja, b]

Un

N o5

Se or S

f(x)
d"y
dx™

FARICY)

f ydx

identity or is equivalent to
is approximately equal to

is greater than

is greater than or equal to

is less than

is less than or equal to

is not greater than
is not less than
the closed interval a <z <b
the open interval a < x <b

the nth term of a sequence or series

the common difference of an arithmetic
sequence

the common ratio of a geometric sequence

the sum of the first n terms of a sequence,
up +ug +.... +un

the sum to infinity of a sequence,

Ul + U2 =+ ...

up + ug + ... +up
n!
ri(n —r)!

f is a function under which each element of
set A has an image in set B

f is a function under which z is mapped to y
the image of « under the function f

the inverse function of the function f

the composite function of f and g

the limit of f(z) as z tends to a

the derivative of y with respect to
the derivative of f(z) with respect to x
the second derivative of y with respect to x

the second derivative of f(x) with respect
tox

the nth derivative of y with respect to «

the nth derivative of f(x) with respect to x

the indefinite integral of y with respect to x
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b
/ y dz the definite integral of y with respect to x P(A) probability of event A
a between the limits x =a and z =10 e « »
o exponential function of P'(A) probability of the event “not A
log, = logarithm to the base a of P(A| B) probability of the event A given B
a . .
. t f bl
Inz the natural logarithm of z, log, x T T2, observa 1.0ns 0. a va?la ¢ )
. ¢ he circular functi f1, fo, e frequencies with which the observations
sin, cos, tan  the circular functions L1, Ta, T3, .. OCCUT
arcsin, . . . e probability distribution function P(X = x)
arccos, the inverse circular functions of the discrete random variable X
arctan f(z) probability density function of the
csc, sec, cot  the reciprocal circular functions continuous random variable X
cis 0 cosf +isinf E(z) the expected value of the random
Az, y) the point A in the plane with Cartesian variable X
coordinates z and y Var (X) the variance of the random variable X
[AB] the line segment with end points A and B % population mean
AB the length of [AB] o population standard deviation
(AB) the line containing points A and B o2 population variance
A the angle at A z sample mean
— ~ 2 ;
CAB or CAB the angle between [CA] and [AB] Sn sample VarlaflC.e
AABC the triangle whose vertices are A, B, and C Sn standard deviation of the sample
v the vector v 5,2 unbiased estimate of the population
N ) ) variance
AB the VC.CtOI' represe.nted mn rpagmtude and B(n, p) binomial distribution with parameters
direction by the directed line segment n and p
from A to B . N .
- — Po(m) Poisson distribution with mean m
a the position vector OA 9 L .
.. . . L N(u, 0?) normal distribution with mean 1 and
ij k unit vectors in the directions of the . 9
variance o

Cartesian coordinate axes . . .
X ~ B(n, p) the random variable X has a binomial

th i f vect R .
|i>‘ ¢ magnitude o \ﬁ ora distribution with parameters n and p
| AB | the magnitude of AB X ~ Po(m) the random variable X has a Poisson
Vew the scalar product of v and w distribution with mean m
VX W the vector product of v and w X ~ N(u, 02) the random variable X has a normal

I the identity matrix distribution with mean y and variance o2



12 THEORY OF KNOWLEDGE

THEORY OF KNOWLEDGE

Theory of Knowledge is a Core requirement in the International Baccalaureate Diploma Programme.

Students are encouraged to think critically and challenge the assumptions of knowledge. Students
should be able to analyse different ways of knowing and areas of knowledge, while considering different
cultural and emotional perceptions, fostering an international understanding.

The activities and discussion topics in the below table aim to help students discover and express their
views on knowledge issues.

Chapter 3: Exponentials 0,103 MATHEMATICAL PROOF

Chapter 4: Logarithms b, 129 IS MATHEMATICS AN INVENTION OR A DISCOVERY?

Chapter 7: Sequences and series 0. 238 THE NATURE OF INFINITY

Chapter 9: Mathematical induction HOW MANY TERMS DO WE NEED TO CONSIDER
p-266| BEFORE A RESULT IS PROVEN?

Chapter 10: The unit circle and radian measurep. - MEASURES OF ANGLE - MATHEMATICS IN NATURE

Chapter 12: Trigonometric functions 0. 330 MATHEMATICAL LANGUAGE AND SYMBOLS

Chapter 13: Trigonometric equations and identi}Ee}s79 MATHEMATICS IN SOCIETY

Chapter 15: Vector applications ARE ALGEBRA AND GEOMETRY SEPARATE AREAS

OF LEARNING?
P- 453| |NDEPENDENT DEVELOPMENT OF MATHEMATICS

Chapter 17: Introduction to differential calculu; 517 ZENO’S PARADOX

Chapter 20: Applications of differential calculu; 616 THE SCIENTIFIC METHOD
Chapter 23: Descriptive statistics 0.727 MISLEADING STATISTICS

Chapter 24: Probability 0. 773 APPLICATIONS OF PROBABILITY

THEORY OF KNOWLEDGE

There are several theories for why one complete turn was divided into 360 degrees:

e 360 is approximately the number of days in a year.

e The Babylonians used a counting system in base 60. If \
they drew 6 equilateral triangles within a circle as shown,
and divided each angle into 60 subdivisions, then there
were 360 subdivisions in one turn. The division of an

hour into 60 minutes, and a minute into 60 seconds, is
from this base 60 counting system. 4

e 360 has 24 divisors, including every integer from 1 to 10 /
except 7.

The idea of measuring an angle by the length of an arc dates to around 1400 and the Persian
mathematician Al-Kashi. The concept of a radian is generally credited to Roger Cotes, however, who
described it as we know it today.

1 What other measures of angle are there?

2 Which is the most natural unit of angle measure?

See Chapter 10, The unit circle and radian measure, p. 282
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WRITING A MATHEMATICAL EXPLORATION

In addition to sitting examination papers, Mathematics HL students are also required to complete a
mathematical exploration. This is a short report written by the student, based on a topic of his or
her choice, and should focus on the mathematics of that topic. The mathematical exploration
comprises 20% of the final mark.

The exploration should be approximately 6-12 pages long, and should be written at a level which is
accessible to an audience of your peers. The exploration should also include a bibliography.

Group work should not be used for explorations. Each student’s exploration is an individual piece
of work.

When deciding on how to structure your exploration, you may wish to include the following
sections:

Introduction: This section can be used to explain why the topic has been chosen, and to include any
relevant background information.

Aim: A clear statement of intent should be given to provide perspective and direction to your
exploration. This should be a short paragraph which outlines the problem or scenario under
investigation.

Method and Results: This section can be used to describe the process which was followed to
investigate the problem, as well as recording the unprocessed results of your investigations, in the
form of atable, for example.

Analysis of Results: In this section, you should use graphs, diagrams, and calculations to analyse
your results. Any graphs and diagrams should be included in the appropriate place in the report, and
not attached as appendices at the end. You should also form some conjectures based on your
analysis.

Conclusion: You should summarise your investigation, giving a clear response to your aim. You
should also reflect on your exploration. Limitations and sources of error could be discussed, as well
as potential for further exploration.

The exploration will be assessed against five assessment criteria. Refer to the Mathematics HL
Subject Guide for more details.

The following two pages contain a short extract of a student’s report, used with the permission of
Wan Lin Oh. Please note that there is no single structure which must be followed to write a
mathematical exploration. The extract displayed is only intended to illustrate some of the key
features which should be included.

The electronic version of this extract contains further information, and can be accessed by clicking

theicon alongside. ELECTRONIC
EXTRACT

-



14  WRITTEN REPORT

This is an extract of a mathematics report used to demonstrate the components of a written report.

1. Title (and author) Population Trends in China  2-Introduction
Aclear and concise Written by Wan Lin Oh Outline the purpose of the task.
description of the report Include background information and

Aim
. . . . definitions of key terms or variables used.
To determine the model that best fits the populatlon of China from 19,0 w zuvo vy ¥||vc>uyqul|y uiicicnid

functions that best model the population of China from 1950 to 1995 (refer to Table 1) initially, and then re-
evaluating and modifying this model to include additional data from 1983 to 2008.

Rationale

The history class had been discussing the impetus for, and the political, cultural and social implications of
China’s "One Child Policy”, introduced in 1978 for implementation in 1979". This aroused the author’s curiosity
about the measurable impact that the policy may have had on China’s population.

Table 1: Population of China from 1950 to 1995

Year (i) 1950 | 1955 | 1960 | 1965 | 1970 | 1975 | 1980 | 1985 | 1990 | 1995

Population in| 5548 | 609.0 | 657.5 | 729.2 | 8307 | 927.8 | 9989 |1070.0 | 11553 | 1220.5
millions (P)

Choosing a model
Values from Table 1 were used to create Graph I

Graph 1: Population Trend in China

200 3. Method, Results and Analysis

) - Outline the process followed.

- Display the raw and processed results.

1000 - Discuss the results by referring to the appropriate
900 table, graph, or diagram eg. Graph 1, Figure 4, etc.
- Rules, conjectures or models may be formed.

Population of China (P) (millions)

AN

" ol 5 A 1N
J U 2V U

Time (t) (number of years elapsed since 1950)

Graph 1 illustrates a positive correlation between the population of China and the number of years since 1950.
This means that as time increases, the population of China also increases. Graph 1 clearly shows that the model
is not alinear function, because the graph has turning points and there is no fixed increase in corresponding to
afixed increase in P. Simple observation reveals that it is not a straight line. In addition, Graph 1 illustrates that

the function is not a power function (P= at’) because it does not meet the requirements of a power function;
for all positive b values, a power model must go through the origin, however Graph 1 shows that the model’s
function does not pass through the origin of (0, 0).

There is a high possibility that the model could be a polynomial function because Graph 1 indicates that
there are turning point(s). A cubic and a quadratic function were then determined and compared.

Analytical Determination of Polynomial Model
As there is a high possibility that the model could be a cubic function (3 degree polynomial function), an
algebraic method can be used in order to determine the equation of the function. In order to determine this
cubic equation, four points from the model will be used as there are four... The middle section of this report

has been omitted.
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Conclusion

The aim of this investigation was to investigate a model that best fits the given data from 1950 to 2008. It was
initially found that a 3" degree polynomial function and an exponential function have a good possibility of
fitting the given data from Table 1 which is from year 1950 to 1995 by observing the data plots on the graph.

A cubic function (3 degree polynomial function) was chosen eventually and consequently an algebraic
method using simultaneous equations was developed to produce the equation of the function. Through this
method, the equation of the cubic was deduced to be P (t) = —0.007081¢% + 0.5304t> + 5.263t + 554.8. In

addition, the use of technology was also included in this investigation to further enhance the development of
the task by graphing the cubic function to determine how well the cubic function fitted the original data. The
cubic graph was then compared with a quadratic function graph of P(t) = 0.13t> + 8.95¢ + 554.8. Ultimately, the

cubic function was seen as the better fit compared to the quadratic model.

A researcher suggests that the population, P at time ¢ can be modelled by P (t) = ﬁ . With the use of

GeoGebra the parameters, K, L and M were found by trial and error to be 1590, 1.97 and 0.04 respectively. This

1590

consequently led to the equation of the logistic function of P(t) = - = -

From the comparison of both the cubic and the logistic model, the cubic function was established to be a more

accurate model for the given 1950 - 1995 data because the data points matched the model better, however the

logisti del produced likely val d feenolation

©gISHE MOde! produiced more kel varies Unaer e . Conclusion and Limitations

Additional data on population trends in China frc e : id by the
. . . - Summarise findings in response to the stated aim

International Monetary Fund (IMF) was given in Tabl

} o . including restating any rules, conjectures, or models. ' graphed
with the additional data points and compared. It v _comment on any limitations to the approach used € model

compared to the cubic model because it was able  or of the findings. Jlation of
China much more precisely. - Considerations of extensions and connections to

Subsequently a piecewise function was used becau personal/previous knowledge may also contextualise have two
distinctly different parts, each with a correspondir the significance of the exploration. > domain

0<t < 30.The researcher’s model was modified to fit the data for 30<¢ < 58.

The piecewise function was then defined as

—0.007081#> + 0.5304¢> + 5.263t + 554.8 0<t<30
1590

141.97¢0-04

This modified model matched the data points of the population of China from 1950 to 2008 closely; the model
also passed through both the minimum and the maximum of the given data. In addition, the modified model
exhibited good long-term behaviour and was able to predict a sensible result beyond the known values.

P(t)
30<t <58

Limitations

In this investigation, there were several limitations that should be taken into account. Firstly, the best fit model
which is the piecewise function model does not take into account the possibility of natural disasters or diseases
that may occur in China in the future which will lead to a mass decrease in population. Furthermore, the model
also does not consider the population pressures in China such as the one child policy. The one child policy
introduced in 1978 but applied in 1979 would cause a decrease in the population in the long term. Itis shownin
Graph 14 that after 1979 (P,), the rate at which the Chinese population is increasing is slower compared to the
previous years. This is because this policy leads to an increase in the abortion rate due to many families’
preference for males, as males are able to take over the family name. This will consequently lead to a gender
imbalance, causing a decrease in population because of the increasing difficulty for Chinese males to find
partners. In addition, the model of best fit does not consider the 5 _References and acknowledgements
countries, allowing more Chinese people to live longer, which wil A list of sources of information either footnoted on
term. the appropriate page or given in a bibliography at
the end of the report.

Thttp://geography.about.com/od/populationgeography/a/onechild.htm
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'BACKGROUND KNOWLEDGE

Before starting this course you can make sure that you have a good understanding BACKGROUND
of the necessary background knowledge. Click on the icon alongside to obtain KNOWLEDGE
a printable set of exercises and answers on this background knowledge. - ﬁ’

Click on the icon to access a background chapter about matrices.
MATRICES

-

STATISTICS
REVISION

(ﬁ)
Click on the icon to access printable facts about number sets. NUMBER
SETS

-

CIRCLE
PROPERTIES

(ﬁ)
Click on the icon to access a printable summary of measurement facts. MEASUREMENT
FACTS

-

Click on the icon to access a statistics revision chapter.

Click on the icon to access a printable summary of circle properties.

'GRAPHICS CALCULATOR INSTRUCTIONS

Printable graphics calculator instruction booklets are available for the Casio fx-9860G Plus,
Casio fx-CG20, TI-84 Plus, and the TI-nspire. Click on the relevant icon below.

CASIO CASIO
x-9860G Plus x-CG20 TI-84 Plus Tl-nspire
(ﬁ) (ﬁ) (W) (ﬁ)
When additional calculator help may be needed, specific instructions can be (\,

printed from icons within the text. GRAPHICS

CALCULATOR
INSTRUCTIONS



Quadratics

Syllabus reference: 2.2, 2.5, 2.6, 2.7

Contents: A

B

C

= D
= - E
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G

H

Quadratic equations

The discriminant of a quadratic
The sum and product of the roots
Quadratic functions

Finding a quadratic from its graph
Where functions meet

Problem solving with quadratics
Quadratic optimisation
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QUADRATICS  (Chapter 1)

OPENING PROBLEM

Abiola and Badrani are standing 40 metres apart, throwing a ball between them. When Abiola throws
the ball, it travels in a smooth arc. At the time when the ball has travelled = metres horizontally
towards Badrani, its height is y metres.

Ay SIMULATION
(ﬁ)
('\)
GRAPHICS
i " CALCULATOR
. INSTRUCTIONS
Abiola Badrani
x (m) 0 B 10 15 20 25 30
y (m) | 1.25 10 16.25 20 21.25 20 16.25

Things to think about:

b
<
d

Use technology to plot these points.
What shape is the graph of y against x?
What is the maximum height reached by the ball?

What formula gives the height of the ball when it has travelled x metres horizontally towards

Badrani?
Will the ball reach Badrani before it bounces?

HISTORICAL NOTE

Galileo Galilei (1564 - 1642) was born in Pisa, Tuscany. He was a philosopher who played a
significant role in the scientific revolution of that time.

Within his research he conducted a series of experiments on the paths of projectiles, attempting to
find a mathematical description of falling bodies.

Two of Galileo’s experiments consisted of rolling a ball down a grooved
ramp that was placed at a fixed height above the floor and inclined at a
fixed angle to the horizontal. In one experiment the ball left the end of
the ramp and descended to the floor. In the second, a horizontal shelf was
placed at the end of the ramp, and the ball travelled along this shelf before

descending to the floor.

In each experiment Galileo altered the release height h of the ball and
measured the distance d the ball travelled before landing. The units of

measurement were called ‘punti’ (points).

In both experiments Galileo found that once the ball left the ramp or shelf, its
path was parabolic and could therefore be modelled by a quadratic function.

Galileo
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I QUADRATIC EQUATIONS

A quadratic equation is an equation of the form ax? + bz +c =0 where a, b and ¢
are constants, a # 0.

A quadratic function is a function of the form y = ax?+bx +c, a #0.
Acme Leather Jacket Co. makes and sells « leather jackets each o —
week and their profit function is given by HEE
LEATHER JACKET CO.

P = —12.522 4+ 550z — 2125 dollars.

How many jackets must be made and sold each week in order
to obtain a weekly profit of $3000?

Clearly we need to solve the equation:
—12.52% + 550z — 2125 = 3000

We can rearrange the equation to give
12.522 — 550z + 5125 = 0,

which is of the form ax? 4+ bx +c=0 and is thus a quadratic equation.

SOLVING QUADRATIC EQUATIONS

To solve quadratic equations we have the following methods to choose from:
e factorise the quadratic and use the Null Factor law:
If ab=0 then a=0 or b=0.

e complete the square
e usc technology
e use the quadratic formula.

The roots or solutions of ax? +bx+c =0 are the values of z which satisfy the equation, or make
it true.

For example:  Consider 2% — 3z +2 = 0.

When =2, 2% —3z+2=(2)-3(2)+2
=4-6+2
=0 v

So, =2 is aroot of the equation 2% — 3z +2 = 0.
SOLVING BY FACTORISATION (REVISION)

Step 1: If necessary, rearrange the equation so one side is zero.
Step 2:  Fully factorise the other side.
Step 3:  Use the Null Factor law: If ab=0 then a=0 or b=0.

Step 4:  Solve the resulting linear equations.
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Caution:
If you do this then you may

For example, consider

Correct solution

Do not be tempted to divide both sides by an expression involving x.

lose one of the solutions.

x? = bax.

Incorrect solution

z? =5z z? =5z By dividing both sid
2 _ 5 y dividing both sides
v —or =0 5 / by x, we lose the solution
z(x—5)=0 x x r=0
z=0o0rbH T =
| Example 1 | «) Self Tutor
Solve for x: a 322452x=0 b z2=5z+6
a 32> + 52 =0 b 2 =5z +6
. z(3z+5)=0 S22 —5x—-6=0
~z=0o0r3xz+5=0 (x—6)(xr+1)=0
wz=0o0r z=-3 z=6 or —1

Solve for x: a 4r2+1=4x b 622 =11z + 10
a 422 +1 = 4z b 622 = 11z + 10
o 4a? -4z +1=0 622 — 11z —10=0
(22 —1)>=0 (22 —5)(3x+2) =0
. _ 5 2
. 55*% xT=45 Oor —%

Solve for x: 3x + 2_ —7
T

3z+2=_7
T

Lo <3x+ z) = —Tx
X

322 +2=—Tx
322+ T +2=0
(x+2)(B3z+1)=0

— _ _1
r=—2o0r =

{multiplying both sides by =}

{expanding the brackets}
{making the RHS 0}
{factorising}

RHS is short for
Right Hand Side.
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EXERCISE 1A.1

1 Solve the following by factorisation:

a 422 +7x=0 b
d 9z = 62 e
g 9+22 =62 h
2 Solve the following by factorisation:
a 922 - 122 +4=0 b
d 322 +5x=2 e
g 322 =102 +8 h

3 Solve for z:
a (z+1)2=222-5zx+11
1

¢ 2z ——=-1
x

322 —Tx =0
22 —-5x+6=0
22+ x=12

202 — 13z —7=0
222 + 3 =5z
422 + 42 =3

¢ 222 —1lxz=0
f 22421 =10z
i 22+8x =33

¢ 322 =16z + 12
f 322 +8x+4=0
i 422 =11z+3

b 5—-422=302z+1)+2

d m+3: 9
1—=x T

SOLVING BY ‘COMPLETING THE SQUARE’

Quadratics such as 2 4+ 4x 4+ 1 cannot be factorised by simple factorisation. An alternative way to
solve equations like 22 +4x+1 =0 is by ‘completing the square’.

Equations of the form az? + bz +c =0 can be converted to the form (x + p)? = ¢ from which the

solutions are easy to obtain.

Example 4

If X? = a, then

o) Self Tutor X = +/a.

Solve exactly for : a (z+2)32%=7 b (z-12=-5
a (z+2)2=7 b (z-1)2%=-5
z+2 =47 has no real solutions since
=247 the square (z—1)? cannot
be negative.

) selt Tutor

Solve for exact values of x: 22 4+4r+1=0

22+4z+1=0

2 fdr =1 {put the constant on the RHS}
2 +d4x +2% = -1+ 22 {completing the square}
(x+2)2=3 {factorising LHS}
z+2==+V3
r=-2+3

The squared number we
add to both sides is

(coefﬁcient of z )2
2

NG
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Example 6

Solve exactly for z: 3224+ 12 4+5=0
322+ 122 +5=0 If the coefficient of #2 is
5 5 o . not 1, we first divide
z°—4r—5=0 {dividing both sides by —3} throughout to make it 1.
2 —dz =2 {putting the constant on the RHS}
w2 —dr+2% = % + 22 {completing the square} \ ‘
(z—2=14 {factorising LHS} =
r—2==+4/%
2
r=2+,4/4
EXERCISE 1A.2
1 Solve exactly for x:
a (z+5)%=2 b (z+46)*=-11 ¢ (zx—4)2=38
d 3(z—22=18 e (2r+1)2=3 f (1-32)2-7=0

2 Solve exactly by completing the square:
a 22—42+1=0 b 22+62x+2=0
d 22=42+3 e 224+6x+7=0
g 22+62=2 h 224+10=8z

3 Solve exactly by completing the square:
a 202 +4x+1=0
d 322 =6x+4

SOLVING USING TECHNOLOGY

You can use your graphics calculator to solve quadratic equations.

If the right hand side is zero, you can graph the expression on the left hand
side. The z-intercepts of the graph will be the solutions to the quadratic.

If the right hand side is non-zero, you can either:

[ ]
x-intercepts, or

z-coordinates of the point where they meet.

b 2:2—-10z+3=0
e 522 —150+2=0

¢ 22— 14x+46=0
f 22=2x+6

i 22460 =-11

¢ 3x2+122+5=0
f 422 +42x =5

I~

)
GRAPHICS
CALCULATOR
INSTRUCTIONS

rearrange the equation so the right hand side is zero, then graph the expression and find the

graph the expressions on the left and right hand sides on the same set of axes, then find the

Use technology to check some of your answers to Exercise 1A.2.
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THE QUADRATIC FORMULA

In many cases, factorising a quadratic equation or completing the square can be long or difficult. We
can instead use the quadratic formula:

—b+ Vb2 -4
If ax2+bx+c=0, then = = ac.
2a
Proof: If ax?+bzx+c=0, a#0
then 22+ by +<=0 {dividing each term by a, as a # 0}

a a

22+ =z =2
a a

2 2
L. (zi) =24 ( b ) {completing the square on LHS}
a a

a  \2a

b\2 b2 —dac .
T+ —) = factorisin
( v Za) 4a? { g}
b b2 — 4ac
r+ — ==+
v 2a 4a2
= b2 — 4ac
2a

For example, consider the Acme Leather Jacket Co. equation from page 19.

We need to solve 12.522 — 550z + 5125 =0 for which

Trying to factorise this
a=125, b= —-550, and c=5125.

equation or using

550 + \/(_550)2 _ 4(12.5)(5125) ‘completing the square’
r = 3(12.5) would not be easy.

550+ /46 250

o 25 /

~ 30.60 or 13.40 f
N

However, for this application the number of jackets z needs to be a
whole number, so z = 13 or 31 would produce a profit of around
$3000 each week.

HISTORICAL NOTE THE QUADRATIC FORMULA

Thousands of years ago, people knew how to calculate the area of a shape given its side lengths.
When they wanted to find the side lengths necessary to give a certain area, however, they ended up
with a quadratic equation which they needed to solve.

The first known solution of a quadratic equation is written on the Berlin Papyrus from the Middle
Kingdom (2160 - 1700 BC) in Egypt. By 400 BC, the Babylonians were using the method of
‘completing the square’.

Pythagoras and Euclid both used geometric methods to explore the problem. Pythagoras noted that
the square root wasn’t always an integer, but he refused to accept that irrational solutions existed.
Euclid also discovered that the square root wasn’t always rational, but concluded that irrational
numbers did exist.
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A major jump forward was made in India around 700 AD, when Hindu
mathematician Brahmagupta devised a general (but incomplete) solution [
Z

Brahmagupta also addedj

. . . . !
for the quadratic equation ax? + bx = ¢ which was equivalent to ero to our number system!

\ 4 b2 —b L. . o &
g = Vit -0 Taking into account the sign of ¢, this is one of /

2a
the two solutions we know today.

The final, complete solution as we know it today first came around
1100 AD, by another Hindu mathematician called Baskhara. He was
the first to recognise that any positive number has two square roots,
which could be negative or irrational. In fact, the quadratic formula is
known in some countries today as ‘Baskhara’s Formula’.

While the Indians had knowledge of the quadratic formula even at this
early stage, it took somewhat longer for the quadratic formula to arrive
in Europe.

Around 820 AD, the Islamic mathematician Muhammad bin Musa
Al-Khwarizmi, who was familiar with the work of Brahmagupta,
recognised that for a quadratic equation to have real solutions, the

value b*—4ac could not be negative. Al-Khwarizmi’s work was brought .. " Karizmi
to Europe by the Jewish mathematician and astronomer Abraham bar
Hiyya (also known as Savasorda) who lived in Barcelona around 1100.

By 1545, Girolamo Cardano had blended the algebra of Al-Khwarizmi
with the Euclidean geometry. His work allowed for the existence of
complex or imaginary roots, as well as negative and irrational roots.

From the name
Al-Khwarizmi we get the

word ‘algorithm’.

At the end of the 16th Century the mathematical notation and symbolism
was introduced by Francois Viete in France.

In 1637, when René Descartes published La Géométrie, the quadratic

_ —b=+ \/b2 — dac

formula adopted the form we know today: x = 3
a

=) Self Tutor

Solve for x:
a 22—-2:—-6=0 b 222 +3z—-6=0
a 22 —2x—6=0 has b 222 +3z—6=0 has
a=1, b=-2, c=—-6 a=2 b=3 c=—-6
L~ /(2?49 L 3EV/P 4
a 2(1) T 2(2)
oo 2EVET ., 3EVOTE
7 R
xiZi\/% ) x773i\/ﬁ
2 T 4
2427
—
2
r=1+V7
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EXERCISE 1A.3

1 Use the quadratic formula to solve exactly for z:

a 22—4x-3=0 b 22+4+6z+7=0 ¢ 224+1=4x
d 22 +4z=1 e 22 —4x+2=0 f 222 -2x-3=0
g (Bz+1)2=-22 h (z+3)2x+1)=9 i 22-2V2x+2=0

2 Rearrange the following equations so they are written in the form axz? + bz + ¢ = 0, then use the
quadratic formula to solve exactly for x.

a (z+2)(z—-1)=2-3z b (2z+1)2=3-1z ¢ (z-2?%=1+z
d 22l _op i1 e z—1=1 f2r—2=3
2—x T T

"] THE DISCRIMINANT OF A QUADRATIC

In the quadratic formula, the quantity b*> — 4ac under the square root sign is called the discriminant.

The symbol delta A is used to represent the discriminant, so A = b? — 4ac.
—b+VA

a

The quadratic formula becomes x = where A replaces b — 4ac.

If A>0, +/A is a positive real number, so there are two distinct real roots
—b+ VA —b— VA
P — r = ———0———

a

2 2a

and

—b
o If A=0, z= % is the only solution (a repeated or double root)
a

e If A<0, /A isnota real number and so there are no real roots.

e If a, b, and c are rational and A is a square then the equation has two rational roots which can
be found by factorisation.

Factorisation of quadratic Roots of quadratic Discriminant value

two distinct linear factors two real distinct roots A>0

two identical linear factors | two identical real roots (repeated) A=0
unable to factorise no real roots A<0

=) Self Tutor

Use the discriminant to determine the nature of the roots of:
a 222 —-2z+3=0 b 322—4z—-2=0
a A=0b—4ac b A=05>—4ac
=(-2)? -4(2)(3) = (—4)* - 4(3)(-2)
= —920 =40
Since A < 0, there are no real roots. Since A > 0, but 40 is not a square,
there are 2 distinct irrational roots.
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=) Self Tutor

Consider 22 —2x+m = 0. Find the discriminant A, and hence find the values of m for which
the equation has:
a a repeated root b 2 distinct real roots ¢ no real roots.
22 —2r4+m=0 has a=1, b=-2, and c=m
A = b% — dac
— (-2)* — 4(1)(m)
=4—4m
a For a repeated root b For 2 distinct real roots ¢ For no real roots
A=0 A>0 A <0
- 4—4m=0 oo 4-—4m >0 S 4—-4m <0
4 = 4m c. —4m > —4 c. —4dm< —4
m=1 Som <1 Som>1

) Self Tutor

Consider the equation k2% + (k+3)x = 1. Find the discriminant A and draw its sign diagram.
Hence, find the value of k for which the equation has:

a two distinct real roots b two real roots
¢ a repeated root d no real roots.

kx> + (k+3)zr—1=0 has a=k, b=(k+3), and c=—1

A =b? — dac

= (k+3)% — 4(k)(-1) and has sign diagram:
=k? + 6k + 9 + 4k Lol -+
= K+ 10k + 9 R T "k
=(k+9)(k+1)

a For two distinct real roots, A>0 . k<-9 or k>—1.

b For two real roots, A>0 . kE<-9 or k> —1.

¢ For a repeated root, A=0 . k=-9 or k=-1.

d For no real roots, A<0 . -9<k<-—1.

EXERCISE 1B

1 By using the discriminant only, state the nature of the solutions of:
a 22+7x-3=0 b 22-32+2=0 ¢ 322+22-1=0
d 522 +4xr-3=0 e 22+x+5=0 f 1622 -8r+1=0
2 By using the discriminant only, determine which of the following quadratic equations have rational
roots which can be found by factorisation.
a 622 —-52—-6=0 b 22> -T7x-5=0 ¢ 32 +4x+1=0
d 622 -47r—-8=0 e 42> -3z +2=0 f 822 +22x-3=0
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For each of the following quadratic equations, determine the discriminant A in simplest form and
draw its sign diagram. Hence find the value(s) of m for which the equation has:
i a repeated root il two distinct real roots iii no real roots.
a 22+4x+m=0 b ma?+3z+2=0 ¢ m?—-3r+1=0
For each of the following quadratic equations, find the discriminant A and hence draw its sign

L
diagram. Find all values of k for which the equation has:
iv no real roots.

ii  two real roots iii arepeated root

i two distinct real roots
a 2224+ kr—k=0 b kx?-2x+k=0
¢ 22+ (k+2)2+4=0 d 222+ (k—2)z+2=0
f (k+1)a®>+kz+k=0

e 22+ (Bk—1)z+ (2k+10)=0

"5/ THE SUM AND PRODUCT OF THE ROOTS
b c

If axz?+br+c=0 hasroots a and 3, then a+,8——a

If « and §3 are the roots of 222 — 2z —1=0

For example:
then a+B=1 and af=-1.

If o and 3 are the roots of az? + bz +c =0,
then ax® +bz +c = a(z — a)(z — B)
= a(a? — [+ Bz + af)

x2+§m+§:m2—[a+ﬁ]w+aﬁ

Proof:

Equating coefficients,
b
at+B=—- and af=S.
a a

o) Self Tutor

Example 11

Find the sum and product of the roots of 25x% — 20z +1 =10

Check your answer by solving the quadratic.

If o and 3 are the roots then o+ (5 = 22D
a 25 5

@
and af ===
6 a 25

2522 — 202 +1 =0 has roots

20 £ 1/400 — 4(25)(1)  204++/300 20+ 10v/3 _ 2++/3
50 50 50 5
ﬂ f _

These have sum =

_4
5
and product = <2 + \/_) < ) v

Check:
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EXERCISE 1C

1 Find the sum and product of the roots of:
a 322 -2x+7=0 b 22+ 11z —-13=0 ¢ 522 -6z —14=0

2 The equation kx? — (1 + k)x + (3k +2) = 0 is such that the sum of its roots is twice their
product. Find &k and the two roots.

3 The quadratic equation ax? —6z+a—2=0, a0, has one root which is double the other.
a Let the roots be a and 2. Hence find two equations involving a.

b Find a and the two roots of the quadratic equation.
4 The quadratic equation kz?+ (k—8)z + (1 —k) =0, k#0, has one root which is two more
than the other. Find k£ and the two roots.
5 The roots of the equation 22 — 6z +7 =0 are o and (3.

Find the simplest quadratic equation with roots « + % and [+ l
(0%

6 The roots of 222 —3z—5=0 arepandq.
Find all quadratic equations with roots p? +¢ and ¢* + p.

7 ka?+ (k+2)xr —3 =0 has roots which are real and positive.
Find the possible values that k£ may have.

o1 QUADRATIC FUNCTIONS

TERMINOLOGY

The graph of a quadratic function y = az? + bx + c,
a # 0 is called a parabola.

The point where the graph ‘turns’ is called the vertex. \

vertex is the minimum or minimum turning point and parabola

=
£
£
If the graph opens upwards, the y-coordinate of the gg
the graph is concave upwards. Eé\

If the graph opens downwards, the y-coordinate of the < -
vertex is the maximum or maximum turning point and Zero / N Zero
the graph is concave downwards.

The vertical line that passes through the vertex is called o / y-intercept
the axis of symmetry. Every parabola is symmetrical immum /

about its axis of symmetry. vertex

The point where the graph crosses the y-axis is the
y-intercept.

The points (if they exist) where the graph crosses the z-axis are called the -intercepts. They correspond
to the roots of the equation y = 0.
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GRAPHING y = a(z — p)(z — q)
What to do:

1 a Use technology to help you to sketch:

GRAPHING
y=@-D=-3), y=2-1-3), y=-(z-1)(z-3), PACKAGE
y=—-3(x—1)(xz—3), and y=—1(z—1)(z—3) (ﬁ)

b Find the z-intercepts for each function in a.

¢ What is the geometrical significance of a in y = a(x — 1)(z — 3)?

2 a Use technology to help you to sketch:
y=2(x—1)(x —4), y=2(z—3)(x —5), y=2(x+1)(xz—2),
y=2z(zx+5), and y=2x+2)(x+4)
b Find the z-intercepts for each function in a.

¢ What is the geometrical significance of p and ¢ in y = 2(z — p)(x — q)?
3 a Use technology to help you to sketch:
y=2(xr—1)2, y = 2(z — 3)2, y=2(z+2)2, y = 2z
b Find the z-intercepts for each function in a.
¢ What is the geometrical significance of p in y = 2(z — p)??
4 Copy and complete:

e If a quadratic has the form y =a(z —p)(x —¢q) thenit ...... the x-axis at ......
2

e If a quadratic has the form y = a(z —p)® thenit ...... the z-axis at ......

GRAPHING y = a(xz — h)>+ k
What to do:

1 a Use technology to help you to sketch:

) 5 ) GRAPHING
y=(@—-3°+2, y=2x-3°+2, y=-2x—-3)°+2, PACKAGE
y=—(z—-3)*+2, and y=—f(x-3)7+2 “G”

b Find the coordinates of the vertex for each function in a.
¢ What is the geometrical significance of @ in y = a(x — 3)% + 2?

2 a Use technology to help you to sketch:
y=2zx—1)2+3, y=2x-22+4, y=2xz-3)2+1,
y=2(x+1)2+4, y=2(x+2)2 -5, and y=2(x+3)% -2
b Find the coordinates of the vertex for each function in a.
¢ What is the geometrical significance of h and k in y = 2(z — h)? + k?

3 Copy and complete:

If a quadratic has the form y = a(x — h)? + k then its vertex has coordinates ......

2

The graph of y =a(z —h)?>+k isa .. of the graph of y = ax* with vector ......
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You should have discovered that a, the coefficient of x2, controls the width of the graph and whether it
opens upwards or downwards.

For a quadratic function y =ax?+bx+c, a#O0:

e a > (0 produces the shape \/ called concave up.

a < 0 produces the shape /\ called concave down.

o If -1<a<1, a#0 the graph is wider than y = 2.
If a<—1 or a>1 the graph is narrower than y = 22

Quadratic form, a # 0 Graph Facts
e y=a(zx—p)(z—q) z-intercepts are p and ¢
P, q are real - \ f . axis of symmetry is = = p—;r 1
p q
\/ vertex is (m’ f(p_ﬂ))
_pta 2 2
-2
o y=a(r—h)? r="h touches z-axis at h
h is real axis of symmetry is x =h

vertex is (h, 0)

V(h, 0)
o y=alz—h)?+k r=h axis of symmetry is = = h
vertex is (h, k)
V(h, k)
o y=ar’+br+c y-intercept c

. . —b
axis of symmetry is = = o™
a

= =T vertex 1is L ﬁ
M\ ’/b+—\/A_ 2’ ¢ 1a
2a 2a

x-intercepts for A > 0 are

b+ VA
== 2a

where A = b% — 4ac

b
— — is the average of
2a

—b— VA —b+ VA
and

2a 2a
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m ) Self Tutor

Using axes intercepts only, sketch the graphs of:
a y=2(z+3)(z—-1) b y=-2(z-1)(z—2) ¢ y=1i(z+2)?
a y=2(z+3)(z—1) b y=-2(z—1)(z—2) ¢ y=1(z+2)?
has z-intercepts —3, 1 has z-intercepts 1, 2 touches z-axis at —2
When z =0, When z =0, When z =0,
y =2(3)(~1) y = —2(-1)(-2) y = 3(2)?
y-intercept is —6 .. y-intercept is —4 .. y-intercept is 2
by by 4y
{ 1.2 /
- xT
— I T 2
- - > T
—6 / -2
4 A\ Y
EXERCISE 1D.1 The axis of symmetry

is midway between

1 Using axes intercepts only, sketch the graphs of: :
the x-intercepts.

a y=(z—-4)(z+2) b y=—(z—4)(z+2)

¢ y=2(x+3)(r+5H) d y=-3z(zx+4) \
e y=2(x+3)? fy=—-1(z+2)?
2 State the equation of the axis of symmetry for each graph in question 1. b

3 Match each quadratic function with its corresponding graph.
a y=2(zx—-1)(z—4) b y=—(z+1)(z—4)
c y=(r—1)(z—4) y=(z+1)(x—4)
e y=2x+4)(z—-1) y=-3(x+4)(xz—1)
9 y=—(z—-1)(z—4) y=-3—1)(z—-4)

d

f
h
C

Y
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Example 13

Use the vertex, axis of symmetry, and y-intercept to graph y = —2(z + 1)? + 4.

) Self Tutor

The vertex is

a < 0 so the

(—1, 4).

=

shape is /‘\

The axis of symmetry is z = —1.
When z =0, y=-2(1)>+4

V(-1,4) Ay

-/

4 Use the vertex, axis of symmetry, and y-intercept to graph:

a y=(x—-1)>2+3

d y:%(x

—3)2 42

b

e

y=2z+2)?2+1
y=—5(c—1)7+4

5 Match each quadratic function with its corresponding graph:
a y=—(z+1)2+3
d y=—(x-1)2+1

g y=-=z
A

w

2

[\

s

a

/N
A

/

x
5
4
4
z

b

e

h
B

y=—2(x—3)2+2
y=(r—2)?2-2
y=-1(z—-172+1

y

1-3

;
/

C

fy= (r+2)2-3
c y=a2+2
fy=2(z+3)*-3
i y=2x+2)>2-1
C i
a— -

—31

Y

F
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Determine the coordinates of the vertex of y = 222 — 8z + 1.

y=222—8x+1 has a=2, b=-8, and c=1

=b _ —(=8) =)
2a 2x2
the axis of symmetry is = =2

When z=2, y=2(2)2-82)+1=-7

the vertex has coordinates (2, —7).

The vertex is the maximum
or the minimum depending
on whether the graph is
concave down or concave up.

Example 15

Consider the quadratic y = 222 + 6z — 3.
a State the axis of symmetry.

¢ Find the axes intercepts.

b Find the coordinates of the vertex.

d Hence, sketch the quadratic.

y=222+6x—3 has a=2, b=6, and c=—3. a >0 so the shape is \j

202+ 6z —3=0
z~ —3.44 or 0.436

When y =0,
Using technology,

ST ‘ ol
The axis of symmetry is = = —%.
b When z = —%, T
y=2(-3)°+6(—2)-3=-73 =—344f /\0.436 "
The vertex is (—2, —73). ' / -3
¢ When =0, y=-3
y-intercept is —3. V(-1h-7H

6 Locate the turning point or vertex for each of the following quadratic functions:

y=22%+4
y=2224+6x—1

a y=z2—-4r+2 b
d y=—-22—42-9 e

7 Find the z-intercepts for:

a y=22-9 b y=222-6
d y=dzx—2? e y=-a22—62—38
g y=4x> — 24z + 36 h y=22—-4x+1

8 For each of the following quadratics:
i state the axis of symmetry il

iii find the axes intercepts, if they exist

b y=222—-5x+2
2

a y=22—-2x+5

d y=-222+z+1 e y=6x—=z

¢ y=-322+1
f y:—%w2+x—5

c y=x2>+z-12
fy=—-222—4zx—2
i y=22+8c+11

find the coordinates of the vertex
iv sketch the quadratic.

¢ y=—22+32-2
f y:—%x2+2x+1
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SKETCHING GRAPHS BY ‘'COMPLETING THE SQUARE’

If we wish to find the vertex of a quadratic given in general form y = ax?+bx+c then one approach
is to convert it to the form y = a(z — h)? +k where we can read off the coordinates of the vertex
(h, k). One way to do this is to ‘complete the square’.

Consider the simple case y = x? — 4z + 1, for by .
which a = 1. y=ax2"
y=a>—4dz+1 B
_ 2 2 2 !
y=x"—4x+2° +1-2
— N —
y= (x—2)> -3

To obtain the graph of y = 22 — 4z + 1 from the <
graph of y = 2, we shift it 2 units to the right
and 3 units down.

) Self Tutor

Write y = 22 +4x + 3 in the form y = (z — h)? +k by ‘completing the square’. Hence
sketch y =2 + 4z + 3, stating the coordinates of the vertex.

y=z>+4x+3 N

y=a24+4x+224+3 22 :

y=(z+2)"-1 :

\ y=22+4r+3
shift 2 shift 1
units left unit down - %{/—‘2‘ o

The vertex is (—2, —1)
and the y-intercept is 3. vertex (=2, -1)

) Self Tutor

a Convert y=3z2—4z+1 totheform y=a(x—h)?2+k without technology.

b Hence, write down the coordinates of its vertex and sketch the quadratic.

a y=3z2—4z+1 b The vertex is (%, —3)
= 3[2% - %x + %] and the y-intercept is 1.
=32 —2(2)z + (2)> — (2)% + 1] =3 y=sa? e
=3[(@—3)* -5 +3
=3[(z—3)* -5
=3(z-3)°-3 DN
o5 ] %1 15
v V(3 -3
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EXERCISE 1D.2

1 Write the following quadratics in the form y = (z — h)? +k by ‘completing the square’. Hence
sketch each function, stating the coordinates of the vertex.

a y=2>-2x+3 b y=a244z -2 ¢ y=2%—4x
d y=2>+32 e y=zx>+5x—2 f y=a?>-3z+2
g y=22—-62+5 h y=22+8x—-2 i y=22-5zx+1

2 For each of the following quadratics:

i Write the quadratic in the form y = a(z — h)? + k without using technology.
ii State the coordinates of the vertex.
iii Find the y-intercept.
iv Sketch the graph of the quadratic.
v Use technology to check your answers.

a y=2r>+4z+5 b y=222-82+3 @
¢ y=22>-6x+1 d y=322—-6z+5 N

e y=—x2+4x+2 f y=-222-52+3

a is always
the factor to

be ‘taken out’.

lick on the icon to run I me for ratic functions.
Click on the icon to run a card game for quadratic functions CARD GAME

=

THE DISCRIMINANT AND THE QUADRATIC GRAPH

The discriminant of the quadratic equation az? +br+c=0 is A =b? — 4ac.

We used A to determine the number of real roots of the equation. If they exist, these roots correspond

to zeros of the quadratic y = ax? + bx +c. A therefore tells us about the relationship between a
quadratic function and the z-axis.

The graphs of y =22 —-2x+3, y=22—-2z+1, and y =222z —3 all have the same axis
of symmetry, = = 1.

y=22—2zx+3 y=22—-2x+1 y=22—-2x—3

Ya Y Y4

-t >
. —1\ y:a
3N - - 3N

- > T 1
1 l ,

A =b% —4dac A =b% —4ac A =b% —4ac
= (-2)* = 4(1)(3) = (-2)* —4(1)(1) = (=2)* = 4(1)(-3)
A<O A=0 A>0

does not cut the x-axis touches the x-axis cuts the x-axis twice
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For a quadratic function y = ax? + bx + ¢, we consider the discriminant A = b? — 4ac.
e If A <0, the graph does not cut the z-axis.
e If A =0, the graph fouches the z-axis.
e If A >0, the graph cuts the z-axis twice.

POSITIVE DEFINITE AND NEGATIVE DEFINITE QUADRATICS

Positive definite quadratics are quadratics
which are positive for all values of z. \_/

<> means
“if and only if”.

So, az®+br+c>0 forall x€R. = -
Test: A quadratic is positive definite < o >0 and A < 0.
Negative definite quadratics are quadratics .

which are negative for all values of x.
So, ax®+br+c<0 forall z€R. /—\

Test: A quadratic is negative definite < o <0 and A < 0.

=) Self Tutor

Use the discriminant to determine the relationship between the graph and the x-axis for:

a y=22+3zx+4 b y=-—2c2+5x+1
a a=1, b=3, c=4 b a=-2, b=5 c=1
A =b% — dac o A=b%—dac
=9—4(1)(4) =25 —4(-2)(1)
=7 =33
Since A < 0, the graph does not cut Since A > 0, the graph cuts the z-axis
the x-axis. twice.
Since a > 0, the graph is concave up. Since a < 0, the graph is concave

down.
\/ AA‘ a8
-+

The graph is positive definite, and lies
entirely above the z-axis.

EXERCISE 1D.3

1 Use the discriminant to determine the relationship between the graph and z-axis for:

a y=a2>+x-2 b y=22+7r-2 ¢ y=x22+8x+16

d y=22+4V22+38 e y=-224+2+6 f y=922+6x+1
2  Show that:

a 22-32+6>0 forallx b 4z —2?2-6<0 forallx

¢ 222 —4x +7 is positive definite d —22%2 +3z —4 is negative definite.
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3 Explain why 3x2 + kx — 1 is never positive definite for any value of k.

4 Under what conditions is 2x2 + kx + 2 positive definite?

3 [ FINDING A QUADRATIC FROM ITS GRAPH

If we are given sufficient information on or about a graph we can determine the quadratic function in
whatever form is required.

Example 19

Find the equation of the quadratic function with graph:

a b
Yy Yy

3 8
—1 3

/) \

a Since the z-intercepts are —1 and 3,

b The graph touches the z-axis at « = 2,

y=a(z+1)(xz —3).

The graph is concave down, so a < 0.

When z=0, y=3
3=a(1)(-3)
@ = =l

The quadratic function is

y=—(z+1)(z-3).

so y=a(z—2)2

The graph is concave up, so a > 0.
When z=0, y=28

8 =a(—2)?
a=2
The quadratic function is
y=2(z—2)2%

Example 20

Find the equation of the quadratic function with graph:

the other z-intercept is 4.

the quadratic has the form

y=a(x+2)(x—4) where a <0
But when =0, y=16

16 = a(2)(—4)
a=—2

The quadraticis y = —2(z + 2)(z — 4).

The axis of symmetry = =1 lies midway between the z-intercepts.

16 | —

o) Self Tutor
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=) Self Tutor

Find the equation of the quadratic whose graph cuts the z-axis at 4 and —3, and which passes
through the point (2, —20). Give your answer in the form y = az? + bz + c.

Since the z-intercepts are 4 and —3, the quadratic has the form y = a(x —4)(z + 3), a # 0.
When 2z =2, y=-20

—20=a(2—-4)(2+3) The quadratic is y = 2(x — 4)(x + 3)
—20 = a(—2)(5) =2(z® —z —12)
a=2 =2r> — 22— 24

EXERCISE 1E

1 Find the equation of the quadratic with graph:
a Ay b y C Yy

VYA

>~
1 2 2
>

Ay VY

/ATERY x ‘// \

Y

2 Find the quadratic with graph:
LY C

k/ /N /N

=1

3 Find, in the form y = ax® + bx + ¢, the equation of the quadratic whose graph:
cuts the z-axis at 5 and 1, and passes through (2, —9)

(-3

cuts the z-axis at 2 and —31, and passes through (3, —14)
touches the z-axis at 3 and passes through (—2, —25)
touches the z-axis at —2 and passes through (—1, 4)

cuts the z-axis at 3, passes through (5, 12) and has axis of symmetry x = 2

- 0 QO A

cuts the z-axis at 5, passes through (2, 5) and has axis of symmetry z = 1.
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a Ay

.

16

N

Y V(3, —2)

Find the equation of each quadratic function given its graph:

b

N\
O

o) Self Tutor

V(—4, 2) 1

a Since the vertex is (3, —2), the
quadratic has the form
y=a(zx—3)> -2 where a > 0.
When =0, y=16

16 = a(—3)* — 2
16 = 9a — 2
18 = 9a

a=2

The quadratic is y = 2(x — 3)% — 2.

b

Since the vertex is (—4, 2), the
quadratic has the form
y=a(z+4)>+2 where a<O0.

When z=-2, y=0
0=a(2)?+2

. da=-2
a=-}

The quadratic is
y=—3(z+4)>+2

4 If V is the vertex, find the equation of the quadratic function with graph:

\

a b
e
d Y e

)
[..
7
» —6)

4
V V4, -6

Y

7

l V(2, —1)
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"7 WHERE FUNCTIONS MEET

Consider the graphs of a quadratic function and a linear function on the same set of axes.

Notice that we could have:

AL N LN

cutting touching missing
(2 points of intersection) (1 point of intersection) (no points of intersection)

If the graphs meet, the coordinates of the points of intersection of the graphs can be found by solving
the two equations simultaneously.

») Self Tutor

Find the coordinates of the points of intersection of the graphs with equations y = 2% —z — 18
and y =z —3 without technology.

y=x>—x—18 meets y=2—3 where 2°—-z—-18=x2—3
22 -2z —15=0 {RHS = 0}
(z—5)(x+3)=0 {factorising}
T=25o0r—3
Substituting into y =x —3, when =5, y=2 and when =z = -3, y = —6.

the graphs meet at (5, 2) and (—3, —6).

) Self Tutor

Consider the curves y =% +5r+6 and y =22+ 2z —4.
a Solve for z: 2+ 5z + 6 = 222 + 22 — 4.
b For what values of z is 22 + 5z + 6 > 222 + 2z — 4?

a 22+ 50 +6=202+22—4
2 —3z—-10=0
(x+2)(z—5)=0
rT=-—-20rH

y=222+2x—4
From the graphs we see that

22 +524+6>222+2x—4
when —2<x <5.

y=2>+5x+6
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y=2r+k isatangentto y=2x?>—3x+4. Find k.

A tangent
touches a curve.

y=2c+k meets y=2z>—3x+4 where
222 — 3z +4=2z+k
22> —5z+ (4—k)=0

Since the graphs touch, this quadratic has A =0
(=5)* —4(2)(4 - k) =0 y &

25—-8(4—k)=0

25—-32+4+8k=0

8k=1T

_ T
k=g

EXERCISE 1F

1 Without using technology, find the coordinates of the point(s) of intersection of:

a y=22—-2x+8 and y=x+6 b y=—22+32x+9 and y =22z -3
¢ y=2>—-4x+3 and y=2r-6 d y=—22+42—7 and y=>5x—4
2 a i Findwhere y=22 meets y=x+2.

i Solve for z: 2 >z +2.
b i Findwhere y=2%+22x—-3 meets y=ux— 1.

ii Solve forz: 22+22—-3>x—1.
¢ i Findwhere y=222—2+3 meets y=2+z+z2

ii Solve for z: 222 —2z+3>2+x+ 22
d i Find where y:é meets y =z + 3.

xr
4

ii Solve forx: = >z + 3.
X

3 For which value of ¢ is the line y = 3x + ¢ a tangent to the parabola with equation
y=x%—b5x+7?
4 Find the values of m for which the lines y = max — 2 are tangents to the curve with equation
y=a?—4x +2.
5 Find the gradients of the lines with y-intercept (0, 1) that are tangents to the curve y = 3z2+5x+4.
6 a For what values of ¢ do the lines y = x + ¢ never meet the parabola with equation
y=2x%—3x—T?

b Choose one of the values of ¢ found in part a above. Using technology, sketch the graphs to
illustrate that these curves never meet.
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1] THE PARABOLA 32 = 4ax
yh A parabola is defined as the locus of all points which are
equidistant from a fixed point called the focus and a fixed
P(z,y) line called the directrix.
N fgetherpe,
S Suppose the focus is F(a, 0) and the directrix is the
. x  vertical line z = —a.
F(a,0)
a3 = —a
A\

What to do:

1 Suggest why it is convenient to let the focus be at (a, 0) and the
directrix be the line =z = —a.

2 Use the circular-linear graph paper provided to graph the parabola
which has focus F(2, 0) and directrix = = —2.

PRINTABLE
GRAPH PAPER

-

3 Use the definition given above to show that the equation of the parabola is y? = 4ax.

4 Let y=mx+c beatangentto y> =4axr atthe

yi

point P.
a Use quadratic theory to show that:
i a=mc
i Pisat (5. 2) >
m2’ m ’ /
y=mx +c
b Suppose the curve y? = 4ax is a parabolic

mirror. A ray of light parallel to the x-axis strikes
the mirror at P, and is reflected to cut the z-axis
at R(k, 0).

By the principle of reflection, a; = aa. -

i Deduce that triangle PQR is isosceles.
ii Hence, deduce that k = a.
iii Clearly state the special result that follows
from 4 bii.

5 List real life examples of where the result in 4 biii has been utilised.

RN
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"l|[ PROBLEM SOLVING WITH QUADRATICS

Some real world problems can be solved using a quadratic equation. We are generally only interested in
any real solutions which result.

Any answer we obtain must be checked to see if it is reasonable. For example:
e if we are finding a length then it must be positive and we reject any negative solutions
e if we are finding ‘how many people are present’ then clearly the answer must be an integer.

We employ the following general problem solving method:
Step 1: If the information is given in words, translate it into algebra using a variable such as z for

the unknown. Write down the resulting equation. Be sure to define what the variable x
represents, and include units if appropriate.

Step 2:  Solve the equation by a suitable method.
Step 3: Examine the solutions carefully to see if they are acceptable.

Step 4:  Give your answer in a sentence.

=) Self Tutor

A rectangle has length 3 ¢cm longer than its width. Its area is 42 cm?. Find its width.

If the width is = cm then the length is (z + 3) cm.

z(z +3) =42 {equating areas} % G
T’ +35—42=0
r~ —8.15 or 5.15 {using technology} (z +3) em

We reject the negative solution as lengths are positive.

The width is about 5.15 cm.

|_Example 27

Is it possible to bend a 12 cm length of wire to form the perpendicular sides of a right angled
triangle with area 20 cm??

Suppose the wire is bent z cm from one end.

The area A = 2(12 — )

1 _ 2
72(12 —z) =20 zem  (12—2z) cm ~~-.,./$20 o
12 —z) =40 b
x( : x) 19 om ecomes  zcm
122 — 2 —40=0 (12— z) cm

22 — 122 +40 =0

Now A = (—12)% —4(1)(40)
= —16 whichis <0

There are no real solutions, indicating this situation is impossible.
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EXERCISE 1G

2
3
A
5

10

1
12

Two integers differ by 12 and the sum of their squares is 74. Find the integers.
The sum of a number and its reciprocal is 5%. Find the number.

The sum of a natural number and its square is 210. Find the number.

The product of two consecutive odd numbers is 255. Find the numbers.

The length of a rectangle is 4 cm longer than its width. The rectangle has area 26 cm?. Find its
width.

A rectangular box has a square base with sides of length « cm. Its height
is 1 cm longer than its base side length. The total surface area of the

box is 240 cm?.

a Show that the total surface area is given by A = 622 + 4z cm?.

=

b Find the dimensions of the box. T om

An open box can hold 80 cm3. It is made from a square
piece of tinplate with 3 cm squares cut from each of its
4 corners. Find the dimensions of the original piece of
tinplate.

iScm

Is it possible to bend a 20 cm length of wire into the shape of a rectangle which has an area of
30 cm??

The rectangle ABCD is divided into a square and a smaller A v B
rectangle by [XY] which is parallel to its shorter sides. ‘
The smaller rectangle BCXY is similar to the original
rectangle, so rectangle ABCD is a golden rectangle.

The ratio i—]]i is called the golden ratio.

Show that the golden ratio is ! +2\/§.

Hint: Let AB = z units and AD = 1 unit.

Two trains travel a 160 km track each day. The express travels 10 kmh~! faster and takes 30
minutes less time than the normal train. Find the speed of the express.

Answer the Opening Problem on page 18.

A truck carrying a wide load needs to pass through the parabolic i
tunnel shown. The units are metres. R s
The truck is 5 m high and 4 m wide.

a Find the quadratic function which describes the shape of the
tunnel.

b Determine whether the truck will fit.

s
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"Il QUADRATIC OPTIMISATION

The process of finding the maximum or minimum value of a function is called optimisation.

For the quadratic function y = az® +bx +c, we have already seen that the vertex has

. b
x-coordinate ——.
2a

e If @ >0, the minimum value of y e If a <0, the maximum value of y
b b
occurs at * = —— occurs at r = ——.
2a 2a

=) Self Tutor

Find the maximum or minimum value of the following quadratic functions, and the corresponding
value of z:
a y=z?4+z-3 b y=3+3z— 222
a y=z>+2x—3 has b y=-222+3z+3 has
a=1, b=1, and ¢= —-3. a=-2, b=3, and c=3.
Since a > 0, the shape is \/ Since a < 0, the shape is /\
The minimum value occurs The maximum value occurs
—b ! b -3 4
whenm=—=—§ Wl’]Gn:I;:—:—:Z
2a 2a —4
and y=(—2)>+(-3)-3 and y=—-2(3)>+3(3)+3
_ 41
= _3% =43
. . 1
So, the minimum value of y is —31, So, the maximum vah;e of y is 45,
occurring when = _%. occurring when z = 5.

EXERCISE 1H

1 Find the maximum or minimum values of the following quadratic functions, and the corresponding
values of z:

a y=a2-2x b y=422—-x+5 ¢ y="Tr— 222
2 The profit in manufacturing x refrigerators per day, is given by the profit relation
P = —3x2 + 240z — 800 dollars.
a How many refrigerators should be made each day to maximise the total profit?
b What is the maximum profit?
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=) Self Tutor

A gardener has 40 m of fencing to enclose a rectangular
garden plot, where one side is an existing brick wall.
Suppose the two new equal sides are x m long.

a Show that the area enclosed is given by brick wall
A = x(40 — 27) m?.

b Find the dimensions of the garden of maximum area.

X am a Side [XY] has length (40 — 2z) m.
' Now, area = length x width
A = 2(40 — 2x) m?
b A=0 when z =0 or 20.
The vertex of the function lies midway
between these values, so z = 10.
5 Since a < 0, the shape is /\
Y rm Z

the area is maximised when YZ = 10 m and XY = 20 m.

3 A rectangular plot is enclosed by 200 m of fencing and has an
area of A square metres. Show that:

a A=100z — 22 where x is the length in metres of one of 1 lam
its sides

b the area is maximised if the rectangle is a square.

4 Three sides of a rectangular paddock are to be fenced, the fourth side being an existing straight
water drain. If 1000 m of fencing is available, what dimensions should be used for the paddock so
that it encloses the maximum possible area?

5 1800 m of fencing is available to fence six identical
pens as shown in the diagram.

a Explain why 92 + 8y = 1800.

Y M—>

b Show that the area of each pen is given by L
_ 9.2 2

A= —gx® + 225x m*. rm
¢ If the area enclosed is to be maximised, what are T

the dimensions of each pen?

— 2
6 by YET TBT e graphs of y = 22 — 3z and y = 2z — 2% are
illustrated.

a Without using technology, show that the graphs meet

N N /3 7 where =0 and z =21,
b Find the maximum vertical separation between the
curves for 0 <z < 21.
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7 Infinitely many rectangles may be inscribed within the
right angled triangle shown alongside. One of them is A B
illustrated. 6 cm
a Let AB=2xzcm and BC=ycm.
Use similar triangles to find y in terms of x.
b Find the dimensions of rectangle ABCD of D C
] «—8cm——mm>
maximum area.
8 Yy The points Pl(al, bl), P(az, bg), Pg(a3, bg), eeey
M” P.(an, b,) are experimental data. The points are
p, Ma J approximately linear through the origin O(0, 0).
Pr M o/ To find the equation of the ‘line of best fit’ through the
M Py origin, we decide to minimise
;P (P1M1)2 + (PaMy)? + (P3sM3)% + ... + (P,M,,)? where
M; 2 [P;M;] is the vertical line segment connecting each point
- P; with the corresponding point M; on the line with the
v same x-coordinate a;.

Find the gradient of the ‘line of best fit’ in terms of a; and b;, ¢ =1, 2, 3, 4, ...., n.

9 Writte y=(z—a—-b)(x—a+b)(zr+a—>b)(x+a+b) inexpanded form and hence determine
the least value of y. Assume that a and b are real constants.

10 By considering the function y = (a1 — b1)? + (asx — b2)?, use quadratic theory to prove the

Cauchy-Schwarz inequality:

|a1b1 + a2b2| < \/&12 + a22\/612 + b22.

11 by, c1, bo, and ¢y are real numbers such that b1by = 2(c; + ¢2). Show that at least one of the

equations 224 bz +c; =0,

22 + bax 4+ co = 0 has two real roots.

REVIEW SET 1A ON-CALCULATOR

1 Consider the quadratic function y= —2(z +2)(x — 1).

a State the z-intercepts.
¢ Find the y-intercept.
e Sketch the function.

b State the equation of the axis of symmetry.

d Find the coordinates of the vertex.

2 Solve the following equations, giving exact answers:

a 3z22—-12z=0

3 Solve using the quadratic formula:

a z24+52+3=0

4 Solve by ‘completing the square’:

b 322—2z-10=0 ¢ 22— 11z =60

b 3224+11z—-2=0

22+ 7 —4=0

5 Use the vertex, axis of symmetry, and y-intercept to graph:

a y=(r—-2)?%-4

6 Find, in the form vy = az?® + bz +c,

b y=—2(z+4)2+6

the equation of the quadratic whose graph:

a touches the z-axis at 4 and passes through (2, 12)
b has vertex (—4, 1) and passes through (1, 11).
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7

10
11
12

13
14

15

Find the maximum or minimum value of the relation y = —2x? + 4z + 3 and the value of
x at which this occurs.

The roots of 222 — 3z = 4 are « and 3. Find the simplest quadratic equation which has
1 1
ts — =
roots — and 3
Solve the following equations:
a 22+10="Tz b :v+2=7 € 222 -7z +3=0
x

Find the points of intersection of y = x? — 3z and y = 322 — 5z — 24.
For what values of k does the graph of y = —22% + 52+ k not cut the z-axis?

Find the values of m for which 222 — 3z +m =0 has:

a a repeated root b two distinct real roots ¢ no real roots.
The sum of a number and its reciprocal is 23—10. Find the number.

Show that no line with a y-intercept of (0, 10) will ever be tangential to the curve with equation
y=32%+7x—2.

One of the roots of kz? + (1 — 3k)x + (k — 6) = 0 is the negative reciprocal of the other
root. Find k& and the two roots.

REVIEW SET 1B CALCULATOR

Consider the quadratic function y = 222 + 6z — 3.
a Convert it to the form y = a(z — h)? + k.
b State the coordinates of the vertex.
¢ Find the y-intercept.
d Sketch the graph of the function.

Solve:
a (z—2)(z+1)=3z—4 b 2xr—-=5

Draw the graph of y = —2?% + 2z.

Consider the quadratic function y = —32?+ 8z + 7. Find the equation of the axis of
symmetry, and the coordinates of the vertex.

Using the discriminant only, determine the nature of the solutions of:
a 222 -5z-7=0 b 32— 24z +48 =0
a For what values of ¢ do the lines with equations y = 3z + ¢ intersect the parabola
y=2%+2x—5 intwo distinct points?

b Choose one such value of ¢ from part @ and find the points of intersection in this case.

Suppose [AB] has the same length as [CD], [BC] is D
2 cm shorter than [AB], and [BE] is 7 cm in length.
Find the length of [AB]. Le

A C
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8 60 m of chicken wire is available to construct a rectangular

chicken enclosure against an existing wall. < L
a If BC =z m, show that the area of rectangle ABCD is =
given by A= (30z — 12%) m? sm A
b Find the dimensions of the enclosure which will maximise %
the area enclosed. 5
B A
9 Consider the quadratic function y = 222 + 4z — 1.
a State the axis of symmetry. b Find the coordinates of the vertex.
¢ Find the axes intercepts. d Hence sketch the function.

10 An open square-based container is made by cutting 4 cm square pieces out of a piece of tinplate.
If the volume of the container is 120 cm?, find the size of the original piece of tinplate.

11 Consider y=—22 -5z +3 and y=ax2+3z+11
a Solve for z: —2% -5z +3 =2%+ 3z + 11.
b Hence, or otherwise, determine the values of z for which 22 + 3z + 11 > —z2 — 52 + 3.
12 Find the maximum or minimum value of the following quadratics, and the corresponding value
of x:
a y=322+4x+7 b y=-222 -5z +2

13 600 m of fencing is used to construct 6 rectangular
animal pens as shown.

a Show that the area A of each pen is zmy
A=z (W) ol

b Find the dimensions of each pen so that it has the
maximum possible area.

¢ What is the area of each pen in this case?

14 Two different quadratic functions of the form y = 922 — kx +4 each touch the z-axis.
a Find the two values of k.
b Find the point of intersection of the two quadratic functions.

REVIEW SET 1C

1 Consider the quadratic function y = 1(z —2)? — 4.

a State the equation of the axis of symmetry.
b Find the coordinates of the vertex. ¢ Find the y-intercept.
d Sketch the function.

2 Solve the following equations:
a z2-5x-3=0 b 222 -7r-3=0
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3 Solve the following using the quadratic formula:
a 22-T7x+3=0 b 222 -52+4=0
4 Find the equation of the quadratic function with graph:

NSRS 2 |
ol SR §

(2,—20)

5 Use the discriminant only to find the relationship between the graph and the z-axis for:

a y=22243zx-7 b y=-322-7x+4
6 Determine whether the following quadratic functions are positive definite, negative definite, or
neither:
a y=-—222+3x+2 b y=322+z+11
7 Find the equation of the
quadratic function shown: (2,25)
P

. v

Y

8 Find the y-intercept of the line with gradient —3 that is tangential to the parabola
y =222 — 5z + 1.

For what values of k would the graph of y =22 — 2z +k cut the z-axis twice?

10 Find the quadratic function which cuts the x-axis at 3 and —2 and which has y-intercept 24.
Give your answer in the form y = az? + bx + c.

11 For what values of m are the lines y = mx—10 tangents to the parabola y = 322 +7x+2?
12 az? + (3—a)zr —4=0 has roots which are real and positive. What values can a have?

13 a Determine the equation of:

i the quadratic function Y
ii the straight line. \ y
b For what values of z is the straight line above - -3 E
the curve?
—27
Y

14 Show that the lines with equations y = —5z + k£ are tangents to the parabola
y=22—-3z+c ifandonlyif c—k=1

15 422 — 32 —3 =0 has roots p, q. Find al/l quadratic equations with roots p? and ¢*.
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US| RELATIONS AND FUNCTIONS

The charges for parking a car in a short-term car park at an airport are shown in the table below. The
total charge is dependent on the length of time ¢ the car is parked.

Car park charges

- R T P
TR R sl /e
ﬁ::%ﬁzr ko

Time t (hours) | Charge
0 - 1 hours $5.00
1 - 2 hours $9.00
2 - 3 hours $11.00
3 - 6 hours $13.00
6 - 9 hours $18.00
9 - 12 hours | $22.00

12 - 24 hours | $28.00

Looking at this table we might ask: How much would be charged for exactly one hour? Would it be
$5 or $9?

To avoid confusion, we could adjust the table or draw a graph. We indicate that 2 - 3 hours really
means a time over 2 hours up to and including 3 hours, by writing 2 < ¢ < 3 hours.

Car park charges 30 1

Time t (hours) Charge charge () 7 1

0 < t <1 hours $5.00 20 T

1 <t <2 hours $9.00 1 o exclusion

2 <t<3hours | $11.00 o——o e inclusion

3<t<6hours | $13.00 10 oo

6 <t <9 hours $18.00 o :

9 < ¢ < 12 hours | $22.00 - time {hours)
12 < t < 24 hours | $28.00 ;3 6 9 12 15 182l A

In mathematical terms, we have a relationship between two variables time and charge, so the schedule
of charges is an example of a relation.

A relation may consist of a finite number of ordered pairs, such as  {(1, 5), (-2, 3), (4, 3), (1, 6)},
or an infinite number of ordered pairs.

The parking charges example is clearly the latter as every real value of time in the interval 0 < ¢ < 24
hours is represented.

The set of possible values of the variable on the horizontal axis is called the domain of the relation.

For example: e the domain for the car park relation is {t |0 <t < 24}
e the domain of {(1, 5), (-2, 3), (4, 3), (1,6)} is {-2, 1, 4}.

The set of possible values on the vertical axis is called the range of the relation.

For example: e the range of the car park relation is {5, 9, 11, 13, 18, 22, 28}
e the range of {(1,5), (-2, 3), (4,3), (1,6)} is {3,5, 6}.

We will now look at relations and functions more formally.
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RELATIONS

A relation is any set of points which connect two variables.

A relation is often expressed in the form of an equation connecting the variables x and y. In this case
the relation is a set of points (z, y) in the Cartesian plane.

This plane is separated into four quadrants according to the yh

signs of x and y.
2nd quadrant | 1st quadrant

a
- D L
T

3rd quadrant | 4th quadrant

A\

For example, y=x+3 and z =y? are the equations of two relations. Each equation generates a
set of ordered pairs, which we can graph:

However, a relation may not be able to be defined by an equation. Below are two such examples:

(1) Yy (2) i
o o
°
o
o o
- © > - © ° >
[y o . o T
° o
¥ ¥
The set of all points in the first quadrant is the These 13 points form a relation. This is a finite
relation & > 0, y > 0. This is an infinite set set of ordered pairs.

of ordered pairs.

FUNCTIONS

A function, sometimes called a mapping, is a relation in which no two
different ordered pairs have the same z-coordinate or first component.

We can see from the above definition that a function is a special type of relation.

Every function is a relation, but not every relation is a function.
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TESTING FOR FUNCTIONS
Algebraic Test:

If a relation is given as an equation, and the substitution of any value for x
results in one and only one value of y, then the relation is a function.
For example:
y=3x —1 is a function, as for any value of x there is only one corresponding value of y.
x =192 is not a function since if « = 4 then y = #2. There is more than one value of y for
the given value of z.

Geometric Test or Vertical Line Test:

If we draw all possible vertical lines on the graph of a relation, the relation:
e is a function if each line cuts the graph no more than once
e is not a function if at least one line cuts the graph more than once.

| Example 1 ) Self Tutor

Which of the following relations are functions?

| ‘y/ b y / | J

=\

T

RSN | ,

a function a function not a function

8
sV

<Y
A
x

GRAPHICAL NOTE

e If a graph contains a small open circle such as —o—— this point is not included.
e If a graph contains a small filled-in circle such as —e, this point is included.

e If a graph contains an arrow head at an end such as —, then the graph continues indefinitely
in that general direction, or the shape may repeat as it has done previously.

EXERCISE 2A

1 Which of the following sets of ordered pairs are functions? Give reasons for your answers.
a {(L.3), (2.4), (35). (4,6)) b {(L3). (3 2), (17), (-1 4)}
¢ {(2-1),(2,0), (2 3), (2, 11)} d {(7,6), (5 6), (3, 6), (-4, 6)}
e {(0,0), (1,0),(3,0), (5 0)} f{(0,0), (0, =2), (0, 2), (0, 4)}
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2 Use the vertical line test to determine which of the following relations are functions:

N AL
DNEAR |

Sl S

D R PSSR
| . : [\

3 Will the graph of a straight line always be a function? Give evidence to support your answer.

4 Give algebraic evidence to show that the relation 22 +y? =9 is not a function.

U210 FUNCTION NOTATION

Function machines are sometimes used to illustrate how functions behave.

If 4 is the input fed into the machine,

I double the the output is  2(4) +3 = 11.
input and

then add 3 , {

output

2z +3
The above ‘machine’ has been programmed to perform a particular function.
If f is used to represent that particular function we can write:

f 1s the function that will convert = into 2z + 3.

So, f would convert 2 into 2(2)4+3=7 and
—4 into  2(—4) +3 = -5.

This function can be written as:

firx—2x+3 [f(z) isreadas“fofw”.j
_— 1 ~—
function f such that x is mapped to 2x + 3 \

Two other equivalent forms we use are  f(z) =2x+3 and y=2z+ 3.

f(z) is the value of y for a given value of z, so y = f(z).
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f is the function which converts = into f(x), so we write y
fraxe fa). @7
y = f(z) is sometimes called the function value or image of z. f(@)=22+3
For f(z)=2z+3: y
e f(2) =2(2)+3 =7 indicates that the point (2, 7) lies on |« v
the graph of the function. i
o f(—4)=2(—4)+3 = —5 indicates that the point (—4, —5)
also lies on the graph. (—4,-5)
o f(z) is a linear function since it has the form f(x) = az+b L
where a, b are real constants and a # 0.
| Example 2 ) Self Tutor
If f:x~ 22?3z, find the valueof: a f(5) b f(-4)

f(z) =22% -3z
a f(5) =2(5)" - 3(5)
=2x25—-15
=35
b f(—4)=2(-4)"-3(-4)
= 2(16) + 12
=44

{replacing x with (5)}

{replacing x with (—4)}

If f(z)=5—z—22 find in simplest form: a

f(=x)

o) Self Tutor

b f(z+2)

a f(-z)=5-(-2) = (-z)
=5+ —x°
b flz+2)=5—(z+2)— (z+2)?
=5—x—2— [z? +4z + 4]
=3-z—2°—4x—4

= —x2—5z—1

{replacing x with (—z)}

{replacing = with (z + 2)}

EXERCISE 2B

1 If f:x—3x+42, find the value of:

a f(0) b f(2) ¢ f(-1) d f(-5)
2 If f:2+3z—22+2, find the value of:

a f(0) b f(3) ¢ f(=3) d f(=7)
3If g:xr—mcf%, find the value of:

a g(1) b g(4) ¢ g(=1) d g(—4)
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10

1

12

If f(z)=7—3z, find in simplest form:

a f(a) b f(—a) ¢ fla+3) d fb-1) e f(z+2) f f(x+h)
If F(x)=22?+3z—1, find in simplest form:

a Flx+4) b F(2-2x) ¢ F(—x) d F(2?) e F(z2—-1) f F(z+h)
Suppose  G(z) = 2wt 3

x—4

a Evaluate: i G(2) ii G(0) i G(—3)

b Find a value of = such that G(z) does not exist.

¢ Find G(z+2) in simplest form.

d Find z if G(x)= -3.

f represents a function. What is the difference in meaning between f and f(z)?

The value of a photocopier ¢ years after purchase is given by —
V(t) = 9650 — 860t euros. —

a Find V(4) and state what V(4) means. - ﬁ ig/
b Find ¢t when V(t) = 5780 and explain what this represents. 1
¢ Find the original purchase price of the photocopier. _:-I—_.

On the same set of axes draw the graphs of three different functions f(z) such that f(2) =1 and
f(5) =3,
Find a linear function f(z) =ax+0b for which f(2)=1 and f(-3)=11.

Given f(z)=ax+ 2, f(1)=1, and f(2)=25, find constants a and b.
T

Given T(z)=ax®+bz+c, T(0)=—4, T(1)= -2, and T(2) =6, find a, b, and c.

M0 DOMAIN AND RANGE

The domain of a relation is the set of values of x in the relation.

The range of a relation is the set of values of y in the relation.

NOTATION

The domain and range of a relation are often described using set notation or interval notation or a
number line graph.

For numbers between a and b inclusive we write

e
a b a<z<b or xz€ [ab].
For numbers outside a and b we write
—
a b x<a or x>b or x€]-00,alU]b, cof.

The symbol U
means ‘or’.
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Set notation

Interval notation

Number line graph Meaning

the set of all =z such

{z |z >3} z € [3, 0] < +3 > . | that x is greater than or
equal to 3
(e|z<2) 2 €], 2] P S— . th@setofallxsuchthat
2 x is less than 2
the set of all « such that
{z]|-2<z<1} z€]-2,1] ~ T | @ is between —2 and 1,
including 1
the set of all « such that
{z]z<0 U x>4}|z€]-00,0] U4, 00| = 0* 4¢ > | x is less than or equal to

0, or greater than 4

DOMAIN AND RANGE OF FUNCTIONS

To find the domain and range of a function, we can observe its graph.

For example:

(1) Y /
(71’ 3)%
(2) by
(2,1)
(3) by
y=1
-~

™

For example, we can specify f(z) =z

\

r=2

2

All values of x > —1 are included,

so the domainis {z |z > —1} or z € [-1, co|.
All values of y > —3 are included,

so the range is {y |y > —3} or y € [-3, oo].

r € R means z can be
any real number.

x can take any value, [
so the domain is

{z|ze€R} or x €R.
y cannot be > 1,

so the range is
{yly<1} or y€]-oo, 1]. 5

x can take all values except 2,

so the domain is {x | x # 2} or = # 2.
y can take all values except 1,

so the range is {y |y #1} or y # 1.

To fully describe a function, we need both a rule and a domain.

where z > 0.

If a domain is not specified, we use the natural domain, which is the largest part of R for which f(z)

is defined.
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Natural domain

For example, consider the domains in the table opposite: f(z)
. . : . z? z R
Click on the icon to obtain software for finding the >0
domain and range of different functions. Ve vz
1
DOMAIN z z 70
AND RANGE 1
(ﬁ) — x>0
N
Example 4 o) Self Tutor
For each of the following graphs state the domain and range:
d Y b LY
(4,3) \ /
- v \ > T - )\/ > T
(Sv _2)
! L (2,-1)
a Domainis {z |z <8} b Domainis {z |z € R}
Rangeis {y|y=> —2} Rangeis {y|y=>—1}
EXERCISE 2C
1 For each of the following graphs, find the domain and range:
a y b Ly c Ly
(-1.3) N Pt \
\ > o/ _ \-E .
- \j x - > T -] y=—1
\ =2
3 7 Y
d Ly e Y f 07
1 gl
02 /1\>
‘A_/\ - - > T - > T
(1,-1) / \
Y 7 3
S Y h LY i Y
(_ 1’ 2) j &
- -z 1 1
=-2 =-2! iz =2
(74: 73) \ ' 4 * Y ’
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) Self Tutor

State the domain and range of each of the following functions:
1 1
a fl@)=vz-5 b f(z)= ¢ flz)=
T —5 T —5
a vVx—5 isdefinedwhen z—52>0 b is defined when z —5#0
o
z>5 S X
the domain is {z | z > 5}. the domain is {z | = # 5}.
A square root cannot be negative. No matter how large or small z is,
the range is {y | y > 0}. y = f(x) is never zero.
Ay the range is  {y | y # 0}.
Ay 1
y=vz-— Y= 2z-5
-l Va| » T
5
Y
Y
1 .
——— is defined when z—5 >0 Ay o1
VT — ) TN 5 Y= /Zl' _5
the domain is {z | z > 5}.
y = f(z) is always positive and never zero. S 5 ~
the range is {y | y > 0}.
Y
2 State the domain of each function:
1 -7
3 Find the domain and range of each of the following functions:
a f:x—2r-1 b f(z)=3 ¢ frxe .z
1 1
4 Use technology to help sketch graphs of the following functions. Agg'::::&

Find the domain and range of each.

a f(z)=+vz—2
d y=22-72+10

g f:x 5r— 322

j y=23-322-92+10

1

m y=az>
y=a'+—

b f:x'—>—$—12 c frx—Vi—=
e flx)=Vaz2+4 f flz)=va? -4
h f:m»—mc—i—l i y:$+4
T T —2
k f:a:»—>23w—_9 Il y=a?+27?
T4 —x —2

n f:xe ot +423 162 +3
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5 Write down the domain and range for each of the following functions:
a {(1,3),(2,5), (3.7} ‘
b {(-1,3),(0,3), (2,5)}
¢ {(=3,1),(=2,1), (-1, 1), 3, 1)}
d {(z,y) |22 +y* =4, z€Z, y>0}

INVESTIGATIO FLUID FILLING FUNCTIONS

When water is added at a constant rate to a cylindrical container, the depth of water in the container
is a linear function of time. This is because the volume of water added is directly proportional to the
time taken to add it. If the water was not added at a constant rate, depth of water over time would
not be a linear function.

The linear depth-time graph for a water } depth

cylindrical container is shown alongside.

In this investigation we explore the
changes in the graph for different shaped
containers such as the conical vase.

DEMO
-« > .
1 i; time

What to do:
1 By examining the shape of each container, predict the depth-time graph when water is added at
a constant rate.

2 Use the water filling demonstration to check your answers to question 1.

Write a brief report on the connection between the shape of a vessel and the corresponding shape
of its depth-time graph. First examine cylindrical containers, then conical, then other shapes.
Gradients of curves must be included in your report.

4 Suggest containers which would have the following depth-time graphs:

@ Adepth b A depth € 4 depth d 4 depth

time_ time_ time_ time_
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Given functions f : z — f(z)
will convert z into f(g(z)).

FUNCTIONS (Chapter 2)

COMPOSITE FUNCTIONS

and g¢: z +— g(z), the composite function of f and g

fog is used to represent the composite function of f and g. It means “f following g”.
(fog)(=) = f(g(x)) fog: z— f(g()).

4

or

Consider f:xzw—2z* and g¢g: x+— 224 3.
fog means that g converts z to 2r +3 and then f converts (2z+3) to (2z+ 3)%

This is illustrated by the two function machines below.

x

Notice how f is
following g.

l [ g-function machine
I double

2z + 3

and then
add 3 l f-function machine
22+ 3 I raise a \—\
number to ]
the power 4 l

Algebraically, if f(z) =2* and g(x) =2z +3 then

(fog)(x) = flg(z))

= f(2x+3) {g operates on z first}
= (2z+3)*  {f operates on g(z) next} Q
and (go f)(z) = g(f(x)) _V?
= g(z*) {f operates on z first}
=2(z*)+3  {g operates on f(x) next}
=22 43
So, flg(2)) # 9(f(2)).

In general,

(fog)(z) # (go f)().

Example 6

Given f:x—2x+1
a (fog)(z)

) Self Tutor

and g¢: x+— 3 —4z, find in simplest form:

b (g0 f)(z)

f(z)=2z+1 and g(z)=3-—4x
a (fog)(z) = f(g(x))

b (9o f)(x) =g(f(2))

= f(3 — 4z) =gz +1)
=2(3—4z) +1 =3—-4(2x+1)
=6—-8z+1 =3—-8z—4
=7—8x =-—8r—1
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In the previous example you should have observed how we can substitute an expression into a function.

If f(z)=2x+1 then f(A)=2(A)+1
and so f(3 —4x) =2(3 —4z) + 1.

| Example 7 | «) Self Tutor

Given f(z)=6x—5 and g(z) =22+, determine:
a (gof)(-1) b (fo£)(0)
a (g0 f)(=1) = g(f(-1)) b (fof)0) = F(F(0))
Now f(—=1)=6(-1)—5 Now f(0) =6(0)—5
=11 — 5
(9o f)(=1) =g(-11) S (fof)(0) = f(-5)

= (-11)% + (-11) =6(—5) -5
=110 =-35

The domain of the composite of two functions depends on the domain of the original functions.

For example, consider f(x) = 2? with domain z € R and g(x) = \/z with domain z > 0.

(fog)(x) = fg(x))

= (Vz)* The domain of (fog)(z) is = >0, not R, since (fog)(z) is
=z defined using function ¢(x) which has domain x > 0, not R.
EXERCISE 2D
1 Given f:2x+—22x+4+3 and ¢g: x+— 1—2, find in simplest form:
a (fog)(x) b (9o f)(x) ¢ (fog)(=3)
2 Given f(z)=+6—2 and g(z)=>5z—7, find:
a (gog)(z) b (fog)(1) ¢ (g0 £)(6)

3 Given f:z+—2? and g:2—2—z, find (fog)(x) and (go f)(z).
Find also the domain and range of fog and go f.
4 Suppose f:axr—a22+1 and g:x+— 3 — =
a Find in simplest form: i (fog)(z) ii (gof)(x)
b Find the value(s) of = such that (go f)(z) = f(x).
5 Functions f and g are defined by f = {(0, 3), (1, 0), (2, 1), (3,2)} and
g=1{(0,1),(1,2),(2,3),(3,0)}. Find fog.
6 Functions f and g are defined by f = {(0, 2), (1, 5), (2, 7), (3,9)} and
9g=1{(2,2),(50),(7,1),(9,3)}. Find: a fog b gof.

7 Given f(z)= xig
x

a (fog)(z) b (g0 f)(x) ¢ (gog)(z)

In each case, find the domain of the composite function.

and g(x) = zt i, find in simplest form:
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8 Given f(z)=+1—=z and g(z)=2% (find:
a (fog)(z) b the domain and range of (f og)(x)

9 a If ar+b=cx+d forall values of z, show that a =¢ and b=d.
Hint: If it is true for all x, it is true for x =0 and x = 1.

b Given f(z)=2x+3 and g(z)=azxr+b andthat (fog)(z)==a for all values of z,

deduce that a =1 and b= —3.

2
¢ Is the result in b true if (go f)(z) =« forall ?

"3 EVEN AND ODD FUNCTIONS

EVEN FUNCTIONS
Consider the function f(z) = x2.
Now f(3)=3%>=9

and f(-3)=(-3)?=9

So, f(=3)=/(3).

In fact, f(—xz)= f(z) forall x.
We know this is true since

()()

E%

The graph of an even
= f(=). function is symmetrical

We say that f(z) =22 is an even function. e

A function f(z) is evenif f(—x)= f(z) for all z in the domain of f.

ODD FUNCTIONS

¥ flz) =23
Consider the function f(z) = 3.
Now f(2)=2=8 T L (2,8)
and  f(-2) = (-2)° = -8
So, f(-2) = ~f(2). ) ‘
-t » T
In fact, f(—z)=—f(x) forall z.
We know this is true since
3 (725 78) ........... [E—
f(=a) = (~)
_(_1)3..3
SO '
- The graph of an odd
—f(x) function has rotational

We say that f(z) = 2® is an odd function. symmetry about the origin.

A function f(z) is odd if f(—z)= —f(x) for all z in the domain of f.
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) Self Tutor

Determine whether the following functions are even, odd, or neither:
a f(a:):l b g(z)=12*+2? ¢ h(z)=2>—-2z+3
x
s fl@)== b gle)=at+a?
x
1 ~og(=2) = (-2)* + (—2)”
f(—ﬁc):_—z = 7% 4+ 22
_ 1 = 9g(z)
oz . g(x) is an even function.
= —f(z)
— 2 _
f(z) is an odd function. ¢ i) — 22x i
. h(—z)=(-=x)*—2(—x)+3
=24 2x+3
which is neither h(z) or —h(z).
h(z) is neither even nor odd.

=) Self Tutor

Prove that the sum of two odd functions is also an odd function.

Suppose  h(z) = f(z) + g(x) where f(x) and g(x) are odd functions.
Now h(—z) = f(—=z)+ g(—=)

—f(z) —g(2)

=—(f(z) +g(z))

= —h(z) forall z

h(z) is odd.

Thus the sum of two odd functions is an odd function.

EXERCISE 2E

1

2

Show that f(z) = % +2 s an even function.
X

Show that f(z) = z3 — 3z is an odd function.

Determine whether the following functions are even, odd, or neither:

a f(z) =5z b fz)=—4a+3 c f(x):$23_4
d f($)=2x3—g e f(x)::c2+ml2—3 i fla) =z

Suppose  f(x) = (224 3)(z+a) where a is a constant. Find a given that f is an even function.

Suppose  g(z) = (x + 1) (i + b) where b is a constant. Find b given that g is an odd function.
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6

7

a If the quadratic function f(x) = ax®+bxr+c, a#0 is an even function, prove that b = 0.

b For what values of the constants is the cubic function g(z) = az® + bx? + cx +d, a # 0,
an odd function?
¢ Under what conditions is the quartic function h(z) = az* +bx® +cx® +dr+e, a#0, an
even function?

Prove that:

a the sum of two even functions is an even function

b the difference between two odd functions is an even function

¢ the product of two odd functions is an even function.

8 Suppose f(z) is an even function and g¢(x) is an odd function. Determine whether the function

(fog)(z) is even, odd, or neither.

SIGN DIAGRAMS

Sometimes we do not wish to draw a time-consuming graph of a function but wish to know when the
function is positive, negative, zero or undefined. A sign diagram enables us to do this and is relatively

easy to construct.

For the function f(z), the sign diagram consists of:

e a horizontal line which is really the z-axis

Consider the three functions y = (z +2)(z — 1), y = —2(z — 1)?, and y = ey
x

positive (+) and negative (—) signs indicating that the graph is above and below the z-axis

respectively

the zeros of the function, which are the x-intercepts of the graph of y = f(z), and the roots of

the equation f(z) =0
values of z where the graph is undefined.

DEMO

-

4
Function y=(zx+2)(z—1) y=—2(x—1)? Y=
Ay Y
1 L
Graph " >
~— z
3 'y
Sign — > — - . - + .
diagram -2 z 1 x 0 x
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From these signs you should notice that:

e A sign change occurs about a zero of the function for single linear factors such as (z +2) and

(z —1). This indicates cutting of the z-axis.

e No sign change occurs about a zero of the function for squared linear factors such as (x — 1)2.

This indicates touching of the x-axis.

° 0 indicates that a function is undefined at x = 0.

In general:

e when a function has a linear factor with an odd power there is a change of sign about that zero

e when a function has a linear factor with an even power there is no sign change about that zero.

Example 10

o) Self Tutor

Draw sign diagrams for:

a by b Ay B=3
_2/\\1 4f .
‘/ \/ T ) N1 i

2
Y Tz =—2 Y

a b

_ _ + =+ 0=
Sl I S L* o B | .
-2 1 4 -2 3 3

Draw a sign diagram for:
a (z+3)(z-1)

b 2(22+5)(3—1x)

a (x+3)(z—1) has zeros —3 and 1.
| L+

-t 4 » T
=& 1

We substitute any number > 1.
When = =2 we have (5)(1) > 0,
so we put a + sign here.

As the factors are distinct and linear,
the signs alternate.

b 2(2z+5)(3—x) has zeros —3 and 3.

| L~ g

3

Nlon —

We substitute any number > 3.
When z =5 we have 2(15)(—2) <0,
so we put a — sign here.

As the factors are distinct and linear,
the signs alternate.
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EXERCISE 2F

1 Draw sign diagrams for these graphs:
a y b y (4 y
- } 2/3? - -1 A/\i% z
T
2
d y e y f Y
- &
- x -2 2
l 1
] y‘ \ h Y4 i Yy
\J x ‘b : 2 4,
-1 2 T
Co Do
! y‘/ r=1 k r=-1 Y4 I x=-2i Y4 r=2
- " - = - —31\/1 ”
2 T § i
T YN YO
|_Example 12 <) Self Tutor
Draw a sign diagram for: a 12— 3x2 b —4(x—3)2
a 12-3x%=-3(z* - 4) b —4(x —3)? has zero 3.
=-3(z+2)(z—2)
which has zeros —2 and 2.
| L ¥ Lz - | I ~ &
3

=2 2

We substitute any number > 2.
When z =3 we have —3(5)(1) <0,

so we put a — sign here.

As the factors are distinct and linear,
the signs alternate.

We substitute any number > 3.
When « =4 we have —4(1)2 <0,
so we put a — sign here.
As the linear factor is squared, the
signs do not change.

w
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2 Draw sign diagrams for:

a (z+4)(xz—2) b z(x—3) c z(z+2)

d —(z+1)(z—3) e 2z—1)(3—x) f (5—xz)(1—2x)

g z2-9 h 4— 22 i 5x— a2

j 22 —-3x+2 ke 2 —8a2 | 622 4+2—2

m 6— 16z — 622 n —222+4+9x+5 o —15x2 —x +2
3 Draw sign diagrams for:

a (z+2)? b (z-3)? ¢ —(z+2)2

d —(z—4)2 x? —2r+1 f—2?+4x—4

g 422 —4dx+1 —22 —6zx—9 i —422+122 -9

Example 13

) Self Tutor

. . -1
Draw a sign diagram for - .
2¢ + 1
r- is zero when x = 1 and undefined when x = —%.
2z + 1
4F r—1 9
_ : | <TWhenz:lO, =57>0
1 2z + 1
2

1

Since (z—1) and (2z+1) are distinct, linear factors, the signs alternate.

=} = L
1
-1 1
4 Draw sign diagrams for:
a x4+ 2 b T c 2z + 3
z—1 z+3 4—x
4z —1 -
d T e 3x f 8x
2—x T —2 3—x
g (z—1)2 h 4z i (z+2)(z—-1)
x (z+1)2 3—z
i z(x —1) K 2 —4 I 3—z
2—z —x 222 — 2 — 6
2 2 2
m T 3 n e+ 1 ° e 42z +4
z+1 T z+1
p —(z — 3)%(22 +2) q —22(z +2) 2 14
z+3 5—x (x —3)2(x —1)
s m—5+3 ¢ z—2 3z+2 =x-3
z+1 z+3 T —2 z+3
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H _uaoum.mss (INEQUATIONS)

An equation is a mathematical statement that two expressions are equal.

Sometimes we have a statement that one expression is greater than, or else greater than or equal to,
another. We call this an inequation or inequality.

2¢ — 1 r+3
<

2¢4+3>11—x and are examples of inequalities.

xT

In this section we aim to find a// values of the unknown for which the inequality is true.

INVESTIGATION SOLVING INEQUALITIES

2 2
31x+ >4 was: If 3z +

Jon’s method of solving >4, then 3z+2>4(1—2x)

3r+2>4—4x

T > 2
x> 2
However, Sarah pointed out that if = =5, 31m_+m2 = 1% = —41 and —41 is not greater than 4.
They concluded that there was something wrong
with Jon’s method of solution. “ v=1
By graphing y = Skl and y = 4 on
the same set of axes, they found that y=4 _
3fjw2>4 when £ <z <1. - /g - z
- 7
What to do: y=-3
1 At what step was Jon’s method wrong?
2 Suggest an algebraic method which does '

give the correct answer.

From the Investigation above you should have concluded that multiplying both sides of an inequality by
an unknown can lead to incorrect results.

We can, however, make use of the following properties:

(1) If a>b and ceR, then a+c>b+ec
(2) If a>b and ¢ >0, then ac > be.
(3) If a>b and ¢ <0, then ac < bc.
(4) If a>b>0, then a? > b2,
(5) If a<b<0, then a® > b2
Properties (2) and (3) tell us that when we multiply an inequality by a positive number, the inequality

sign is not changed. However, when we multiply an inequality by a negative number, we need to reverse
the inequality sign.



FUNCTIONS (Chapter 2) 71

For example: 3<5 3<5H
3x2<Hx?2 S 3X —2>5x -2
6 <10 S —6>-10

In the Investigation, John’s method failed because he did not treat the cases where 1 —x > 0 and
1 —2x <0 separately.

If 1—2>0 then z <1 If 1—2<0 then > 1
and 3m+2>4 and 3m+2>4
1—2x 1—2x
3z +2>4(1—x) o3z +2<4(1—1x)
3r+2>4—4x S dr+2<4—4x
Tx > 2 cL e <2

. 2 . 2
. LL’>7 . IE<7

We cannot have = > 1 and z < %

at the same time. We therefore have no
more solutions.

. 2
This gives us = <z <l

. .2
The complete solution is = <z <l

To solve inequalities we use these steps:

e Make the RHS zero by shifting all terms to the LHS.
e Fully factorise the LHS.

e Draw a sign diagram for the LHS.

e Determine the values required from the sign diagram.

m ) Self Tutor

Solve for z: a 32245z >2 b z2+9 <6z

a 322+ 52> 2
322 +52—-2>0 {making RHS zero}
3z —1)(x+2) >0 {fully factorising LHS}

Sign diagram of LHS is N _ L+
—9 % T
z €]—00, —2] or z € [3, 0.
b 2> +9 < 6z
x? —6x+9 <0 {make RHS zero}
(x —3)> <0 {fully factorising LHS}

Sign diagram of LHS is i | N .
< ; >

So, the inequality is not true for any real z.
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In situations where we cannot find the sign diagram easily, we can use a graphical method.

Example 15

1
Solve for x: 8z +

=2

< 2z —6.

o) Self Tutor

We graph Y; = 3;“—1

Casio fx-CG20

TI-84 Plus

and Y, =2X — 6 on the same set of axes:

TI-nspire

[El [EXE]:Show coordinates

Y1=(3x+1)a(xH2)

b4
= 0 5 0
-5
INTSECT
X=1 -10) Y=-4

5

3z +21 < 2x — 6 when

So,
z—

1<x<2 and x>55.

3z+1
z—2

is undefined when z =2,

The graph of y =

so we do not include this
value in our interval.

N
e

HUnsaved w

The graphs intersectat x =1 and = =5.5.

EXERCISE 2G

1 Solve for z:

a 2—-z)(z+3)=0 b (z—-1)2<0 2x+1)3—x)>0
d 22>z e 22>32 322 +2x <0
g z2<4 h 222>4 2244 +4>0
j 222 >2+3 lk 42?2 —4z+1<0 622 +Tx <3
m 322 > 8(x +2) n 222 —4x+2>0 622 +1 < bz
p 145z < 622 q 1222 > 5z +2 222 +9 > 9z
2 Solve for z:
a z+4 >0 b :E+1>0 2 < 1
2z — 1 14—z 2 — 5 z+7
d 5T e -3 2 210 S 9r 43
22— 4 T+ 2 T —2 2r — 5
3 Solve for z:
a 2>z b 22 —222+6<5x 23 — 6 < 2z — 322
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S0 THE MODULUS FUNCTION

The modulus or absolute value of a real number x is its distance from O on the number line.
We write the modulus of z as |z|.

Because the modulus is a distance, it cannot be negative.

o If >0, |z| == o If <0, |2|=—x.
0 x g oz 0 g

For example: The modulus of 7 is 7, which is written as |7| = 7.
The modulus of —5 is 5, which is written as  |—5| = 5.
+—5)——rt—— [ ————>

-5 0 7

This leads us to the algebraic definition of modulus:

if >0
if <0

x
The modulus of z, |x| = { .

The relation y = |z| is in fact a function.
We call it the modulus function, and it has
the graph shown.

y=|z|

This branch
isy=—z, z<0.

This branch
isy=x, x>0.

l T

An equivalent definition of || is: |z| = V2.

For example:  |7| = V72 =49 =7
|-5| = \/(=5)2 =25 =5

=) Self Tutor

If a=—-3 and b=4 find:
a [7+a b |abl ¢ |a®+ 20|
a |7T+aq b |abl ¢ |a®+ 20|
=7+ (=3)| =|(=3)(4)] = [(=3)> +2(4)|
= |4 = |-12| =9+38|
—4 =12 = 17|
=17
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| Example 17 | =) Self Tutor

By replacing |z| with z for £ >0 and —xz for z < 0, write the following functions without
the modulus sign and hence graph each function:

a f(z) =z — |z b f(z) = x|xl
a If <0, f(z)=2z-(—z)=2z b If 220, f(z)=zx(z)=2x2
If 20, f(r)=2z—2=0. If £<0, f(z)=2z(-x)=—2°
y=2zx for x <0 y=a> for >0
So, we graph So, we graph 5
y=0 for x>0 y=—z" for x <0.
LY AY
This branch is
This branch is y=a2,z>0
y=0,22=>0 o
- - - ol
This branch is This branch is
y=2z,x<0 y=—2%2<0
' Y
EXERCISE 2H.1
1 If a=-2, b=3, ¢= —4 find the value of:
a |a b [b] ¢ lal [b] d |adl e la—b| f |a| — 10|
s la+bl b fa+pl i o i o < »
a |al
2 If z = -3, find the value of:
a |5z b |5 |z| 2wl d |3—2z—a?|
11—z
3 a Copy and complete: a b | |la|+ b | |a|—|b| | la+b] | la—10] | |b—aq]
2
6 | —2
—6 | 2
—6 | —2
b Are the following true or false for a// real values of a and b?
i |a+ bl =lal+ |b] i Ja—0b=|al—1b

¢ Use the fact that |z| = V22 to prove that |a —b| =|b—a| for all real values of a and b.

4 a Copy and complete: a b | ab| | la| o] al | la|
bl | 1ol

6 2

6 | —2

—6 | 2

=B | =2
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b Use the fact that |z| = v/z2 to prove that for all real values of a and b:

i - al _ lal
- labl = [al o L b0
a ifaz0 . . . . .
5 Use |a|= . to write the following functions without modulus signs.
—a if a<0

Hence graph each function.

a y=lz-2 b y=lz+1| < y=—lz|

d y=|z|+= e y:il f y=a—-2|z|
T

g y=la[+]z—2| h y=le|—|e—1]

MODULUS EQUATIONS AND INEQUALITIES

From the previous exercise you should have discovered these properties of modulus:

e |z|>0 forallx o |—z|=|z| forallz

o |z*=22 forallz o |ry|=|x||y| forall x and y

o | _||$—| forallzandy, y#0 o |[r—y|=|y—=x| forallz andy.
Yy

Modulus is a distance.
|z —y| = |y — z| says
that the distance from y to
2 on the number line equals
the distance from x to y.

It is clear that |z| =2 has two solutions: z =2 and z = —2.
If |z|=a where a>0, then z = Za.

We use this rule to solve equations involving the modulus function.

) Self Tutor

Solve for x: a [2z+3|="7 b [3—2z|=-1
a 22 +3| =7 b [3—2z|=-1
2z +3==7 has no solution as LHS
2c+3=1"7 or 2c+3 = -7 is never negative.
20 =T7-—3 S 2e=-7-3
20 =4 oo 2x=-10
=2 S, x=-5
So, =2 or —5
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Example 19

) Self Tutor

Solve for z: o =4,
1—=zx
if |3242] 4 then 222 _ 4y
1—=x 1—2x
3m+2:4 or 3x+2:_4
Il =a 1—z
3z+2=4(1—z) 3z+2=—-4(1-1x)
3r+2=4—4x 3r+2=—-4+4x
Tr =2 6=z
z=2
So, x:%orG.
Also notice that: If |z|=|b] then z = =+b.
Example 20 ») Self Tutor
Solve for x: |z + 1| = |2z — 3]

If |z41|=|2z—3|,

r+1=2zx—-3 or
oo d=ug

then z+ 1= £(2z — 3)

z+1=—(2z-3)

L x+1=-2zx+3
3r =2
2

.'L':§

So, m:%orél.

EXERCISE 2H.2
1 Solve for z:
a |z|=3
d |z—1/=3
g [Bz—2|=1
2 Solve for z:

a C0‘23

r—1
3 Solve for z:
a Bz—1|=|z+2
d |z|=|5—2]
4 Solve for x using:

i a graphical method
a j[z+2/=2x+1

b |z|=-5
3—z|=4

h [3—2z|=3

b 2m71‘25
z+1

b [2z+5|=]|1— 2
|1 —4x| =2z —1]

¢ |z|=0

f |[z+5=-1

i |2—5x]=12
x+ 3 71
1—3z| 2

c jlz+1=|2—2|

f|30+2 =221

il an algebraic method:

b |20+3 =3z -1

¢ lz-2[=2x+1
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o) Self Tutor

Solve graphically: 1 —2x| >z+1.
We draw graphs of y =|1—22| and y=xz+1 on the same set of axes.

Casio fx-CG20 TI-84 Plus TI-nspire
\@:I.:‘L[\iXE(]iEg?g coo;‘éinates 1.1 - #Unsaved w iﬂa
¥2=x+1 . N 7| .

L #1e)] 1=z fzm:x_f_,_l,.f;""(2,3J
k/ ZLFI 1 IiTsECT ﬁga-zr's-zcti-:-n . (oJ.l_)\__E .- ) ,,
The graphs intersect at I~ P ! 3
r=0 and z =2. s 5
GRAPHICS
CALCULATOR
INSTRUCTIONS
Now |1 —2z|>x+1
y=x+1
y=|1—24] when the graph of y = |1 —2z| lies above
W = ae4F L.
z<0 or xz>2
x
< 5 x €]—00,0[ U |2, 0]
/ -
Y
5 Solve for z:
a |z| <4 b |z|>3 ¢ lz+3]<1 d 2z—-1<3
e [3—dz|>2 f |z =22 g 3lz|<|l—22] w2j>3
—
2x+13‘22 j 2z2-3|<x k |x2—w|>2 I |z]—2> |4 -z
-
6 Graph the function f(z) = 2l Hence find all values of  for which ‘m|2 > —1.
X — xr —
7 a Draw the graph of y = |z + 5|+ |z + 2|+ |z| + |z — 3|.
b
P (0] R
A 2 B
-5 -2 3

P, Q, and R are factories which are respectively 5, 2, and 3 km away from factory O.
A security service wants to locate its premises along (AB) so that the total length of cable to
the 4 factories is a minimum.

i Suppose x is the position of the security service on (AB). Explain why the total length of

cable is given by

cable they will need?
iii A fifth factory is located at S, 7 km to the right of O. If this factory also requires the
security service, where should the security service locate its premises for minimum cable

length?

|z + 5] + |z + 2| + |z| + |z — 3.
Where should the security service locate its premises? What is the minimum length of
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8 Which of these is true? Give a proof for each answer.
a |z+y[<l|z[+[y] forallz, y b |z—y|>|z|—|y| forallz, y

N RATIONAL FUNCTIONS

We have seen that a linear function has the form y = ax + b.
When we divide a linear function by another linear function, the result is a rational function.

The graphs of rational functions are characterised by asymptotes, which are lines which the function
gets closer and closer to but never reaches.

ax +b
cx +d

. These functions

The rational functions we consider in this course can be written in the form y =

have asymptotes which are horizontal and vertical lines.

RECIPROCAL FUNCTIONS

A reciprocal function is a function of the form z — k or f(z)= E, where k # 0 is a constant.
T T

The simplest example of a reciprocal function is f(z) = l
X

The graph of f(x) = L s called a rectangular hyperbola.
xX
Notice that:

e The graph of f(z) = 1 has two branches.
x

o f(x)= 1 is undefined when z =0
x

e The graph of f(z) = 1 exists in the first
X

z and third quadrants only.
o f(x)= 1 is symmetric about y = = and
X

about y = —x.
e as © — 00, f(x) — 0 from above
as ¢ — —oo, f(z) — 0 from below
as x — 0 from the right, f(z) — oo
] as x — 0 from the left, f(z) — —o0

— reads “approaches’
or “tends to”

e The asymptotes of f(x) = 1 are the
X

x-axis and the y-axis.

GRAPHING
PACKAGE

=
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[INV RECIPROCAL FUNCTIONS

In this investigation we explore reciprocal functions of the form y = E, k # 0. e
T

RV
What to do:

1 Use the slider to vary the value of k£ for k£ > 0.

a Sketch the graphs of y = l, y = 2, and y = 4 on the same set of axes.
X x X

b Describe the effect of varying k& on the graph of y = E
X
2 Use the slider to vary the value of £ for k£ < 0.

a Sketch the graphs of y = —l, y= —2, and y= _4 on the same set of axes.
x x x

b Describe the effect of varying k on the graph of y = E
x

RATIONAL FUNCTIONS OF THE FORM gy — “;”—IZ c#0

_2:E+1

The graph of f(x) is shown below.

Notice that when =z =1, f(z) is undefined.

The graph approaches the vertical line x =1, so z =1 isa
vertical asymptote.

Notice that  £(0.999) = —2998 and f£(1.001) = 3002.

as x — 1 from the right, f(z) — oo

:\/> »  We can write: as z — 1 from the left, f(z) — —oo

or as r— 17, f(x) > —o0
r=1

as * — 1%, f(z) — co.

To determine the equation of a vertical asymptote, consider the values of # which make the function
undefined.

2041 . _
ttl oo + | P+

—_ = 1
z—1 -3 1

near its vertical asymptote without having to graph the function.

The sign diagram of y = » and can be used to discuss the function

The graph also approaches the horizontal line y =2, so y =2 1is a horizontal asymptote.

2001 —1999

Notice that f(1000) = —— ~ 2.003 and f(—1000) = ~ 1.997
999 —1001
We can write: as = — oo, y — 2 from above or as r — oo, y— 2
as ¢ — —oo, Yy — 2 from below as r — —oo, Yy — 2.

We can also write: as |z| — oo, f(x) — 2.

This indicates that as x becomes very large (either positive or negative) the function approaches the
value 2.
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To determine the equation of a horizontal asymptote, we consider the behaviour
of the graph of the function as |z| — oo.

In Chapter 5 we will see how to determine the equations of the asymptotes algebraically.

FINDING ASYMPTOTES
What to do: GRAPHING
1 Use the graphing package supplied or a graphics calculator to examine the (PACKAGE)
following functions for asymptotes: !ﬁ
_ 3 3z +1 229
ay=-1+7= ° LA c V=32

2 How can we tell directly from the function, what its vertical asymptote is?

3 Discuss whether a function can cross a vertical asymptote.

m ) Self Tutor

Consider the function y = % +4.
B —

a Find the asymptotes of the function. b Find the axes intercepts.

¢ Use technology to help sketch the function, including the features from a and b.

a The vertical asymptote is z = 2. C yi
The horizontal asymptote is y = 4.
6 _ 4
=2,
—4(x—2)=6
—4r+8=6
—4z = —2

_1 D
.T—Q . >

When 2=0, y=-5 +4=1 1

b When y =0,

So, the z-intercept is % and the
y-intercept is 1.

a B HatiRadforn]

e
5 ;o
<

@ e o m
«d

Further examples of asymptotic behaviour are seen in exponential, logarithmic, and some trigonometric
functions.
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EXERCISE 21

1 For the following functions:
i determine the equations of the asymptotes
ii state the domain and range
iii  find the axes intercepts
iv discuss the behaviour of the function as it approaches its asymptotes
v sketch the graph of the function.

3 3 T+ 3
a P T — b =2—- — C T T
f T — 2 Y x+1 f x— 2

d fla)= 3;:21

ar +b
cx+d’

a State the domain of the function.

b State the equation of the vertical asymptote.

ad

b b— =

¢ Show that for ¢ £0, &2 24 c_
cx+d c cx+d

Hence determine the equation of the horizontal asymptote.

2 Consider the function y = where a, b, ¢, d are constants and ¢ # 0.

ACTIVITY

Click on the icon to run a card game for rational functions.
CARD GAME

(W)
EEUNNN INVERSE FUNCTIONS

The operations of + and —, x and -+, squaring and finding the square root, are inverse operations as
one “undoes” what the other does.

The function y =2z + 3 can be “undone” by its inverse function y = wT_?’

We can think of this as two machines. If the machines are inverses then the second machine undoes what
the first machine does.

No matter what value of x enters the first machine, it is returned as the output from the second machine.
1

input ) | L‘

y=2z+3 l output

5

N T
y=— ﬁl

1 output

A function y = f(x) may or may not have an inverse function. To understand which functions do have
inverses, we need some more terminology.
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ONE-TO-ONE AND MANY-TO-ONE FUNCTIONS

A one-to-one function is any function where:
e for each x there is only one value of y and
e for each y there is only one value of z.

One-to-one functions satisfy both the vertical line test and the horizontal line test.

This means that: e no vertical line can meet the graph more than once

e no horizontal line can meet the graph more than once.
If the function f(z) is one-to-one, it will have an inverse function which we denote f~!(z).

Functions that are not one-to-one are called many-to-one. While these functions must satisfy the
‘vertical line test’ they do not satisfy the ‘horizontal line test’. At least one y-value has more than one
corresponding x-value.

If a function f(z) is many-to-one, it does not have an inverse function.

However, for a many-to-one function we can often define a new function using the same formula but with
a restricted domain to make it a one-to-one function. This new function will have an inverse function.

PROPERTIES OF THE INVERSE FUNCTION £t is not the
reciprocal of f.
If y= f(z) has an inverse function, this new function: F @) £ ﬁ

e is denoted f~!(x)
e must indeed be a function, and so must satisfy the vertical line test

e has a graph which is the reflection of y = f(z) in the line y == >,
o satisfies (fof @)=z and (fof)e) = a

If (x, y) lies on f, then (y, x) lies on f~!. Reflecting the function in the line y = x has the algebraic
effect of interchanging = and y.

For example, f:y=5x+2 becomes [ !:x=>5y+2,

. . _ -2
which we rearrange to obtain  f~1:y = z =

The domain of f~! is equal to the range of f.

The range of f~! is equal to the domain of f.

y/ Y= y= f~1(x) is the inverse of y = f(z) as:

e it is also a function
— f-1 A . .
/—f () e it is the reflection of y = f(z) in the
- 45 - line y = =x.
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The parabola shown in red is the reflection of y = f(x)
in y =z, butitis not the inverse function of y = f(x)
as it fails the vertical line test.

In this case the function y = f(z) does not have an

inverse.
y= f(x), x>0

3

y=u

Y

Now consider the same function f(z) but with the

restricted domain x > 0.

The function is now one-to-one, so does now have an
inverse function, as shown alongside.

Consider f: z+— 2x + 3.

b Find f~!(z) using:

ii variable interchange.

¢ Check that

a On the same axes, graph f and its inverse function f~1.

i coordinate geometry and the gradient of y = f~!(z) from a

(fof @) =(""ofz)==

a f(z) =2x+ 3 passes through (0, 3)

Y y=f(x)

(2’ 7) ,..m.....',y'.; x

b i y=f"1(z) has gradient 7—:2
Its equation is i:g

Y

(@)

f~Y(x) passes through (3,0) and (7, 2).

:% ii fis y=2x+3,
A ftis z=2y+3
=3 x—3=2y
z—3 z—3
-3 =1 _m—3

and (2, 7).

If f includes point
(a,b) then =1
includes point (b, a).

\
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< (fof H and (f~ o f)(x)
= f(f~(x)) = [7H(f (=)
_r(z=3 =f 12z +3)
f< 23) _ (22 +3)-3
—9 (X o 2
(55°) +3 .
= = ?
=

) Self Tutor

Consider f:x +— 22.
a Explain why this function does not have an inverse function.
b Does f:z+2? where >0 have an inverse function?
¢ Find f~l(z) for f:z— 22 x>0
d Sketch y = f(z), y=2, and y= f!(z) for finband f~!inc.
a f:x+— 2% hasdomain z € R and b If we restrict the domain to z > 0
is many-to-one. or z € [0, co[, the function is now
It does not pass the ‘horizontal line one-to-one. It satisfies the ‘horizontal
test’. line test’ and so has an inverse
Y function.
+y /f(ac):xQ, x>0
- L
= %
] Y
c fis defined by y =22 x>0 d y y=a2, >0
A
o, flisdefinedby z=19% y>0 /z
y=vz
Ly=+Vz, y20
S y=+vz {as —/ris <0} "
So, fl(z)=+v=x ) -
y=u '

SELF-INVERSE FUNCTIONS

Any function which has an inverse, and whose graph is symmetrical about the line y =z, isa

self-inverse function.

For example:
e The function f(z)==x

e The reciprocal function

is the identify function, and is also a self-inverse function.

f@) ==, @0,

is also a self-inverse function, as f = f~1.
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EXERCISE 2J

1 For each of the following functions f:
i On the same set of axes, graph y =z, y = f(z), and y= f~1(z).
ii Find f~!(x) using coordinate geometry and the gradient of y = f~!(z) from i.

iii Find f~!(z) using variable interchange.

a frxz—3zx+1 b f:xr—>$+2
2 For each of the following functions f:
i Find f~!(z).
ii Sketch y= f(z ), = f~!(z), and y =2 on the sameset of axes.
iii Show that (f~'o f)(x) = (fo f~!)(x) ==z, the identity function.
a f:x—2x+5 b f:xr—>372x c frx—ax+3

3 Copy the graphs of the following functions and draw the graphs of y =z and y = f~!(z) on
the same set of axes.

b 4 PRINTABLE
ry 1y GRAPHS

o T

4 For the graph of y = f(x) given in 3 a, state:
a the domain of f(x) b the range of f(x)
¢ the domain of f~!(x) d the range of f~!(z).

5 a Comment on the results from 3 e and f. L .
A function is self-inverse

b Draw a linear function that is a self-inverse if f(z) = f(z).
function.
. . 1
¢ Draw a rational function other than y = —, \
T
that is a self-inverse function. Y
Cp

6 Given f(z)=2z—5, find (f~!)"!(z). What do you notice?
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10

11

12

13

14

15

Which of the following functions have inverses? In each of these cases, write down the inverse
function.

a {(1, 2), (2, 4), (3, 5)} b {(715 3)’ (0’ 2)7 (17 3)}
¢ {(21), (=1,0),(0,2), (1, 3)} d {(=1, -1), (0,0), (1, 1)}

Sketch the graph of f:x+ 22 —4 and reflect it in the line y = z.

C o

Does f have an inverse function?

"

Does f with restricted domain x > 0 have an inverse function?

Sketch the graph of f:x +— 2® and its inverse function f~!(z).

Given f:z+— l, x#0, find f~! algebraically and show that f is a self-inverse function.
x

Show that f:xz+— b 738, x # 3 is a self-inverse function by:
- —
a reference to its graph b using algebra.

The horizontal line test says:
For a function to have an inverse function, no horizontal line can cut its graph more than once.

a Explain why this is a valid test for the existence of an inverse function.
b Which of the following functions have an inverse function?
i by i Ay iiii LY
1 /
w1 z
/ ’

(1’71)

¢ For the functions in b which do not have an inverse, specify restricted domains as wide as
possible such that the resulting function does have an inverse.

2 where z <0.

Consider f:zr—x
a Find f(z).

b Sketch y = f(x), y==, and y = f~!(x) on the same set of axes.

a Explain why f(z) =2% —4x + 3 is a function but does not have an inverse function.

b i Explain why g(z)=2%—4x+3 where x > 2 has an inverse function.

i Show that the inverse function is ¢~ !(z) =2+ 1+ =.
iii State the domain and range of:
A g B ¢!
iv Show that (gog~')(z) = (g 'og)(x), the identify function.

Consider f:z+— (z4+1)>+3 where z > —1.
a Find the defining equation of f~1.
b Sketch, using technology, the graphs of y = f(z), y =2, and y = f~!(z).

¢ State the domain and range of: i f i f1
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16 Consider the functions f:z+—2x+5 and ¢:z+— S_Tm

a Find g71(-1). b Show that f~1(-3)— g 1(6)=0.
¢ Find z such that (fog~1)(z) =9.

17 Consider the functions f:z+— 5% and g:z— /z.
a Find: 1 f(2) i g71(4). b Solve the equation (g~ ! o f)(x) = 25.

18 Given f:z+ 2x and g:x 4z —3, show that (f~tog 1) (z) = (go f) ().
19 Which of these functions is a self-inverse function?
a f(z)=2x b f(z)== ¢ flzx)=—x
2 6
d f(m)—; e f(a:)——;

20 a B is the image of A under a reflection in the line y = x.

If Ais (z, f(x)), find the coordinates of B.

b By substituting your result from a into y = f~1(z),
> show that f~1(f(z)) = .
¢ Using a similar method, show that f(f~!(x)) = x.

@ GRAPHING FUNCTIONS

Drawing the graph of a function allows us to identify features such as:
e the axes intercepts where the graph cuts the = and y-axes
e turning points which could be a local minimum or local maximum
e values of = for which the function does not exist
e the presence of asymptotes, which are lines or curves that the graph approaches.
Many real world situations are modelled by mathematical functions which are difficult to analyse using

algebra. However, we can use technology to help us graph and investigate the key features of an
unfamiliar function.

If there is no domain or range specified, start with a large viewing window. This ensures we do not miss
any features of the function.

m ) Self Tutor

. . 622 — 122 +5 .
Consider the function y = e + 3. Use technology to help answer the following:
X xr —
a Find the axes intercepts. b Find any turning points of the function.
¢ Find any asymptotes of the function. d State the domain and range of the function.

e Sketch the function, showing its key features.
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B [EXE]:Show coordinates

¥1={{6x2-12x+5)1{¢¥(3)+5x-6))+3

1
= 8 2 1 78 4
-2
X=0 -3¥=2} 166666667

The y-intercept is 2.17.

El [EXE]:Show coordinates

VI=((6x2-122+5)1(e$(3+5x—6))+3 )

GRAPHICS
CALCULATOR
% INSTRUCTIONS

X=1.040626704

1
= 1 g

Y

ROOT

The z-intercept is 1.04.

b
El [EXE]:Show coordinates El [EXE]:Show coordinates
Y1={{6x2-12x+5)a{x7{3)+5x—6))+3 ¥1=((Bx2-12x+B)a{s7(3)+5x—61)+3
: / : There is a local minimum at
— ~—_ (—1.88, 0.788), and a local
T F P To l R B [ i3 maximum at (4.00, 3.68).
-2 MIN -2 MAX
X=-1.883324212 3¥=0} 7878340974 %=3.9887016786 sYy=3, 679487425
¢ As z— —oo, y— 3 from below. e \Y &
As z — o0, y— 3 from above. v=1
So, the horizontal asymptote is y = 3. (4.00, 3.68)
As z — 1 from the left, y — oc. _ =
As z — 1 from the right, y — —oo. \’2-1)/ y=3
So, the vertical asymptote is x = 1. ? -
d The domainis { | #1}. (-1.88,0.788) [ [ 104 v
The range is {y | y € R}.
v

If we are asked to sketch a function, it will show the graph’s general shape and its key features.

If we are asked to draw a function, it should be done more carefully to scale.

EXERCISE 2K

1 For each of the functions given, use technology to answer the following:

i Find the axes intercepts.

ii Find any turning points of the function.

Find any asymptotes of the function.

v State the domain and range of the function.

v Sketch the function, showing its key features.

Y= %m(x —4)(x+3)

B 22 — 4z —2
(@42

2 Find the maximum value of:

a y=—a*+223+522+2+2 ontheinterval 0<z <4

b y:%x4+5x3+5x2+2 on -5<zr<1

dy

b y=-22*+522+2+2 on the interval:

i —2<2<2

ii —2<z

1—=x

<0

2

T @22

on

—5<xr<H

il 0
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"5 FINDING WHERE GRAPHS MEET

Suppose we graph two functions f(z) and g(z) on the same set of axes. The xz-coordinates of points
where the graphs meet are the solutions to the equation f(z) = g(z).

We can use this property to solve equations graphically, but we must make sure the graphs are drawn
accurately.

=) Self Tutor

. 1 . .
a Draw the functions y = — and y = 2 —x on the same set of axes, with the domain
x
—4 < x <4

b Hence find any solutions to the equation 2 —x = ! on the domain —4 < z < 4.
x

¢ On the domain z € R, for what values of & does x + 1_ k have:
xr

i one solution il no solutions iii two solutions?

(-4 6)\
2
3 —2
(4, i)j

The Table menu on your

calculator can be used to
find endpoints.

” \

b The graphs of y =2 — 2z and y:l meet when z = 1.
g

the solution of 2 — x = 1 is x=1.
T

¢ If x+l=k then k—x:l.
T

T

The graph of y =k —x has y-intercept k£ and gradient —1.

i Using b as a guide, we see there is one
solution if £ =2 or —2.
{green lines}

‘\w
“\\ ii There are no solutions if —2 < k < 2.
‘\“\\ 2 (1,1) {blue lines}

Y

iii There are two solutions if

\\Sfix I{Cr:d Iiies(ir e
(-1,-1) <
N
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EXERCISE 2L
1 a Sketch the graphs of f(x) = 22 — 2 and g(x)=—2?+11 for —6<x<6.
x

b One of the solutions to  f(z) = g(x) is = &~ 2.51. Use technology to determine the two
negative solutions.
2 Sketch the graphs of f(z) =+v22 —2x+9 and g(z) =2? on the same set of axes.
Hence solve 2% = /22 — 2z +9.

3 Part of the graph of y = f(x) is shown alongside. Ly (4,8)
a Copy the graph, and on the same set of axes draw

the graph of g(z) = -1, -5 < x <4
b Hence state the number of solutions of y=1[(z)
f(xz) =g(z) on the domain —5 < z < 4. (=2,1)

¢ Consider the function h(z) =k on the domain
—5 < x < 4. For what values of k& does

=Y

f(x) = h(z) have: (=5.-3) v
i three solutions il two solutions
iii one solution iv no solutions?

REVIEW SET 2A N-CALCULATOR

1 For each graph, state:
i the domain ii the range iiil whether the graph shows a function.

a Y b A Y

2

If f(z)=2z—2% find: a f(2) b f(-3) ¢ f(-3)
Suppose  f(x) = ax +b where a and b are constants. If f(1) =7 and f(3) = —5, find

a and b.
4 State functions f and ¢ for which:
_92\2
a flg(a) =vVI=a? b 9@ = (553)

5 Solve for z:
a |[4z-2|=|z+7| b 22+6x>16

6 If g(r)=2%—3z, findin simplest form: a g(z+1) b g(2?-2)
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7 For each of the following graphs determine:

i the domain and range ii the z and y-intercepts
iii whether it is a function iv if it has an inverse function.
a y b 4y
\ / o
- > T
—1 5
e -3
g (2,-5) \
8 Determine whether the following functions are even, odd, or neither:
a f(z)=—2 b f(o) =22 ¢ f(@)=VZ—5
4z z+1
Find f~!(z) given that f(z) is: a 4dr+2 b 2 _45m
10 Draw a sign diagram for:
-3
2\ (4 — e
a (3$+ )( m) 22 442+ 4

11 If f(x)=ax+b, f(2)=1, and f~1(3)=4, findaandb.

12 a Draw a sign diagram for %@1_3)
p—
z2 -z —6
b Hence, solve for z: — < 0.
P
13 Consider f(z)=2?> and g(z)=1— 6.
a Show that f(—3) = g(—2). b Find (fog)(-2).

¢ Find z such that g(x) = f(5).
14 Given f:z+—3z+6 and h:zr g show that (f~'oh~1)(x) = (ho f)~!(x).
15 Suppose h(z) = (zr—4)>+3, x€[4,00].

a Find the defining equation of A1
b Show that (hoh ™ 1)(z) = (h~!oh)(z) = .

REVIEW SET 2B CALCULATOR
1 For each of the following graphs, find the domain and range:
b AY

a Yy
\}\y(ml)(fﬂ7 '_J (1,-1)
) L~
‘l \/ > ‘[\\9522

2 If f(r)=2x—3 and g(z)=2>+2, find in simplest form:
a (fog)(x) b (90 /)(x)
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10

11

12

z2 — 6z — 16 b ZT9
xr—3 xr+5

Draw a sign diagram for: a +

Consider f(z) = —.
x

a For what value of z is f(x) undefined, or not a real number?
b Sketch the graph of this function using technology.
¢ State the domain and range of the function.

axr + 3

Consider the function f(z) = =
—

a Find a and b given that y = f(xz) has asymptotes with equations © = —1 and y = 2.

b Write down the domain and range of f~!(x).

For each of the following graphs, find the domain and range:

Yy
a (=3,5) b Y4

s
QQ \
Il
CHAY
+ &
[}

(=1,-3)

3 w\ z=1

2“1):3 b 3z -2 > |20 +3

Tz —2

Solve for x:

B 5
x—1 2z + 1

Solve for z: a z2-5<4x b

Copy the following graphs and draw the graph of each inverse function on the same set of axes:

a Y b Y
2
2
5
- <~ - >
. . 4
Consider the function f:z+— ; + 1.
— X

Determine the equations of the asymptotes.

State the domain and range of the function.

Discuss the behaviour of the function as it approaches its asymptotes.
Determine the axes intercepts.

Sketch the function.

® O A O o

Consider the function f(z) = (z — 3)® + az where a is a real constant. Find a given that
f(z) is an even function.

a Solve graphically: |2z — 6] > x + 3.

b Graph the function f(z) = Hence find all values of « for which !

T
) — >4
|| +1 o] +1 = 3
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13 Consider the functions f(z)=3z+1 and g(z)= ;
a Find (go f)(z).
b Given (go f)(z)=—4, solve for x.
¢ Let h(z)=(g90f)(z), =+#—1.
i Write down the equations of the asymptotes of h(x).
ii Sketch the graph of h(z) for —3 < <2
iii State the range of h(z) for the domain —3 <z < 2.

14 Consider f:z+—2x—T.
a On the same set of axes graph y =z, y = f(z), and y= f~1(z).
b Find f~!(x) using variable interchange.
¢ Showthat (fof !)(x)=(f"'of)(x) == @the identity function.

15 The graph of the function f(z) = —32%, 0<x <2 /

Y
is shown alongside. 5
a Sketch the graph of y = f~1(x). R
1 =5 1 2 T
b State the range of f~-.
(1.-3)
¢ Solve: =95
i f(z)=-10 i fiz)=1
—10
(2,-12)
—15
Y

16 Consider the function f(z) = 0.52% — 422 + 4z + 32.
a Use technology to help sketch the function.

b Determine the position and nature of any turning points.

¢ Hence, find the maximum and minimum values of f(z) on the interval 0 < z < 6.

REVIEW SET 2C

1 For each of the following graphs, find the domain and range:

a Yh b Y

3

1 ——0(3,1)
(=2,1) /- - >

‘ ) B -

2 Given f(z)=2%+3, find:

a f(-3) b x such that f(x)=4.

3 State the value(s) of = for which f(x) is undefined:

a f(z)=10+ — b flz)=vzT7

2z — 1
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4 Draw a sign diagram for:

a f(x):$($+4)(3$+1) b f(a:) —11

T @+D@E+9
5 Given h(z)=7-—3z, find:
a h(2x—1) in simplest form b 2 such that h(2z—1) = -2.
6 Suppose f(z)=1-2z and g(z)=+x
a Find in simplest form:

fog)(x) i (g0 f)(x)
fog)(x) i (g0 f)(x)
7 Suppose f(z) = az’+br+c. Finda, b, andcif f(0)=5, f(—2) =21, and f(3) = —4.

i
i

b State the domain and range of:
8 Copy the following graphs and draw the graph of each inverse function on the same set of axes:
Ya b YA
3 /
— ; ) 2/
/ h
A\

9 Suppose f(x) is an odd function. Prove that g(x) = |f(z)| is an even function.

A\

10 Find the inverse function f~!(z) for:

a f(z)=7—dz b f(x):3+52””

11 Given f:z+—5z—2 and h:xH%, show that (f~toh 1) (z) = (ho f) ().

12 Solve for z:
z2 -3z —4

a 222 +2<10 b ———— >0
T+ 2

13 Given f(z)=2x+11 and g(z)=22 find (go f~1)(3).
14 Sketch a function with domain {z | x # 4}, range {y |y # —1}, and
sign diagram = ] €
1 4

15 a Sketch the graph of g:z+— 22 +6x+7 for z € |]—o0, —3].

b Explain why g has an inverse function g~ 1.

¢ Find algebraically, a formula for g~ 1. d Sketch the graph of y = g~ !(x).
e Find the range of g. f Find the domain and range of g~ .
422
16 Consider the function y = Lix% + 5.
—
Find the axes intercepts. b Find any turning points of the function.

Find any asymptotes of the function.

State the domain and range of the function.

0O O n o

Sketch the function, showing its key features.
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OPENING PROBLEM

The interior of a freezer has temperature —10°C. When a packet of peas is placed in the freezer, its
temperature after + minutes is given by 7T(t) = —10 + 32 x 2702t °C,

Things to think about:
a What was the temperature of the packet of peas:
i when it was first placed in the freezer ii after 5 minutes
iii after 10 minutes iv after 15 minutes?
b What does the graph of temperature over time look like?

¢ According to this model, will the temperature of the packet of peas ever reach —10°C? Explain
your answer.

We often deal with numbers that are repeatedly multiplied together. Mathematicians use exponents, also
called powers, or indices, to construct such expressions.

Exponents have many applications in the areas of finance, engineering, physics, electronics, biology, and
computer science. Problems encountered in these areas may involve situations where quantities increase
or decrease over time. Such problems are often examples of exponential growth or decay.

Al EXPONENTS

Rather than writing 3 X 3 x 3 X 3 x 3, we can write this product as 3°. 5
If n is a positive integer, then a™ is the product of n factors of a. 3
a® =aXaXaxaX ... X a ?
n factors r power,
. . index or
We say that a is the base, and n is the exponent or index. base  exponent
NEGATIVE BASES
(-1 =1 (-2)! = -2
(-1)2=—-1x 1= (-2)2=-2x-2=4
(1)} =-1x-1x-1=-1 (-2 =-2x 2x-2=-8
(-1)*=-1x-1x-1x-1=1 (—2)* = -2x —2x —2x —2=16
From the patterns above we can see that:
A negative base raised to an odd exponent is negative.
A negative base raised to an even exponent is positive.
CALCULATOR USE
Although different calculators vary in the appearance of keys, they all perform S
operations of raising to powers in a similar manner. Click on the icon for GRAPHICS

instructions for calculating exponents. CALCULATOR
INSTRUCTIONS
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m ) Self Tutor

Find, using your calculator: a 65 b (-5)* ¢ -7
a Casio fx-CG20 b TI-84 Plus < TI-nspire
B ¢ -5 [11] HUnsaved v x|
6° E23 4 -2401
q 7776 v

JUMP JDELETE] PMAT ] MATH

1/49

6° = 7776 (—5)* = 625 -4 = -2401
Example 2 ) Self Tutor
Find using your calculator: a 572 b . Comment on your results.
52
a Casio fx-CG20 b TI-84 Plus
B 152
52 « 84
0.04
O

JUMP DELETE MATH

5-2 = .04 5i2 —0.04

.. 1
The answers indicate that 572 = =

EXERCISE 3A

1 List the first six powers of:

a 2 b 3 c 4
2 Copy and complete the values of these common powers:

a sl=..., 52=...., B®=..., B*=..

b 6l=..., 62=..., 62=...., 6*1=..

¢ t=..., ’=.., B=.., T"=..
3 Simplify, then use a calculator to check your answer:

a (-1)° b (—1)¢ ¢ (-1 d (-1t e (—1)8 f —18

g —(-=1D° h (=2 i —2° i —(=2° Kk (-5 I —(-5)*
4 Use your calculator to find the value of the following, recording the entire display:

a 47 b 7 ¢ —5° d (-5)5 e §° f (—8)°

g —86 h 2.13° i —2.139 i (—2.13)°
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5 Use your calculator to find the values of the following:

1 1 _9
a9 b9_1 c 6 c.i6—2

g 17° h (0.366)°
What do you notice?

6 Consider 3!, 32, 33,34, 3% ..

7 What is the last digit of 72172

HISTORICAL NOTE

Nicomachus discovered an interesting number pattern involving cubes
and sums of odd numbers. Nicomachus was born in Roman Syria
(now Jerash, Jordan) around 100 AD. He wrote in Greek and was a
Pythagorean.

The exponent laws for m, n € Z are:

34 f =

Look for a pattern and hence find the last digit of 3101,

1=13
3+5=8=23
7+9+11=27=3°

LAWS OF EXPONENTS

a™ X a® = a™t"

To multiply numbers with the same base, keep the base
and add the exponents.

—=a""", a #0 To divide numbers with the same base, keep the base and
a subtract the exponents.
(a™)™ = a™>"™ When raising a power to a power, keep the base and
multiply the exponents.
(ab)™ = a™b™ The power of a product is the product of the powers.
a\n a™
(3) = b#0 The power of a quotient is the quotient of the powers.
a®=1, a#0 Any non-zero number raised to the power of zero is 1.
1 . , L, 1
a " =— and = a" and in particular a=* = —, a # 0.
a™ a " a

o) Self Tutor

T . 58 3
. 5 . a4 4
Simplify using the exponent laws: a 3’x3 b =5 < (m )
3
a 35 x 3¢ b > < (m4)3
55
= 35+4 _ 53_5 — m4X3
=39 _ 52 — ml2
_ 1
25
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o) Self Tutor

Write as powers of 2:
a 16 b L ¢ 1 d 4x2n e Z°
8
a 16 b L ¢ 1 d  ax2® e I
—2x2x2x2 1 =2° =22 % 2" om
_ 24 - 2_4 _ 22+n =S 23
= 2_4 2m—3
EXERCISE 3B
1 Simplify using the laws of exponents:
a 5*x5” b d?xds ¢ & a ’ e ( 2)5 f (34)4
K3 76 v
3 3
p 3. 9 i (rt)3 A 10 4\m
s = h n®xn i (5% j Tx7 k (Y
2 Write as powers of 2:
1 1 1
a 4 b ; () d 3 e 32 f
g 2 h 3 i 64 i 5 128 I &=
3 Write as powers of 3:
1 1 1
g 81 h & i1 j 243 7=
4 Write as a single power of 2:
a 2x2° b 4x2b ¢ 8x2t d (27t1)2 e (2t—m)~t
2¢ 2m 4 . 2ot .47
f Z S 2—m h 21—n ! 2T | 21—z
5 Write as a single power of 3:
a 9x3 b 27¢ ¢ 3x9” d 27 x 3¢ e 9x27
3v 3 9 . 9° .oogntl
f ) S 3y h o7t ' 3l—a l 32n—1

Write in simplest form, without brackets:
3
_342)* _2a?
a (-3a%) b ( : )
3
_sa2)! o
’ ( 3‘14) 214 ’ ( b )
= (_3) X (a ) B (_2)3 % (a2)3
=81 x a®** - b3
=81a® _ =8a°
==
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6 Write without brackets:

a (2a)? b (3b) ¢ (ab)*

cE e (B

c
7 Write the following in simplest form, without brackets:

a

3

2a

b

a (—2a)? b (—6b%)2 ¢ (—2a)? d (—3m?n?)3
3 2 2
N4 —2q2 —4a3 —3p2
e (—2ab*) f<b2> g(b h 3
Example 6 o) Self Tutor
. . . a—3b2
Write without negative exponents: —
C
-5 _ 1
a ° = s and e c
a=3b? . b2c
1 a3
8 Write without negative exponents:
a2~ 1
a ab™? b (ab)~? ¢ (2ab71)? d (3a72b)? 5
(&
a1 1 h a2 . 2271 . 12a
= : v e b s
|__Example 7| ) Self Tutor
Write 11_n in non-fractional form.
1 5—@a-n)
ol—n 2
:2—1+n
:271.—1
9 Write in non-fractional form:
1 1 1 a™ a” "™
a_n b b—_n < 32—n d p—m a2+n
10 Simplify, giving your answers in simplest rational form:
510 -1 11 33
a (3) b (3) ¢ (3) d %
e (H7? 202! g (12)7° h 5245 +571

1

a 53 b 7 c 123

Read about Nicomachus’ pattern on page 98 and find the series of odd numbers for:
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S RATIONAL EXPONENTS

The exponent laws used previously can also be applied to rational exponents, or exponents which are
written as a fraction.

1 1 1 1
. 5 5 5+3
For a >0, notice that a% x aZ =a? 2 =a' =a {exponent laws}
and +a x/a=a also
1
So, a? =+/a {by direct comparison}
L L L
Likewise a® x a® x a® =a' =a
and Vax Jax Ya=a

1
suggests a® = ¥a

In general, a

/a  where /a reads ‘the nth root of a’, for n € Z*.

We can now determine that v am

= (a™)
:a% a™ = Yam™ for a>0, n€ZT, meZ
Example 8 o) Self Tutor
Write as a single power of 2: a V2 b % ¢ {4
1
a V2 b ¢ V4
1 \/5 =
=23 1 = (22)5
" = 9°%%
1 2
—972 =P
EXERCISE 3C
1 Write as a single power of 2:
1 1
a V2 b — c 2v/2 d 442 e —
V2 % V2 V2 7
f2x2 g = h (v2)? P i =
7z 716 7

2 Write as a single power of 3:

a /3 b

sl-
5
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=) Self Tutor

Use your calculator to evaluate:

T 1
a 2% b —
¥4
a Casio fx-CG20 b TI-84 Plus
El e ] 1-=lcd
2% BEIIEESE4T
2.639015822
0
3 L~ 0.629961
5 ~ — =~ U.
2° ~ 2.639016 7

») Self Tutor

Without using a calculator, write in simplest rational form:

5 3
a 83 b 27 3
£ 2
a 83 b 27 3
4
- @) - @)
2
_ 23><§ {(am)n _ amn} _ 33><—§
= 24 — 3—2
=16 1
9

3 Write the following in the form a® where a is a prime number and x is rational:

a 7 b V27 ¢ V16 d V32 e V49
f L g 1 h 1 i 1 i 1
T V27 V16 V32 V19
4 Use your calculator to find:
3 7 1 3
a 37 b 2° c 277 d 477 e V8
1
f V27 —
7
5 Without using a calculator, write in simplest rational form:
3 5 3 3 2
a 42 b 83 c 16*% d 252 e 32°
1 3 4 4 2

f 472 g 9° h 83 i 2773 i 12573
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THEORY OF KNOWLEDGE

A rational number is a number which can be written in the form £ where p and ¢ are integers,
q

q # 0. It has been proven that a rational number has a decimal expansion which either terminates
Or recurs.

If we begin to write the decimal expansion of v/2, there is no indication that it will terminate or
recur, and we might therefore suspect that V/2 is irrational.

1.414 213562 373 095 048 801 688 724 209 698 078 569 671 875 376 948 073 ...

However, we cannot prove that 4/2 is irrational by writing out its decimal expansion, as we would

have to write an infinite number of decimal places. We might therefore believe that /2 is irrational,
but it may also seem impossible to prove it.

1 If something has not yet been proven, does that make it untrue?

2 Is the state of an idea being true or false dependent on our ability to prove it?

In fact, we can quite easily prove that \/2 is irrational by using a method called proof by
contradiction. In this method we suppose that the opposite is true of what we want to show is true,
and follow a series of logical steps until we arrive at a contradiction. The contradiction confirms that
our original supposition must be false.

Proof: Suppose v/2 is rational, so /2 = P for some (positive) integers p and ¢, ¢q # 0.
q

We assume this fraction has been written in lowest terms, so p and ¢ have no
common factors.
2

Squaring both sides, 2= Z_Q
p? =2¢° e (D)

p? is even, and so p must be even.
Thus p = 2k for some k € ZT.

Substituting into (1), 4k% = 2¢2
q2 _ 2k2
¢? is even, and so ¢ must be even.

Here we have a contradiction, as p and ¢ have no common factors.

Thus our original supposition is false, and /2 is irrational.

3 Is proof by contradiction unique to mathematics, or do we use it elsewhere?
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'[*] | ALGEBRAIC EXPANSION AND FACTORISATION

EXPANSION

We can use the usual expansion laws to simplify expressions containing exponents:

a(b+c) =ab+ ac
(a+b)(c+ d) = ac + ad + be + bd
(a +b)(a — b) = a® — b?

(a—l—b)2:(12—|—2ab—|—b2

(a — b)? = a® — 2ab + b®

) Self Tutor

1 3

1 1
Expand and simplify: = %(z2 +2z% — 3z ?)

1 3 1 1

z %(z? 4222 -3z ?)

_2 3 _2 L _2 _2 _2
=z 2xz?+4+x ?2x2z%>—x 2x3z 2 {eachtermis x byz 2}
=z! +22° — 3271 {adding exponents}

T

Expand and simplify: —a (2 +3)(2°+1) b (7®+77°)32

a  (2°+3)(2°+1) b (7P+77°)?
=2"x 2% 4+ 2"+ 3x2°43 = (") +2x 7" x 7T+ (77%)?2
=220 1 4x 243 =74 2x 0477
=4" 42217 43 =T 42477

EXERCISE 3D.1
1 Expand and simplify:

a z3(23+ 222+ 1) b 27(2* 4+ 1) ¢ z2(z? +x 2)
1 3 1
d 77" +2) e 37(2-377) f z2(x® +222 + 3z 2)
g 27%(2* +5) h 572(5% + 5%) iz 7(2? —|—a:+a:2)
2 Expand and simplify:
a (2*-1)(2*+3) b (3*4+2)(3* +5) c (5*—2)(5* —4)
d(w+$ e (3°—1)2 f (4 +7)2
S (x"‘ +2)( 2 -2) h (2% +3)(2% - 3) i (2242 ?)(z® -z ?)
i (x4 ) k (7% —77%)2 I (5—27%)2
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FACTORISATION AND SIMPLIFICATION

| Example 13 | ) Self Tutor
Factorise: a 2713 427 b 273418 G P 4L g
a 2n+3 + on b 2n+3 + 8 ¢ 2371 4 22n
_ 2n23 4 2n _ 277,23 4 8 _ 22n2n o+ 2271
=222 +1) =8(2") +8 =2mm(2" 4 1)
=2"x9 =8(2"+1)
| Example 14 | ) Self Tutor
Factorise: a 4% —9 b 9% +4(3*)+4
a 4" —9
= (2%)% - 32 {compare a® —b*> = (a+b)(a—b)}
= (2" +3)(2* - 3)
b 9% +4(3%) +4
=(3")24+4(3") +4 {compare a® +4a +4}
= (3 +2)? {as a® +4a+4=(a+2)?}
EXERCISE 3D.2
1 Factorise:
a 52m + 5z 3n+2 4 3n ¢ 7n 4 73n
d srtl_—5 6"1t2 —6 f 47*+2 _ 16
2 Factorise:
a 9% -4 4% — 25 ¢ 16 —-9%
d 254~ 97 — 4* f 47+6(2°)+9
g 9*+10(3%)+25 h 4% —14(2%) +49 i 257 —4(5%)+4
3 Factorise:
a 4*+9(2%)+ 18 b 47 —27—-20 c 9°+9(3%)+ 14
d 97 +4(3%) -5 e 257 5% —2 f 497 — 7=t 12
| Example 15 | ) Self Tutor
e 6" i
Simplify: a 3 o
6™ 6™ 4n 4n
a — or — b — or —
e Sy L L
2"’3’” 6 n 2%277' 4 n
-ZE ) _rr
_ 2n _ 271 _ on _ /o\n
=— =(3)
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Example 16

) Self Tutor

. 3" + 6™ am+2 _ gm 2m+3 4 gm
Simplify: a + . z
ST e 9
3n + 6" b 2m+2 _om 2m+3 + om
a —_
ST 2 9
_ 3" +2n3n _ ogp — g _ 2m23 4 om
= o = o =—
_Fa+2h) _2(4-1) _2M(8T)
3" g 9,
=142 =3 ="
L Simplify:
127 20 6° 4n
a — b — ¢ — —
6™ 20 2b 20m
35% f 6e 9 5n+1 5n+1
e 8a 5m 5
5 Simplify:
6" 4 2™ 2m 4 12™ 8™ + 4"
2m 2n 2n
g 12r-3 6" 4 127 sntl _5n
3% 1427 4
5n+1 _5n qn _ on on _ 2n—1
6 Simplify:

a 2"(n+1)+2"(n—1)

"3 EXPONENTIAL EQUATIONS

An exponential equation is an equation in which the unknown occurs as part of the index or exponent.

For example: 2* =8 and 30 x 3" =7 are both exponential equations.

There are a number of methods we can use to solve exponential equations. These include graphing, using
technology, and by using logarithms, which we will study in Chapter 4. However, in some cases we
can solve algebraically by the following observation:

If 22=8 then 2¢=23 Thus x =3, and thisis the only solution.

If the base numbers are the same, we can equate exponents.
If a®* =a* then = =k.
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o) Self Tutor

Solve for z:
a 2> =16 b 3°t2 =L
a 2% = 16 b 3 =4
2x = 24 3w+2 — 3—3
T =4 r+2=-3
T=-5
Example 18 ) Self Tutor
Solve for z:
a 4°=38 b 9o 2=1
a 4* =8 b 9* 7% =3
(22);10 _ 23 (32)95—2 _ 3—1
92x _ 93 32(z—2) _ 3-1
2 =3 2z —2) = -1
z=3 2z —4=-1
g =
r=3
EXERCISE 3E
1 Solve for z:
a 2*=8 5% =25 3% =81
e 3v=1 2° =2 g 5=
i 2772 =5 3ot = & 7T = 343
2 Solve for x:
a 8" =32 4 =3 ¢ 9=
e 27 =1 16° = & g 47+2 =128
it =4 9e—3 =27 k (3)*tt=38
m 817 =277 (5 =32 o (3)"=49

3 Solve for z, if possible:

a 42m+1 — 81—:E

L Solve for x:
a 3x22=24
d 12x3"=3

b 92—:v — (%)2r+1

7% 2% =56
4x ()7 =36

Once we have the
same base we then
equate the exponents.

\

)
7 =
h 4>+t =64
—2z __ 1
| 51 2 =z
r 1
d 25° =1
— 1
h 251 x:m

| (%)m+2 =9
1
3

p ()l =243

T 1—z 1
c 2" x8 =17

¢ 3x2*tl =24
f 5x(3)*=20
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=) Self Tutor

Solve for x: 4% 4+ 2% —20=0

4% +2%—-20=0

(2*)2+2°-20=0 {compare a® +a —20 =0}
(2° —4)(2* +5) =0 {a®> +a—-20=(a—4)(a+5)}
2" =4 or 2* = -5
o =9 {2% cannot be negative}
=2

5 Solve for x:
a 4*—6(2*)+8=0 b 4*-2*—-2=0 c 97 —12(3")+27=0
d 9" =346 e 257 —23(5%) —50=10 f 497 +1=2(7")

by clicking on the icon.
GRAPHICS

CALCULATOR

Check your answers using technology. You can get instructions for doing this /
INSTRUCTIONS

"7 EXPONENTIAL FUNCTIONS

We have already seen how to evaluate 0™ when n € Q, or in other words when n is a rational number.
But what about ™ when n € R, so n is real but not necessarily rational?

To answer this question, we can look at graphs of exponential functions.

The most simple general exponential function has the form y = b where b >0, b# 1.

For example, y = 2* 1is an exponential function. Ly
We construct a table of values from which we graph the
function: i
x| —-3|-2|-1(0]1]|2]|3 6
yl 3 | 3|35 [1]2]4 y=2"
4

When z=-10, y= 2710 ~ 0.001.
When z = —50, y=27°0~8.88 x 10716, 9

As x becomes large and negative, the graph of y = 27 «_//‘ 1 .

approaches the z-axis from above but never touches it, since 3 2 1 5 &
2% becomes very small but never zero.

So,as x — —oo, y — 0.

13

We say that y = 2% is ‘asymptotic to the z-axis’ or ‘y = 0 is a horizontal asymptote’.

We now have a well-defined meaning for b" where b, n € R because simple exponential functions
have smooth increasing or decreasing graphs.
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GRAPHS OF EXPONENTIAL FUNCTIONS

In this investigation we examine the graphs of various families of exponential functions. ~ DYNAMIC

GRAPHING

Click on the icon to run the dynamic graphing package, or else you could use your PACKAGE

graphics calculator. - ﬁ)

What to do:

Explore the family of curves of the form y =b* where b > 0.
For example, consider y = 2%, y=3%, y=10%, and y = (1.3)%.
a What effect does changing b have on the shape of the graph?
b What is the y-intercept of each graph?
¢ What is the horizontal asymptote of each graph?

Explore the family of curves of the form y = 2% +d where d is a constant.
For example, consider y =2%, y=2"+1, and y =2% — 2.
a What effect does changing d have on the position of the graph?
What effect does changing d have on the shape of the graph?
What is the horizontal asymptote of each graph?
What is the horizontal asymptote of y = 2* + d?
To graph y =2%+d from y =2* what transformation is used?

O O A O

Explore the family of curves of the form y = 2*7¢°.
For example, consider y = 2%, y =271 y=2%+2 and y =23
a What effect does changing ¢ have on the position of the graph?
b What effect does changing ¢ have on the shape of the graph?
¢ What is the horizontal asymptote of each graph?
d

To graph y =2*"¢ from y =2% what transformation is used?

Explore the relationship between y =0 and y =0"% where b > 0.
For example, consider y =2* and y=2"7".

a What is the y-intercept of each graph?

b What is the horizontal asymptote of each graph?

¢ What transformation moves y =2* to y=2"%?

Explore the family of curves of the form y =a x 2* where a is a constant.
a Consider functions where a > 0, suchas y = 2%, y =3 x 2% and y = % X 2%,
Comment on the effect on the graph.
b Consider functions where a < 0, suchas y=—-2% y=-3x2% and y= —% X 2%,
Comment on the effect on the graph.
¢ What is the horizontal asymptote of each graph? Explain your answer.
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From your investigation you should have discovered that:

For the general exponential function y =a X b*~¢+d where b>0, b#1, a#0:

e b controls how steeply the graph increases or decreases
e ¢ controls horizontal translation

e d controls vertical translation

e the equation of the horizontal asymptote is y = d

o if a>0, b>1

the function is
increasing.

the function is
decreasing.

We can sketch reasonably accurate graphs of exponential

e the horizontal asymptote
e the y-intercept

e two other points, for example, when
r=2, x=-2

e if a>0, 0<b<1
the function is
decreasing.

the function is
increasing.

e if a<0, b>1 \ e if a<0, 0<b<1

: - All exponential

functions using: graphs are similar

in shape and have
a horizontal

asymptote.

-
/

Example 20

Sketch the graph of y =27% — 3.
Hence state the domain and range of f(z) =27% — 3.

o) Self Tutor

For y=27% -3,
the horizontal asymptote is y = —3.

When z=0, y=2"—3

=1-3
= —2 >
the y-intercept is —2.
When z=2 y=2"2-3
_ 1
=1_-3
_ _93
=23

When z=-2, y=22-3=1
The domain is {x | z € R}. Therangeis {y|y > —3}.
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Consider the graph of y = 2” alongside. We
can use the graph to estimate:

e the value of 2% for a given value of x, for
example 28~ 3.5 {point A}

the solutions of the exponential equation
2% = b, for example if 2* = 5 then
x ~ 2.3 {point B}.

EXERCISE 3F

1

Use the graph above to estimate the value of:

1
a 27 or V2 b 208 ¢ 215 d 2-V2
Use the graph above to estimate the solution to:
a 2*=3 b 2*=0.6
Use the graph of y =27 to explain why 2% =0 has no solutions.
Draw freehand sketches of the following pairs of graphs using your observations GRAPHING
from the previous investigation: PACKAGE

a y=2" and y =27 -2
¢ y=2% and y =22

Draw freehand sketches of the following pairs of graphs:

a y=3* and y=3""
¢ y=3% and y=—-3°

For each of the functions below:

i
ii
iiii
iv
v

sketch the graph of the function
state the domain and range
use your calculator to find the value of y when = = /2

discuss the behaviour of y as « — +o0
determine the horizontal asymptotes.

a y=2"+1 b y=2-2° ¢ y=2""+3

b y=2% and y=27°7
d y=2" and y=2(2%)

b y=3" and y=3*+1
d y=3% and y=3*"1

=

d y=3-27°
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] B GROWTH AND DECAY

In this section we will examine situations where quantities are either increasing or decreasing
exponentially. These situations are known as growth and decay modelling, and occur frequently in
the world around us.

Populations of animals, people, and bacteria usually grow in an exponential way.

Radioactive substances, and items that depreciate in value, usually decay exponentially.

GROWTH

Consider a population of 100 mice which under favourable ip,
conditions is increasing by 20% each week.

To increase a quantity by 20%, we multiply it by 1.2. 400

If P, is the population after n weeks, then:
300
Py =100 {the original population}

P, =Py x12=100x 1.2

Py =P x 1.2 =100 x (1.2)*

Py = P, x 1.2 =100 x (1.2)%, and so on.

From this pattern we see that P, = 100 x (1.2)™.

200

1009

So, the graph of the population is a smooth curve given by & n (weeks)

the exponential function P, = 100 x (1.2)". 12 3 4 5 6

») Self Tutor

An entomologist monitoring a grasshopper plague notices that the area affected by the grasshoppers
is given by A, = 1000 x 202" hectares, where n is the number of weeks after the initial
observation.

a Find the original affected area.
b Find the affected area after: i 5 weeks ii 10 weeks il 12 weeks.
¢ Draw the graph of A,, against n.

a Ag=1000 x 2°

= 1000 x 1
= 1000 .. the original affected area was 1000 ha.
b i A5 =1000x 2' € 80004 4 ()
= 2000
The affected area is 2000 ha. 6000
ii A = 1000 x 22
= 4000 4000
The affected area is 4000 ha.
iiil A5 = 1000 x 20-2%12 2000
= 1000 x 2%4 A
~ 5280 n (weeksl

The area affected is about 5280 ha. 2 4 g S
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EXERCISE 3G.1

1 The weight W, of bacteria in a culture ¢ hours after establishment GRAPHING
i 3 — 0.1t PACKAGE
is given by W, =100 x 2 grams.

-« >
a Find the initial weight. W
b Find the weight after: i 4 hours ii 10 hours iii 24 hours.
¢ Sketch the graph of W; against ¢ using the results of a and b only.
d Use technology to graph Y; = 100 x 2°-1X and check your answers to a, b, and «.

2 A breeding program to ensure the survival of pygmy possums is established with an initial population
of 50 (25 pairs). From a previous program, the expected population P, in n years’ time is given
by P, = Py x 203",

a What is the value of Fy?
b What is the expected population after: i 2 years i 5 years iii 10 years?
¢ Sketch the graph of P,, against n using a and b only.

d Use technology to graph Y; = 50 x 293X and check your answers to b.

3 A species of bear is introduced to a large island off Alaska where previously there were no bears.
6 pairs of bears were introduced in 1998. It is expected that the population will increase according
to By = By x 2918 where t is the time since the introduction.

a Find B,. b Find the expected bear population in 2018.
¢ Find the expected percentage increase from 2008 to 2018.

4 The speed V; of a chemical reaction is given by V; = V x 299t where ¢ is the temperature

in °C.
a Find the reaction speed at: i 0°C il 20°C.
b Find the percentage increase in reaction speed at 20°C compared with 0°C.
¢ Find (M) x 100% and explain what this calculation means.
20
DECAY
Consider a radioactive substance with original weight 25, -
20 grams. It decays or reduces by 5% each year. The n (grams)
multiplier for this is 95% or 0.95. 20
If W, is the weight after n years, then:
Wo = 20 grams 15
W1 =Wy x0.95 =20 x 0.95 grams
Wy = W7 x 0.95 =20 x (0.95)2 grams 10
W3 = Wy x 0.95 = 20 x (0.95)% grams
: 5
Wao = 20 x (0.95)2° ~ 7.2 grams
n (years)
10 20

Wioo = 20 x (0.95)%° ~ 0.1 grams

and from this pattern we see that W, = 20 x (0.95)™.
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| Example 22 | =) Self Tutor

When a diesel-electric generator is switched off, the current dies away according to the formula
I(t) =24 x (0.25)" amps, where ¢ is the time in seconds after the power is cut.

a Find I(t) when ¢t=0, 1, 2 and 3.
b What current flowed in the generator at the instant when it was switched off?
¢ Plot the graph of I(¢) for ¢ > 0 using the information above.
d Use your graph or technology to find how long it takes for the current to reach 4 amps.
a I(t) =24 x (0.25)" amps
1(0) I(1) 1(2) 1(3)
=24x(0.25)° =24x (025" =24x(0.25?% =24x(0.25)°
= 24 amps = 6 amps = 1.5 amps = 0.375 amps
b When t=0, I(0)=24
When the generator was switched off, 24 amps of current flowed in the circuit.
¢ 4 I (amps)
25
20
15
10
5
04 ; t (seconds2
1 13 2 3 4
d From the graph above, the time to reach 4 amps is about
1.3 seconds. or \

By finding the point of intersection of
Y; = 24 x (0.25)"X and Yy =4 on a graphics

1 s ~ Interseckion
calculator, the solution is 1.29 seconds. Intebacotion

Wi
a
b

) Self Tutor

The weight of radioactive material remaining after ¢ years is given by
= Wy x 270001 gramg,

Find the original weight.
Find the percentage remaining after 200 years.

When ¢ =0, the weight remaining is Wy x 2° = W)
W is the original weight.
When ¢ =200, Wagg = Wy x 270:001x200
=Wy X 2702
~ Wy x 0.8706
~ 87.06% of Wy

After 200 years, 87.1% of the material remains.
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EXERCISE 3G.2
1 The weight of a radioactive substance ¢ years after being set aside is given by
W (t) =250 x (0.998)" grams.
a How much radioactive substance was initially set aside?
b Determine the weight of the substance after:
i 400 years ii 800 years iii 1200 years.
¢ Sketch the graph of W (t) for ¢ >0 using a and b only.

d Use your graph or graphics calculator to find how long it takes for the substance to decay to
125 grams.

2 The temperature 7" of a liquid which has been placed in a refrigerator is given by
T(t) =100 x 279022 °C  where ¢ is the time in minutes.
a Find the initial temperature of the liquid.
b Find the temperature after:
i 15 minutes il 20 minutes ili 78 minutes.
¢ Sketch the graph of T'(¢) for ¢ >0 using a and b only.

3 Answer the Opening Problem on page 96.
4 The weight W, grams of radioactive substance remaining after ¢ years is given by
Wy = 1000 x 279:03¢ grams.
a Find the initial weight of the radioactive substance.
b Find the weight remaining after:
i 10 years ii 100 years iii 1000 years.
¢ Graph W, against ¢ using a and b only.
Use your graph or graphics calculator to find the time when 10 grams of the substance remains.
e Write an expression for the amount of substance that has decayed after ¢ years.

5 The weight W, of a radioactive uranium-235 sample remaining after ¢ years is given by the formula
W, = Wy x 2700002t grams ¢ > 0. Find:

a the original weight b the percentage weight loss after 1000 years

1

¢ the time required until {5

of the sample remains.

I I THE NATURAL EXPONENTIAL c-
We have seen that the simplest exponential functions are y=(02)" y=5"
of the form f(x) = b® where b >0, b# 1. ) +Y

Graphs of some of these functions are shown alongside.

We can see that for all positive values of the base b, the
graph is always positive.

Hence b* >0 forall b> 0.

There are an infinite number of possible choices for the
base number.
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However, where exponential data is examined in science, engineering, and finance, the base e ~ 2.7183
is commonly used.

e is a special number in mathematics. It is irrational like 7, and just as 7 is the ratio of a circle’s
circumference to its diameter, e also has a physical meaning. We explore this meaning in the following
investigation.

CONTINUOUS COMPOUND INTEREST

A formula for calculating the amount to which an investment grows is  w,, = ug(1 +4)" where:

u, 1s the final amount, ug 1s the initial amount,

1 1is the interest rate per compounding period,
n 1is the number of periods or number of times the interest is compounded.

We will investigate the final value of an investment for various values of n, and allow n to get
extremely large.

What to do:

1 Suppose $1000 is invested for one year at a fixed rate of 6% per annum. Use your calculator
to find the final amount or maturing value if the interest is paid:

a annually (n =1, i=6% = 0.06) b quarterly (n=4, i= %% =0.015)

¢ monthly d daily

e by the second f by the millisecond.
2 Comment on your answers from 1.
If r is the percentage rate per year, ¢ is the number of years, and N is the number of

interest payments per year, then ¢ = % and n = Nt.

Nt
The growth formula becomes u,, = ug (1 + %) .

aqrt
If we let azﬂ, show that w,, = ug [(1+l) } .
a

T

4 For continuous compound growth, the number of interest N
payments per year N gets very large. a 1+ ;)
a Explain why a gets very large as IV gets very large. 10
b Copy and complete the table, giving your answers as 100
accurately as technology permits. 1000
You should have found that for very large values of a, 10000
a
(1 + 1) ~ 2.718 281828 459... 100000
a 1000000
Use the key of your calculator to find the value of e!. 10000000

What do you notice?

For continuous growth, w, = uge” where wg is the initial amount
r is the annual percentage rate
t is the number of years

Use this formula to find the final value if $1000 is invested for 4 years at a fixed rate of 6%

per annum, where the interest is calculated continuously.
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From Investigation 2 we observe that:

If interest is paid continuously or instantaneously then the formula for calculating a compounding amount

Uy = up(1 +14)™ can be replaced by u, = ugpe™,

the number of years.

HISTORICAL NOTE

The natural exponential e was first described in 1683 by Swiss
mathematician Jacob Bernoulli. He discovered the number while
studying compound interest, just as we did in Investigation 2.

The natural exponential was first called e by Swiss mathematician
and physicist Leonhard Euler in a letter to the German
mathematician Christian Goldbach in 1731. The number was then
published with this notation in 1736.

In 1748 Euler evaluated e correct to 18 decimal places.

One may think that e was chosen because it was the first letter of
Euler’s name or for the word exponential, but it is likely that it
was just the next vowel available since he had already used a in
his work.

EXERCISE 3H

1 Sketch, on the same set of axes, the graphs of y = 2%, y = €7,

and y = 3”. Comment on any observations.

2 Sketch, on the same set of axes, the graphs of y =¢e* and y =e™ 7.

What is the geometric connection between these two graphs?

3 For the general exponential function y = aek®

4 Consider y = 2e”.

a Explain why y can never be < 0. b Findyif: i ==-20 ii
5 Find, to 3 significant figures, the value of:

a e? b ¢ ¢ 7 d /e
6 Write the following as powers of e:

1 1

a /e b 7 < = d eye
7 Simplify:

a (60.36)§ b (eo‘064)1% ¢ (6—0.04)§ d (6—0‘836)%
8 Find, to five significant figures, the values of:

a 231 b 231 ¢ 4829

d e—4829 e 50e—0-1764 f 80e—0-6342

g 100061'2642 h 0.25673.6742

where r is the percentage rate per annum and ¢ is

Leonhard Euler

x

, what is the y-intercept?

GRAPHING
PACKAGE

-

x = 20.

e
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9 On the same set of axes, sketch and clearly label the graphs of:
fixz— e, g: T etT2, h:x—e*+3
State the domain and range of each function.

10 On the same set of axes, sketch and clearly label the graphs of:
fixz—er, g:x— —e”, h:xzw—10—¢"
State the domain and range of each function.

11 Expand and simplify:
a (e*+1)2 b (1+e*)(1—¢e") c e"(e®—3)

t
12 The weight of bacteria in a culture is given by W (¢) = 2¢® grams where ¢ is the time in hours
after the culture was set to grow.

a Find the weight of the culture when:
i t=0 ii t=30min i ¢ =14 hours iv t =6 hours.

t
2

b Use a to sketch the graph of W (t) = 2e?.

13 Solve for z:

a e®=./e b e =~

14 The current flowing in an electrical circuit ¢ seconds after it
is switched off is given by () = 75¢~-15¢ amps.
a What current is still flowing in the circuit after:
i 1 second il 10 seconds?
b Use your graphics calculator to sketch
I(t) =75¢ %1% and I =1.

¢ Hence find how long it will take for the current to fall
to 1 amp.

15 Consider the function f(x) = e*.
a On the same set of axes, sketch y = f(z), y =2, and y = f~!(z).
b State the domain and range of f~*.

ACTIVITY

Click on the icon to run a card game for exponential functions.

CARD GAME

ot
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RESEARCH RESEARCHING e

What to do:

1 The ‘bell curve’ which models statistical distributions is AY
shown alongside. Research the equation of this curve.

x
Y
2 The function f(z) = 1+ & + 322 4+ 5532° + g5%72* + ... has infinitely many terms.
It can be shown that f(z) = e”.
Check this statement by finding an approximation for f(1) using its first 20 terms.
REVIEW SET 3A CULATOR
1 Simplify:
a —(-1)1 b —(-3)3 ¢ 3¥-37!
2 Simplify using the laws of exponents:
415 272 5 . 02,5 5(z2y)?
a a*b’ x a“b b 6xy®> +9x°y )T
3 Let f(z)=3".
a Write down the value of: i f(4) i f(-1)
b Find the value of k such that f(x+2) =k f(z), k€ Z
4 Write without brackets or negative exponents:
a z 2xx3 b 2(ab)~2 ¢ 2ab?
5 Write as a single power of 3:
g b (\/g)l—x % 91—239
6 Evaluate:
2 2
a 8% b 273
7 Write without negative exponents:
%, =i
a mn 2 b (mn)=3 ¢ = ZLQ d (4m—1n)?
p
8 Expand and simplify:
a (3—e%)2 b (Vz+2)(vz-2) ¢ 277(2% 4 27)
9 Find the value of z:
a 223 =4 b 97 =272 % ¢ =

32
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10 Match each equation to its corresponding graph:

a y=-—¢€"
A y

b y=3x2°

€ y=e"+1 d y=37"° e

B Yy C Ty

[N}
\d
A
|
L
"H

- » T - » T
i '
D Y E Yy
D G
-1
3
5 &
11 Suppose y =a”. Express in terms of y:
a a* b o ” c \/i_z
REVIEW SET 3B CALCULATOR
1 a Write 4 x2" asa power of 2.
b Evaluate 7-! — 70
¢ Write (2)™® in simplest fractional form.
2a—1)’
d Write ( ‘Zz > without negative exponents or brackets.
2 Evaluate, correct to 3 significant figures:
3 1
a 3% b 27 ¢ ¢ V100
3 If f(z)=3x2% find the value of:
a f(0) b /3 ¢ f(=2)
4 Suppose f(z)=2""+1.
a Find f(3). b Find a such that f(a) = 3.
5 On the same set of axes draw the graphs of y = 2* and y = 2* — 4. Include on your
graph the y-intercept and the equation of the horizontal asymptote of each function.
6 The temperature of a dish ¢ minutes after it is removed from the microwave, is given by

T =80 x (0.913)¢ °C.
a Find the initial temperature of the dish.
b Find the temperature after:
i t=12 ii t=24 iiil
¢ Draw the graph of 7" against ¢ for ¢ > 0, using the above or technology.
d Hence, find the time taken for the temperature of the dish to fall to 25°C.

t = 36 minutes.
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7 Consider y=3%—5.

a Find y when z =0, +1, £2. b Discuss y as x — +oo.

¢ Sketch the graph of y = 3% — 5. d State the equation of any asymptote.
8 a On the same set of axes, sketch and clearly label the graphs of:

fixr—e®, g:x—e®t, h:izr3—e°

b State the domain and range of each function in a.
9 Consider y=3—277.

a Find y when = =0, £1, £2. b Discuss y as = — *oo.

¢ Sketch the graph of y =3 — 277, d State the equation of any asymptote.

10 The weight of a radioactive substance after ¢ years is given by W = 1500 x (0.993)! grams.
a Find the original amount of radioactive material.
b Find the amount of radioactive material remaining after:
i 400 years ii 800 years.
¢ Sketch the graph of W against ¢, ¢t > 0, using the above or technology.
d Hence, find the time taken for the weight to reduce to 100 grams.

REVIEW SET 3C

1 Given the graph of y = 3% shown, estimate

4
solutions to the exponential equations:
a 3*=5
z 1
b 37 =3 4
€ 6x3"=20
y=3"
il
‘4——// £
< T T >
Y
2 Simplify using the laws of exponents:
5
7\3 b o2 x p3t 8ab
a (a) pq* x p’q ¢ o
3 Write the following as a power of 2:
a 2x274 b 16273 ¢ &

4 Write without brackets or negative exponents:
a b3 b (ab)! ¢ ab!
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L AL
Simplify

9l—z"

Write as powers of 5 in simplest form:

1
1 b 5v5 C — d 25F3

a V5 7

Expand and simplify:
1 1

a e“(e®+e") b (2% +5)? ¢ (22 —7)(z® +7)
Solve for z:

a 6x2%=192 b 4x(3)*=324

The point (1, /8) lies on the graph of 3 = 2**.  Find the value of k.
Solve for = without using a calculator:

a 2ot =32 b 4ot =(3)°
Consider y =2e % + 1.

a Find y when =z =0, £1, 2.

b Discuss y as = — +oo.

¢ Sketch the graph of y =2e~* + 1.

d

State the equation of any asymptote.
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OPENING PROBLEM

In a plentiful springtime, a population of 1000 mice will
double every week.

The population after ¢ weeks is given by the exponential
function P(t) = 1000 x 2¢ mice.
Things to think about:
a What does the graph of the population over time look
like?
b How long will it take for the population to reach
20000 mice?

¢ Can we write a function for ¢ in terms of P, which
determines the time at which the population P is
reached?

d What does the graph of this function look like?

Consider the exponential function f: x +— 10%
or f(z)=10".

The graph of y = f(x) is shown alongside, along with
its inverse function f~!.

Since f is defined by y = 107,

£~ Vis defined by z = 10Y. /

{interchanging = and y}

y is the exponent to which the base 10 is raised in order
to get x.

/
2
»

4

We write this as  y =log;,« and say that y is the logarithm in base 10, of x.

Logarithms are thus defined to be the inverse of exponential functions:
If f(z)=10" then f~!(z)=log,z.

WORKING WITH LOGARITHMS

Many positive numbers can be For example:
easily written in the form 10”.

10000 = 10*
1000 = 10?
100 = 102
10 = 10*
1=10°
0.1=10""
0.01 =102

0.001 =103
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Numbers like /10, 10v/10 and ,1 can also be written in the form 10* as follows:

V10
1 1
V10 =10" 10v/10 = 10* x 10%3 L 073
¥10
— 10045 — 101'5 — 10—0.2

In fact, all positive numbers can be written in the form 10” by using logarithms in base 10.

The logarithm in base 10 of a positive number is the exponent when the number is written
as a power of 10.

For example:
e Since 1000 = 103, we write log;,1000 =3 or log1000 = 3.

e Since 0.01 =1072, we write log;;(0.01) = —2
or log(0.01) = —2.

If no base is indicated we
assume it means base 10.

log a means logg a.
a =108 forany a > 0.

Notice that @ must be positive since 10* >0 for all z € R.

Notice also that  1og 1000 = log 10% = 3

and log0.01 =log10™% = —2.
We hence conclude that log10* = x forany z € R.
| Example 1 ) Self Tutor
a Without using a calculator, find: i log100 i log(+/10).
b Check your answers using technology.
1
a 1 log100=1logl10? =2 i log(v/10) = log(107) = 1
b i Casio fx-CG20 ii TI-84 Plus
?o ; logdd =[1@) e =
. / GRAPHICS
CALCULATOR
INSTRUCTIONS
log 100 = 2 log(+/10) = 0.25
EXERCISE 4A
1 Without using a calculator, find:
a log 10000 b log0.001 ¢ logl0 d logl
e log+v10 f log(4/10) g log <4L10> h log (10\/ 10)
i log ¥/100 i log <%> k log (10 x ¥/10) 1 log (1000/T0)

Check your answers using your calculator.
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2 Simplify:

a logl0™ b log (10* x 100) ¢ log (13)—?”) d log (%)

| Example2

Use your calculator to write the following in the form 10* where z is correct to 4 decimal places:
a 8 b 800 c 0.08
a 8 b 800 < 0.08
= 1010g8 = 1010g 800 = 1010g 0.08
~ 1009031 ~ 1029031 ~ 10~ 1-0969

3 Use your calculator to write the following in the form 10* where x is correct to 4 decimal places:
a 6 b 60 ¢ 6000 d 0.6 e 0.006
f 15 g 1500 h 1.5 i 0.15 j 0.00015

| Example3

a Use your calculator to find: i log2 il log20
b Explain why log20 =log2 + 1.

a i log2~0.3010 b log20 = log(2 x 10)
ii log20~1.3010 {calculator} ~ log(10°-3010 x 101)

~ log 10'-391%  fadding exponents}
~ 1.3010
~log2+1

4 a Use your calculator to find: i log3 i log300

Explain why log 300 = log 3 + 2.
5 a Use your calculator to find: i logh il log0.05

Explain why log 0.05 = logb — 2.

») Self Tutor

Find x if:
a logz=3 b logx ~ —0.271
a x = 1082 b x = 1082
T = 103 T~ 10—0.271
x = 1000 o, x~0.536
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6 Find zx if:
a logx =2 b logzx=1 ¢ logx=0
d logx = -1 e logm:% f log:c:—%
g logx =14 h logx = -5 i logz ~ 0.8351
j logx ~ 2.1457 ke logx ~ —1.378 I logzx ~ —3.1997

"3 LOGARITHMS IN BASE o

In the previous section we defined logarithms in base 10 as the inverse of the exponential function
f(z) =10".

If f(z)=10° then f~!(z)=log, .

We can use the same principle to define logarithms in other bases:

If f(r)=a® then f~1(x)=log,.

<> means
“if and only if”.

If b=a", a#1, a >0, we say that z is the logarithm in base a,
of b, and that b=0a" & x=log,b, b> 0.

This means that:

“if b=a" then z =1og,b, and if x =log,b then b=a"".
b=a" and x =log,b are equivalent or interchangeable statements.
For example: e 8 =23 means that 3 =log,8 and vice versa.

e log; 25 =2 means that 25 =52 and vice versa.
If y=a" then z =log,y, and so z = log, a”®.

If z=a¥ then y =log, x, and so x = a8 * provided = > 0.

) Self Tutor

a Write an equivalent exponential equation for log;, 1000 = 3.

b Write an equivalent logarithmic equation for 3* = 81.

a From log;,1000 =3 we deduce that 103 = 1000.
b From 3* =81 we deduce that log;81 = 4.
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EXERCISE 4B

1 Write an equivalent exponential equation for:

a log;;100 =2
d log,,vV10=1
g logy(3) =2

b log;,10000 = 4 <
e log,8=3
h log; 27 =15

2 Write an equivalent logarithmic equation for:

a 22=4 b 43 =64 ¢ 52=25
d =49 e 20=64 f273=21
g 1072 =0.01 h 271=1 i 379=1
Example 6 o) Self Tutor
Find:
a log,16 b logs 0.2 ¢ logy, /100 d log, (%)
a log, 1? b logs 01.2 < log,, /100 1 d log, (%)
—log, 2 = logs(3) = log, (10%)° —log, 27
=4 = logs 571 2 — e
=-1 = log;( 10° =-1
_2
5
3 Find:
a log,, 100000 b log;,(0.01) ¢ log;V/3 log, 8
e log, 64 f log, 128 g logs 25 logs 125
i log,(0.125) j logy3 ¢ log, 16 logs 6
m logs 243 n log, V2 o log,a” logg 2
q log, (%) r logg 616 s log, 1 logy 9
4 Use your calculator to find:
a log;,152 b log,,25 ¢ logy, 74 log,( 0.8
5 Solve for x:
a logyz =3 b logyz =13 ¢ log,81 =4 log,(z — 6) =3
6 Simplify:
a log, 16 b log,4 ¢ logs (3) log; v/1000
e log; (%) f logs(25v/5) g log, (\/%—7) log, (2—\1/5)
i log, z? j log, T k log,, m3 log,, (/)
m log, (l> n log, (%) o log, <L> log,,, vVmb
n a Va
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THEORY OF KNOWLEDGE

Acharya Virasena was an 8th century Indian mathematician. Among other areas, he worked with the
concept of ardhaccheda, which is how many times a number of the form 2™ can be divided by 2.
The result is the integer n, and is the logarithm of the number 2™ in base 2.

In 1544, the German Michael Stifel published Arithmetica Integra which contains a table expressing
many other integers as powers of 2. To do this, he had created an early version of a logarithmic
table.

In the late 16th century, astronomers spent a large part of their
working lives doing the complex and tedious calculations of
spherical trigonometry needed to understand the movement of
celestial bodies. In 1614, the Scottish mathematician John Napier
formally proposed the idea of a logarithm, and algebraic methods
for dealing with them. It was said that Napier effectively doubled
the life of an astronomer by reducing the time required to do
calculations.

Just six years later, Joost Biirgi from Switzerland published i ¢ (
a geometric approach for logarithms developed completely e
independently from John Napier. John Napier

1 Can anyone claim to have invented logarithms?

2 Can we consider the process of mathematical discovery an evolution of ideas?

Many areas of mathematics have been developed over centuries as several mathematicians have
worked in a particular area, or taken the knowledge from one area and applied it to another field.
Sometimes the process is held up because a method for solving a particular class of problem has not
yet been found. In other cases, pure mathematicians have published research papers on seemingly
useless mathematical ideas, which have then become vital in applications much later.

In Everybody Counts: A report to the nation on the future of Mathematical Education by the National
Academy of Sciences (National Academy Press, 1989), there is an excellent section on the Nature
of Mathematics. It includes:

“Even the most esoteric and abstract parts of mathematics - number theory and logic, for
example - are now used routinely in applications (for example, in computer science and
cryptography). Fifty years ago, the leading British mathematician G.H. Hardy could boast
that number theory was the most pure and least useful part of mathematics. Today, Hardy’s
mathematics is studied as an essential prerequisite to many applications, including control of
automated systems, data transmission from remote satellites, protection of financial records,
and efficient algorithms for computation.”

3 Should we only study the mathematics we need to enter our chosen profession?

4 Why should we explore mathematics for its own sake, rather than to address the needs of
science?
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"9 LAWS OF LOGARITHMS

INVESTIGATION DISCOVERING THE LAWS OF LOGARITHMS
What to do:

1 Use your calculator to find:
a log2-+log3 b log3+log7 ¢ log4 + log20
d log6 e log2l f log80
From your answers, suggest a possible simplification for loga + logb.
2 Use your calculator to find:
a log6 —log?2 b logl12 —1log3 ¢ log3—1logh
d log3 e log4 f log(0.6)
From your answers, suggest a possible simplification for loga — logb.
3 Use your calculator to find:
a 3log2 b 2logh ¢ —4log3
d log(2%) e log(5%) f log(37%)

From your answers, suggest a possible simplification for nloga.

From the Investigation, you should have discovered the three important laws of logarithms:

If A and B are both e log A+ log B = log(AB)
positive then: A
e log A —log B = log (E)

e nlog A =log(A"™)

More generally, in any base ¢ where ¢ # 1, ¢ > 0, we have these laws of logarithms:

If A and B are both o log. A+ log. B = log.(AB)
positive then: A
o log. A —log,. B = log, (—)
B
e nlog, A =log,. (A™)
Proof:
O clogc A+ log, B O clogc A—log, B
_ clogcA % ClogCB _ clog. A
— Ax B clog. B
— Jog.(AB) _4
- B
. log, A+ log. B = logc(AB) _ Clogc (%)

log, A —log, B = log, (%)
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o o log. A

_ (Clogc A)n
— clog.(A™)

nlog, A = log.(A")

Use the laws of logarithms to write the following as a single logarithm or as an integer:
a logh+log3 b log; 24 —logs 8 ¢ logy5—1
a log5 + log 3 b logs 24 — log4 8 (4 logy 5 —1
= log(5 x 3) — log, () = log, 5 — log, 2!
= log15 =logs 3 =log, (2)
=1

) Self Tutor

Simplify by writing as a single logarithm or as a rational number:
a 2log7 —3log2 b 2log3+3 ¢ los8
log4
3
a  2log7—3log2 b 2log3+3 g L T
2 3 2 3 log4d log2
=log(7%) — log(2°) = log(3%) + log(10°) 3log 2
= log49 — log 8 = log 9 + log 1000 = 2log2
=log (£) = log(9000) —3
EXERCISE 4C.1
1 Write as a single logarithm or as an integer:
a log8+log2 b log4 + logh ¢ log40 —1logh
d logp —logm e log, 8 —log,2 f logh+ log(0.4)
g log2 +log3 + log4 h 1+log,3 i logd—1
j log5+log4 —log2 k 2+41log2 I t+logw
m log,, 40 — 2 n logs 6 —logs2 —logs 3 o logh0—4
p 3 —log;50 q log; 100 — log; 4 r log (%) +log3 + log 7
2 Write as a single logarithm or integer:
a blog2+log3 b 2log3+ 3log2 ¢ 3log4 —log8
d 2logy 5 — 3logs 2 e 3logg4+logs3 f Llog(3)

g 3—log2—2logh h 1—3log2+ log20 i 2—%logn4—logn5
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3 Simplify without using a calculator:
log4 b logs 27 c log 8 d log3 log3 25 f logy 8
log 2 logg 9 log 2 log9 log3(0.2) log,4(0.25)

Check your answers using a calculator.

) Self Tutor

Show that:
a log(3) =—2log3 b log500 =3 —log?2
a  log(3) b log500
— log(372) = log (13°)
= —2log3 = log 1000 — log 2
= log 10% — log 2
=3 —log2
4 Show that:
a log9=2log3 b logﬁ:%10g2 c log(%):—3log2
d log($) =—logh e logh=1—log2 f log5000 =4 — log 2
5 If p=log,2, q=log,3, and r = log,5 write in terms of p, g,
and 7:
a log, 6 b log, 45 ¢ log, 108 0.7 means
= 0.222222....
d log, (52—‘/§> e log, (%) f log,(0.2)

6 If logybP=ux, logy@ =1y, and log, R =2z writein terms of z, y,

and z:
a logy(PR) b log,(RQ?) ¢ log, (22 ;
Q N

Q? R*VQ
d log,(P*V/Q) e log, (ﬁ) f log, ( P3
7 If log; M =129 and log, N> =1.72 find:
N2
a log, N b log,(MN) ¢ log, i

LOGARITHMIC EQUATIONS

We can use the laws of logarithms to write equations in a different form. This can be particularly useful
if an unknown appears as an exponent.

For the logarithmic function, for every value of y, there is only one corresponding value of . We can
therefore take the logarithm of both sides of an equation without changing the solution. However, we
can only do this if both sides are positive.
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) Self Tutor

Write these as logarithmic equations (in base 10):

a y=a% b y:b% c P:%

a y = a’b b Y=
logy = log(a?b) | ) a
logy = loga® + logb 08Y =108 (b_?’)

logy = 2loga +logb o, logy =loga —logh®

logy =loga — 3logb
20
‘ "= (ﬁ)

20
logP =log | T
n2

log P =log 20 — logn
log P =1log 20 — 3 logn

=

|_Example 11 ) Self Tutor

Write the following equations without logarithms:

a logA=1logb+2logc b log, M = 3log,a— 2
a log A =logb+ 2logc b logo M = 3log,a —2
log A = logb + log ¢ o logy M =log, a® — log, 22
log A = log(bc?) ) _ a3
A= be? o, logy M =log, T
3
M=%
4
EXERCISE 4C.2
1 Write the following as logarithmic equations (in base 10), assuming all terms are positive:
a y=2° b y =200 ¢ M= ad d T=5/d
_ _a — ab® -2
e R=b/l t Q=4 g y=ab h F_\/ﬁ
i =2 i N:\/E K S =200x2 | y=2
c b bn

2 Write the following equations without logarithms:

a logD =loge + log?2 log, F' =log, 5 —log,t
¢ logP=1logz log,, M = 2log, b+ log,, c
log N = —% logp

log, Q@ =2—1log,z

e logB =3logm —2logn
g logP =3logx+1

> - 20 O
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3 a Write y=3x2" as a logarithmic equation in base 2.
b Hence write z in terms of y.
¢ Find z when:
i y=3 i y=12 it y=230

L Solve for x:

a logs 27 +logs(3) = logg x b log; z = logs 8 —log;(6 — x)
¢ logs 125 — logs /5 = logy = d logyyz =1+ logy, 10
e logz +log(z+ 1) =1log30 f log(z+2) —log(x — 2) =logh

200 NATURAL LOGARITHMS

In Chapter 3 we came across the natural exponential e ~ 2.71828.

Given the exponential function f(x) = e®, the inverse function f~! =log,z is the logarithm in
base e.

We use Inz to represent log, z, and call Inx the natural logarithm of .
y = Inxz is the reflection of y = e® in the mirror line y = z.

Notice that: e Inl=Ine®=0
e Ine=Ilnel =1

e Ine?2=2

e In\/e=Ine

[N

1

2

e In (1) =lne l=-1

e

Ine® =2 and e™* = .

. T
Since a® = ()" =¢e*a,  a® =e*%, 0> 0.

m ) Self Tutor

Use your calculator to write the following in the form e* where k is correct to 4 decimal places:

a 50 b 0.005
a 50 b 0.005
_ elr150 {using T = 6lnx} _ eln0.005

~ 63'9120 ~ 6—5.2983
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EXERCISE 4D.1

1 Without using a calculator find:

a Ine? b Ined ¢ Iny/e
1 1
e In (—) f Inde g In (—2>
& (&
Check your answers using a calculator.
2 Simplify:
a eln3 b 621113 ¢ e~ In5

3 Explain why In(—2) and In0 cannot be found.
4 Simplify:

a Ine” b In(e x e%) ¢ In (e“ X eb) d In(e?)?

|_Example 13 ) Self Tutor

Find z if:
a Inzx=2.17 b Inzx=-0.384
a Inz=217 b Inz=-0.384
g = 217 g 0384
z ~ 8.76 o~ 0.681

5 Use your calculator to write the following in the form e*
a6 b 60 ¢ 6000 d 0.6
f 15 g 1500 h 15 i 0.15
6 Find zx if:
a lnx=3 b lnz=1 ¢ Inz=0
e Ilnx=-5 f Inxz~0.835 g Inz~2145

LAWS OF NATURAL LOGARITHMS

The laws for natural logarithms are the laws for logarithms written in base e:

For positive A and B:

If Inz =a
then z = e?.

d Inl

where k is correct to 4 decimal places:

e 0.006
i 0.00015

d Inz=-1
h Inz~ —3.2971

A
e nA+1InB =In(AB) e nA—InB=1In (E) e nlnA =1n(A")
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Example 14 o) Self Tutor
Use the laws of logarithms to write the following as a single logarithm:
a In5+In3 b In24 —In8 ¢ In5-1
a In5+1n3 b In24 —In8 < In5—1
=In(5 x 3) =1In (%) =In5—1In €'
=In15 =In3 =In ()
Example 15 o) Self Tutor
Use the laws of logarithms to simplify:
a 2ln7—-3In2 b 2In3+3
a 2In7—3In2 b 2In3+3
= In(7?) —In(2%) =1In(3?) + Iné?
=1n49 —In8 =In9+Ined
=In (%) = In(9¢?)
Example 16 ) Self Tutor
Show that:
a In(§)=—2In3 b In500 ~6.9078 — In2
a In(3) b In500 = In (192)
=1n(37?%) =1n1000 — In2
= 92In3 ~ 6.9078 —In2
EXERCISE 4D.2
1 Write as a single logarithm or integer:
a In15+1n3 b In15—In3 ¢ In20—1nb
d In4+1In6 e In5+1n(0.2) f n2+In3+1Inb
g 1+1In4 h In6-1 i In54+In8—1In2
] 2+1In4 Ik In20-—2 I In12—1In4—1n3
2 Write in the form Ina, a € Q :
a 5In3+1In4 3In2+42Inb ¢ 3ln2—-1In8
d 3In4—2In2 +In8+1In3 f 3in(3)
g —1In2 h —In(3) i —2In()
3 Show that:
a In27=3In3 b Inv3=1m3 ¢ In(5) = —4In2
d In()=—In6 e ln(%):—%hﬂ f 1n(§):1—ln5
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4 Show that:
a Inv5=1In5 b In(35) = —5In2
2

¢ In <%> = —%1112

|_Example 17_|

=2-3In2

o
=2
TN w
|}
N——

Write the following equations without logarithms:
a mA=2lnc+3 b InM =3lna—2
a InA=2lnc+3 b InM =3Ina—2
InA—2lnc=3 o, InM—3lna=-2
InA—Inc®=3 s InM—Ina®= -2
A . M\ _
M
A * _— = —2
5= &3 S3
a3
A = c2e? S M= 3

5 Write the following equations without logarithms, assuming all terms are positive:

a mMD=lnz+1 b nF=—Inp+2 C lnP:%lnx
d InM=2lny+3 e mB=3Int—-1 f lnN:—%lng
g InQ~3lnx+2.159 h InD~0.4Inn — 0.6582

" 1 [EXPONENTIAL EQUATIONS USING LOGARITHMS

In Chapter 3 we found solutions to simple exponential equations where we could make equal bases and
then equate exponents. However, it is not always easy to make the bases the same. In these situations
we use logarithms to find the exact solution.

=) Self Tutor

Consider the equation 2% = 30.

a Solve for x, giving an exact answer, by using: a Dbase 2 b Dbase 10.
b Comment on your answers.

a i 2% =30 If a® = b then
.z =log,y 30 x = log, b.
ii 2 =30

log 2® =log 30 {find the logarithm of each side}
. zlog2 =log30 {log(A"™) =nlog A}
= log 30

log 2
log 30

b From a, log,30= og 2
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Example 19

o) Self Tutor

Find x exactly: )
a e®=30 b 3¢’ =21
a e =30 b 3¢ =21
x =130 z
Sooe =
L —In7
2
x=2In7
EXERCISE 4E
1 Solve for x, giving an exact answer in base 10:
a 2*=10 b 3*=20 ¢ 4* =100
d (3)"=0.0625 e (3)" =01 f 10% =0.00001
2 Solve for z, giving an exact answer:
a =10 b e* =1000 ¢ 2 =0.3
d e?2 =5 e e =18 fe?=

Example 20

Consider the equation P = 200 x 20-04
a Rearrange the equation to give ¢ in terms of P.
b Hence find the value of ¢t when P = 6.

o) Self Tutor

a P =200 x 20:04

9004t _ P

500 {dividing both sides by 200}

log 20-04t — log ( {finding the logarithm of each side}

)
0.04t x log2 = log (i) {log(A)" = nlog A}
)

~ 0.04 x log2

L 1. IR

b When P=6, t= ~
0.04 x log2

3 Consider the equation R = 200 x 2°-25¢,
a Rearrange the equation to give ¢ in terms of R.

b Hence find ¢ when: i R=600 ii R=1425

4 Consider the equation M = 20 x 50027,
a Rearrange the equation to give x in terms of M.
M =100 ii

b Hence find = when: i M = 232
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Check your solution using technology.

Find algebraically the exact points of intersection of y=e* -3 and y=1—3e *.

o) Self Tutor

The functions meet where
er —3=1—-3e""
e? —4+3e =0
o€ —4e®+3=0  {multiplying each term by ¢}
(e —=1)(e®*—=3)=0
e® =1 or 3
z=Inl or In3
z=0 or In3
When x =0, y:eo—3:—2
When z=1In3, y=e"3-3=0

the functions meet at (0, —2) and at (In3, 0).

GRAPHING
PACKAGE

=

l =g~ (H-2

YE=1-Ze™0=H)

5 Solve for z, giving an exact answer:

a 4x27*=0.12 b 300 x 5% = 1000

d 20 x 2 =840 e 50 x e 003z — .05
6 Solve for x:

a e =2¢" b e"=¢"

d e*+2=3e"" e 1+12e % =¢"

7 Find algebraically the point(s) of intersection of:

€ 32x3702r =4
f 4103 —27 =0

¢ e —be®*+6=0
f e*+e*=3

a y=e¢® and y=e2*—6 b y=2"+1 and y=7-—¢€"

¢ y=3—¢€® and y=5e""—-3

Check your answers using technology.

Proof: If logya=z, then b* =a

log. b® =log,.a {taking logarithms in base c}

zlog.b=1log.a {power law of logarithms}
__log.a
- log. b
log, a = log.a
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Find log, 9 by:
a letting log, 9 ==

b changing to base 10 ¢ changing to base e.

a Let logy,9==<
S 9=2°
log2* =log9
zlog2 =log9

log 9
x:lo§2

9 o logm 9
~ logyo2

~ 3.17
In9
C 10g2 9= E

~ 3.17

b log,

=~ 3.17

Solve for x exactly: 8% —5(4%) =0

o) Self Tutor

8¥ —5(4%) =0
2% —5(2*) =0
2°%(2* —5) =0
. 2°=5 {as 2% >0 for all x}
. _ logh
x =logy b = Tog 2
EXERCISE 4F
logipa .o .
1 Use the rule log,a = Fv— to find, correct to 3 significant figures:
0810
a logg12 b log: 1250 ¢ log4(0.067) d log, 4(0.006 984)
2
2 Use the rule log,a = lln—z to solve, correct to 3 significant figures:
n
a 27 =10.051 b 47 =213.8 ¢ 32T =4.069
3 Solve for x exactly:
a 25" —3(5%) =0 b 8(9)—3*=0 c 27 —2(4")=0
4 Solve for z:
a log,z3 +log, /T =38 b loggz® = logg, 125 — log, /=
Find the exact value of x for which 4% x 5%+3 = 10243,
6 Suppose logg z + logy; x = p. Write the value of logs x + logg; « in terms of p.
4 3
7 Without using technology, show that 2!ss Tt eers = 175,
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"c'| GRAPHS OF LOGARITHMIC FUNCTIONS

Consider the general exponential function f(z) =a*, a >0, a# 1.

The graph of y = a® is:
For 0<a<1: Y For a > 1: ry

1
) 14 0.a)

A\ 3
The horizontal asymptote for all of these functions is the z-axis y = 0.
The inverse function f~! is given by = =a¥, so y=log, x.

If f(x) =a® where a >0, a# 1, then f~!(z) = log, =.

Since f~1(z) =log,x is an inverse function, it is a reflection of f(z) = a® in the line y = z.
We may therefore deduce the following properties:

Function f(z) =a” fYz) =log,
Domain {z |z e R} {z |z >0}
Range {y |y >0} {ylyeR}

Asymptote | horizontal y =0 | vertical x =0

The graph of y =log, z for 0 <a < 1: The graph of y = log, « for a > 1:
Noy=ag
a, 1) "','

------------ >, "‘
y=x \ 1\ y=log, (g =1
<E> - ) Yy=x :
The vertical asymptote of y = log, x 1is the y-axis = = 0.
For 0<a<1l: as z—o00, y — —00 For a>1: as x — o0, ¥y — 00
as x — 0%, y— o0 as * — 0%, y — —co

Since we can only find logarithms of positive numbers, the domain of f~1(x) =log, = is {z |z > 0}.
In general, y =log,(g(z)) is defined when g(x) > 0.

When graphing f, f~!, and y = x on your graphics calculator, it is best to set the scale so that
y = x makes a 45° angle with both axes.
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| Example 24 | =) Self Tutor

Consider the function f(x) =logy(xz — 1) + 1.

a Find the domain and range of f.

b Find any asymptotes and axes intercepts.

¢ Sketch the graph of f showing all important features.
d

Find f~! and explain how to verify your answer.

a xr—1>0 when z>1
So, the domain is {x | # > 1} and the range is y € R.

b As z — 1 from the right, y — —oo, so the vertical asymptote is = = 1.
As x — 00, Yy — 0.
When z =0, y is undefined, so there is no y-intercept.
When y =0, logy(z—1)= -1
r—1=271
B = 1%

. . 1
So, the z-intercept is 1.

¢ To graph the function using your calculator, uh

it may be necessary to change the base to

base 10 or base e. 6

So, we graph y:w—i—l 4 y=loga(x —1)+1

log 2

d f is defined by y=logy(z—1)+1 9

o f71 isdefined by 2z =log,(y —1)+1

x—1=logy(y —1) -2 2 4 6 8 10 =
y = 213*1 + 1 ' r=1

fTie)=2"""+1
which has the horizontal asymptote y =1
Its domain is {z | z € R}, and its range is {y |y > 1}.

EXERCISE 4G
1 For the following functions f:

i Find the domain and range.
ii  Find any asymptotes and axes intercepts.
ili Sketch the graph of y = f(x) showing all important features.
iv Solve f(z)= —1 algebraically and check the solution on your graph.
v Find f~! and explain how to verify your answer.

a f:xz+—logg(z+1) b f:x—1-logg(z+1)
¢ frax—logs(r—2)—2 d f:z—1-—logs(z—2)
e f:zx—1—2log,x f f:z logy(x? — 3z —4)
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Consider the function f : x +— e 3.

Q

Find the equation defining f—!.

Sketch the graphs of f and f~! on the same set of axes.

State the domain and range of f and f~!.

Find any asymptotes and intercepts of f and f—!.

o) Self Tutor

fl@)=e"?

f7lis z=ev3

y—3=Inz
y=3+Inzx

So, f~l(z) =3+ 1Inx

Function f

f—l

Domain | x € R

x>0

Range | y >0

y €R

d For f: Horizontal asymptote is y = 0,

y-intercept is (0, e~3).

b

For f~—': Verti
x-int

cal asymptote is = = 0,
ercept is (e™3, 0).

2 For the following functions f:

4

3 Given f:zwr—e

i Find the equation of f~1.
ii Sketch the graphs of f and f~! on the same set of axes.
ili State the domain and range of f and f—'.

iv Find any asymptotes and intercepts of f and f~!.

b f(z)=e"T1-3

flx)y=e*+5

flx)=lnz -4, >0

2z

(f7tog)(=)

and g:z+— 2z —1,

d f(z)=In(z—-1)+2, z>1

find:
b (gof) )

4 Consider the graphs A and B. One of them is the graph of
y=1Inz and the other is the graph of y = In(z — 2).

b

Identify which is which. Give evidence for your

answer.

Copy the graphs onto a new set of axes and add to =

them the graph of y = In(x + 2).

Find the equation of the vertical asymptote for each

graph.
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5 Kelly said that in order to graph y = In(z?), = > 0,
you could first graph y = lnx and then double the
distance of each point on the graph from the z-axis.

Is Kelly correct? Explain your answer.

6 Consider the function f:x+— 3 4+ 2.

a Find the defining equation for f—!.
b Find the values of = for which:
i f(z)<21 il f(z) <201 ili f(x) <2.001 iv f(z) <2.0001
Hence conjecture the horizontal asymptote for the graph of f.

¢ Determine the equation of the horizontal asymptote of f(z) by discussing the behaviour of
f(z) as = — +oo.

d Hence, determine the vertical asymptote and the domain of f~1.

=) Self Tutor

Solve for x: a ef=222+zx+1 b e>222+z+1

a Wegraph y=¢® and y=222+z+1 on

— xr
the same set of axes. 1Y y=e
Using technolo we find the points of
. g . gy p Y= 202+ +1 :
intersection of the graphs.
x=0 and z = 3.21 are the solutions.
‘ ~321 =

b Using the same graphs as above, we seek values of x for which the graph of y = e® either
meets or is higher than the graph of y =222 + x + 1.
The solutionis =0 or x > 3.21 .
We could also graph the solution set: D — é\' '
~3.21

T

or write it as x =0 or z € [3.21, oof.

7 Solve for z:
a z2>e” b z2<e® ¢ 5—x>Inx

8 State the domain of f(z) = 2%Inz. Hence find where f(z) < 0.

9 a Use technology to sketch the graph of f(z) = 2 _ et -att
€T

b State the domain and range of this function.

¢ Hence findall z € R for which 2’ —o+1 > 2.

T



LOGARITHMS (Chapter 4) 145

ACTIVITY

Click on the icon to obtain a card game for logarithmic functions.
CARD GAME

(ﬁ)
N GROWTH AND DECAY

In Chapter 3 we showed how exponential functions can be used to model a variety of growth and decay
situations. These included the growth of populations and the decay of radioactive substances. In this
section we consider more growth and decay problems, focussing particularly on how logarithms can be
used in their solution.

POPULATION GROWTH

" Example 27 | ) Self Tutor

A farmer monitoring an insect plague notices that the area affected by the insects is given by
A, = 1000 x 297" hectares, where n is the number of weeks after the initial observation.

a Draw an accurate graph of A, against n and use your graph to estimate the time taken for
the affected area to reach 5000 ha.

b Check your answer to a using logarithms and using suitable technology.

a v b When A, = 5000,
" 1000 x 2™ = 5000
0.7n __
6000 1 20 = B 15
2 An —
5000 — i 085
0.7nlog2 =logh
4000 log 5
n=———
0.7 x log 2
2000 33 n = 3.32
/ . it takes about 3 weeks and
’ . 2 days.
0 1 2 4
n (weeks)

Using technology we find the intersection of y = 1000 x 2%7% and y = 5000. This confirms
n=3.32.

FINANCIAL GROWTH

Suppose an amount u; is invested at a fixed rate for each compounding period. In this case the value of
the investment after n periods is given by wu,4+1 = uy X ™ where r is the multiplier corresponding
to the given rate of interest. In order to find n algebraically, we need to use logarithms.
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=) Self Tutor

Iryna has €5000 to invest in an account that pays 5.2% p.a. interest compounded annually. Find,
using logarithms, how long it will take for her investment to reach €20 000.

Up41 = 20000 after n years Now Upi1 =up X r"
w1 = 5000 . 20000 = 5000 x (1.052)™
r = 105.2% = 1.052 oo (1.052)" =4

log(1.052)" = log4
n x log1.052 = log 4
log 4
~ log 1.052

~ 27.3 years

Rounding up here, it will take about 28 years to reach €20 000.

EXERCISE 4H

The weight W; of bacteria in a culture ¢ hours after establishment is given by
W; =20 x 2915t grams. Find, using logarithms, the time for the weight of the culture to reach:

a 30 grams b 100 grams.

The mass M; of bacteria in a culture ¢ hours after establishment is given by

M, = 25 x €% grams. Show that the time required for the mass of the culture to reach 50 grams
is 10In 2 hours.

A Dbiologist is modelling an infestation of fire ants. He determines that the area affected by the
ants is given by A, = 2000 x %57 hectares, where n is the number of weeks after the initial
observation.

a Draw an accurate graph of A,, against n.

b Use your graph to estimate the time taken for the infested area to reach 10000 ha.

¢ Check your answer to b using: i logarithms ii suitable technology.

A house is expected to increase in value at an average rate of 7.5% p.a. If the house is worth
£160 000 now, when would you expect it to be worth £250 000?

Thabo has $10000 to invest in an account that pays 4.8% p.a. compounded annually. How long
will it take for his investment to grow to $15000?

Dien invests $15000 at 8.4% p.a. compounded monthly. He will withdraw his money when it
reaches $25 000, at which time he plans to travel. The formula w,1+1 = u; X 7™ can be used to
model the investment, where n is the time in months.

a Explain why r = 1.007. b After how many months will Dien withdraw the money?
The mass M, of radioactive substance remaining after ¢ years is given by
M, = 1000 x e~ %94 grams. Find the time taken for the mass to:

a halve b reach 25 grams ¢ reach 1% of its original value.
A man jumps from an acroplane. His speed of descent is given by V = 50(1 — e~ %2!) ms™1,
where ¢ is the time in seconds. Show that it will take 51n5 seconds for the man’s speed to reach
40 ms~L.

Answer the Opening Problem on page 124.
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10

1

12

13

14

The temperature of a liquid ¢ minutes after it is placed in a refrigerator, is given by

T =4496 x e 993 °C.  Find the time required for the temperature to reach:

a 25°C b 5°C.

The weight of radioactive substance remaining after ¢ years is given by

W = 1000 x 27904 grams.
a Sketch the graph of W against ¢.
b Write a function for ¢ in terms of W.
¢ Hence find the time required for the weight to reach:
i 20 grams ii 0.001 grams.

The weight of radioactive uranium remaining after ¢ years is given by the formula

W(t) = Wy x 27000028 grams, ¢ > 0. Find the time required for the weight to fall to:

a 25% of its original value

The current I flowing in a transistor radio ¢ seconds after it
is switched off is given by I = Iy x 27%:02* amps.

Show that it takes

seconds for the current to drop to
log 2

10% of its original value.

A parachutist jumps from the basket of a stationary hot air
balloon. His speed of descent is given by

V =60(1—-27%2) ms™1 where t is the time in seconds.

Find the time taken for his speed to reach 50 ms~".

b 0.1% of its original value.

REVIEW SET 4A ON-CALCULATOR

1 Find the following, showing all working.

5 Write as a single logarithm:

a logl6+2log3 b log, 16 —2log, 3

6 Write as logarithmic equations:

3
p

7 Show that logs 7 x 2log; x = 2log; x.

a log, 64 b log, 256 ¢ log,(0.25) d log,s 5

e loggl f logg 3 g log,(0.1) h log, vk
2 Find:

a logy10 b logs%/E ¢ log(10% x 10v+1)
3 Simplify:

a 4In2+2In3 b ;In9—In2 ¢ 2ln5-1 d ;In8l
4 Find:

a In(e /e) b In <6i3> ¢ In(e?®) d In (e%
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Write the following equations without logarithms:

a logT =2logz — logy b logQKzloanqL%loth
Write in the form alnk where a and k are positive whole numbers and k is prime:
a In32 b Inl125 ¢ In729
Copy and complete: Function | y=log,x | y = In(z + 5)
Domain
Range

If A=log;2 and B =log;3, writein terms of A and B:

a logs 36 b log; 54 ¢ log;(8v/3) d log;(20.25) e log;(0.8)
Solve for z:
a 3¢" —5=—2* ) 21nx—31n(l):10
X

REVIEW SET 4B CALCULATOR

Write in the form 10”7 giving x correct to 4 decimal places:

a 32 b 0.0013 ¢ 8963 x 1075
Find z if:

a logy,z=-3 b log, x ~ 2.743 ¢ log,z~ —3.145
Write the following equations without logarithms:

a logy, k~1.699+ b log, @ =3log, P +log, R

¢ log A~ 5log B —2.602

Solve for z, giving exact answers:

% = b 20 x 22*1 = 640

_t
The weight of a radioactive isotope after ¢ years is given by W, = 2500 x 3 3°°°  grams.

a
b
<
d

Find the initial weight of the isotope.

Find the time taken for the isotope to reduce to 30% of its original weight.
Find the percentage weight loss after 1500 years.

Sketch the graph of W, against ¢.

Show that the solution to  16¥ —5 x 8 =0 is z = log, 5.

Solve for z, giving exact answers:

d

Inz =5 b 3lnz+2=0 ¢ e® =400

i)

e2r+l — 11 e 25¢° =750

t
A population of seals is given by P, = Py2® where t is the time in years, t > 0.

a
b

Find the time required for the population to double in size.

Find the percentage increase in population during the first 4 years.
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9 Consider g:x+— 2e® —5.
a Find the defining equation of g~ 1.
b Sketch the graphs of g and g—! on the same set of axes.

¢ State the domain and range of g and ¢~ !.

d State the asymptotes and intercepts of g and ¢!

10 Consider f(z) =€ and g(z)=In(x+4), x> —4. Find:
a (fog)(5) b (90/)(0)

11 a Sketch the graph of f(z) = 2% + 22 — 62 — €®.
b Hence find all z € R for which e® < 23 + 2% — 6.

REVIEW SET 4C

1 Without using a calculator, find the base 10 logarithms of:

a /1000 b L ¢« 2
10 10

2 Simplify:

a etlnz b In(ed) ¢ In(ye)

d 1Qlogatioss e n() ¢ logz®

e log3 9

3 Write in the form e”, where x is correct to 4 decimal places:

a 20 b 3000 ¢ 0.075
4 Solve for z:

a logz=3 b logy(z+2) = 1.732 ¢ log, (1%) — 0671
5 Write as a single logarithm:

a In60—1n20 b Ind+Inl ¢ In200 —In8 +1Inb
6 Write as logarithmic equations: )

5 a“b

a M=ab" bT:W 1:G:T
7 Solve for z:

a 3% =300 b 30x57*=0.15 ¢ Tt2=2l"¢
8 Solve exactly for x:

a e =3¢ b 2@ -7 +12=0
9 Write the following equations without logarithms:

a mMP=15InQ+InT b nM=12-05InN

10 Consider the functions f(z) = e® — 2% and g(z) = In(2? + 1).
a Explain why f(z) and g(z) are even functions.

b Graph y = f(z) and y = g(«) onthe domain 0 < z < 5. Find the points of intersection
of the graphs on this domain.

¢ Hence solve 6 —e®” + In(z2+1) >0 forall x €R.
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12

For the function ¢ :z — logs(z +2) —2:

a
b
<
d

Find the domain and range.
Find any asymptotes and axes intercepts for the graph of the function.

Find the defining equation for g~!. Explain how to verify your answer.

1

Sketch the graphs of g, g~, and y =z on the same axes.

The weight of a radioactive isotope remaining after ¢ weeks is given by

t

W = 8000 x e " grams. Find the time for the weight to:

halve b reach 1000 g ¢ reach 0.1% of its original value.
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OPENING PROBLEM

Consider the function f(z) = x3 — 8, whose graph is

shown alongside.

1 For each of the following functions g(z), draw the
graphs of y = f(z) and y = g(x) on the same set

of axes:
a g(z
€ g
e

ig

23 +2 b gla)=(z—4)7° -8
(—2)*-8 d g(z) =—(a°-8)
2(z° — 8) f g(z) = (32)° -8
|2% — 8] h g(z) =|z® -8
- | g(z)=z+8

]

A\ LS

2 Describe the transformation from y = f(z) to y = g(z) in each case.

' TRANSFORMATION OF GRAPHS

There are several families of functions that we are already familiar with:

/

GRAPHING
PACKAGE

=

Name General form Function notation

Linear fx)=ax+0b, a#0 frx—ar+b a#0
Quadratic f(z)=az?+bzx+c, a#0 fiz—az’+br+c, a#0
Cubic f@)=azx®+bx?+cx+d, a#0 | f:x—ax®+bx>+cx+d, a#0
Modulus f(z) = |z| fraxe |z

Exponential | f(z) =a*, a>0, a#1 fiz—a®, a>0, a#l
Logarithmic | f(x) =log.z or f(z)=Inz fix—log,x or f:xr—Inzx
Reciprocal | f(z) =2, 2£0, k#0 fram 2, w0, k£0

These families of functions have different and distinctive graphs. We can compare them by considering
important graphical features such as axes intercepts, turning points, values of x for which the function

does not exist, and

asymptotes.

INVESTIGATION 1

In this investigation you are encouraged to use the graphing package supplied.

Click on the icon

What to do:

to access this package.

1 From the menu, graph on the same set of axes:

y=2zr+1,

y=2x+3, y=2x—-1

Comment on all lines of the form y = 2z + b.

FUNCTION FAMILIES

GRAPHING
PACKAGE

-
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2 From the menu, graph on the same set of axes:
y=x+2, y=2x+2, y=4r+2, y=—x+2, y:—%x—&—Q
Comment on all lines of the form y = az + 2.

3 On the same set of axes graph:

y = .T2, y = 21’.27 y = %123 y = _12, y = —31‘2, y = —%.’L’Z

Comment on all functions of the form y = az?, a #0.

4 On the same set of axes graph:
y=2%, y=(@—-12%+2, y=(x+1)2%-3, y=(xz—-2)2-1
and other functions of the form y = (z — h)? +k of your choice.
Comment on the functions of this form.

5 On the same set of axes, graph these functions:

1 3 10 =1 —2 -5
a Yy=-, = -, = — b Yy=—, y=—, y=—
x T T T T
1 1 1 1 1
2 2
e y=-— = 2 = =1
Y 2’ Y x—1+ > Y z 12

Write a brief report on your discoveries.
From the Investigation you should have observed how different parts of a function’s equation can affect
its graph.

In particular, we can perform transformations of graphs to give the graph of a related function. These
transformations include translations, stretches, and reflections.

In this chapter we will consider transformations of the function y = f(x) into:

e y=f(z)+0b, bisa constant e y=f(r—a), aisa constant
e y=npf(x), pisa positive constant e y= f(qx), q is a positive constant
o y=—f(z) o y=f(-2)

When we perform a transformation on a function, a point which does not move is called an invariant
point.

) Self Tutor

If f(z)=2? find in simplest form:
a f(22) b f<§> ¢ 2f(z) +1 d flz+3)—4
a  f(2) b f(%) ¢ 2f@)+1 d  f(z+3)—4
= (22)3 o\ 2 =272 +1 =(r+3)2 -4
= 4o° :(5) =22 +6x+9—4
_ 21_2 =22 4+6x+5
9
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EXERCISE 5A
1 If f(z)=w, findin simplest form:
a f(22) b f(z)+2 ¢ 1f(a) d 2f(z) +3
2 If f(x)=22 find in simplest form:
a f(32) b f (g) ¢ 3f(x) d 2f(z—1)+5
3 If f(x)=23 find in simplest form:
a f(4x) b 1f(22) ¢ flz+1) d 2f(x+1)—3
Hint: (2 +1)> = 2% +32% + 3z + 1. See the binomial theorem in Chapter 8.
4 If f(z)=2", find in simplest form:
a f(22) b fl—z)+1 ¢ fz—2)+3 d 2f(x)+3
5 If f(x)= i, find in simplest form:
a f(-z) b f(32) c 2f(z)+3 d 3f(zx—1)+2

INVESTIGATION 2 TRANSLATIONS

In this investigation we consider translations of the forms y = f(z)+b and y= f(z — a).

TRANSLATIONS

What to do: GRAPHING

1 a For f(x) =23, find in simplest form: (PACKAGE o
i f(x)+2 ii f(z)—-3 ili f(z)+6 ﬁ
b Graph all four functions on the same set of axes.
¢ What effect does the constant b have when y = f(z) is transformed to y = f(z) + b?

2 a For f(z)=2? find in simplest form:
i f(z—2) il f(z+1) iii f(zx—5)
b Graph all four functions on the same set of axes.

¢ What effect does the constant @ have when y = f(z) is transformed to y = f(z —a)?

e For y= f(z)+b, the effect of b is to translate the graph vertically through b units.
» If b>0 it moves upwards. » If b<0 it moves downwards.

e For y= f(x —a), the effect of a is to translate the graph horizontally through a units.
» If a> 0 it moves to the right. » If a <0 it moves to the left.

e For y= f(x —a)+0b, the graph is translated horizontally a units and vertically b units.
We say it is translated by the vector (‘; )
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EXERCISE 5B

1 a Sketch the graph of y = z2. GRAPHING
PACKAGE
b On the same set of axes sketch the graphs of:

- >
i y=2242 i y=2%-3. I)

¢ What is the connection between the graphs of y = f(z) and y = f(x)+b if:
i b>0 il b<0?
2 For each of the following functions f, sketch on the same set of axes the graphs of y = f(x),
y=f(x)+1, and y= f(x)—2.
z 1
a f(x)=2 b f(z) =23 c f(a:):;
d f(@)=(z-1) e f(z) =zl
3 a On the same set of axes, graph f(x) =22, y= f(z—3), and y= f(z+2).
b What is the connection between the graphs of y = f(x) and y= f(zx —a) if:
i a>0 i a<0?
4 For each of the following functions f, sketch on the same set of axes the graphs of y = f(x),
y=f(x—1), and y= f(z+2).
a f(x)=2a3 b f(x)=Ilnx c f(a:):l
x

d f(z)=(z+1)"+2 e f(x)=lz|

5 For each of the following functions f, sketch on the same set of axes the graphs of y = f(x),
y=f(x—2)+3, and y=f(z+1)—4

a f(z) =2 b fla)=e ¢ fl@)==
xr
6 Copy these functions and then draw the graph of y = f(z —2) — 3.
a Yy b Y4
N v=Fl@) 3
) y=f()

—9 =3

Y Y

7 The graph of f(z) =2? — 2z +2 is translated 3 units right to g(z). Find g(z) in the form
g(z) = ax® + bz + c.

8 Suppose f(z)=x?

is transformed to  g(z) = (x — 3)% + 2.
a Find the images of the following points on f(x):

i (0,0) ii (—3,9) ili where z =2
b Find the points on f(z) which correspond to the following points on g(z):

i (1,6) i (-2, 27) i (14, 49)
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c] STRETCHES

INVESTIGATION 3 STRETCHES

In this investigation we consider stretches of the forms y =pf(z), p >0 and
y = flgz), ¢>0.

What to do: GRAPHING
PACKAGE
1 a For f(x)=x+2, find in simplest form: (ﬁ)
i 3f(z) i 1f(x) ili 5f(x)

b Graph all four functions on the same set of axes.
¢ What effect does the constant p have when y = f(z) is transformed to y = pf(x),
p>0?

2 a For f(z)=a? find in simplest form:
i f(2x) il f(32) i f(%)
b Graph all four functions on the same set of axes.

¢ What effect does the constant ¢ have when y = f(z) is transformed to y = f(qx),
q>0?

e For y=pf(x), p>0, the effect of p is to vertically stretch the graph by the scale factor p.
» If p>1 it moves points of y = f(z) further away from the z-axis.
» If 0<p<1 it moves points of y = f(z) closer to the z-axis.

1
e For y = f(qx), ¢ > 0, the effect of ¢ is to horizontally stretch the graph by the scale factor 7

» If ¢>1 it moves points of y = f(z) closer to the y-axis.
» If 0<g<1 it moves points of y = f(z) further away from the y-axis.

EXERCISE 5C
1 Sketch, on the same set of axes, the graphs of y = f(z), y =2f(z), and y = 3f(z) for each of:

a f(o) =22 b f(z) =2 ¢ fla)=er
1
d flz)=Inz e flz)=— f f(z)=|z|
2 Sketch, on the same set of axes, the graphs of y = f(z), y =1 f(z), and y = 1f(z) for cach
of:
a f(z)=2" b f(z) =2 ¢ flz)=e"
3 Sketch, on the same set of axes, the graphs of y = f(z) and y = f(2x) for each of:
a y=a? b y=(z—1)> ¢ y=(xr+3)?

4  Sketch, on the same set of axes, the graphs of y = f(x) and y = f(5) for each of:
a y=2a2 b y=2z ¢ y=(x+2)?
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5 Sketch, on the same set of axes, the graphs of y = f(z) and y = f(3z) for each of:
a y==x b y=2a2 c y=¢€®
6 Consider the function f: z s 2.
On the same set of axes sketch the graphs of:
a y=f(z), y=3f(x—2)+1, and y=2f(x+1)—3
b y=f(2), y=f(—=3), y=f(5—-3), y=2f(5-3), and y=2f(5-3)+4
y=f(z) and y=1f(2x+5)+1.

"

7 a Given that the following points lie on y = f(z), find the coordinates of the point each moves
to under the transformation y = 3f(2z):

i (3,-5) i (1, 2) il (—2,1)
b Find the points on y = f(x) which are moved to the following points under the transformation
y=3f(2x):
i (2,1) il (-3, 2) ili (=7,3)

8 The function y = f(z) is transformed to the function y =3+ 2f(3z+1).
a Fully describe the transformation that maps y = f(x) onto y =34 2f (%x +1).
b Given that the following points lie on y = f(x), find the coordinates of the point each moves
to under the transformation y = 3 + 2f( %x +1).
i (1,-3) i (2,1) iii (-1, -2)
¢ Find the points on y = f(z) which are moved to the following points under the transformation
y=3+2f(3z+1).
i (-2, -5) it (1, -1) iii (5, 0)

DI ReRLEcTioNs

INVESTIGATION 4 REFLECTIONS

In this investigation we consider reflections of the forms y = —f(z) and y = f(—x).
What to do: GRAPHING
1 Consider f(z)= x> —2. LR
-« >
a Find in simplest form: 1!:;
i —f(=) il f(—z)

b Graph y = f(z), y=—f(x), and y = f(—z) on the same set of axes.
2 Consider f(z) = e".

a Find in simplest form:
i —f(x) i f(—z)
b Graph y = f(z), y=—f(x), and y = f(—z) on the same set of axes.

3 What transformation moves:

a y=f(z) to y=—f(z) b y=/f(z) to y=f(-2)?
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From the Investigation you should have discovered that:

e For y=—f(z), wereflect y = f(z) in the z-axis.

e For y= f(—=x), we reflect y = f(z) in the y-axis.
In addition, in our earlier study of functions we found that:

e For y= f~1(x), wereflect y = f(z) in the line y = x.

EXERCISE 5D

1 On the same set of axes, sketch the graphs of y = f(x), y = —f(z), and if it exists, y = f~(z).

a f(x)=3x b f(x)=¢e" ¢ f(x) =22
d f(z)=lhx e f(x)=a3%-2 f flx)=2(x+1)2
2 For each of the following, find f(—x). Hence graph y = f(x) and y = f(—x) on the same
set of axes.
a f(r)=2z+1 b flx)=2*+2z+1 ¢ f(z)=2a3 d f(z)=|z—3|

3 The function f(z) =2%—Inz is reflected in the z-axis to g(x). Find g(z).
4 The function f(z)=z* — 223 — 322 + 52 — 7 is reflected in the y-axis to g(z). Find g(x).

5 The function y = f(z) is transformed to g(z) = —f(x).
a Find the points on g(z) corresponding to the following points on f(x):
i (3,0) i (2, -1) i (=3, 2)
b Find the points on f(z) that have been transformed to the following points on g(z):
i (7, -1) i (=5,0) i (=3, —2)

6 The function y = f(x) is transformed to h(z) = f(—=x).
a Find the image points on h(x) for the following points on f(z):

i (2, 1) i (0,3) i (~1,2) iv (3,0
b Find the points on f(z) corresponding to the following points on h(z):
i (5, —4) i (0,3) i (2, 3) iv (3,0

7 The function y = f(x) is transformed to m(z) = f~1(x).

a Find the image points on m(x) for the following points on f(x):

i (3,1) i (—2,4) i (0, —5)
b Find the points on f(z) corresponding to the following points on m(z):
i (-1,1) ii (6,0) i (3, —2)

8 A function f(x) is transformed to the function g(x)= —f(—x).
a Describe the nature of the transformation.
b If (3, —7) lieson y = f(z), find the transformed point on y = g(z).
¢ Find the point on f(x) that transforms to the point (—5, —1).
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9 a Copy the graph of y = f(x) alongside, then Y4
draw the graph of:

i ysz(:E) i y:f(*l’) —
b Copy the graph of y = f(x) alongside. y=f(z) \ /

4

i On the same set of axes, draw the reflection
of y= f(x) inthe line y = x. -
i Is this the graph of y = f~1(x)? R

8

"3][ MISCELLANEOUS TRANSFORMATIONS

A summary of all the transformations is given in the printable concept map. CONCEPT
MAP
(IT)
Example 2 ) Self Tutor

Consider f(z) = %x + 1. On separate sets of axes graph:

a y=f(x) and y=f(z+2) b y=f(z) and y=f(z)+2
¢ y=f(z) and y=2f(z) d y=f(z) and y=—f(z)
a

by
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EXERCISE 5E
1 Consider f(x)=2%—1. [I

a Graph y = f(z) and state its axes intercepts.

nvariant points do not move
under a transformation.

b Graph the functions:
i y=flx)+3 il y=flz—1)
iy = 2f(z) v y=—f(z) :

¢ What transformation on y = f(x) has occurred in each case in b?

d On the same set of axes graph y = f(z) and y = —2f(z).
Describe the transformation.

e What points on y = f(z) are invariant when y = f(z) is transformed to y = —2f(x)?

2 On each of the following f(z) is mapped onto g(z) using a single transformation.

i Describe the transformation fully. il Write g(z) in terms of f(z).

= f(z)
1hefomes y:f(w) /E

/
C AY d Ay y=
2
‘—4%§2 X J
y=g(z) \ ) 1\ ;
y=

3 Copy the following graphs for y = f(z) and sketch the graphs of y = —f(z) on the same axes.

KY

a Y

g

/

< Yy

A
8

.T
Y

4 Given the following graphs of y = f(z), sketch graphs of y = f(—x):

a y b yi c b
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5 The scales on the graphs below are the same. Match each equation to its graph.

4

A y==z

<d

6 For the graph of y =

a y=2f(x)

¢ y=flz+2)

e y=f(3z)
7 y

y = 224 C y——ac D y=6z*

L WA

f(z) given, sketch the graph of: /

Y

8 For the graph of y = h(x) given, sketch the graph of:

a y=h(z)+1
¢ y=h(—x)

Y
b y= §f(90) fa)
y=f(z
d y=f(2z) \
- Vany -
AV > 1\/3 T
3
For the graph of y = g(z) given, sketch the graph
y= g(z) of:
a y=g(x)+2 b y=—g(z)
¢ y=g(-=) d y=g(@+1)
2 T

b Y
=h
b y= %h(x) y=h(e)
d y= h (%) - 1 3 =x
—2 ,' (2172)

5[ SIMPLE RATIONAL FUNCTIONS

In Chapter 2 we introduced rational functions and some of their properties.

A function of the form y =

ax +b
cx+d’

d
T # ——
C

where a, b, ¢, and d are constants,

is called a simple rational function.

These functions are characterised by the presence of both a horizontal asymptote and a vertical

asymptote.
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Any graph of a simple rational function can be obtained

from the reciprocal function y = 1 by a combination of
xX

transformations including:

e a translation (vertical and/or horizontal)

e stretches (vertical and/or horizontal).
For example:

k. . 1 .
e y = — s a vertical stretch of y = - with scale factor k.
x €T

. . . 1 .
o y= is a horizontal translation of y = — through £ units.
x

T —

| Example 3 <) Self Tutor

The function g(x) results when y = L s transformed by a vertical stretch with scale factor 2,
x

followed by a translation of (32 )

a Find an expression for g(z). b Find the asymptotes of y = g(z).

¢ Sketch y = g(x). d Is g(z) a self-inverse function? Explain your answer.

a Under a vertical stretch with scale factor 2, f(x) becomes 2f(z).

1 becomes 2 (1) = 2_

x x €T

Under a translation of (_32), f(z) becomes f(z—3)—2.

2
— Dbecomes — 2.
az r—3
1 2
So, y = — becomes g(x)= 3 —2
X xr —
_ 2=w=23)
- r—3
2z +8
- -3

b The asymptotes of y = 1 are x =0 and y=0.
x

These are unchanged by the stretch, and shifted (_32) by the translation.

the vertical asymptote is = = 3 and the horizontal asymptote is y = —2.
(4 Ly d The graph is not symmetric about y = =,
g(z) = 2218 so g(z) is not a self-inverse function.
r—3
- &
y=-2
' z=3
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m ) Self Tutor

® O A O o

Consider the function f(z) =

2z —6
z+1°
Find the asymptotes of y = f(z).

Discuss the behaviour of the graph near these asymptotes.
Find the axes intercepts of y = f(z).
Sketch the graph of the function.

. . . 1 .
Describe the transformations which transform y = — into y = f(z).
T

. . . . 1
Describe the transformations which transform y = f(z) into y = —.
€T

2z —6 - 9 3 -8 -1
flz) = ) y = f(z) is a translation of y = — through (3').
_ e )6 Now y = =8 has asymptotes z =0 and y = 0.
x+1 T
_ =8 5 o y= f(x) has vertical asymptote = —1 and
R horizontal asymptote y = 2.
As z— —1", y— oa. d 2% — 6

fz) =

z+1

As z — —17, y — —c0.
As x — —oco, y— 2%,

As © — o0, y— 2.

When z =0, y:%8+2:—6. b ﬁ)’
... 6

the y-intercept is —6. f -
¥

When y =0, 2x—6=0
7 = 3
the z-intercept is 3.

1 8 . .
— becomes — under a vertical stretch with scale factor 8.
as T

8 -8 : . .
— becomes — under a reflection in the y-axis.
x x

8
— — becomes
4z T +

= + 2 under a translation through (_21) .

So, y = 1 is transformed to y = f(z) under a vertical stretch with scale factor 8, followed
x

by a reflection in the y-axis, followed by a translation through (_21 )

. 1 .
To transform y = f(z) into y = —, we need to reverse the process in e.
X

We need a translation through (_12), followed by a reflection in the y-axis, followed by a

vertical stretch with scale factor %.
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EXERCISE 5F

. . b . 1 .
1 Write, in the form y = aajid, the function that results when y = — is transformed by:
Ccx xX
a a vertical stretch with scale factor % b a horizontal stretch with scale factor 3
¢ a horizontal translation of —3 d a vertical translation of 4.

2 The function g(z) results when y = ! is transformed by a vertical stretch with scale factor 3,
x

followed by a translation of (_11 )

ar+b

a Write an expression for g(x) in the form g(x) = ot
CcT

Find the asymptotes of y = g(z).
State the domain and range of g(z).
Sketch y = g(x).

Is g(z) a self-inverse function? Explain your answer.

® O an O

3 For each of the following functions f, find:

. . 1 .
i the asymptotes ii how to transform y = — into y = f(z).
x
4 —2 2 1
a f:x'—>2$+ b f:x'—>3m c f:x— vt
z—1 z+1 2—x

4 For each of the following functions f(z):
i Find the asymptotes of y = f(z).
ii Discuss the behaviour of the graph near these asymptotes.
ili Find the axes intercepts of y = f(z). iv Sketch the graph of y = f(z).

. . . 1 .
v Describe the transformations which transform y = — into y = f(z).
x
. . . . . 1
vi Describe the transformations which transform y = f(z) into y = —.
x

2r + 3 3 2 — 1 5r — 1
x+1 T —2 3—=x 2r + 1

a y=

5 In order to remove noxious weeds from her property, Helga sprays with a weedicide. The chemical
is slow to act, and the number of weeds per hectare remaining after ¢ days is modelled by

N =20+ 22 weeds/ha.
t+2

How many weeds per ha were alive before the spraying?

How many weeds will be alive after 8 days?

How long will it take for the number of weeds still alive to be 40/ha?
Sketch the graph of N against t.

According to the model, is the spraying going to eradicate all weeds?

® O A O o
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"c|[ " THE RECIPROCAL OF A FUNCTION

For a function f(z), the reciprocal of the function is %
x
1 .
When y = —— is graphed from y = f(z):
V=g e y=f(z)
e the zeros of y = f(z) become vertical asymptotes of y = %
x
o the vertical asymptotes of y = f(z) become zeros of y = %
€T
e the local maxima of y = f(x) become local minima of y = %)
€T
e the local minima of y = f(x) become local maxima of y = %
T
1 1
e when f(z) >0, — >0 and when f(x) <0, — <0
1 1
e when f(z) — 0, — — H+oo and when f(x) — +oo, —— — 0.

) Self Tutor

Graph on the same set of axes:
a y=x—2 and y:L b
=7

m=2
z=2 '
EXERCISE 5G
1 Graph on the same set of axes:
a y=xz+3 and y:w}rg b y=-2° and y:;_;

2 Invariant points are points which do not move under a transformation.

Show that if y = f(x) is transformed to y = invariant points occur at y = +1.

L
fx)’

Check your results in question 1 for invariant points.
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3 Copy the following graphs for y = f(x) and on the same axes graph y = L

f(@)
a
“ y=f(z) 4
y=f(z)
/ ! L
> > T
' (11,—2) v vae=d
CIM MobuLus FuNCriONs
We have seen that the modulus function is defined by f:x+— |z| = { N %f ©>0
—x if z<0.

To obtain the graph of y = f(|z|) from the graph of y = f(z):
e discard the graph for « <0
e reflect the graph for = > 0 in the y-axis, keeping what was there
e points on the y-axis are invariant.

The modulus of the function f(x) is |f(z)| = {_f(x) %f f(@) >0

To obtain the graph of y = |f(z)| from the graph of y = f(z):
e keep the graph for f(xz) >0

e reflect the graph in the z-axis for f(z) < 0, discarding what was there
e points on the x-axis are invariant.

) Self Tutor

Draw the graph of f(z) = 3z(x—2) and on the same set of axes draw the graph of y = |f(z)|
and y = f(|z]).

B [ fl=) if z>0
y = fllzl) = {f(—:c) if <0

The graph is unchanged for =z > 0 and

reflected in the y-axis for = < 0.
y=f(z)

4 » AY

y = f(lz]) 4
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EXERCISE 5H

1 Draw y=axz(x+2) and on the same set of axes graph:

a y=|f(=)| b y=f(z])
2 Draw y = —2?+6x —8 and on the same set of axes graph:
a y=|f(z)] b y=f(lz])
3 a Copy the following graphs for y = f(z) and on the same axes graph y = |f(z)]:
i " L ii "
y=f(z) y=f(x)

/ 2 z y=2
- 2 - 2 - -

/ T T
A

b Repeat a, but this time graph y = f(z) and y = f(Jz|) on the same set of axes.

& Suppose the function f(z) is transformed to |f(x)|.
For each of the following points on y = f(x), find the corresponding image point on y = |f(z)|:
a (3,0) b (5, —2) c (0,7) d (2,2)
5 Suppose the function f(x) is transformed to f(|z|).

a For each of the following points on y = f(x), find the image points of:

i (0,3) i (1, 3) i (7, —4)
b Find the points on y = f(x) that are transformed to the following points on y = f(|z|):
i (0,3) i (~1,3) i (10, —8)
REVIEW SET 5A ALCULATOR
1 If f(z) =22 — 2z, find in simplest form:
a f(3) b f(22) ¢ f(-x) d 3f(z) -2
2 If f(z)=5—z— 22 find in simplest form:
a f(-1) b f(z-1) ¢ /(%) d 2f(x) - f(-a)

3 The graph of f(z) =32® — 222+ +2 is translated to its image g(x) by the vector (_12)
Write the equation of g(x) in the form g(x) = ax® + bx? + cz + d.

4 The graph of y = f(z) is shown alongside. 4y
The z-axis is a tangent to f(z) at © =a and f(z)

cuts the z-axis at « = b.
On the same diagram, sketch the graph of \\ y=f(z)
y=f(r—c) where 0 <c<b—a. P N .

Indicate the z-intercepts of y = f(z — ¢). “ b \ ‘
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5 For the graph of y = f(x) given, sketch graphs of:
a y=f(-=) b y=—f(z)
¢ y=f(z+2) d y=f(z)+2

A

6 Consider the function f:z — z2.

On the same set of axes graph:
a y=f(z) b y=/f(z-1) ¢ y=3f(z-1)
7 The graph of y = f(x) is shown alongside.

a Sketch the graph of y = g(x) where
g(x) = f(z+3)— 1.

b State the equation of the vertical asymptote of
y = g(x). -«

¢ Identify the point A’ on the graph of y = g(z)
which corresponds to point A.

8 The graph of y = f(x) is drawn alongside. Ay

a Draw the graphs of y = f(z) and 2
y =|f(x)| on the same set of axes.

(4,2)

1
b Find the y-intercept of L - \
f(z) 1

¢ Show on the diagram the points that are -1

invariant for the function L
f(z)
d Draw the graphs of y = f(z) and

y = L on the same set of axes.
f(z)
9 Let flz)=——, z#—c, ¢>0.
z+c
a On a set of axes like those shown, sketch the graph of
y = f(z). Label clearly any points of intersection with

(2’ _1)

(3> _1)

Ay

the axes and any asymptotes.

b On the same set of axes, sketch the graph of y = %
€T
Label clearly any points of intersection with the axes.
10 Consider f(x) =z —a where a is a positive real number.
a Find expressions for |f(z)| and f(|z|).

b Sketch y =|f(z)| and y = f(Jz|) on the same set of axes.

¢ Solve for z given a is a positive real number: |z — a| = |z| — a.
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CALCULATOR

1 Use your calculator to help graph f(z) = (z + 1) — 4. Include all axes intercepts, and the
coordinates of the turning point of the function.

2 Consider the function f: z s 22

a y=f(z) b y=f(z+2) c y=2f(x+2) d y=2f(x+2)—3

3 Consider f:x— ﬁ
x

. On the same set of axes graph:

Does the function have any axes intercepts?

Find the equations of the asymptotes of the function.
Find any turning points of the function.

Sketch the function for —4 < x < 4.

Q an O o

4 Consider f(z)=2"".
a Use your calculator to help determine whether the following are true or false:
i As z—o00, 277 —=0. ii As v — —0co, 27% — 0.
iii The y-intercept is 3. iv 272 >0 forall z.
b On the same set of axes, graph y = f(x) and y = |f(z)|.
¢ Write down the equation of any asympotes of y = |f(z)].

5 The graph of the function f(z) = (z+1)2+4 is translated 2 units to the right and 4 units
up.
a Find the function g(x) corresponding to the translated graph.
b State the range of f(x).
¢ State the range of g(x).

6 For each of the following functions:
i Find y = f(z), the result when the function is translated by (_12)

ii Sketch the original function and its translated function on the same set of axes. Clearly
state any asymptotes of each function.
iii State the domain and range of each function.

a yzé b y=2"

7 Sketch the graph of f(z) = 2?4+ 1, and on the same set of axes sketch the graphs of:
a —f(z) b f(22) c f(z)+3

8 Suppose f(x) = x + 2. The function F is obtained by stretching the function f vertically

1

with scale factor 2, then stretching it horizontally with scale factor 5, then translating it %

horizontally and —3 vertically.
a Find the function F(x).
b What can be said about the point (1, 3) under this transformation?
¢ What happens to the points (0, 2) and (—1, 1) under this transformation?
d Show that the points in ¢ also lie on the graph of y = F(x).
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9 The graph of y = f(x) is given. y
On the same set of axes graph each pair of
functions:

a y=f(z) and y=f(z—2)+1
1
b y=f(z) and y= @ (2,-2)

¢ y=f(z) and y=|f(z)l

_ 2z-3
S 3z45
Find the asymptotes of y = f(z).

10 Consider the function f(z)

Discuss the behaviour of the graph near these asymptotes.
Find the axes intercepts of y = f(z).
Sketch the graph of y = f(x).

. . . 1 .
Describe the transformations which transform y = — into y = f(z).
x

® O A O o

. . . . 1
Describe the transformations which transform y = f(z) into y = —.
x

11  a Sketch the graph of f(z) = —2x + 3, clearly showing the axes intercepts.

b Find the invariant points for the graph of y = %
x
¢ State the equation of the vertical asymptote of y = %) and find its y-intercept.
T
d Sketch the graph of y = L on the same axes as in part a, showing clearly the

f(=)

information you have found.

e On a new pair of axes, sketch the graphs of y = |f(z)] and y = f(Jz|) showing
clearly all important features.

REVIEW SET 5C

1 If f(z)= é, find in simplest form:
T

a f(-4) b f(2¢) < f (g) d 4f(z+2)—3
2 Consider the graph of y = f(x) shown. vk
. PRINTABLE
a Use the graph to determine: \ GRAPH
i the coordinates of the turning point 2 - ﬁ -
ii the equation of the vertical asymptote
iii the equation of the horizontal asymptote ™ B s

iv the z-intercepts.

b Graph the function ¢ : x — x+1
on the same set of axes. y= f(z)

¢ Hence estimate the coordinates of
the points of intersection of

y=f(z) and y = g(z).
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Sketch the graph of f(x) = —2, and on the same set of axes sketch the graph of:

a y=f(-x) b y=—f(2) c y=f(2x) d y=f(z—2)
The graph of a cubic function y = f(z) is shown Ay
: y=1f(z)
alongside.
a Sketch the graph of g(z) = —f(z —1). (1,4)
b State the coordinates of the turning points of
y = g(x). - .
(3,0) *
Y

The graph of f(x) = 2? is transformed to the graph vy V=T ()
of g(x) by areflection and a translation as illustrated.
Find the formula for g(z) in the form V(-3,2)
g(z) = ax® + bz + c. - /.\\ -
y=9g(x) ‘
Given the graph of y = f(x), sketch graphs of: Ay y=f(z)
a f(-z) b flz+1)
¢ flz)-3 (5.3)
2
3 >
/ 2 a8
A\

The graph of f(x) = 2% + 322 —x +4 s translated to its image y = g(x) by the vector
(3'). Write the equation of g(z) in the form g(z) = aa® + ba* + cx + d.

a Find the equation of the line that results when the line f(x) =3z +2 is translated:
i 2 units to the left ii 6 units upwards.

b Show that when the linear function f(x) = ax+0b, a > 0 is translated &k units to the
left, the resulting line is the same as when f(z) is translated ka units upwards.

The function f(z) results from transforming the function y = a reflection in the y-axis,

1 by
T
then a vertical stretch with scale factor 3, then a translation of (})
Find an expression for f(z).
Sketch y = f(z) and state its domain and range.

Does y = f(x) have an inverse function? Explain your answer.

2 an O o

Is the function f a self-inverse function? Give graphical and algebraic evidence to support
your answer.
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10 Consider y = log, .

Q an C o

Find the function which results from a translation of (52)
Sketch the original function and the translated function on the same set of axes.
State the asymptotes of each function.

State the domain and range of each function.

. 1 . . .
11 The function g(z) results when y = — is transformed by a vertical stretch with scale factor
T

%, followed by a reflection in the y-axis, followed by a translation of 2 units to the right.

QO an O

ax +b

Write an expression for g(z) in the form g¢(z) = 3
CcxT

Find the asymptotes of y = g(z).
State the domain and range of g(x).
Sketch y = g(x).
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US| REAL QUADRATICS WITH A <0

In Chapter 1, we determined that:

If ax?+br+c=0, a#0 and a, b, c € R, then the solutions or roots are found using the

—b+ VA .
formula =z = 2—\/_ where A = b2 — 4ac is known as the discriminant.
a
We also observed that if: e A >0 we have two real distinct solutions
e A =0 we have two real identical solutions

e A <0 we have no real solutions.

However, it is in fact possible to write down two solutions for the case where A < 0. To do this we
need imaginary numbers.

In 1572, Rafael Bombelli defined the imaginary number ¢ = +/—1. It is called ‘imaginary’ because we
cannot place it on a number line. With ¢ defined, we can write down solutions for quadratic equations
with A < 0. They are called complex solutions because they include a real and an imaginary part.

Any number of the form a + bi where a and b are real and @ = /—1,
is called a complex number.

Example 1 =) Self Tutor If the coefficient of 7

is a square root, we
write the 4 first.

Solve the quadratic equations: a 2= —4 b 224+24+2=0

a 2*=-4 b 224+2z+2 has a=1, b=1, c=2

2= +v/d
_ —14 /12 —4(1)(2)
T =+£V4/—-1 Sooz= >0

x==£2 147
- 1+ 7 A
2
:%’\ﬁ:_%iﬁi

In Example 1 above, notice that A < 0 in both cases. In each case we have found two complex
solutions of the form a + bi, where a and b are real.

=) Self Tutor

Write as a product of linear factors:

a z2+4 b z?+11
a 22 +4 b 22+ 11
= 2% — 442 =22 — 1142

= (z + 20)(z — 20) (z +iV11)(z — iV11)
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) Self Tutor

Solve for z:
a z2+9=0 b 234+22=0
a 2+9=0 b 3 +22=0
St =97 =0 coz(@?+2)=0
(z+3i)(z—3i) =0 coz(@? =23 =0
L =%3 ooz +iV2)(z—iv2) =0
=0 or +iv2

=) Self Tutor

Solve for z:
a z2—4x+13=0 b z*+22=6
a z2—4z+13=0 b z*+2°=6
o ax,/16-4(1)(13) coat+2?—6=0
-t 2 s (@2 +3)(a2-2)=0
g 4E V36 (4 iV3)(z—iV3) (x4 V2)(x —v2) =0
2 oz =4iV3 or £V2
4+ 61
T =
2
L x=2+3t or 2— 3t

EXERCISE 6A
1 Write in terms of i:
a V79 b V61 ¢ -1 d V=5 e V78
2 Write as a product of linear factors:
a z2-9 b 22+9 ¢ 227 d 22+7
e 422 -1 f 42241 g 222-9 h 222+9
i -z i 242 k z4-1 I z*—16
3 Solve for z:
a z2-25=0 b 224+25=0 ¢ 22-5=0 d 22+5=0
e 422 -9=0 f 42249=0 g 22 —42x=0 h 22 +42=0
i 22 —32x=0 j 234+32z=0 k z¢—1=0 I 2* =381
4 Solve for x:
a 22-10x+29=0 b 22+6x+25=0 ¢ 22+ 142 +50=0
d 22245=6z e 22 —2/3x+4=0 P20t =1

5 Solve for x:
a z*4+2:2=3 b z*=2%2+6 ¢ zt+52%2 =36
d 22 4+9224+14=0 e z*t+1=2s2 f 22 +22241=0
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Bl B COMPLEX NUMBERS

Any number of the form a + bi where a, b € R and ¢ =+/—1, is called a complex number.

Notice that all real numbers are complex numbers in the special case where b = 0.

A complex number of the form b where b € R, b # 0, is called an imaginary number or
purely imaginary.

THE ‘SUM OF TWO SQUARES'

Notice that a?+ b =a®> - b%*  {as i?=-1}
= (a+ bi)(a — bi)

Compare: a® —b* = (a+b)(a—b) {the difference of two squares factorisation}
a®> 4+ b? = (a+bi)(a — bi) {the sum of two squares factorisation}

If we write z=a+bi where a, b € R, then:

e q is the real part of z and we write a = Re (z)

e b is the imaginary part of z and we write b = Jm (2).

For example: If 2z=2+43i, then Re(z)=2 and IJm(z)=3.
If z2=—v2i, then Re(z)=0 and Im(z)=—V2.

OPERATIONS WITH COMPLEX NUMBERS

Operations with complex numbers are identical to those with radicals, but with 2 = —1 rather than
(V2)2=2 or (v3)?=3.

For example:

e addition: Q+V3)+(@A+2V3)=2+4)+(1+2)V3=6+3V3
2+i) + (A4+2)=2+4)+(1+2)i =6+3i

e multiplication: (2 + V/3)(4 4+ 2V3) =8+ 4v3 + 4V3 +2(v3)2 =8+ 8V3+6
(2+4)(4+2) =8+ 4i + 4 + 2° =8+ 8 -2

So, we can add, subtract, multiply, and divide complex numbers in the same way we perform these
operations with radicals:

(a+bi)+ (c+di)=(a+c)+ (b+d)i addition
(a+bi) — (c+di)=(a—c)+ (b—d)i subtraction
(a + bi)(c+ di) = ac + adi + bci + bdi>  multiplication

a+bi  (a+bi c—di\  ac— adi+ bci — bdi® ik
c+di  \c+di c—di ) c2 + d?

Notice that in the division process, we use a multiplication technique to obtain a real number in the
denominator.
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= (34 2i)(4 —1)
=12 — 3i + 8 — 2i?
=12+ 5i + 2
=14+ 5i

If 2=3+2¢ and w=4—14 find:
a z4+w b z—w c 2w d 2
w
a zZ+w b Z—w
= (34+2i)+ (4 —1) =(342i) — (4 —1)
=7+ =3+21—4+13
=—1+4 3¢
C Zw d i:3+2_i
w 4 —1

(342 (4+i
_<4—i)(4+i)
12+ 3+ 8i + 242
N 16 — i2
_10+114
T

_ 10, 11,
=17 T 17t

You can use your calculator to perform operations with complex numbers.

After solving the questions in the following exercise by hand, check your

answers using technology.

=

)
GRAPHICS
CALCULATOR
INSTRUCTIONS

EXERCISE 6B.1
1 Copy and complete: z Re(z) | Im(z) z Re(z) | Im(z)
3+ 2 -3+ 4
5—1 —7—2i
3 —11z¢
0 i3
2 If 2=5—-2¢ and w=2+4, findin simplest form:
a z+4w b 2z ¢ qw z—w
e 2z—3w f 2w g w? h 22
3 For z=1+4+¢ and w= -2+ 3¢, find in simplest form:
a z+42w b 22 c 23 d iz
e w? f zw g 2w h dizw
4 a Simplify ¢ for n=0,1,2,3,4,5,6,7,8, 9 and also for n= -1, -2, —3, —4, —5.

b Hence, simplify i*"+3

where n is any integer.

5 Write (1+4)* in simplest form. Hence, find (1 +4)'°! in simplest form.

6 Suppose z=2-—14 and w=1+43¢. Write in exact form a + bi where a, b € R:

z (3
a = b -
w z

w —
¢ — d 272
1z
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7 Simplify: a ' b =9 ¢ L 2
1—22 3—21 2—1 241
8 If z=2+4 and w= -1+ 2i, find:
a Jm(4z — 3w) b Re(zw) ¢ Im(iz?) d ﬁe(i)
w

EQUALITY OF COMPLEX NUMBERS

Two complex numbers are equal when their real parts are equal and their imaginary parts are equal.

a+bi=c+di & a=c¢ and b=d.

Proof: Suppose b# d. Nowif a+bi=c+di wherea,b, c, and d are real,
then bi—di=c—a
ib—d)=c—a
o cC—a
i= 7 {as b#d}

This is false as the RHS is real but the LHS is imaginary.

Thus, the supposition is false. Hence b = d and furthermore a = c.

For the complex number a + bi, where a and b arereal, a+bi=0 < a=0 and b=0.

) Self Tutor

Find real numbers = and y such that:
a (z+y)(2—1)=—1 b (z+2)(1—14)=5+yi
a (z+yi)(2—1)=—1 b (x+2))(1—1i)=5+yi
Ty —i SLr—xi+2i+2=54+yi
xtyi=
Yo @+ +(2—2)i=5+yi
= ( i ) (2+i) Equating real and imaginary parts,
21— 2+
z+2=5 and 2—zx=y
—2¢ — 2
r=3 and y=—1
4+1
12
5
_1_ 2
=55
Equating real and imaginary parts, = =3 and y=—2.

EXERCISE 6B.2

1 Find exact real numbers = and y such that:

(-

22 +ri=4—2i
(B+2i)(x+yi) =—i

a 2z+3yi=—x— 6
¢ (z+yi)(2—i)=8+1
2 Find exact z, y € R such that:
a 2z+yi)=z—yi b (z+2i)(y—i)=-4-Ti
¢ (z+9)(3—iy)=1+13i d (x+yi)2+4)=2z—(y+1)i

Q.
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3 The complex number z satisfies the equation 3z + 177 = iz 4+ 11. Write z in the form a + bi
where a, b€ R and i =+—1.

2
4 Express z in the form a + bi where a, b€ Z, if z= (% +7— 2i) .
K3

5 Find the real values of m and n for which 3(m + ni) =n — 2mi — (1 — 23).
3t

V2 —i

7 Suppose (a+ bi)> = —16 —30i where a,b€ R and a > 0.
Find the possible values of a and b.

HISTORICAL NOTE

18th century mathematicians enjoyed playing with these new ‘imaginary’
numbers, but they were regarded as little more than interesting curiosities
until the work of Gauss (1777 - 1855), the German mathematician,
astronomer, and physicist.

6 Express z = + 1 in the form a4+ bi where a, b € R are given exactly.

For centuries mathematicians had attempted to find a method of trisecting
an angle using a compass and straight edge. Gauss put an end to this
when he used complex numbers to prove the impossibility of such a
construction. By his systematic use of complex numbers, he was able to
convince mathematicians of their usefulness. Carl Friedrich Gauss

Early last century, the American engineer Steinmetz used complex numbers to solve electrical
problems, illustrating that complex numbers did have a practical application.

Complex numbers are now used extensively in electronics, engineering, and physics.

COMPLEX CONJUGATES

Complex numbers a+b: and a — b are called complex conjugates.
If z=a+bi we write its conjugate as z* = a — bi.

We saw on page 176 that the complex conjugate is important for division:

w* zw*
— = which makes the denominator real.
w* ww*

g |n

z
w
Quadratics with real coefficients are called real quadratics. This does not necessarily
mean that their zeros are real.
e If a quadratic equation has rational coefficients and an irrational root of the form
¢+ d+/n, then the conjugate ¢ — d+/n is also a root of the quadratic equation.

e I[f a real quadratic equation has A < 0 and ¢+ di is a complex root, then the
complex conjugate c — di is also a root.

For example: e z2—2x+5=0 has A= (-2)?—-4(1)(5)=-16
and the solutionsare x=1+2¢ and 1-—2i
o 22+4=0 has A =02 —-4(1)(4) = —16

and the solutions are = =27 and —21¢
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Theorem: If ¢+ di and c— di are roots of a quadratic equation, then the quadratic equation
is a(x? —2cx + (> +d?)) =0 for some constant a # 0.
Proof: The sum of the roots = 2¢ and the product = (¢ + di)(c — di) = ¢* + d?

x? — (sum)z + (product) = 0
22 -2z +(®+d*) =0

In general, a(x? —2cx + % +d?) =0 for some constant a # 0.

Notice that: e the sum of complex conjugates ¢+ di and ¢ — di is 2c which is real

e the productis (c+di)(c—di) = ¢ +d?> which is also real.

| Example 7 <) Self Tutor

Find all real quadratic equations having 1 — 2i as a root.

As 1—2i isaroot, 1-+ 27 is also a root.

The sum of the roots =1 — 26 + 1 + 24 The product of the roots = (1 — 24)(1 + 24)
-5

So, as 2% — (sum)x + (product) = 0,

a(x? =22 +5) =0, a#0 gives all possible equations.

) Self Tutor

Find exact values for @ and b if v/2+i isarootof z2+azx+b=0, a, beR.

Since a and b are real, the quadratic has real coefficients.
V2 — i is also a root.

The sum of the roots = v/2 + i + V2 — i = 2v/2.

The product of the roots = (v2 +4)(vV2—14) =2+ 1= 3.

Thus a=—-2v2 and b=3.

EXERCISE 6B.3
1 Find all quadratic equations with real coefficients and roots of:
a 3+i b 1+3i ¢ —2+50 d V2+i
e 2++3 f 0and —2 g +iV2 h —6+i

2 Find exact values for a and b if:
a 3+i¢ isarootof z?+4ax+b=0, wherea and b are real
b 1—v2 isarootof z2+azx+b=0, wherea and b are rational

¢ a+tai isarootof x2+4x+b=0, wherea and b are real. [Careful!]
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PROPERTIES OF CONJUGATES

PROPERTIES OF CONJUGATES

The purpose of this investigation is to discover any properties that complex conjugates might have.

What to do:

1 Given z;=1—4¢ and 2z =241 find:
a 2 b 2*
e (z1+ 22)* f o2+ 2"
i (z122)* J o202
m (z7%)* n (z)?

2 Repeat 1 with z; and z5 of your choice.

¢ ()" d (z)
g (21— 22)* h z*— 2zt
k Z_1> " I atl
29 25"
o (z)* P (z)°

3 Examine your results from 1 and 2, and hence suggest some rules for complex conjugates.

From the Investigation you should have discovered the following rules for complex conjugates:

° (Z*)* =z

o (2z122)" =z X z,* and

e z+2z" and zz*

and (21 — 22)* = 2

%
21 27"
29 2

for positive integers n

are real.

Example 9

Show that for all complex numbers z; and zs:

a (:1+2)" =2*+2"

b (z122)* = 2" X 2*

a Let z1=a+bi and zp=c+di
2z =a—0bi and z," =c—di
Now z1+22=(a+c)+ (b+d)i
(z1+22)" =(a+c)— (b+d)i
=a+c—bi—di
=a—bit+c—di

b Let 21 =a-+bi and 2o =c-+di
2129 = (a + bi)(c + di)

= ac + adi + bei + bdi®

= (ac — bd) + i(ad + be)
(2122)* = (ac — bd) —i(ad + be) ...
Also, 2" X 2y

= (a — bi)(c — di)

= ac — adi — bci + bdi®

= (ac — bd) —i(ad + be)
From (1) and (2),

)

)

(z122)* = 27" X 25°
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CONJUGATE GENERALISATIONS

Notice that (21 4+ 22 + 23)* = (21 + 22)" + 25" {treating z; + 22 as one complex number}
=z 2 + 25" e (D
Likewise (21 + 22+ 23+ 24)" = (21 + 22+ 23)" + 2,
=zt 2tz + 2 {from (1)}

There is no reason why this process cannot continue for the conjugate of 5, 6, 7, .... complex numbers.
We can therefore generalise the result:

(z1+zatzs4 o+ z) =2 +2"+ 25"+ ...+ 2,

The process of proving the general case using the simpler cases when n = 1, 2, 3, 4, .... requires
mathematical induction. Formal proof by the Principle of Mathematical Induction is discussed in
Chapter 9.

EXERCISE 6B.4

1 Show that (23 — 22)* = 2" — 2," for all complex numbers z; and zs.

2 Simplify the expression (w* — 2)* — (w — 2z*) using the properties of conjugates.
3 It is known that a complex number z satisfies the equation 2z2* = —z.
Show that z is either purely imaginary or zero.
4 Suppose z1 =a+bi and 29 =c+di are complex numbers.
* *
a Find 2L in the form X +iY. b Show that <2—1> = Zl* for all z; and z # 0.
29 22 )
. . z1 * Zl* . . z1 *
5 a An easier way of proving (—) = — is to start with (—) X Zo'.
z2 29 22

Show how this can be done, remembering we have already proved that “the conjugate of a
product is the product of the conjugates” in Example 9.

b Let z=a+bi Dbeacomplex number. Prove the following:
i If z=2% then z is real ii If z*= —z, then z is purely imaginary or zero.
6 Prove that for all complex numbers z and w:

a zw* 4 z*w is always real b zw* —z*w is purely imaginary or zero.

7 a If z=a+0bi, find 22 inthe form X +4Y.
b Hence, show that (22)* = (2*)? for all complex numbers 2.

¢ Repeat a and b but for 22 instead of 22.

8 Suppose w = Z*:_ N where 2z = a+ bi. Find the conditions under which:
z
a w is real b w is purely imaginary.
9 a Assuming (z122)* = z"2,", explain why (z12223)* = z1"25" 25",
b Hence show that (z1202324)* = 2" 25" 25" 2,*.
¢ Generalise your results from a and b.
d Given your generalisation in ¢, what is the result of letting all z; values be equal to z?
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c]l B REAL POLYNOMIALS

Up to this point we have studied linear and quadratic functions at some depth, with perhaps occasional
reference to cubic functions. These are part of a larger family of functions called the polynomials.

A polynomial function is a function of the form
P(z) = apz"™ + ap_12" 1 + ... + a22® + a1z + ag, ay, ..., a, constant, a, # 0.

We say that: x is the variable
ap 1s the constant term
a, 1s the leading coefficient and is non-zero
a, is the coefficient of " for r=20,1, 2, ..., n
n is the degree of the polynomial, being the highest power of the variable.

n
In summation notation, we write P(z) = > a,2",
r=0

T 9

which reads: “the sum from » =0 to n, of a,x

A real polynomial P(z) is a polynomial for which a,. € R, r =0, 1, 2, ...., n.

The low degree members of the polynomial family have special names, some of which you are already
familiar with. For these polynomials, we commonly write their coefficients as a, b, ¢, ....

Polynomial function Degree Name
ar+b, a#0 1 linear

ar?> +br+c, a#0 2 quadratic
ard + b’ +cx+d, a#0 3 cubic
ax* +bx +cx?+dx+e a#0 4 quartic

ADDITION AND SUBTRACTION

To add or subtract two polynomials, we collect ‘like’ terms.

) Self Tutor

If Plx)=2°-222+3z—5 and Q(z)=22%+2%—11, find:
a P(z)+ Q) b P(z) - Q(z)

a  P(z)+Q(x) b P(z) - Qz)
= 23-222+3z-5 x3 — 222 + 3z — 5 — (22% + 22 — 11)
+2z% 4+ 22 -11 = 2-22°43z-5
= 33— 2°+3z-16 —21° — 2 + 11
= —2°-3224+3z+6

Collecting ‘like’ terms is It is a good idea to place

made easier by writing them brackets around expressions

one above the other. which are subtracted.
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SCALAR MULTIPLICATION

To multiply a polynomial by a scalar (constant) we multiply each term by the scalar.

| Example 11 | =) Self Tutor

If Pl)=2*-223+42+7 findd a 3P(z) b —2P(x)

a 3P(z) b —2P(x)
=3(z* — 223+ 42+ 7) = —2(z* — 223 + 424 7)
= 3z* — 62° + 122 + 21 = —2¢% +42° — 82— 14

POLYNOMIAL MULTIPLICATION

To multiply two polynomials, we multiply each term of the first polynomial by each
term of the second polynomial, and then collect like terms.

m ) Self Tutor

If Plx)=2%-2x+4 and Q(x)=22%+3z—5, find P(z)Q(x).

P(z)Q(z) = (23 — 2z + 4)(2z2 + 3z — 5)
= z3(22” + 3z — 5) — 22(22> + 3z — 5) + 4(22% + 3z — 5)
= 22° + 32* — 522
— 43 — 622 + 10z
+ 822 + 12z — 20
= 22% 4 3z — 923 + 2% + 222 — 20

SYNTHETIC MULTIPLICATION (OPTIONAL)

Polynomial multiplication can be performed using the coefficients only. We call this synthetic
multiplication.

For example, for (23 + 2z — 5)(2x +3) we detach coefficients and multiply. It is different from the
ordinary multiplication of large numbers because we sometimes have negative coefficients, and because
we do not carry tens into the next column.

1 0 2 =5 coefficients of z° + 2z —5
X 2 3 coefficients of 2z + 3
3 0 6 —15
2 0 4 —-10
2 3 4 -4 -15 So (2% +2zx —5)(2x +3)
2 23 22 1 constants = 22" + 32° + 42” — 4z — 15.
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EXERCISE 6C.1

1 If Pz)=22+22+3 and Q(v)=42?+ 5z +6, find in simplest form:
a 3P(z) b P(z)+Q(x) ¢ P(z)—2Q(x) d P(z)Q(z)

2 If flx)=2>—2+2 and g(x)=2—3z+5, find in simplest form:
a f(z)+g(x) b g(z) - f(x) ¢ 2f(z) +3g(x)
d g(x) +zf(x) e f(x)g(z) f [f()?

3 Expand and simplify:
a (z2-22+3)(2z+1) b (z—1)72@?+3z-2) ¢ (z+2)3
d (222 —x+3)? e (2z—1)* f 3z —2)2%2z+1)(x —4)

4 Find the following products:
a (222 -3z +5)(3x—1) b
¢ 22243z +2)(5—1x) d
e (22 —3z+2)(22% + 4z — 1) f
g (22 —z+3)? h
i (2z+5)3 j

DIVISION OF POLYNOMIALS

The division of polynomials is only useful if we divide a polynomial of degree n by another of degree n
or less.

DIVISION BY LINEARS

Consider (222 + 3z +4)(z +2) + 7.

If we expand this expression we obtain (222 + 3z + 4)(z + 2) + 7 = 223 + 72% + 10z + 15.
Dividing both sides by (z + 2), we obtain

223 + 722 +10z+15 (222 + 3z +4)(z +2)+ 7

T+ 2 T+ 2
(222 + 32+ 4)(z+2) 7
o T+ 2 T+ 2

=222 +3z+4+ % where x + 2 is the divisor,
x

22% 43z +4 is the quotient,
and 7 is the remainder.

If P(z) isdivided by ax+b untila constant remainder R is obtained, then

P(z) _
ar +b _Q(x)+ax+b

where ax +b is the divisor, D(x),
Q(z) is the quotient,
and R is the remainder.

Notice that P(z) = Q(z) X (ax + b) + R.
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DIVISION ALGORITHM

We can divide a polynomial by another polynomial using an algorithm similar to that used for division
of whole numbers:

Step 1:  What do we multiply z by to get 223?
The answer is 22, 22% + 3z +4
and 22%(z +2) = 22° + 422 c+2 | 228+ 72%+10z+15
R ——— (227 + 4a?) l

Step 2:  Subtract 2z3 + 42 from 22° + Tz2. 322 + 10z
The answer is 3z2. — (322 + 62)
Step 3:  Bring down the 10z to obtain 3z2 + 10z. 4z + 15
Return to Step I with the question: — (4z +8)
“What must we multiply x by to get 32227 7

The answer is 3z, and 3z(z + 2) = 322 + 6z

We continue the process until we are left with a constant.

The division algorithm can also be performed by leaving 2 3 4
out the variable, as shown alongside. 1 9 | 2 7 10 15
3 2 -2 4
Either way, 2o+ Ta” £ 10r 415 =2x2+3x+4+L %
T+2 T+2 3 10
-3 6)
4 15
-4 3
7
|_Example 13| <) Self Tutor
3_ 2 9.
Find the quotient and remainder for L;mf)
&=
Hence write 23 — 2% —3z —5 in the form Q(z) x (z — 3) + R.
z2 42243 Check your answer by
r—3 | B 22_32_5 expanding the RHS.
(@ —5?) |
22% — 3z
— (222 6z)
3r —5
)
— 3z -9) The quotient is 22 + 2z + 3
4 and the remainder is 4.
3_ 2 9.
v = 3 i = 3
23— 2 -3z —5=(2>4+2z+3)(x —3) +4.
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4 2 _
Perform the division w
x+ 3
Hence write z? + 22?2 —1 in the form Q(z) x (z + 3) + R.
23 — 322+ 11z — 33 Notice the insertion
7 5 5 ~ of 02 and 0z.
x4+ 3 x4+ 0x° +22°+ Oz — 1
— (z* + 32%) '
— 32% 4 222
— (= 3z® — 927)
1122 + 0z
— (1122 4 332)
—33xz— 1
— (=332 —99)
98
4 2 _
x+3 z+3
z* + 222 — 1= (23 — 322 + 11z — 33)(z + 3) + 98

EXERCISE 6C.2

1 Find the quotient and remainder for the following, and hence write the division in the form
P(z) = Q(x) D(z) + R, where D(zx) is the divisor.
z? 42z — 3 b z? — 5z +1 . 223 + 622 — 4z +3
T+ 2 z—1 Tz —2

2 Perform the following divisions, and hence write the division in the form
P(z) = Q(z) D(z) + R.

z2 -3z 46 b z2 442 — 11 . 202 — Tx + 2
r—4 r+3 r—2
d 223 4 322 — 3z — 2 e 323 + 1122 + 82+ 7 f 20t — 23 — 22 4+ x4+ 4
2z + 1 3r —1 2z + 3
3 Perform the divisions:
2 2 2 _
a 45 b 2x° + 3x c 3z +2x—5
r —2 x4+ 1 T+ 2
3 2 3 3 2
204 — 2 2x° — —
d z° + 2z 5 + ¢ T x f 0 +x 5
x—1 x+4 T — 2

SYNTHETIC DIVISION (OPTIONAL)

Click on the icon for an exercise involving a synthetic division process for the division PRINTABLE
of a polynomial by a linear. SECTION

e
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DIVISION BY QUADRATICS

As with division by linears we can use the division algorithm to divide polynomials by quadratics. The
division process stops when the remainder has degree less than that of the divisor, so

If P(x) isdivided by az?+bx+c then

P
L) =Q(z) + & where  axz? +bx + ¢ is the divisor,
ax? +bx+c ax? +bx+c
Q(z) is the quotient,
and & is the remainder.
ax? +bxr+c

The remainder will be linear if e # 0, and constant if e = 0.

=) Self Tutor

4 3 _
Find the quotient and remainder for w
a = aw4E 1l
Hence write z*+42% —x +1 inthe form Q(z) x (z2 — x + 1) + R(z).
2?2+ 5z +4
x2—m+1| x4+ 423+ 022 — z+1
—(z* - *+ 27 l
5z — 22—
— (52° — 52” + 5z) The quotient is x? + 5z + 4
472 — 6 +1 and the remainder is —2z — 3.
— (4a? — 4z +4) oot tdxd -z 1
—2z—3 =@*+5z+4)(x* —z+1)—22—3
EXERCISE 6C.3
1 Find the quotient and remainder for:
3 +2z2 42 -3 322 — 33 +x—1 z—4
—_— b ¢ — -~ ==
24+r+1 2 —1 2 +1 2242z —1

2 Carry out the following divisions and also write each in the form P(x) = Q(z) D(x) + R(z):

22 —z+1 z3 4322 +2-1
- - - b — ¢ —— -~ - -
22 4+rx+1 2 +2 2 —z+1
223 — x4+ 6 e x4 f 2223+ +5
(z —1)2 (z +1)2 (x —1)(z +2)

3 Suppose P(z) = (z — 2)(z% 4+ 2z + 3) + 7. Find the quotient and remainder when P(z) is
divided by z — 2.

4 Suppose f(z) = (x—1)(z+2)(z?—3x+5)+15—10z. Find the quotient and remainder when
f(z) is divided by 2%+ x — 2.
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E_zmos, ROOTS, AND FACTORS

A zero of a polynomial is a value of the variable which makes the polynomial equal to zero.

« is a zero of polynomial P(z) < P(a)=0.
The roots of a polynomial equation are the solutions to the equation.
« is a root (or solution) of P(x) =0 < P(a) =0.

The roots of P(xz) =0 are the zeros of P(z) and the z-intercepts of the graph of y = P(x).

Consider P(x) = 2® 4+ 222 — 32 — 10 [ An equation has roots.]

P(2) = 2° + 2(2)2 —-3(2) - 10 A polynomial has zeros

—8+8—6-10
-0 \

This tells us: e 2is a zero of 23+ 222 — 3z — 10
e 2isarootof 2% +222-3x—-10=0
e the graph of y = 2 + 222 — 3z — 10 has the z-intercept 2.

If P(z)=(zx+1)(2z—1)(z+2), then (x+1), (2x —1), and (z+2) are its linear factors.

Likewise P(z) = (z+3)?(2z+3) has been factorised into 3 linear factors, one of which is repeated.

(x — a) is a factor of the polynomial P(z) < there exists a polynomial Q(x)
such that P(z) = (z — a)Q(z).

=) Self Tutor

Find the zeros of: a z2—4x+53 b 22+3z
a We wish to find x such that b We wish to find 2z such that
2?2 —42+53=0 22432=0

_ 4% /16— 4(1)(53) oo2(224+3)=0
2 . .
_ 44/7106 4414 (e +iv3)(z —iv3) =0
= B D) sz=0 or +iV3
° =223 The zeros are —iv/3, 0, and iv/3.

The zeros are 2 — 7¢ and 2 + 7.

o

EXERCISE 6D.1
1 Find the zeros of:

a 222 —5r—12 b 2?2 +6x+10 ¢ 22—62+6
d 23 —4x e 2342z f 24+422-5
2 Find the roots of:
a 522 =3z +2 b 2z+1)(z?2+3)=0 ¢ —22(22-22+2)=0

d 23 =5z e 224+52=0 f 24=322410
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Factorise: a 22% 4522 — 3z b 22+42+49
-4+ 4,/16 —4(1)(9
a 2z° + 52% — 3¢ b 22+42+9 iszerowhen z= - (W)
= z(22° + 5z — 3) i
=2z(2z —1)(z + 3) S EE————
_ —442iV5
B 2
soz2=-24+iV5
2 44z24+9=(z—[-2+iV5])(z — [-2 —iV5))
= (z+2—ivV5)(z +2 +4V/5)

3 Find the linear factors of:
a 222 -7r-15 b 22-62+16 ¢ 23+ 222 — 4z
d 62%—2%-22 e 24 —622+5 f o2t —22-2
4 If P(x)=a(r—a)(xr—0)(x—) then «, [, and v are its zeros.
Verify this statement by finding P(«), P(5), and P(7).

o) Self Tutor

Find all cubic polynomials with zeros % and —3 % 2i.

The zeros —3 4 2¢ have sum=—-3+2/—3—2;{=—6 and
product = (—3 + 2i)(—3 — 27) = 13

they come from the quadratic factor 22 + 6 + 13
% comes from the linear factor 2z — 1.

P(z) = a2z — 1)(2? 4+ 6z + 13), a #0.

) Self Tutor

Find all quartic polynomials with zeros 2, —%, and —14+ /5.

The zeros —1++/5 have sum=-1+v5-1-+v5=-2 and
product = (-1 + v5)(—1 — v5) = —4
they come from the quadratic factor 22 4 2z — 4.

The zeros 2 and —3 come from the linear factors (z —2) and (3z +1).

P(z) =a(x —2)(3z + 1)(z* + 2z —4), a #0.

5 Find all cubic polynomials with zeros:

a 42,3 b —2, 44 c 3 —1+34 d -1, —24++2
6 Find all quartic polynomials with zeros of:

a £1, £V2 b 2, -1, +iV3 ¢ V3, 1+ d 246, —24+3i
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POLYNOMIAL EQUALITY

Two polynomials are equal if and only if they have the same degree (order) and corresponding
terms have equal coefficients.

If we know that two polynomials are equal then we can equate coefficients to find unknown coefficients.

For example, if 22+ 322 — 4z + 6 = azx® + bx? + cx +d, where a, b, c, d € R, then
a=2, b=3, ¢c=—-4, and d=6.

) Self Tutor

Find constants a, b, and ¢ given that:
62% + 722 — 192+ 7= (22 — 1)(az® + bx +¢) for all z.

62 + 72% — 192 + 7 = (22 — 1)(az® + bz + ¢

623 + 722 — 192 + 7 = 2az> + 2b2® + 2cx — az? —bxr — ¢

62 + 72° — 192 + 7 = 2ax® + (2b — a)z®> + (2c — b)z — ¢
Since this is true for all x, we equate coefficients:

2a =6 2b—a =17 2c—b=-19 and 7T=—c

SN—— ~——

s z2 s Ts constants

3

a=3 and c¢=—T7 andconsequently 26—3=7 and —-14—b=-19
b=5

in both equations

So, a=3, b=5, and c=—T.

|_Example 21

Find constants @ and b if 2%+ 9 = (22 +az+3)(22+bz+3) forall 2.

4 N
224+ 9=(224+az+3)(22 +bz+3) forall 2 When simultaneously

A 49=2 4022+ 32° solving more equations

than there are
+ az® + abz® + 3az
unknowns, we must

2
+ 32°+3bz+9 check that any solutions

24 +9 =2+ (a+b)2% + (ab+6)2% + (3a+3b)z+9 forall z | fit all equations. If they
do not, there are no

a+b=0 .. (1) {#s} solutions.
Equating coefficients gives ab+6=0 .. Q) {*s}

3a+3b=0 .. ((3) {zs} \ ‘
From (1) and (3) we see that b= —a ¢~
s in(2), a(—a)+6=0 3

a2:6 Al

. a=+V6 andso b::F\/E
a=+6, b=—-v6 or a=-v6, b=+6
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| Example 22 | =) Self Tutor

(x+3) is a factor of P(z) =23+ ax®> —7r+6. Find a € R and the other factors.

Since (:c ar 3) is a factor, The coefficient of This must be 2 so the
z3is 1x1=1 constant term is 3 X 2 =6

23 +ax® —Tr +6= (x4 3)(x® + bz +2) for some constant b
=23+ b2+ 2z
+32° + 3bz + 6
=22+ (b+3)z®>+ (3b+2)z+6
Equating coefficients gives 3b+2=—-7 and a=b+3
b=-3 and a=0

P(z) = (z + 3)(z? — 3z +2)
=(x+3)(z—1)(z—2)

The other factors are (z — 1) and (x — 2).

| Example 23 | =) Self Tutor

(2 +3) and (z —1) are factors of 2z* + az® — 322 + bz + 3.

Find constants a and b and all zeros of the polynomial.

Since (2z+3) and (z —1) are factors, The coefficient of a* This must be —1 so the constant
is 2x1x1=2 termis 3 X —1 x —1 =3

22* 4 az® —32° + bx +3 = (224 3)(x — 1)(2® +cx — 1)  for some c
=202+ —3)(@® +cx - 1)
= 2z* + 2ca® — 222
+ 24’ - =z
—32% — 3¢z +3
=22 + (2c+ D)x3 + (c—5)z2 + (-1 —3¢c)z + 3
Equating coefficients gives 2c+1=a, ¢c—5=-3, and —1—-3c=b
Loc=2
a=5 and b= -7

P(z) = 2z +3)(z — 1)(z? + 2z — 1)

—24 /4 —4(1)(—1 —
Now 2+ 2z —1 has zeros 5 WD _ 2i22\/§——1i\/§

P(x) has zeros —2, 1, and —1++/2.

bR
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EXERCISE 6D.2
1 Find constants a, b, and ¢ given that:
a 222 +4x+5=az?+ 20— 6]z +c forall z
b 223 —22+6=(xr—1)?2r+a)+br+c forallz.

2 Find constants a and b if:
a 2t +4=(22+az+2)(2?+bz+2) forall z
b 224 +5234+4224724+6=(22+az+2)(222+bz+3) forall 2.

3 Show that z*+4 64 can be factorised into two real quadratic factors of the form 22 +az+8 and
22+ bz + 8, but cannot be factorised into two real quadratic factors of the form 22 + az + 16
and 22+ bz +4.

4 Find real numbers a and b such that z* — 422 + 8z — 4 = (2% + ax + 2)(z% + bx — 2).

Hence solve the equation z* 4 8z = 422 + 4.

5 a (22-3) isafactor of 22% —22+az—3. Find a € R and all zeros of the cubic.
b (32+2) isafactorof 32z%—22+(a+1)z+a. Find a € R and all the zeros of the cubic.
6 a (2z+1) and (z—2) are factors of P(z) = 2z* + ax® + bz? — 122 — 8.

Find constants a and b, and all zeros of P(z).

b (z+3) and (2z —1) are factors of 2x* + az® + bz? + ax + 3.
Find constants a and b, and hence determine all zeros of the quartic.

7 a 224322 —9x +c¢, c €R, has two identical linear factors. Prove that c is either 5 or —27,
and factorise the cubic into linear factors in each case.

b 3234422 — 2 +m, m € R, has two identical linear factors. Find the possible values of m,
and find the zeros of the polynomial in each case.

"3 POLYNOMIAL THEOREMS

There are many theorems about polynomials, some of which we look at now. Some of the theorems are
true for all polynomials, while others are true only for real polynomials.

THE REMAINDER THEOREM

A real polynomial is a

Consider the cubic polynomial P(z) = x3 + 522 — 11z + 3. Salgmeral s sl
If we divide P(z) by z —2, we find that coefficients.
3 2 _ remainder
z° + 5z 11m+3=m2—|—7m—|—3+ 9 emainde w
T —2 Tz —2

So, when P(z) is divided by x — 2, the remainder is 9.

Notice that P(2) =8+ 20 —22+3
=9, which is the remainder. ’

By considering other examples like the one above, we formulate
the Remainder theorem.



194  COMPLEX NUMBERS AND POLYNOMIALS (Chapter 6)

The Remainder Theorem

When a polynomial P(z) is divided by = — & until a constant remainder R
is obtained, then R = P(k).

Proof: By the division algorithm, P(z) = Q(z)(x —k)+ R
Letting =%k, P(k)=Q(k)x0+R
. Pk)=R

When using the Remainder theorem, it is important to realise that the following statements are equivalent:
e Plx)=(zx—k)Q(z)+R
e P(k)=R
e P(x) divided by x —k leaves a remainder of R.

|_Example 24 <) Self Tutor

Use the Remainder theorem to find the remainder when % —32% +x —4 is divided by x + 2.

If P(x)=2*—32%+z—4, then
=0 = (=2 = H(=2) &= (=) =4
=16+24—2—4
=34

when 2% —323 +x—4 isdividedby z+2, the remainder is 34. {Remainder theorem}

m ) Self Tutor

When P(z) is divided by 2? — 3z + 7, the quotient is 2% + x — 1 and the remainder R(z)
is unknown.

When P(z) is divided by x —2 the remainder is 29. When P(z) is divided by =+ 1 the
remainder is —16.

Find R(z) in the form ax +b.

When the divisoris 22 —3z+7, P(z)=(z>+z—1) (2> -3z +7) + ax+b.
~——
Q(z) D(z) R(z)

Now P(2) =29 {Remainder theorem}
(22+2-1)(22—6+T7)+2a+b=29
(5)(5) + 2a + b = 29
2+b=4 .. (1)
Also, P(—1)=—16 {Remainder theorem}
(=12 + (=) = 1)((-1)® =3(-1)+ 7) + (—a+ b) = —16
(-1D)(11) —a+b=—-16
—a+b=-5 .. Q)
Solving (1) and (2) simultaneously gives a=3 and b= —2.
R(z) = 3z — 2.
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EXERCISE 6E.1

1 For P(z) a real polynomial, write two equivalent statements for each of:
a If P(2)=7, then ...
b If P(z)=Q(z)(x+3)—8, then ..
¢ If P(z) divided by = —5 has a remainder of 11 then ...

2 Without performing division, find the remainder when:
a 23 +22%2 - 7r+5 isdividedby z —1
b 2* - 222 +3x—1 isdivided by x+ 2.

3 Find a € R given that:
a when z®—2x+a isdivided by = —2, the remainder is 7
b when 223+ 2?+axr—5 isdivided by x + 1, the remainder is —8.

4 When 22+ 2224 axr+b is dividedby z — 1 the remainder is 4, and when divided by x4+ 2
the remainder is 16. Find constants a and b.

5 22" +ax?—6 leaves a remainder of —7 when divided by x—1, and 129 when divided by =+ 3.
Find a and n given that n € Z*.

6 When P(z) isdivided by z?—3z+2 the remainderis 4z — 7.
Find the remainder when P(z) is divided by: a z—1 b z—2.

7 When P(z) isdivided by z-+1 the remainder is —8, and when divided by z—3 the remainder
is 4. Find the remainder when P(z) is divided by (2 —3)(z +1).

8 If P(z) isdivided by (x—a)(z—0>), where a#b, a, b€ R, prove that the remainder is:

(W) X (x —a) + P(a).

THE FACTOR THEOREM

For any polynomial P(z), k is a zero of P(x) < (x—k) is a factor of P(x).

Proof: k is a zero of P(x) < P(k) =0 {definition of a zero}
< R=0 {Remainder theorem}
< P(z) = Q(z)(x — k) {division algorithm}

< (x — k) is a factor of P(z) {definition of a factor}

The Factor theorem says that if 2 is a zero of P(z) then (x—2) isa factor of P(x), and vice versa.
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Example 26

Find k given that (z —2) is a factor of 2 + k2% — 32 + 6.
Hence, fully factorise 2 + kz? — 3x + 6.

) Self Tutor

Let P(z) =2+ ka? —3z+6
Since (z —2) is a factor, P(2) =0 {Factor theorem}
(2)® + k(2)2 —3(2) +6 =0
8+4k=0
o= =2

We now use either the division algorithm or synthetic division to find the other factors of P(x):

Using either method we find that P(z) = (z — 2)(2* — 3)

Division algorithm or Synthetic division
2%+ 0z —3 211
z—2| 2°-22"-3z+6 0
— (x3 — 22%) J 1
0z® — 3z
— (02? — 0z)
—3r+6
—(—3z +6)
0

= (z —2)(z + v3)(z — V3)

EXERCISE 6E.2
1 Find the constant & and hence factorise the polynomial if:
a 223+ 2% +kxr —4 has the factor (z + 2)
b 2% —32% — kx? + 62 has the factor (z — 3).

2 Find constants a and b given that 2x3 + az? +bxr +5 has factors (z —1) and (z+5).

3 a Suppose 3 is azero of P(z)=2%—22+ (k—5)z+ (k2 -7).
Find the possible values of k& € R and all the corresponding zeros of P(z).

b Show that (z —2) isa factor of P(2) =2%+mz?+ (3m —2)z—10m —4 for all values

of m € R. For what value(s) of m is (z —2)? a factor of P(2)?

4 a Consider P(z)=a2%—a®> wherea is real.

i Find P(a). What is the significance of this result?
3_ 3

ii Factorise x° —a” as the product of a real linear and a quadratic factor.

b Now consider P(z) = 2%+ a3, where a is real.

i Find P(—a). What is the significance of this result?

ii Factorise 22+ a® as the product of a real linear and a quadratic factor.
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5 a Provethat “z+1 isafactorof 2" +1, neZ < nisodd”.

b Find the real number a such that (x —1—a) is a factor of P(z) =2 — 3az — 9.

THE FUNDAMENTAL THEOREM OF ALGEBRA

The theorems we have just seen for real polynomials can be generalised
in the Fundamental Theorem of Algebra:

a Every polynomial of degree n > 1 has at least one zero which Gauss proved this

can be written in the form a + bi where a, b € R. theorem in 1799 as
his PhD dissertation.

b If P(z) is a polynomial of degree n, then P(x) has exactly n
zeros, some of which may be either irrational numbers or complex
numbers.

Using the Fundamental Theorem of Algebra, the following properties of real polynomials can be
established:

e Every real polynomial of degree n can be factorised into n complex linear factors, some of which
may be repeated.

e Every real polynomial can be expressed as a product of real linear and real irreducible quadratic
factors (where A < 0).

e Every real polynomial of degree n has exactly n zeros, some of which may be repeated.

o If p+qi (¢#0) is a zero of a real polynomial then its complex conjugate p — gi is also a
Zero.

e Every real polynomial of odd degree has at least one real zero.

|_Example 27|

Suppose —3 + i is a zero of P(x) = az® + 92% + ax — 30 where a is real.

Find @ and hence find all zeros of the cubic.

Since P(z) is real, both —3 +4 and —3 —¢ are zeros.
These have sum = —6 and product = (—3 +4)(—3 — i) = 10.
the zeros —3+i come from the quadratic 22 + 6x + 10.

The coefficient of 23 is a. The constant term is 10 X (—3) = —30.

Consequently, az® + 92? + ax — 30 = (2* + 62 + 10)(azx — 3)
= az® + (6a — 3)z* + (10a — 18)x — 30

Equating coefficients of z? gives: 6a—3=9 Sooa=2
Equating coefficients of = gives: 10a — 18 =a Sooa=2

a =2 and the linear factor is (22 — 3)

the other two zeros are —3 — ¢ and %
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One zero of ax® + (a+1)x? + 10z + 15, a € R, is purely imaginary.

Find a and the zeros of the polynomial.

Let the purely imaginary zero be bi, b # 0.
Since P(z) is real, both bi and —bi are zeros.
These have sum = 0 and product = —b%;% = b?

the zeros +bi come from the quadratic 2 + b2.

15
The coefficient of 3 is a. The constant term is b2 X — = 15.

/ "

Consequently, az®+ (a + 1)2* + 10z + 15 = (2% + bz)xax 4 g)

=az® + <E> 2% + ab’z + 15

b2
. . 9 . 15
Equating coefficients of z* gives: a+ 1= w2 . (D)
Equating coefficients of = gives: ab® =10 .. (2)

ab® +b* =15 {using (1)}
10+ b* =15 {using (2)}
v’ =5
b=+V5
In (2), since b?> =5, 5a=10 .. a=2.

The linear factor ax + Il)_;% becomes 2x + 3

a=2 and the zeros are +iy/5, —32.

EXERCISE 6E.3
1 Find all real polynomials of degree 3 with zeros —% and 1 — 3i.
2 p(z) is areal cubic polynomial for which p(1) =p(2+4) =0 and p(0) = —20.
Find p(z) in expanded form.
3 2-3i isazeroof P(z)=2%+pz+q wherep and q are real.
a Using conjugate pairs, find p and ¢ and the other two zeros.

b Check your answer by solving for p and g using P(2 — 3i) = 0.

L 34 isarootof 2z*—223+4az24+bz+10=0, where a and b are real. Find a and b and the
other roots of the equation.

5 Onezero of P(z2) =2%+a2?+32+9, a €R, is purely imaginary. Find a and hence factorise
P(z) into the product of linear factors.

6 At least one zero of P(x) = 323 + ka? + 152 + 10, k € R, is purely imaginary. Find k and
hence factorise P(x) into the product of linear factors.
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SUM AND PRODUCT OF ROOTS THEOREM

We have seen that for the quadratic equation ax? +bx+c=0, a #0, the sum of the roots is _b
a

and the product of the roots is <
a

For the polynomial equation a,z" + a,_ 12" ' + ...+ as2z? + a1z +ap =0, a, #0

n
which can also be written as ) a,z" =0,
r=0

. —Qp— . —1)"a
the sum of the roots is ——~—-, and the product of the roots is w.

@, Qanp
We can explain this result as follows:
Consider the polynomial equation a,(x — a1)(z — a2)(z — ag)....(x —a,) =0
with roots aq, as, as, ...., .
Expanding the LHS we have
an (x —aq)(x — ag)(x — az)(z — ay)....(x — ay)

=a, (2% — [a1 + ao)z + (—1)2a100) (2 — a3) (@ — ay)....(z — )

=an(2® —[o1 +az +as)z? + ...+ (=1)Pavo003)(z — ag)....(z — an)

{the term of order z is no longer important as it will not contribute to
either the z"~! term or the constant term}

=a,(2" — oy +az +az+ ... Faylz" L ()" a0as.... ay)

= ap 2" —apfar Fag +az+ ... Fay)r" T L+ (D) arazas.... anay,

Equating coefficients,

p—1 = —aplon +as +ag+ ... +a,] and ap = (—1)"yasas.... ayan,
Ap—1 —1)"ag
— Z =oa;+as+az+....+a, and % = aQ3....
n n

) Self Tutor

Find the sum and product of the roots of 2z — 722 + 8z — 1 = 0.

The sum of the roots = —% =

NI~

The polynomial equation has degree 3.

(D=1 _

the product of the roots = o
2
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A real polynomial has the form P(z) = 3z* — 1223 + cx® +dx +e. The graph of y = P(x)
has y-intercept 180. It cuts the z-axis at 2 and 6, and does not meet the z-axis anywhere else.
Suppose the other two zeros are m £ ni, n > 0. Use the sum and product formulae to find m
and n.
If the other two zeros are m =+ ni, the sum of the zeros is
246+ (m+ni)+ (m—ni) = —%12
2m+8 =14
°, = =2
The constant term e is the y-intercept.
e =180
. . N (—1)*180
The product of the zeros is 2 X 6 x (=2 + ni)(—2 — ni) = —s = 60
12(4 +n?) = 60
44+n2=5
n2=1
n=1 {as n >0}
So, m=-2 and n=1.

EXERCISE 6E.4

Find the sum and product of the roots of:

a 222 —-3z+4=0 b 323 422 +8x —-5=0
c -t 4+222432-4=0 d 22°—32*+22-8=0
e ' —25+22-9=0 f 25—-1=0

A real cubic polynomial P(x) has zeros 3+iv/2 and % It has a leading coefficient of 6. Find:

a the sum and product of its zeros b the coefficient of 2

¢ the constant term.
A real polynomial of degree 5 has leading coefficient —1 and zeros of —2, 3414, and vk =+ 1.
The y-intercept is 18. Find:

ak b the coefficient of x*.

A real polynomial of degree 5 has leading coefficient 2 and the coefficient of z* is 3. When the
polynomial is graphed, the y-intercept is 5, and it cuts the x-axis at % and 14+/2 only.

Suppose the other two zeros are m £ ni, n > 0. Use the sum and product formulae to find m
and n.

A real quartic polynomial has leading coefficient 1 and zeros of the form a+¢ and 3+ a, where
a € R. Its constant term is 25. What are the possible values that a may take?

2 —px? + gr —r =0 has non-zero roots p, g, and », where p, ¢, r € R.

a Showthat g=—-r and p= —l. b Hence find p, g, and r.
T
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7'l GRAPHING REAL POLYNOMIALS

Any polynomial with real coefficients can be graphed on the Cartesian plane.

Use of a graphics calculator or the graphing package provided will help in this section.

CUBIC POLYNOMIALS

INVESTIGA CUBIC GRAPHS

Every real cubic polynomial can be categorised into one of four types. In each case a € R, a # 0,
and the zeros are «, 3, 7.

Type 1: Three real, distinct zeros: P(z) = a(z — a)(z — B)(z — 7)

Type 2:  Two real zeros, one repeated: P(z) = a(z — a)?(x — )

Type 3: One real zero repeated three times: P(z) = a(z — )3

Type 4. One real and two complex conjugate zeros:

P(z) = (x —a)(az? + bz +c¢c), A=0b%>—4ac<0.

What to do:

Experiment with the graphs of 7Type I cubics. State the effect of changing both the size and
sign of a. What is the geometrical significance of «, 3, and ~?

Experiment with the graphs of Type 2 cubics. What is the geometrical significance of the squared
factor?

Experiment with the graphs of 7ype 3 cubics. What is the geometrical significance

of a? GRAPHING
. . . . . . . PACKAGE
Experiment with the graphs of 7ype 4 cubics. What is the geometrical significance (ﬁ >

of « and the quadratic factor which has complex zeros?

From Investigation 2 you should have discovered that:

If a > 0, the graph has shape /\/or/ . If a<0 itis \/\or \\\ .

All cubics are continuous smooth curves.
Every cubic polynomial must cut the z-axis at least once, and so has at least one real zero.

For a cubic of the form P(x) = a(z — a)(x — B)(z — ),
a, B, v € R, the graph has three distinct z-intercepts

corresponding to the three distinct zeros «, 3, and . The of 3 7z
graph crosses over or cuts the z-axis at these points, as
shown.

For a cubic of the form P(x) = a(z — a)?(z — 3), «,
0 € R, the graph touches the x-axis at the repeated zero «
and cuts it at the other z-intercept 3, as shown. '[6 =
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e For a cubic of the form P(z) = a(z — a)?, x €R, the
graph has only one z-intercept, . The graph is horizontal - J -
at this point, and the z-axis is a tangent to the curve even / @ x
though the curve crosses over it.

e For a cubic of the form P(z) = (z — a)(ax® + bz + ¢)
where A < 0, there is only one z-intercept, . The graph /_J
cuts the z-axis at this point. The other two zeros are complex -
/e z
and so do not appear on the graph.

=) Self Tutor

Find the equation of the cubic with graph:
a \ rj b y
) 2/ N4,
1 \x 6
3 PR
-8 v/ l 3
a The z-intercepts are —1, 2, 4. b The graph touches the z-axis at %,
y=a(z+1)(z—-2)(z-4) indicating a squared factor (3z — 2)2.
But when =0, y= -8 The other z-intercept is —3,
a(1)(=2)(—4) = -8 so y=a(3z —2)%(z +3).
S @= =1 But when z =0, y=6
So, y=—(z+1)(z—2)(z—4) ooa(=2)%3)=6
a=1
So, y=1(3z—-2)%(z+3)

When determining a polynomial function from a given graph, if we are not given all the zeros, or if some
of the zeros are complex, we write a factor in general form.

For example: e If an z-intercept is not given, use

P(z) = (x — k)% (az +b).

most general form of a linear

€T
Using P(z) = a(z — k)% (z +b) is N k
more complicated.
e If there is clearly only one z-intercept
and that is given, use
P(z) = (x — k) (az® + bz +¢).
S Zz

most general form of a quadratic - fk
A <O A

¥ Either graph is possible.
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m ) Self Tutor

Find the equation of the cubic which cuts the z-axis at 2 and —3, cuts the y-axis at —48, and
which passes through the point (1, —40).

The zeros are 2 and —3, s0 y = (v — 2)(z + 3)(azx +b), a #0.

When z=0, y=—48
(—2)(3)b = —48
b=38
When z =1, y=—-40
(—=1)(4)(a+8) = —40
a+8=10
a=2

So, the equation is y=(x—2)(x+3)(2z+38)
y=2(x—2)(x+3)(z+4)

EXERCISE 6F.1
1 For a cubic polynomial P(z), state the geometrical significance of:
a a single real linear factor such as (z — ), a € R
b a squared real linear factor such as (r — )2, a € R

¢ a cubed real linear factor such as (z — )3, a € R.

2 Find the equation of the cubic with graph:

a y Ly Ly /A
| I

12

-3
-1 z
/ 23
—12
y v

3 Find the equation of the cubic whose graph:
a cuts the z-axis at 3, 1, and —2, and passes through (2, —4)
b cuts the z-axis at —2, 0, and %, and passes through (—3, —21)
¢ touches the z-axis at 1, cuts the z-axis at —2, and passes through (4, 54)

d touches the z-axis at 7%, cuts the z-axis at 4, and passes through (—1, —5).
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4 Match the given graphs to the corresponding cubic function:

a y=2(xz—-1)(z+2)(x+4) b y=—(z+1)(xz—2)(z—4)
c y=(z—1)(z—2)(z+4) d y=-2z—-1)(z+2)(x+4)
e y=—(z—1)(xz+2)(x+4) fy=2z—-1(z—2)(z+4)
A B C

) \Y Y

J—4 ‘ 172 ‘1_4

<
S
<

/m
™
—

/

./
A\

A\

—_

R~

5 Find the equation of a real cubic polynomial which:
a cuts the z-axis at 3 and —3, cuts the y-axis at 30, and passes through (1, —20)
b cuts the x-axis at 1, touches the x-axis at —2, and cuts the y-axis at (0, 8)

¢ cuts the z-axis at 2, cuts the y-axis at —4, and passes through (1, —1) and (—1, —21).

QUARTIC POLYNOMIALS

INVE QUARTIC GRAPHS

There are considerably more possible factor types to consider for quartic functions. We will consider
quartics containing certain types of factors.

What to do:

1 Experiment with the graphs of quartics which have: GRAPHING
a four distinct real linear factors (PACKAGE)

a squared real linear factor and two distinct real linear factors ﬁ

two squared real linear factors

a cubed real linear factor and one distinct real linear factor

a real linear factor raised to the fourth power

- 0 & A O

one real quadratic factor with A < 0 and two real linear factors

g two real quadratic factors each with A < 0.

2 Summarise your observations.
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From Investigation 3 you should have discovered that:

e For a quartic polynomial in which a is the coefficient of z*:
» If a >0 the graph opens upwards.
» If a <0 the graph opens downwards.

e If a quartic with a > 0 is fully factorised into real linear factors, then:

» for a single factor (z — «), the » for a square factor (z — «)?, the
graph cuts the z-axis at « graph touches the z-axis at «
Y
«
i . Jﬁfv[ Jjjau
» for a cubed factor (x — )3, the » for a quadruple factor (r — a)*
graph cuts the z-axis at « and is the graph touches the z-axis and is
‘flat” at « ‘flat’ at that point.
(07
Y y «
x
P
» If a quartic with @ > 0 has one » Ifa quartic with a > 0 has two real
real quadratic factor with A < 0 quadratic factors both with A < 0
we could have: we have:

VY

The graph does not meet the x-axis

at all.
|_Example 33 | <) Self Tutor
Find the equation of the quartic The graph touches the z-axis at —1
with graph: and cuts it at —3 and 3.

But when =0, y= -3

Ay soy=a@+ 1)@ +3)(z-3), a#0
A\l

3" N z s =3 =a(1)*(3)(-3)
-3 . —3=-9a
Y y:%(m+1)2($+3)(l‘_3)
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|_Example 34

Find the quartic which touches the z-axis at 2, cuts the z-axis at —3, and also passes
through (1, —12) and (3, 6).

The graph fouches the z-axis at 2, so (x —2)? is a factor.
The graph cuts the z-axis at —3, so (z + 3) is a factor.
P(z) = (z — 2)%(z + 3)(az + b) where a and b are constants, a # 0.

Now P(1)=-12 and P(3) =6,
L (1)@ (a+b) = ~12 - 12(6)(3a+b) =6
L BIU= = o () s 3a+b=1 .. ()

Solving (1) and (2) simultaneously gives a =2, b= —5.
P(z) = (z — 2)%(z + 3)(2x — 5)

EXERCISE 6F.2
1 Find the equation of the quartic with graph:
a b c

X A

3 T g
-1 1 T —6
~16
d e f
v V1 4 (-3,501Y
—1 T
i %/\ z
1\/ 3 x
) A
o) 16\ IV

2 Match the given graphs to the corresponding quartic functions:

I
|
o
D>
<
N

a y=(x—1)%*z+1)(z+3) b y=-2(x—-12%*x+1)(z+3)
¢ y=(z—1)(z+1)*(z+3) d y=(x—1)(z+1)*(z—-3)

e y=—x(z—1)(z+1)(z+3)? fy=—(z—1(z+1)(z—3)2
A B
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TN /\V\

3 Find the equation of the quartic whose graph:
a cuts the z-axis at —4 and %, touches it at 2, and passes through the point (1, 5)
b touches the z-axis at 2 and —3, and passes through the point (—4, 49)
¢ cuts the z-axis at =3 and 42, and passes through the point (1, —18)
d touches the z-axis at 1, cuts the y-axis at —1, and passes through (=1, —4) and (2, 15).

ACTIVITY

Click on the icon to run a card game for graphs of cubic and quartic functions. CARD GAME

=

GENERAL POLYNOMIALS

We have already seen that every real cubic polynomial must cut the x-axis at least once, and so has at
least one real zero.

If the exact value of the zero is difficult to find, we can use technology to help us. We can then factorise
the cubic as a linear factor times a quadratic, and if necessary use the quadratic formula to find the other
Zeros.

This method is particularly useful if we have one rational zero and two irrational zeros that are radical
conjugates.

(DISCUSSION GENERAL POLYNOMIALS

Consider the general polynomial P(z) = an2™ + apn_12" "' + ... + a1z + ag, an # 0.
e Discuss the behaviour of the graph as z — —oco and x — oo depending on
» the sign of a, » whether n is odd or even.

e Under what circumstances is P(z) an:
» odd function » even function?
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| Example 35 | =) Self Tutor

Find exactly the zeros of P(z) = 323 — 1422 + 52 + 2.

Using the calculator we search for any rational zero. [

In this case, « =~ 0.666667 or 0.6 indicates z = % is a zero. 'f
(3z —2) is a factor. l \/
323 — 1422 + 524+ 2 = (3z — 2)(2® +ax — 1) for some a Fiiiees  veo

=323 + (3a — 2)2® + (-3 — 2a)z + 2
Equating coefficients: 3a —2=—-14 and —-3—2a=5 Gpiéwg:

c. 3a=-—12 and —2a =8 (ﬁ)
L oa=-—4

P(z) = (3z — 2)(2* — 4z — 1) which has zeros 2 and 2++/5 {quadratic formula}

=) Self Tutor

Find exactly the roots of 622 + 1322 + 20z + 3 = 0.

Using technology, z ~ —0.16666667 = —% is a root, so (6z+ 1) is a factor of the cubic.
(6x + 1)(z® +ax +3) =0 for some constant a.

Equating coefficients of 2%: 1+ 6a = 13 El [EXE]:Show coordinates
6 12 Y1=6x"(3)+13x2+2Qp+3
a =

a=2
Equating coefficients of z: a+18=20 V

(6 + 1)(x2 + 2z + 3) =0 X=-0.16666666674
x=—% or —1+iv2 {quadratic formula}

For a quartic polynomial P(x) we first need to establish if there are any z-intercepts at all. If there
are not then the polynomial must have four complex zeros. If there are x-intercepts then we can try to
identify linear or quadratic factors.

EXERCISE 6F.3

1 Find exactly all zeros of:

a 22 —-322-3z+1 b 23 —32%24+42x -2
¢ 223 —3z2 -4z —35 d 223 — 22 +20z — 10
e dx*—4x3 — 2522+ 246 f oot — 6x° + 2222 — 48z + 40

2 Find exactly the roots of:
a 23 4+222+32+6=0 b 22%+322-3z-2=0
¢ 23 -6224+122-8=0 d 2234+ 18 =522+ 9z
e 24 —2>-922 + 112 +6=0 f 2z% — 1322 + 2722 = 132 + 15
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Factorise into linear factors with exact values:

a 23 —32%+4x -2 b 23+ 322 +4x+12
¢ 22° —92% + 6z — 1 d 2% —42% 4+ 92— 10
e 43 822+ +3 f 3z 4 423 + 522 + 120 — 12
g 2z* —32% + 522+ 62 —4 h 223 + 522 4+ 8z + 20
The following cubics will not factorise neatly. Find their zeros using technology.
a 23+222 626 b z3+2%2-Tz-38
A scientist is trying to design a crash test barrier with the characteristics shown graphically below.
The independent variable ¢ is the time AF()
after impact, measured in milliseconds, 120
such that 0 < ¢ < 700. 100
The dependent variable is the distance 80
the barrier is depressed during the 40
impact, measured in millimetres. 20

200 400 600 800

A\

a The equation for this graph has the form  f(t) = kt(t —a)?, 0 <t < 700.
Use the graph to find a. What does this value represent?

b If the ideal crash barrier is depressed by 85 mm after 100 milliseconds, find the value of k.

Hence find the equation of the graph given.

Last year, the volume of water in a particular reservoir could be described by the model

V(t) = —t3 4+ 30t2 — 131t + 250 ML, where ¢ is the time in months.

The dam authority rules that if the volume falls below 100 ML, irrigation is prohibited. During
which months, if any, was irrigation prohibited in the last twelve months? Include in your answer

a neat sketch of any graphs you may have used.

A ladder of length 10 metres is leaning against a wall so that it is just 'y
touching a cube of edge length one metre as shown.
What height up the wall does the ladder reach?

Tmi \10m

Y :‘_

1m

REVIEW SET 6A ALCULATOR

1 Find real numbers a and b such that:

a a+tib=4 b (1—2i)(a+bi)=—5—10i ¢ (a+2i)(1+bi)=17—19

2 If 2=3+¢ and w=—-2-—14, find in simplest form:

a 2z—3w b

z
w
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12

13

14

15

16

17

Find exactly the real and imaginary parts of z if z =

3
3.
i+\/§+\/_

Find a complex number z such that 2z — 1 = ¢z —¢. Write your answer in the form
z=a+bi where a, b€ R.

Prove that zw* — z*w is purely imaginary or zero for all complex numbers z and w.

z+1
z* 4+
Hence determine the conditions under which w is purely imaginary.

Given w = where z=a+0bi, a,beR, write w in the form z +yi, z, y € R.

Expand and simplify: a (323 + 2z —5)(4r - 3) b (222 — x + 3)?

3 3

T T

Carry out the following divisions: a — b CEDICrD]

Find the sum and product of the zeros of:
a 3z* —42% +322+8 b 2264+ 22% — 2% + 72— 10

State and prove the Remainder theorem.

—2+bi isasolutionto 2%2+az+ (3+a)=0. Find constants a and b given that they are
real.

P(z) has remainder 2 when divided by x — 3, and remainder —13 when divided by z + 2.

2

Find the remainder when P(z) is divided by x* —z — 6.

Find all quartic polynomials with real, rational coefficients, having 2 —iy/3 and 2+ 1 as
two of the zeros.

If f(z)=a%-322—-92+b has (v —k)? as a factor, show that there are two possible
values of k. For each of these two values of k, find the corresponding value for b, and hence
solve f(z) =0.

Find all real quartic polynomials with rational coefficients, having 3 —iy/2 and 1 —+/2 as
two of the zeros.

When P(z) = 2" +32%+kr+6 is divided by (z+1) the remainder is 12. When P(z)
is divided by (x — 1) the remainder is 8. Find k and n given that 34 < n < 38.

If o and 3 are two of the roots of 3 —2-+1 =0, show that a3 is aroot of z>+z2—1=0.
Hint: Let 23 —z+1=(z—a)(z-B)(z—7).

REVIEW SET 6B CALCULATOR

5

—1

3
If z:<2 —3—2z’), x,y € Z, express z in the form 2z =z + yi.

Without using a calculator, find z if 22 =5 — 12i. Check your answer using a calculator.
Prove that if z is a complex number then both z 4 2* and 2zz* are real.
If 2z=4+4+4¢ and w=3-2¢ find 2w* —iz.

2— 31

= 21.
Thi 3+ 2

Find rationals a and b such that
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10
11
12

13

14

15

16

17

a+ai isarootof z2—6zx+b=0 where a, beR.
Explain why b has two possible values. Find a in each case.

Find the remainder when %7 — 3226 + 523 + 11 is divided by z + 1.
Factorise 2z + 22 + 10z +5 as a product of linear factors with exact terms.

A quartic polynomial P(x) has graph y = P(x) which touches the z-axis at (—2, 0), cuts
the z-axis at (1, 0), cuts the y-axis at (0, 12), and passes through (2, 80).
Find an expression for P(x) in factored form, and hence sketch the graph of y = P(z).

Find all zeros of 2z* — 523 + 1322 — 4z — 6.
Factorise 2* + 22% — 222 + 8 into linear factors.

Find the general form of all real polynomials of least degree which have zeros 2 + ¢ and
-1+ 3.

3—2i isazeroof z*+kz3+322+3k—1, wherek is real.
Find £ and all zeros of the quartic.

Find all the zeros of the polynomial 2% + 223 + 622 + 82 +8 given that one of the zeros is
purely imaginary.

When a polynomial P(x) is divided by x? — 3z +2 the remainder is 2z + 3.

Find the remainder when P(x) is divided by x — 2.

Find possible values of k if the line with equation y = 2x +k does not meet the circle with
equation 2 +y?+ 8z —4y+2=0.

P(z) = 22* — 82% + ax® + bx — 110, a,b € R, has zeros m+2i and 14 ny/3 where
m, n € R.

a Find m and n. b Sketch the graph of y = P(z).

REVIEW SET 6C

s W N

Find real numbers = and y such that (3z 4 2yi)(1 —4) = 3y + 1)i — x.
Solve the equation: 2% + iz + 10 = 62.
Prove that zw*™ + z*w is real for all complex numbers z and w.
Find real « and y such that:
a z+iy=0 b (3-2)(xz+i)=17+yi ¢ (z+iy)?=x—1iy

z and w are non-real complex numbers with the property that both z + w and zw are real.
Prove that z* = w.

Find the sum and product of the roots of:
a 2% +322 —42+6=0 b 4zt =22+22-6

Find 2 if /z = == +2+5i.
— al

Find the remainder when 2x'7 + 5210 — 723 + 6 is divided by z — 2.
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10

12
13

14
15

16

17

5—1i isazeroof 2234 az?+ 622+ (a—5), where a is real. Find a and the other two
zeros.

Find, in general form, all real polynomials of least degree which have zeros:

a iv2 and 3 b 1—-¢ and —-3—i.

P(z) =22% + 722 + kxz — k is the product of 3 linear factors, 2 of which are identical.
a Show that k can take 3 distinct values.
b Write P(z) as the product of linear factors for the case where k is greatest.

Find all roots of 22% — 323 + 222 = 62 + 4.
Suppose a and k are real. For what values of k does 23 + az? +kz+ka =0 have:
a one real root b 3 real roots?
(3x +2) and (z —2) are factors of 62% + az? — 4ax +b. Find a and b.
Find the exact values of k for which the line y = x—k is a tangent to the circle with equation
(—2%+ (y+3)? =4

Find the quotient and remainder when z# + 323 — 722 + 11z — 1 is divided by 2 + 2.
Hence, find constants a and b for which z* + 323 — 722 + (24 a)z + b is exactly divisible
by z?+ 2.

P(z) is a real polynomial of degree 5 with leading coefficient 1 and zeros m =+ 23, 1+ mi,
and 2 (m € R). The graph of y = P(x) cuts the y-axis at —56.

a Show that m = ++/3. b Find the coefficient of z*.



Sequences and series

Syllabus reference: 1.1

Number sequences

The general term of a number sequence
Arithmetic sequences

Geometric sequences

Series

Arithmetic series

Geometric series

Contents:

A
B
C
= D
E
F
G




214  SEQUENCES AND SERIES (Chapter 7)

OPENING PROBLEM SISSA IBN DAHIR

Around 1260 AD, the Kurdish historian Ibn Khallikan recorded the following story about Sissa ibn
Dahir and a chess game against the Indian King Shihram. (The story is also told in the Legend of
the Ambalappuzha Paal Payasam, where the Lord Krishna takes the place of Sissa ibn Dahir, and
they play a game of chess with the prize of rice grains rather than wheat.)

@ King Shihram was a tyrant king, and his subject Sissa ibn Dahir wanted to teach him

how important all of his people were. He invented the game of chess for the king, and
the king was greatly impressed. He insisted on Sissa ibn Dahir naming his reward, and
the wise man asked for one grain of wheat for the first square, two grains of wheat for
the second square, four grains of wheat for the third square, and so on, doubling the
wheat on each successive square on the board.

The king laughed at first and agreed, for there was so little grain on the first few
squares. By halfway he was surprised at the amount of grain being paid, and soon he
C realised his great error: that he owed more grain than there was in the world.

Things to think about:
a How can we describe the number of grains of wheat for each square?
b What expression gives the number of grains of wheat for the nth square?
¢ Find the total number of grains of wheat that the king owed.

To help understand problems like the Opening Problem, we need to study sequences and their sums
which are called series.

I NUMBER SEQUENCES

In mathematics it is important that we can: e recognise a pattern in a set of numbers,
e describe the pattern in words, and
e continue the pattern.

A number sequence is an ordered list of numbers defined by a rule.
The numbers in the sequence are said to be its members or its terms.
A sequence which continues forever is called an infinite sequence.

A sequence which terminates is called a finite sequence.

For example, 3,7, 11, 15, .... form an infinite number sequence.
The first term is 3, the second term is 7, the third term is 11, and so on.
We can describe this pattern in words:
“The sequence starts at 3 and each term is 4 more than the previous term.”
Thus, the fifth term is 19 and the sixth term is 23.

The sequence 3, 7, 11, 15, 19, 23 which terminates with the sixth term, is a finite number sequence.
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Describe the sequence: 14, 17, 20, 23, .... and write down the next two terms.

The sequence starts at 14, and each term is 3 more than the previous term.

The next two terms are 26 and 29.

EXERCISE 7A

1 Write down the first four terms of the sequence if you start with:

a 4 and add 9 each time b 45 and subtract 6 each time
¢ 2 and multiply by 3 each time d 96 and divide by 2 each time.
2 For each of the following write a description of the sequence and find the next 2 terms:
a 8,16, 24, 32, ... b 2,58 11, ... ¢ 36, 31, 26, 21, ....
d 96, 89, 82, 75, .... e 1,4,16,64, .. f 2,6, 18, 54, ...
g 480, 240, 120, 60, .... h 243, 81, 27, 9, .... i 50000, 10000, 2000, 400, ....
3 Describe the following number patterns and write down the next 3 terms:
a 1,4,9,16, .. b 1,8, 27,64, .. ¢ 2,6,12, 20, ...
4 Find the next two terms of:
a 95,91, 87, 83, .... b 5, 20, 80, 320, .... ¢ 1,16, 81, 256, ....
d 23,5 7 11, ... e 2,4,7,11, .. f 98,107 11, ...

"] | THE GENERAL TERM OF A NUMBER SEQUENCE

Sequences may be defined in one of the following ways:

e listing all terms (of a finite sequence)

o listing the first few terms and assuming that the pattern represented continues indefinitely

e giving a description in words

e using a formula which represents the general term or nth term

e using a recurrence formula which describes the nth term of a sequence using a formula which
involves the preceding terms.

Consider the illustrated tower of bricks. The first row Lot
has three bricks, the second row has four bricks, and ndrow
the third row has five bricks. 2 row —— | | | | |

d —_—
If u,, represents the number of bricks in row n (from 3 TOW | | | | | | | | | | | | |

the top) then u; =3, ug =4, uz =5, ug =0, ... NN

This sequence can be specified by:
o listing terms 3,4,5,6, ...

e using words “The top row has three bricks, and each successive row under it
has one more brick than the previous row.”
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e using an explicit formula Up =n + 2 is the general term or nth term
formula for n=1, 2, 3, 4, ....

Check: w1 =1+2=3 V uy=2+2=4 v
e using a recurrence formula The first layer has 3 bricks, and each subsequent layer has 1 more
brick.
uy =3 and u, =u,_1+1, n>1

e a pictorial or graphical representation Un
Early members of a sequence can be graphed with each represented 6 o
o
by a dot. 4 °

The dots must not be joined because n must be an integer.

THE GENERAL TERM

The general term or nth term of a sequence is represented by a symbol with a subscript, for example
Uy, Tn, tn, or A,. The general term is defined for n =1, 2, 3, 4, ....

{un} represents the sequence that can be generated by using u,, as the nth term.
The general term w,, is a function where n + wu,. The domainis n € Z* for an infinite sequence,
or a subset of ZT for a finite sequence.

For example, {2n + 1} generates the sequence 3,5, 7,9, 11, .... =

CALCULATOR

)
You can use technology to help generate sequences from a formula.
GRAPHICS
INSTRUCTIONS

EXERCISE 7B.1
1 A sequence is defined by w, =3n —2. Find:
a wu b us C Usy
2 Consider the sequence defined by u, = 2n + 5.
a Find the first four terms of the sequence. b Display these members on a graph.

3 Evaluate the first five terms of the sequence:

a {2n} b {2n+2} ¢ {2n -1} d {2n -3}

e {2n+ 3} f {2n+ 11} g {3n+1} h {4n -3}
4 Evaluate the first five terms of the sequence:

a {27} b {3x2"} ¢ {6x(3)"} d {(-2)"}

5 Evaluate the first five terms of the sequence {15 — (—2)"}.

RECURRENCE FORMULAE

A recurrence formula describes the nth term of a sequence using a formula which involves the preceding
terms.

When we write a recurrence formula, we need to specify the initial terms needed for the formula to start.

For example, the recurrence formula w,, = u,—1 +3 1is by itself useless, since we do not know what
the first term is.
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However, if we write w1 =7, u, =u,_1+3, n>1, then we can write
upg =u; +3=7+3=10
ug=us+3=10+3=13
ug=uz3+3=134+3=16

EXERCISE 7B.2

1 A sequence is defined by u; =3, up, =u,—1 —4, n>1. Find:
a wus b wus C uy d us
2 The first term of a sequence is 3, and each subsequent term is double the previous one.
a Describe the sequence fully using a recurrence formula.
b Display the first 5 terms on a graph.
3 A sequence is defined by uw; =1, u, = ﬁ, n > 1.
a Find the next four terms of the sequence.
Display the first 5 terms on a graph.

¢ Assume that the sequence terms tend to the constant value u, so that as n — 0o, U,—1 — u
and u, — u.
1 _ —1++5

1+—11 2
1+

i Show that w?>+u—1=0. ii Hence show that

4 A sequence is defined by uy =1, u, =, /;, n > 1.
1+up—g

a Find the next four terms of the sequence, writing your answers correct to 5 decimal places.

1+

T
TF....

b Assuming that the sequence terms tend to the constant value u, show that 3 4+ u? —1 = 0.

1

¢ Hence find correct to 5 decimal places.
1+ L -
1+ 14+
5 Find, correct to 5 decimal places: ! 5
- 1; ’
1+ 1 2
v ()

INVE THE FIBONACCI SEQUENCE

Leonardo Pisano Bigollo, known commonly as Fibonacci, was born in Pisa around 1170 AD. He is
best known for the Fibonacci sequence which starts with 0 and 1, and then each subsequent member
of the sequence is the sum of the preceding two members.

What to do:
1 Describe the Fibonacci sequence fully using a recurrence formula.
2 Write down the first 10 terms of the sequence.
3 Can the sequence be described using a formula for the general term w,,?
A

Research where the Fibonacci sequence is found in nature.
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Ul ARITHMETIC SEQUENCES

An arithmetic sequence is a sequence in which each term differs from the previous one
by the same fixed number.

It can also be referred to as an arithmetic progression.

For example:

e the tower of bricks in the previous section forms an arithmetic sequence where the difference between
terms is 1

e 2 5 8 11,14, .... is arithmeticas 5—2=8—-5=11-8=14—-11= ...
e 31,27, 23,19, .... is arithmeticas 27 —31 =23 —-27=19—-23 = ...

ALGEBRAIC DEFINITION

{u,} is arithmetic < w,41 —u, =d for all positive integers n where d is a
constant called the common difference.

The symbol < means ‘if and only if’. It implies both:

o if {w,} is arithmetic then wu,.; —u, is a constant

e if w,y1 —u, isaconstant then {uw,} is arithmetic.

THE NAME ‘ARITHMETIC’

If a, b, and ¢ are any consecutive terms of an arithmetic sequence then

b—a=c—b {equating common differences}
2b=a+c
b— a—+c
2

So, the middle term is the arithmetic mean of the terms on either side of it.

THE GENERAL TERM FORMULA

Suppose the first term of an arithmetic sequence is u; and the common difference is d.
Then wus =uy +d, us=1wuy +2d, us =uj;+3d, and so on.
Hence wu, =wu;+ (n—1)d
/ :
term number the coefficient of d is
one less than the term number

For an arithmetic sequence with first term w; and common difference d
the general term or nth term is U, =u; + (n — 1)d.
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Consider the sequence 2, 9, 16, 23, 30, ....
a Show that the sequence is arithmetic.
b Find a formula for the general term w,,.
¢ Find the 100th term of the sequence.
d Is i 828 ii 2341 aterm of the sequence?
a 9-2=7 The difference between successive terms is constant.
16—-9=17 So, the sequence is arithmetic, with u; =2 and d=7.
23-16=7
30—-23=7
b Up =up + (n—1)d ¢ If n=100,
u, =2+ 7(n—1) w100 = 7(100) — 5
L Up=Tn—5 =695
d 1 Let wu,=828 il Let w,=2341
m —5 =828 . Tn—5=2341
T = 833 c. Tno= 2346
. n=119 -, n=335%
828 is a term of the sequence, But n must be an integer, so 2341
and in fact is the 119th term. is not a member of the sequence.

EXERCISE 7C

1 Find the 10th term of each of the following arithmetic sequences:

a 19, 25,31, 37, ... b 101, 97, 93, 89, .... ¢ 8,91 11,124, .
2 Find the 15th term of each of the following arithmetic sequences:

a 31, 36, 41, 46, .... b 5, -3, —11, —19, ... ¢ a,a+d a+2d, a+3d, ...
3 Consider the sequence 6, 17, 28, 39, 50, ....

a Show that the sequence is arithmetic. b Find the formula for its general term.

¢ Find its 50th term. d Is 325 a member?

e Is 761 a member?

4  Consider the sequence 87, 83, 79, 75, 71, ....

a Show that the sequence is arithmetic. b Find the formula for its general term.

¢ Find the 40th term. d Which term of the sequence is —297?
5 A sequence is defined by u,, = 3n — 2.

a Prove that the sequence is arithmetic. Hint: Find w1 — wp.

b Find u; and d. ¢ Find the 57th term.

d What is the largest term of the sequence that is smaller than 450? Which term is this?
6 A sequence is defined by u, = n ; ™

a Prove that the sequence is arithmetic. b Find u; and d. ¢ Find wrys.

d For what values of n are the terms of the sequence less than —200?
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Find £ given that 3k + 1, k, and —3 are consecutive terms of an arithmetic sequence.

Since the terms are consecutive, k — (3k+ 1) = =3 — k {equating differences}
k—3k—1=—3—F
—2k—1=-3-k
—1+3=-k+2k
k=2

or Since the middle term is the arithmetic mean of the terms on either side of it,
p_ (BE+D +(=3)
2
2k =3k —2
k=2

7 Find k given the consecutive arithmetic terms:

a 32,k,3 b k, 7,10 ¢ k+1,2k+1,13
d k—1,2k+3,7T—k e k, k% k2+6 f 5k k>—8
Example 4 ) Self Tutor
Find the general term w,, for an arithmetic sequence with ug3 =8 and ug = —17.
uz = 8 S.oup+2d=38 e (D) {using wu, =uj + (n—1)d}

We now solve (1) and (2) simultaneously:

—uy —2d = -8 {multiplying both sides of (1) by —1}

uy + 7d = —17
5d = —25 {adding the equations}
d=-5
So, in (1): up +2(—5) =8 Check:
u —10=8 us = 23 — 5(3)
oo oup =18 =23—-15
Now wu, =uj; + (n—1)d =8 v
. up,=18-5(n—1) ug = 23 — 5(8)
U, =18 —bn+5 =23 —-40
U, = 23 — 5n =-17 v

8 Find the general term wu,, for an arithmetic sequence with:
a wuy =41 and uz =77 b us = —2 and Ui = —12%
¢ seventh term 1 and fifteenth term —39

d eleventh and eighth terms being —16 and —11% respectively.
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Insert four numbers between 3 and 12 so that all six numbers are in arithmetic sequence.

Suppose the common difference is d.

the numbers are 3, 3+d, 3+2d, 3+ 3d, 3+ 4d, and 12

3+ 5d =12
5d =9
d=2=18

5
So, the sequence is 3, 4.8, 6.6, 8.4, 10.2, 12.

9 a Insert three numbers between 5 and 10 so that all five numbers are in arithmetic sequence.

b Insert six numbers between —1 and 32 so that all eight numbers are in arithmetic sequence.

10 Consider the arithmetic sequence 36, 351, 342, ....

a Find vy and d. b Which term of the sequence is —30?
11 An arithmetic sequence starts 23, 36, 49, 62, .... What is the first term of the sequence to exceed
100 000?

) Self Tutor

Ryan is a cartoonist. His comic strip has just been bought by a newspaper, so he sends them the
28 comic strips he has drawn so far. Each week after the first he mails 3 more comic strips to the

newspaper.
a Find the total number of comic strips sent after 1, 2, 3, and 4 weeks.
b Show that the total number of comic strips sent after n weeks forms an arithmetic sequence.
¢ Find the number of comic strips sent after 15 weeks.
d When does Ryan send his 120th comic strip?
a Week I: 28 comic strips Week 3: 31+ 3 =34 comic strips
Week 2: 28 +3 = 31 comic strips Week 4: 34+ 3 = 37 comic strips
b Every week, Ryan sends 3 comic strips, so the difference between successive weeks is always
3. We have an arithmetic sequence with u; = 28 and common difference d = 3.
€ up,=u;+(n—1)d
=28+ (n—1)%x3 coous =25+3x15
=25+4+3n =170
After 15 weeks Ryan has sent 70 comic strips.
d We want to find n such that u, = 120
25+ 3n =120
3n =95
= 31%

Ryan sends the 120th comic strip in the 32nd week.
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12 A luxury car manufacturer sets up a factory for a new model. In the first month only 5 cars are
produced. After this, 13 cars are assembled every month.

a List the total number of cars that have been made in the factory by the end of each of the first
six months.

b Explain why the total number of cars made after n months forms an arithmetic sequence.
How many cars are made in the first year?

d How long is it until the 250th car is manufactured?

13 Valéria joins a social networking website. After 1 week she has 34 online friends. At the end of
2 weeks she has 41 friends, after 3 weeks she has 48 friends, and after 4 weeks she has 55 friends.

a Show that Valéria’s number of friends forms an arithmetic sequence.

b Assuming the pattern continues, find the number of online friends Valéria will have after
12 weeks.

¢ After how many weeks will Valéria have 150 online friends?

14 A farmer feeds his cattle herd with hay every day in July. The amount of hay in his barn at the end
of day n is given by the arithmetic sequence wu,, = 100 — 2.7n tonnes.

a Write down the amount of hay in the barn on the first three days of July.
b Find and interpret the common difference.

¢ Find and interpret uos.
d

How much hay is in the barn at the beginning of August?

"0 GEOMETRIC SEQUENCES

A sequence is geometric if each term can be obtained from the previous one by
multiplying by the same non-zero constant.

A geometric sequence is also referred to as a geometric progression.

For example: 2, 10, 50, 250, .... is a geometric sequence as each term can be obtained by multiplying
the previous term by 5.

Notice that 10 = 20 — 250 — 5 g4 each term divided by the previous one gives the
2 10 — 50 y p g
same constant.

ALGEBRAIC DEFINITION

. . un+1 .. . .
{u, } is geometric < ——— = for all positive integers n where r is a
Un constant called the common ratio.
For example: e 2, 10, 50, 250, .... is geometric with r = 5.

e 2, -10, 50, —250, ....  is geometric with r = —5.
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THE NAME ‘GEOMETRIC’

. . b
If a, b, and ¢ are any consecutive terms of a geometric sequence then - = g
a

b?> = ac and so b= +./ac where y/ac is the geometric mean of a and c.

THE GENERAL TERM FORMULA

Suppose the first term of a geometric sequence is u; and the common ratio is 7.
Then ws =wuyr, us=uir?, us=u;r>, andso on.

Hence wu,, = ujr™ !

A f

term number The power of r is one less than the term number.

For a geometric sequence with first term v, and common ratio 7,
the general term or nth term is u, = ugr” L.

=) Self Tutor

1
5 Gy e

Consider the sequence 8§, 4, 2, 1

a Show that the sequence is geometric. b Find the general term w,,.
¢ Hence, find the 12th term as a fraction.

| pol=

— 1 2 _ 1 2 _1
a - = = =3

(SIS

Consecutive terms have a common ratio of %

1

the sequence is geometric with u; =8 and r = 3.

b Up = ugr™ ! ¢ up=8x(H!
Up =8 (%)n_l or u, = 2% x (2711 =5
=¥ se o T
— 93+(—n+1)
_94—n
EXERCISE 7D.1
1 For the geometric sequence with first two terms given, find b and c:
a 2,6,b,c¢, ... b 10,5, b, ¢, ... ¢ 12, -6, b, ¢, ....
2 Find the 6th term in each of the following geometric sequences:
a 3,6,12, 24, ... b 2,10, 50, ... ¢ 512, 256, 128, ....
3 Find the 9th term in each of the following geometric sequences:
a 1,3,9,27, ... b 12,18,27, ... € 15 —% % 3 d aar,ar?,
4 a Show that the sequence 5, 10, 20, 40, .... is geometric.

b Find wu, and hence find the 15th term.
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5 a Show that the sequence 12, —6, 3, —%, ... 18 geometric.
b Find wu, and hence write the 13th term as a rational number.

6 Show that the sequence 8, —6, 4.5, —3.375, .... is geometric. Hence find the 10th term as a
decimal.

7 Show that the sequence 8, 4v/2, 4, 2v/2, .... is geometric. Hence show that the general term of

7 1
. 5—3N
the sequence is  u, = 22 2.

) Self Tutor

k—1, 2k, and 21 — k are consecutive terms of a geometric sequence. Find k.

: : 2k 21 — k : 5
Since the terms are geometric, =0 {equating the common ratio r}

4k? = (21— k)(k—1)

oAk? =21k —21—K* + k
5k% — 22k +21 =0
(5k—T7)(k—3)=0

_z

k=<or3
Check: 1f k=1 thetermsare: 2,4 28 v {r=7}
If k=3 thetermsare: 2,6,18. v {r=3}

8 Find k given that the following are consecutive terms of a geometric sequence:

a 7.k, 28 b k, 3k, 20—k ¢ k,k+38, 9k
Example 9 ) Self Tutor
A geometric sequence has uy = —6 and ws = 162. Find its general term.

up =ur =—6 ... (1)
and us =urt =162 ... (2)

4
Now T — 102 vy (1)
ur —6
Lord =27
r= Y3
L ==
Using (1), u1(—3) = —6
Uy = 2

Thus u, =2 x (=3)" L.

9 Find the general term w,, of the geometric sequence which has:
a ug =24 and wuy; =192 b u3=8 and ug=-—1

¢ uy =24 and wuy; = 384 d uz=5 and uy =2
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Find the first term of the sequence 6, 61/2, 12, 121/2, .... which exceeds 1400.

The sequence is geometric with up =6 and 7 =2
Up =6 % (v2)" 7L,
We need to find n such that w,, > 1400.
Using a graphics calculator with  Y; = 6 x (v/2)(X — 1), we view a table of values :

Casio fx-CG20 TI-84 Plus Tl-nspire
0 T X ET—— 1HE
Y1:6§ ("[2)“ (x=1) E 76H 000 ¥ | [xreo="+
156 768 i7 Al | G4 S (20
16 1086.1 iB #i7ez |
17 i9 T s 788, =
20 izl £ /
18 2172.2 1538 il G144 ool [1B e
=6 ([2 1
FORMILA RENE R IEPEDIT | GPH-CON PRI Wi1=1536 ) 17| 1538,
18, 2172.23
S/ 19 3072, d
» *[' 1536 00000000] €| ¥

The first term to exceed 1400 is wuy7 = 1536.

10 a Find the first term of the sequence 2, 6, 18, 54, .... which exceeds 10 000.
b Find the first term of the sequence 4, 44/3, 12, 124/3, .... which exceeds 4800.
¢ Find the first term of the sequence 12, 6, 3, 1.5, .... which is less than 0.0001.

GEOMETRIC SEQUENCE PROBLEMS

Problems of growth and decay involve repeated multiplications by a constant number. We can therefore
use geometric sequences to model these situations.

|_Example 11 ) Self Tutor

The initial population of rabbits on a farm was 50.
The population increased by 7% each week.

a How many rabbits were present after:
i 15 weeks il 30 weeks?
b How long would it take for the population to reach 500?

There is a fixed percentage increase each week, so the population forms a geometric sequence.

up =50 and r=1.07
uy = 50 x 1.07" = the population after 1 week
u3 = 50 x 1.07% = the population after 2 weeks

Un+1 = 50 x 1.07™ = the population after n weeks.
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a i we=>50x(1.07)" i us; =50 x (1.07)3°
~ 137.95 ~ 380.61
There were 138 rabbits. There were 381 rabbits.

b We need to solve 50 x (1.07)" = 500 =T, 1435:';%%5?59

v G = 1(; " Sk 1, Br ) 5
o 2 ~ 34.03 533.58298742

In(1.07)
or trial and error on your calculator gives n ~ 34 weeks.
or finding the point of intersection of Y; = 50 x 1.07"X i
and Y, =500, the solutionis =~ 34.0 weeks.
The population will reach 500 early in the 35th week. ﬂgﬁﬁgggﬂ Y=E00

EXERCISE 7D.2

1 A nest of ants initially contains 500 individuals.
The population is increasing by 12% each week.
a How many ants will there be after:
i 10 weeks il 20 weeks?

b Use technology to find how many weeks it will
take for the ant population to reach 2000.

2 The animal Eraticus is endangered. Since 1995 there has only been one colony remaining, and in

1995 the population of the colony was 555. The population has been steadily decreasing by 4.5%
per year.

a Find the population in the year 2010.

b In which year would we expect the population to have declined to 50?

3 A herd of 32 deer is to be left unchecked on a large island off
@ the coast of Alaska. It is estimated that the size of the herd
?’ \V e will increase each year by 18%.
S

= a Estimate the size of the herd after:
i 5 years ii 10 years.

H ¢ b How long will it take for the herd size to reach 5000?

4 An endangered species of marsupials has a population of 178. However, with a successful breeding
program it is expected to increase by 32% each year.

a Find the expected population size after: i 10 years ii 25 years.
b How long will it take for the population to reach 10 000?



SEQUENCES AND SERIES (Chapter 7) 227

COMPOUND INTEREST

Suppose you invest $1000 in the bank. You leave the money in the bank for
3 years, and are paid an interest rate of 10% per annum (p.a). The interest per annum means
is added to your investment each year, so the total value increases. each year.

The percentage increase each year is 10%, so at the end of the year you will
have 100% + 10% = 110% of the value at its start. This corresponds to
a multiplier of 1.1.

After one year your investment is worth $1000 x 1.1 = $1100. P
After two years it is worth After three years it is worth
$1100 x 1.1 $1210 x 1.1
=$1000 x 1.1 x 1.1 =$1000 x (1.1)% x 1.1
= $1000 x (1.1)% = $1210 = $1000 x (1.1)® = $1331

This suggests that if the money is left in your account for n years it would amount to $1000 x (1.1)".

Observe that: u; = $1000 = initial investment
us = uy X 1.1 = amount after 1 year
uz = u; x (1.1)> = amount after 2 years
ug = uy x (1.1)> = amount after 3 years
Upt+1 = up X (1.1)" = amount after n years

THE COMPOUND INTEREST FORMULA

We can calculate the value of a compounding investment using the formula
Up+1 = U X 7

where w1 = initial investment
r = growth multiplier for each period
n = number of compounding periods
Up+1 = amount after n compounding periods.

|_Example 12 ) Self Tutor

$5000 is invested for 4 years at 7% p.a. compound interest, compounded annually. What will it
amount to at the end of this period? Give your answer to the nearest cent.

us = ug X rt is the amount after 4 years
= 5000 x (1.07)*  {for a 7% increase 100% becomes 107%}
~ 6553.98

The investment will amount to $6553.98.
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EXERCISE 7D.3

1

a What will an investment of $3000 at 10% p.a. compound interest amount to after 3 years?

b How much of this is interest?

How much compound interest is earned by investing €20 000 at 12% p.a. if the investment is over
a 4 year period?

a What will an investment of ¥30000 at 10% p.a. compound interest amount to after 4 years?
b How much of this is interest?

How much compound interest is earned by investing $80 000 at 9% p.a. if the investment is over a
3 year period?

What will an investment of ¥ 100000 amount to after 5 years if it earns 8% p.a. compounded twice
annually?

What will an investment of £45000 amount to after 21 months if it earns 7.5% p.a. compounded
quarterly?

m ) Self Tutor

How much should I invest now if I need a maturing value of €10000 in 4 years’ time, and I am
able to invest at 8% p.a. compounded twice annually? Give your answer to the nearest cent.

The initial investment u; is unknown.

The investment is compounded twice annually, so the multiplier » =1+ % =1.04.
There are 4 x 2 =8 compounding periods, so n=2_§
Un+1 = U9
Now ug = uy X e {using upi1 =uy xr"} D Wl
10000 = uy x (1.04)8 10000+ (1-04) - 16 90205
g
y, — 10000
1™ (1048
w1 ~ 7306.90

I should invest €7306.90 now.

10

How much money must be invested now if you require $20 000 for a holiday in 4 years’ time and
the money can be invested at a fixed rate of 7.5% p.a. compounded annually?

What initial investment is required to produce a maturing amount of £15000 in 60 months’ time
given a guaranteed fixed interest rate of 5.5% p.a. compounded annually?

How much should I invest now to yield €25 000 in 3 years’ time, if the money can be invested at a
fixed rate of 8% p.a. compounded quarterly?

What initial investment will yield ¥40 000 in 8 years’ time if your money can be invested at 9% p.a.
compounded monthly?
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A series is the sum of the terms of a sequence.

For the finite sequence {u,} with n terms, the corresponding series is w3 + ug + ug + .... + up.
The sum of this series is S, = u3 +us +usz+....+u, and this will always be a finite real number.
For the infinite sequence {u,}, the corresponding series is w3 + ug + ug + ... + up, + ...

In many cases, the sum of an infinite series cannot be calculated. In some cases, however, it does
converge to a finite number.

SIGMA NOTATION
Uy + Uz + ug + ug + .... +u, can be written more compactly using sigma notation.

The symbol ) is called sigma. It is the equivalent of capital S in the Greek alphabet.

We write wug + us +ug +us+ ... +u, as )y ug.

n

Z ug reads “the sum of all numbers of the form wg where k=1, 2, 3, ...., up to n”.
k=1

m ) Self Tutor

Consider the sequence 1, 4, 9, 16, 25, ....
a Write down an expression for S,. b Find S, for n=1, 2, 3, 4, and 5.
a S,=12+224+324+424+ ... +n? b S =1
{all terms are squares} Sy=1+4=5
© S3=1+4+9=14
_ Z ]{j2 3 + +
=i S4=14+44+9+16=30
Ss;=14+44+9+16 +25 =55

|_Example 15

7 5
Expand and evaluate: a > (k+1) b > zik
k=1 =1l
7 54
a S (k+1) b > >
k=1 k=1
=2+3+4+5+6+7+8 i i e e 1
2 4 8 16 32
32
You can also use technology to evaluate the sum of a series in sigma (\)
notation. Click on the icon for instructions. GRAPHICS
CALCULATOR

INSTRUCTIONS
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PROPERTIES OF SIGMA NOTATION

Yo(ar+br) = > ar+ > b
k=1 k=1 k=1

n
and Y c=cn.

n n
If ¢ is a constant, Y car =c ), ag
k=1 k=1 k=1
EXERCISE 7E
1 For the following sequences:
i write down an expression for S, ii find Ss.
a 3,11, 19, 27, ... b 42,37, 32, 27, ... ¢ 12,6,3, 14, ...
1 @3 111
d 2, 3, 45, 61, e 1, 5> 10 %> f 1, 8, 27, 64, ....
2 Expand and evaluate:
3 6 4
a Z4k b Y (k+1) ¢ > (3k—05)
= k=1 k=1
5 7 5
d 211—% e > k(k+1) fo>10x 2kt
k=1 k=1 k=1
3 For u, =3n—1, write wuj + us +ug +.... +uge using sigma notation and evaluate the sum.
4 Show that:
n n n n n n
a Zc: b Z = Zak C Zak—Fbk Zak+zbk
k=1 k=1 k=1 k=1 k=1 k=1
5 12
5 Evaluate: a Z (k+1)(k+2) b > 100 x (1.2)k3
k=1 k=6
6 a Expand ) k.
k=1
b Now write the sum with terms in the reverse order, placing each term under a term in the
original expansion. Add each term with the one under it.
¢ Hence write an expression for the sum .S, of the first n integers.
d Hence find @ and b if > (ak +b) = 8n? + 11n for all positive integers n.
k=1
7 a Explainwhy Y (3k*+4k—3)=3> k*+4> k-
= k=1 k=1
. r n(n+1) "o nn+1)(2n+1)
b Given that > k= — — and S k*= —

k=1 k

1

find in simplest form Y (k+ 1)(k + 2).
k=1

Check your answer in the case when n = 10.
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EHE ARITHMETIC SERIES

An arithmetic series is the sum of the terms of an arithmetic sequence.

For example: 21, 23, 25, 27, ...., 49 is a finite arithmetic sequence.

21423 +25427+....4+49 is the corresponding arithmetic series.

SUM OF A FINITE ARITHMETIC SERIES

If the first term is u; and the common difference is d, the terms are wq, uw; +d, ui +2d, u; + 3d,
and so on.

Suppose that u,, is the final term of an arithmetic series.

So, Sp=u1+ (u1 +d)+ (ur +2d) + ... + (up, — 2d) + (up, — d) + uyp
But S, =up+ (up, —d) + (up — 2d) + ... + (w1 +2d) + (u1 + d) + w1 {reversing them}

Adding these two equations vertically we get

2S5, = (u1 + un) + (ug +upn) + (ug + up) + oo + (ug +up) + (w1 + upn) + (w1 + uy)

n of these
2S5, = n(uy + uy)

S, = %(ul +u,) where wu, =u;+ (n—1)d

The sum of a finite arithmetic series with first term u;, common difference d, and last term wu,,, is

Sn:g(ulJrun) or S":g(2u1+(n—1)d).

For example, from Exercise 7E question 6, we observe that the sum of the first n integers is

1+2+3+....+n:@ for n € Z*.

) Self Tutor

Find the sum of 4+ 7+ 10+ 13 + .... to 50 terms.

The series is arithmetic with uw; =4, d =3, and n = 50.
Now S, = g(Qul + (n—1)d)

550:%(2X4+49X3)
= 3875

You can also use technology to evaluate series, although for some calculator (\,

models this is tedious. GRAPHICS

CALCULATOR
INSTRUCTIONS
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|_Example 17

Find the sum of —6+ 1+ 8+ 15+ .... + 141.

The series is arithmetic with wy = —6, d =7 and wu, = 141.
First we need to find n.

Now wu, = 141

up + (n—1)d = 141

Using S, = =(uy + un),
—6+7(n—1) =141 2

7(n —1) = 147 Sy = 2(—6 +141)
n—1=21 =11x135
n =22 = 1485
EXERCISE 7F
1 Find the sum of:
a 3+7+114+15+.... to 20 terms b %—1—34—5%—&-8—#.... to 50 terms
¢ 100+ 93 + 86+ 79+ .... to 40 terms d 50+ 485 + 47 + 453 + ... to 80 terms.

Find the sum of:
a 5+8+114+14+...+101 b 504495 +49 + 481 + ... + (—20)

¢ 8+1035+13+155 + ...+ 83

Evaluate these arithmetic series:
10 15 20 143
a S (2k+5) b S (k- 50) c Z(—)
k=1 k=1 k=1\ 2
Check your answers using technology.

An arithmetic series has seven terms. The first term is 5 and the last term is 53. Find the sum of
the series.

An arithmetic series has eleven terms. The first term is 6 and the last term is —27. Find the sum of
the series.

A bricklayer builds a triangular wall with layers of bricks as
shown. If the bricklayer uses 171 bricks, how many layers

I [ [ | | did he build?

A soccer stadium has 25 sections of seating. Each section has 44 rows of seats, with 22 seats in the
first row, 23 in the second row, 24 in the third row, and so on. How many seats are there in:

a row 44 of one section b each section ¢ the whole stadium?

Find the sum of:
a the first 50 multiples of 11 b the multiples of 7 between 0 and 1000
¢ the integers between 1 and 100 which are not divisible by 3.



SEQUENCES AND SERIES (Chapter 7) 233

9 Consider the series of odd numbers 1+3+54+7+....
a What is the nth odd number w,,?
b Prove that the sum of the first n odd integers is n?.
¢ Check your answer to b by finding Sy, Ss, Ss3, and Sy.

10 Find the first two terms of an arithmetic sequence if the sixth term is 21 and the sum of the first
seventeen terms is 0.

11 Three consecutive terms of an arithmetic sequence have a sum of 12 and a product of —80. Find
the terms. Hint: Let the terms be = —d, x, and = +d.

12 Five consecutive terms of an arithmetic sequence have a sum of 40. The product of the first, middle
and last terms is 224. Find the terms of the sequence.

13 Henk starts a new job selling TV sets. He sells 11 sets in the first week, 14 sets in the next, 17 sets
in the next, and so on in an arithmetic sequence. In what week does Henk sell his 2000th TV set?

14 The sum of the first n terms of an arithmetic sequence is w
a Find its first two terms. b Find the twentieth term of the sequence.
INVESTIGATION 2 STADIUM SEATING

A circular stadium consists of sections as illustrated, with aisles in between. The diagram shows the
13 tiers of concrete steps for the final section, Section K. Seats are placed along every concrete step,
with each seat 0.45 m wide. The arc AB at the front of the first row, is 14.4 m long, while the arc
CD at the back of the back row, is 20.25 m long.

How wide is each concrete step? 20.25 m

2 What is the length of the arc of the back of
Row 1, Row 2, Row 3, and so on?

3 How many seats are there in Row 1, Row 2,
Row 3, ...., Row 13?

4 How many sections are there in the stadium?

What is the total seating capacity of the r m
stadium? // to centre
’ . ) i/ of circular
6 What is the radius r of the ‘playing surface’? stadium

] B GEOMETRIC SERIES

A geometric series is the sum of the terms of a geometric sequence.

For example: 1, 2, 4, 8, 16, ...., 1024 is a finite geometric sequence.
1+24+4+8+16+....4+1024 is the corresponding finite geometric series.

If we are adding the first n terms of an infinite geometric sequence, we are then calculating a finite
geometric series called the nth partial sum of the corresponding infinite series.

If we are adding all of the terms in a geometric sequence which goes on and on forever, we have an
infinite geometric series.
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SUM OF A FINITE GEOMETRIC SERIES

If the first term is w; and the common ratio is r, then the terms are: wy, uqr, w12, ULT>, ...

So, S,=u + wr + wurz + wrd + .+ wr” 2 4+ ougrn!

P T T

U2 us Ugq Up—1

For a finite geometric series with = # 1,

T

Un

u(r™ —1 w1 (1 —r™
S, = ¥ i S, = ¥
r—1 1—17r
Proof: If S, =uyp+uir+ur®+urd+ . +ugr™ 2 +ugr ! *)

then 7S, = (u1r + wr? +urd +urt + .+ ulr”_l) +urr™

rSp = (S —up) + ugr™ {from (*)}
rS, — S, = ur" —up
Sn(r—1) =uy(r™ — 1)

up(r’™ —1) up (1 —1r™)

8 = or provided r # 1.

7n—1 1—r

In the case r =1 we have a sequence in which all terms are the same, and S,, = uin.

Example 18

Find the sum of 2+ 6+ 18 +54 4 .... to 12 terms.

The series is geometric with w3 =2, r = 3,
_ur(r™ = 1)
S, = r—1
_2(312-1)
S12= =5
= 531440

and n = 12.

Example 19 ) Self Tutor

Find a formula for S,,, the sum of the first n terms of
the series 9—3+1— % + ...

The series is geometric with u; =9 and r = —%.
1
S — ul(l 7,,.n) - 9(1 - (_g)n)
I 4
3

Sp = %7(1 - (_%)n)

/.

This answer cannot

be simplified as we

do not know if n is
odd or even.

)
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EXERCISE 7G.1

1 Find the sum of the following series:

a 1246+3+15+.... to 10 terms b VT+T7+7V/7+49+ ... to 12 terms

c 673+1%7%+.... to 15 terms d lf%Jr%*ﬁJr.... to 20 terms
2 Find a formula for S,,, the sum of the first n terms of the series:

a V3+3+3vV3+9+.... b 124+6+3+15+....

¢ 0.9+ 0.09+ 0.009 + 0.0009 + .... d 20-10+5— 2% + .

3 A geometric sequence has partial sums S; =3 and S; = 4.
a State the first term u;. b Calculate the common ratio r.
¢ Calculate the fifth term us of the series.

4 Evaluate these geometric series:
12

10 25
a Y 3x2kt b Y (5)F? ¢ S 6x(-2)F
k=1

k=1 k=1

5 Each year a salesperson is paid a bonus of $2000 which is banked into the same account. It earns a
fixed rate of interest of 6% p.a. with interest being paid annually. The total amount in the account
at the end of each year is calculated as follows:

Ag = 2000

A; = Ay x 1.06 + 2000

Ay = A7 x 1.06 + 2000 and so on.
a Show that Ay = 2000 + 2000 x 1.06 + 2000 x (1.06)2.
b Show that A3 = 2000[1 + 1.06 + (1.06)% + (1.06)3].

¢ Find the total bank balance after 10 years, assuming there are no fees or withdrawals.

1

oTR

a Find Sy, S9, S3, 94, and S5 in fractional form.
From a guess the formula for S,.

up(1—r")
1—r

6 Consider Sn=%+i+%+1—16+....+

PN

=

¢ Find S, using S, =

sl

Comment on S,, as n gets very large. 8

i

e What is the relationship between the given diagram and d?

7 A geometric series has second term 6. The sum of its first three terms is —14. Find its fourth term.

8 An arithmetic and a geometric sequence both have first term 1, and their second terms are equal.
The 14th term of the arithmetic sequence is three times the third term of the geometric sequence.
Find the twentieth term of each sequence.

9 Find n given that: a > (2k+3)=1517 b Y 2x3F1=177146
k=1 k=1
10 Suppose wuq, ug, ...., u, 1S a geometric sequence with common ratio r. Show that
2 2(.2n—1 __ 1
(1 +u2)? + (uy + us)? + (g + 1024 o+ (g +un)? = 2L ZD (24 2)

r—1



236  SEQUENCES AND SERIES (Chapter 7)

11 $8000 is borrowed over a 2-year period at a rate of 12% p.a. Quarterly repayments are made and
the interest is adjusted each quarter, which means that at the end of each quarter, interest is charged
on the previous balance and then the balance is reduced by the amount repaid.

12%
= = 3%.

At the end of the first quarter the amount owed is given by A; = $8000 x 1.03 — R, where R
is the amount of each repayment.
At the end of the second quarter, the amount owed is given by:
Ay =A; x1.03—R
= ($8000 x 1.03 — R) x 1.03 — R
= $8000 x (1.03)2 —1.03R — R

Find a similar expression for the amount owed at the end of the third quarter, As.

There are 2 x 4 =8 repayments and the interest per quarter is

Write down an expression for the amount owed at the end of the 8th quarter, As.
Given that Ag = 0 for the loan to be fully repaid, deduce the value of R.

0 an O o

Suppose the amount borrowed is $P, the interest rate is 7% per repayment interval, and there

s T
PO 100" X 100 dollars

are m repayments. Show that each repayment is R =
(1)1

SUM OF AN INFINITE GEOMETRIC SERIES

To examine the sum of all the terms of an infinite geometric sequence, we need to consider

S, = % when n gets very large.

If |r| > 1, the series is said to be divergent and the sum becomes infinitely large.
For example, when r =2, 1+2+4+484 16+ .... is infinitely large.

If |r] <1, orin other words —1 < r < 1, then as n becomes very large, " approaches 0.

For example, when r:%, 1—1—%4—%—&-%—&—%64—....:2.

This means that S,, will get closer and closer to

-Tr

o0
If |r| <1, an infinite geometric series of the form wy +uir +uir? +....= > wyr

b
Il
—

ul

will converge to the sum S = 1 .
i

We call this the limiting sum of the series.

This result can be used to find the value of recurring decimals.

Example 20

Write 0.7 as a rational number.

A SR 7
0.7= 10 + 100 + 1000 + 10 000 Tt

which is a geometric series with infinitely many terms.
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In this case, u; =15 and r = 75
7
§=_% __W__7
1_ 1
7P 1 o 9
07=1%
EXERCISE 7G.2
1 Consider 0.3 =3+ 135 + 1555 + -~ which is an infinite geometric series.
a Find: i up i r
b Using a, show that 0.3 = 1.
2 Write as a rational number: a 04 b 0.16 ¢ 0312

3 Use S= 1u1 to check your answer to Exercise 7G.1 question 6d.
- T

4 Find the sum of each of the following infinite geometric series:
a 18+12+8+ 2 +.... b 189-63+21-07+...
5 Find each of the following:
© 3 00 N
a > " b > 6(-3%)
k=1 k=0
6 The sum of the first three terms of a convergent infinite geometric series is 19. The sum of the
series is 27. Find the first term and the common ratio.
7 The second term of a convergent infinite geometric series is %. The sum of the series is 10. Show
that there are two possible series, and find the first term and the common ratio in each case.

8 e) When dropped, a ball takes 1 second to hit the ground. It then takes
90% of this time to rebound to its new height, and this continues
until the ball comes to rest.

a Show that the total time of motion is given by

' 1+ 2(0.9) + 2(0.9)% + 2(0.9)3 + ...
b Find S, for the series in a.
T ground

How long does it take for the ball to come to rest?

Note: This diagram is inaccurate as the motion is really up and down on the same spot. It has
been separated out to help us visualise what is happening.

9 Determine whether each of the following series is convergent. If so, find the sum of the series. If
not, find the smallest value of n for which the sum of the first n terms of the series exceeds 100.
a 18—9+45— ... b 1.24+18+27+....

10 When a ball is dropped, it rebounds 75% of its height after each bounce. If the ball travels a total
distance of 490 cm, from what height was the ball dropped?

00 k—1
11 Find z if Z<3_””) —4.
k=1 \ 2
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Click on the icon to run a card game for sequences and series. CARD GAME

2

THEORY OF KNOWLEDGE

The German mathematician Leopold Kronecker (1823 - 1891)
made important contributions in number theory and algebra.
Several things are named after him, including formulae, symbols,
and a theorem.

Kronecker made several well-known quotes, including:

“God made integers, all else is the work of man.”

“A mathematical object does not exist unless it can be
constructed from natural numbers in a finite number of steps.”

Leopold Kronecker

1 What do you understand by the term infinity?

2 If the entire world were made of grains of sand, could you count them? Would the number
of grains of sand be infinite?

Consider an infinite geometric series with first term v; and common ratio 7.
uy

If |r| <1, the series will converge to the sum S = —
- T

Proof: If the first term is u; and the common ratio is 7, the terms are wy, uyr, uir2, urs,
and so on.
Suppose the sum of the corresponding infinite series is
S =u +ur +ur? +Fur Furt + ... (%)
We multiply (*) by r to obtain rS = urr + wr? + uird +ugrt + ..
rS=5—wu {comparing with (*)}
S(r—1)=—u

&= 1u1 {provided r # 1}
-7

3 Can we explain through intuition how a sum of non-zero terms, which goes on and on
for ever and ever, could actually be a finite number?

In the case r» = —1, the terms are wy, —u1, U1, —Uq, ....
If we take partial sums of the series, the answer is always u; or 0.

4 What is the sum of the infinite series when r = —1? Is it infinite? Is it defined?
Uy

Substituting r = —1 into the formula above gives S = - Could this possibly be the
answer?
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VON KOCH’S SNOWFLAKE CURVE

A xx 3l

In this investigation we consider a limit curve named after the Swedish mathematician Niels Fabian
Helge von Koch (1870 - 1924).

To draw Von Koch’s Snowflake curve we: DEMO
e start with an equilateral triangle, C} (ﬁ >
e then divide each side into 3 equal parts
e then on each middle part draw an equilateral triangle —A—
e then delete the side of the smaller triangle which lies on Cf. _/\_

The resulting curve is C5. By repeating this process on every edge of C, we generate curve C's.

We hence obtain a sequence of special curves Cy, Cs, C3, Cy, .... and Von Koch’s curve is the
limiting case when n is infinitely large.

Your task is to investigate the perimeter and area of Von Koch’s curve.

What to do:

Suppose C has a perimeter of 3 units. Find the perimeter of C5, C3, C4, and Cs.

Hint: becomes /\ so 3 parts become 4 parts.

Remembering that Von Koch’s curve is C),, where n is infinitely large, find the perimeter of
Von Koch’s curve.

Suppose the area of C; is 1 unit?. Explain why the areas of Cy, C3, C4, and C5 are:
Ay =1+ 3% units® A3 =1+ 1[1+ 4] units®
Ay =1+3[142+ (%)% units® As =1+ 2[14+2+(2)°+ (2)°] units®.
Use your calculator to find A,, where n =1, 2, 3,4, 5, 6, and 7, giving answers which are as

accurate as your calculator permits.
What do you think will be the area within Von Koch’s snowflake curve?

Is there anything remarkable about your answers to 1 and 2?

Similarly, investigate the sequence of curves obtained by adding squares on successive curves
from the middle third of each side. These are the curves Cy, Cs, Cs, .... shown below.

1 Cy C3
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CETEES@AN NON-CALCULATOR

10

12

13

14

15

Identify the following sequences as arithmetic, geometric, or neither:
a 7,-1,-9, 17, ... b 9,9,9,0, .. c 4, -2,1, —%,
d 1,1,2,3,5,8, .. e the set of all multiples of 4 in ascending order.
Find k if 3k, k—2, and k+ 7 are consecutive terms of an arithmetic sequence.

Show that 28, 23, 18, 13, .... is an arithmetic sequence. Hence find u,, and the sum S, of the
first n terms in simplest form.

Find k given that 4, k, and k% — 1 are consecutive terms of a geometric sequence.

Determine the general term of a geometric sequence given that its sixth term is ¢ and its tenth

3
term is %

Insert six numbers between 23 and 9 so that all eight numbers are in arithmetic sequence.
Find, in simplest form, a formula for the general term w,, of:

a 86, 83, 80, 77, .... b 21, % 2 ¢ 100, 90, 81, 72.9, ....

> o o o
Hint: One of these sequences is nelther arithmetic nor geometric.

o, 4 k+3
Expand and hence evaluate: a > k b Z v

Find the sum of each of the following infinite geometric series:

a 18—12+8— ... b 8+4v2+4+...
A ball bounces from a height of 3 metres and returns to 80% of its previous height on each
bounce. Find the total distance travelled by the ball until it stops bouncing.

3n2 + 5n

The sum of the first n terms of an infinite sequence is for all n € Z".

a Find the nth term. b Prove that the sequence is arithmetic.

a, b, and c are consecutive terms of both an arithmetic and geometric sequence.
What can be deduced about a, b, and c?

x, y, and z are consecutive terms of a geometric sequence.

If 24+y+z=2% and 2?+y*+22=2, find the values of z, y, and z.

18

2z and x — 2 are the first two terms of a convergent series. The sum of the series is .

Find z, clearly explaining why there is only one possible value.

a, b, and c are consecutive terms of an arithmetic sequence. Prove that the following are also
consecutive terms of an arithmetic sequence:
1 1 1

b+ c, X d b , , d ——
a +c, c+a, an a+ \/§+\/E et va an \/E—l—\/g

REVIEW SET 7B CALCULATOR

List the first four members of the sequences defined by:

3n+2
n+3

a u, =3"72 b u,= c u, =2"—(=3)"
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10

11

12

13

14

A sequence is defined by u, = 6(3)"7!.
a Prove that the sequence is geometric. b Find u; and 7.

¢ Find the 16th term of the sequence to 3 significant figures.

Consider the sequence 24, 231, 221, ...

a Which term of the sequence is —36? b Find the value of uss.

¢ Find Sy, the sum of the first 40 terms of the sequence.

Find the sum of:
a the first 23 terms of 3+ 9+ 15+ 21 + ....
b the first 12 terms of 24+ 12+ 6+ 3 + ....

Find the first term of the sequence 5, 10, 20, 40, .... which exceeds 10 000.

What will an investment of €6000 at 7% p.a. compound interest amount to after 5 years if the
interest is compounded:

a annually b quarterly ¢ monthly?

The nth term of a sequence is given by the formula w,, = 5n — 8.
a Find the value of wqg.
b Write down an expression for wu,4+1 —u, and simplify it.
¢ Hence explain why the sequence is arithmetic.
d

Evaluate w5 + w16 + w17 + .... + us3g.

A geometric sequence has ug = 24 and wj; = 768. Determine the general term of the
sequence and hence find:

a upy b the sum of the first 15 terms.
Find the first term of the sequence 24, 8, 3, 8, ... which is less than 0.001.
a Determine the number of terms in the sequence 128, 64, 32, 16, ...., 5%

b Find the sum of these terms.

Find the sum of each of the following infinite geometric series:

14 4 8
a 1.21—-11+1—... b 3 t3tar T

How much should be invested at a fixed rate of 9% p.a. compound interest if you need it to
amount to $20 000 after 4 years with interest paid monthly?

In 2004 there were 3000 iguanas on a Galapagos island. Since then, the population of iguanas
on the island has increased by 5% each year.

a How many iguanas were on the island in 2007?

b In what year will the population first exceed 10 000?

x+3 and x — 2 are the first two terms of a geometric series.
Find the values of = for which the series converges.
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REVIEW SET 7C

12

13

14

A sequence is defined by u,, = 68 — Hn.
Prove that the sequence is arithmetic. b Find u; and d.
Find the 37th term of the sequence.

QO n o

State the first term of the sequence which is less than —200.
a Show that the sequence 3, 12, 48, 192, .... is geometric.
b Find wu, and hence find wug.

Find the general term of the arithmetic sequence with w; = 31 and w5 = —17.
Hence, find the value of wsg4.

Write using sigma notation:

a 4+11+18+25+.... forn terms b i—i—%-l—l—%-i-s%—i-.... for n terms.
8 _ 15 00 _
Evaluate: a > (31 3k> b > 50(0.8)k1 Y 5(%)k !
= 2 =] k=7

How many terms of the series 11+ 16+ 21 + 26 + .... are needed to exceed a sum of 4507
£12500 is invested in an account which pays 8.25% p.a. compounded. Find the value of the
investment after 5 years if the interest is compounded:

a half-yearly b monthly.

The sum of the first two terms of an infinite geometric series is 90. The third term is 24.
a Show that there are two possible series. Find the first term and common ratio in each case.

b Show that both series converge and find their respective sums.

Seve is training for a long distance walk. He walks 10 km in the first week, then each week
thereafter he walks an additional 500 m. If he continues this pattern for a year, how far does
Seve walk:

a in the last week b in total?

o0
a Under what conditions will the series > 50(2z — 1)*=!  converge?
Explain your answer. =t
o0
b Find > 502z —1)*~! if z=0.3.
k=1
a, b, ¢, d, and e are consecutive terms of an arithmetic sequence.
Prove that a+e=b+d = 2c.

Suppose n consecutive geometric terms are inserted between 1 and 2. Write the sum of these
n terms, in terms of n.

An arithmetic sequence, and a geometric sequence with common ratio 7, have the same first
2

two terms. Show that the third term of the geometric sequence is times the third term

of the arithmetic sequence.

11-2=9=3% and 1111 —22=1089 = 332
Show that (111111....1) — (22222....2) is a perfect square.
——— ———

f f

2n 1s n 2s
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OPENING PROBLEM

At an IB Mathematics Teachers’ Conference there are 273 delegates present. The organising
committee consists of 10 people.

Things to think about:

a If each committee member shakes hands with every
other committee member, how many handshakes take
place?

Can a 10-sided convex polygon be used to solve this
problem?

b Ifall 273 delegates shake hands with all other delegates,
how many handshakes take place now?

¢ If the organising committee lines up on stage to face the
delegates in the audience, in how many different orders
can they line up?

The Opening Problem is an example of a counting problem.

The following exercises will help us to solve counting problems without having to list and count the
possibilities one by one. To do this we will examine:

e the product principle e counting permutations e counting combinations.

S THE PRODUCT PRINCIPLE

Suppose there are three towns A, B, and C. Four
different roads could be taken from A to B, and two
different roads from B to C. B

How many different pathways are there from A to C
going through B?

If we take road 1, there are two alternative roads to

complete our trip. A % - C
A

Similarly, if we take road 2, there are two alternative
roads to complete our trip.

The same is true for roads 3 and 4.
So, there are 242+ 2+ 2 =4 x 2 different pathways from A to C going through B.

Notice that the 4 corresponds to the number of roads from A to B and the 2 corresponds to the number
of roads from B to C.

THE PRODUCT PRINCIPLE

If there are m different ways of performing an operation and for each of these there are n different
ways of performing a second independent operation, then there are mn different ways of performing
the two operations in succession.

The product principle can be extended to three or more successive independent operations.
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m ) Self Tutor

P, Q, R, and S represent where Pauline, Quentin, Reiko, and Sam live. There are two different
paths from P to Q, four different paths from Q to R, and 3 different paths from R to S.

AUl ——
Q R

How many different pathways could Pauline take to visit Sam if she stops to see Quentin and then
Reiko on the way?

The total number of different pathways = 2 x 4 x 3 =24 {product principle}

EXERCISE 8A

1

The illustration shows the different map routes for a Q R
bus service which goes from P to S through both Q
and R.
How many different routes are possible? P
S

In how many ways can the vertices of a rectangle be labelled
with the letters A, B, C, and D:

a in clockwise alphabetical order

b in alphabetical order

¢ in random order?

The wire frame shown forms the outline of a box. B
An ant crawls along the wire from A to B.

How many different paths of shortest length lead from
A to B?

A

In how many different ways can the top two positions be filled in a table tennis competition of 7
teams?

A football competition is organised between 8 teams. In how many ways can the top 4 places be
filled in order of premiership points obtained?

How many 3-digit numbers can be formed using the digits 2, 3, 4, 5, and 6:

a as often as desired b at most once each?

How many different alpha-numeric plates for motor car -
registration can be made if the first 3 places are English South Australia

alphabet letters and the remaining places are 3 digits from
0 to 9? o

In how many ways can:

a 2 letters be mailed into 2 mail boxes b 2 letters be mailed into 3 mail boxes
¢ 4 letters be mailed into 3 mail boxes?
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Bl COUNTING PATHS

Consider the road system illustrated which shows D
the roads from P to Q. A ——>

From A to Q there are 2 paths.

From B to Q there are 3 x 2 =6 paths. P ‘Jw Q

From C to Q there are 3 paths. _
~— ____ — F
from P to Q there are 2+ 6+ 3 =11 paths. C
Notice that: e When going from B to G, we go from B to E and then from E to G, and we
multiply the possibilities.
e When going from P to Q, we must first go from P to A or Pto B or P to C.
We add the possibilities from each of these first steps.

The word and suggests multiplying the possibilities.
The word or suggests adding the possibilities.

| Example2

How many different paths C
lead from P to Q?

o Q
G
From PtoAtoBtoCtoQ there are 2 x 3 =6 paths
or from PtoDtoEtoFtoQ there are 2 paths

or from PtoDtoGtoHtoltoQ thereare 2 Xx 2 =4 paths.

In total there are 6+ 2+ 4 = 12 different paths.

EXERCISE 8B
1 How many different paths lead from P to Q?

o T2
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2 Katie is going on a long journey to visit her family. B
She lives in city A and is travelling to city E.
Unfortunately there are no direct trains. However,
she has the choice of several trains which stop in A
different cities along the way. These are illustrated in
the diagram.
How many different train journeys does Katie have E
to choose from? D

S0 FACTORIAL NOTATION

In problems involving counting, products of consecutive positive integers are common.

For example, 8 X T7x6 or 6x5x4x3x2x1.
For convenience, we introduce factorial numbers to represent the products of consecutive positive
integers.
For n > 1, n! is the product of the first n positive integers.
n!l=n(n—1)(n —2)(n —3).... x 3 X2 x1
n! is read “n factorial”.
For example, the product 6 x 5 x4 x 3 x 2 x 1 can be written as 6!.
Notice that 8 x 7 x 6 can be written using factorial numbers only as

8XTx6x5x4x3x2x1 8!

8XTx6= —
HFx4x3x2x1 5!

An alternative recursive definition of factorial numbers is n!=nx(n—1)! for n>1

which can be extended to n! =n(n —1)(n —2)! and so on.

Using the factorial rule with n =1, we have 1!=1 x 0!

Therefore, for completeness we define ol=1
|_Example 3| <) Selt Tutor
. . 5! 7!
What integer is equal to: a 4! b — c — 7
3! 41 x 3!

41 =4x3x2x1=24
5! 5x4x3x2x1
3l 3x2xl1

7N TX6x5x4x3x2x1
4'x3 4x3x2x1x3x2x1

=5x4=20

35
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EXERCISE 8C.1
1 Findn! for n=0,1,2,3, ..., 10.
2 Simplify without using a calculator:
| | | | | |
a @ b O ¢ 8 g & Lot ¢ _T
5! 4! 7! 6! 99! 5! x 2!
TN n! (n+2)! (n+1)!
3 Simplify: a D b D)
| Example 4 | <) Self Tutor
Express in factorial form:
a 10x9x8x7 10x9x8x7
4x3x2x1

a 10x9x8xT7T=

1I0Xx9x8x7x6x5x4x3x2x1 10!

6x5x4x3x2x1 Tl
I0X9x8x7 10X9IX8Xx7Tx6x5x4x3x2x1 10!

4x3x2x1

A4X3x2x1x6x5x4x3x2x1 4l x6!

4 Express in factorial form:

a 7x6x5 b 10x9
13 x12x 11 e
3 x2x1 6xXx5x4

¢ 11 x10x9x8x7
4x3x2x1
20 x 19 x 18 x 17

) Self Tutor

Write as a product by factorising:
a 8 +6! b 10! —-9!+ 8!
a 8! + 6! b 10! — 9! + 8!
=8 X T7x6! + 6! =10x9x8 — 9x8& + 8!
=6/(8xT7+1) =8l(90—9+1)
= 6! x 57 = 8! x 82
5 Write as a product by factorising:
a 5!+4! b 11!-—10! ¢ 6!+ 8! d 12! —10!
e 9 +8+7 f 71—6!+8 g 12! — 2 x 11! h 3x9! + 5x38!

Example 6

" " 7! — 6! o
Simplify — by factorising.

o) Self Tutor

71— 6l
6
7 X 6! — 6!
6
6l(z—1
81
=6!
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6 Simplify by factorising:

12! — 11! b 10! + 9! c 10! — 8!
11 11 89
6! + 5! — 4! f n!+ (n—1)! g n! — (n—1)!
4! (n—1)! n—1

THE BINOMIAL COEFFICIENT

The binomial coefficient is defined by

10! —9!
9!
h (n+2)!+ (n+1)!
n+3

d

(n) _ nn—1)(n—-2)...(n—r+2)(n—r+1)
r r(r—1)(r—2)...2x1

factor form

The binomial coefficient is sometimes written "C, or C.

rli(n —r)!

factorial form

Use the formula (Z) = T'(+lr)' to evaluate: a (‘;) 171)
5 5! 11 11!
a (2):m b (7):m
5! 11!
T 2rxal T x4l
5X4x3x2x1 11 X 10X 9X8XTX6XH5x4x3x2x1
:m - TX6XHX4Xx3Xx2Xx1x4x3x2x1
=10 _ 7920
24
=330

Binomial coefficients can also be found using your graphics calculator.

EXERCISE 8C.2
n!

1 Use the formula (’T’) = ﬁ to evaluate:
ri{n—r).

a (v) b (3) < (3)

Check your answers using technology.

!
2 a Use the formula (:) = ﬁ to evaluate: i (;)
r(n—r):

n—r

b Show that (:f) :( " ) forall neZ*, r=0,1,2, ..., n.

3 Findkif () =4(,",)

(\

)
GRAPHICS
CALCULATOR
INSTRUCTIONS
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o] PERMUTATIONS

A permutation of a group of symbols is any arrangement of those symbols in a definite order.

For example, BAC is a permutation on the symbols A, B, and C in which all three of them are used.
We say the symbols are “taken 3 at a time”.

The set of all the different permutations on the symbols A, B, and C taken 3 at a time, is
{ABC, ACB, BAC, BCA, CAB, CBA}.

=) Self Tutor

List the set of all permutations on the symbols P, Q, and R taken:

a 1 at a time b 2 at atime ¢ 3 ata time.
a {P,Q,R} b {PQ, QP, RP, ¢ {PQR, PRQ, QPR,
PR, QR, RQ} QRP, RPQ, RQP}

=) Self Tutor

List all permutations on the symbols W, X, Y, and Z taken 4 at a time.

WXYZ WXZY WYXZ WYZX WZXY WZYX
XWYZ XWZY XYWZ XYZW XZYW XZWY
YWXZ YWZX YXWZ YXZW YZWX YZXW
ZWXY ZWYX ZXWY ZXYW ZYWX ZYXW There are 24 of them.

For large numbers of symbols, listing the complete set of permutations is absurd. However, we can still
count them by considering the number of options we have for filling each position.

In Example 9 there were 4 positions to fill:

1st 2nd 3rd 4th

In the 1st position, any of the 4 symbols could be used, so we
have 4 options. 4
1st 2nd 3rd 4th

This leaves any of 3 symbols to go in the 2nd position, which
leaves any of 2 symbols to go in the 3rd position.

1st 2nd 3rd 4th

The remaining symbol must go in the 4th position. 413211

1st 2nd 3rd 4th

So, the total number of permutations =4 x 3 x 2 x 1 {product principle}
=4l
=24
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Example 10

A chess association runs a tournament with 16 teams. In how many different ways could the top
8 positions be filled on the competition ladder?

o) Self Tutor

Any of the 16 teams could fill the ‘top’ position.
Any of the remaining 15 teams could fill the 2nd position.
Any of the remaining 14 teams could fill the 3rd position.

Any of the remaining 9 teams could fill the 8th position.

16| 15 |14 ] 13|12 11 [10] 9 |

1st

The total number of permutations = 16 x 15 x 14 x 13 x 12 x 11 x 10 x 9

2nd 3rd 4th 5th  6th  7th 8th

16!
T8
= 518918400

The alphabet blocks A, B, C, D, and E are placed in a row in front of you.

) Self Tutor

a How many different permutations could you have?
b How many permutations end in C?
¢ How many permutations have the form [..JA]..[B]..] ?
d How many begin and end with a vowel (A or E)?
a There are 5 letters taken 5 at a time.
the total number of permutations = 5 x 4 x 3 x 2 x 1 = 5! = 120.
b C must be in the last position. The other 4 letters could go
— into the remaining 4 places in 4! ways.
any others the number of permutations = 1 x 4! = 24.
here
C here
C A goes into 1 place. B goes into 1 place. The remaining
Pt 3 letters go into the remaining 3 places in 3! ways.
A B the number of permutations = 1 x 1 x 3! = 6.
d A or E could go into the 1st position, so there are two options.
f N The other one must go into the last position.
AorE The remaining 3 letters could go into the 3 remaining places
in 3!
remainder i 3 T,

of A or E

the number of permutations = 2 x 1 x 3! = 12.
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EXERCISE 8D
1 List the set of all permutations on the symbols W, X, Y, and Z taken:

a 1 atatime b two at a time ¢ three at a time.
2 List the set of all permutations on the symbols A, B, C, D, and E taken:
a 2 atatime b 3 at a time.
3 In how many ways can:
a b different books be arranged on a shelf
b 3 different paintings be chosen from a collection of 8, and hung in a row
¢ asignal consisting of 4 coloured flags in a row be made if there are 10 different flags to choose
from?
4 Suppose you have 4 different coloured flags. How many different signals could you make using:
a 2 flags in a row b 3 flags in a row ¢ 2 or 3 flags in a row?
5 How many different permutations on the letters A, B, C, D, E, and F are there if each letter can be
used once only? How many of these:
a end in ED b begin with F and end with A
¢ Dbegin and end with a vowel (A or E)?
6 How many 3-digit numbers can be constructed from the digits 1, 2, 3, 4, 5, 6, and 7 if each digit
may be used?
a as often as desired b only once ¢ once only and the number is odd?

7 3-digit numbers are constructed from the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 using each digit at
most once. How many such numbers:

a can be constructed b endinb ¢ endin0 d are divisible by 5?

|_Example 12 <) Self Tutor

There are 6 different books arranged in a row on a shelf. In how many ways can two of the books,
A and B, be together?

Method 1: We could have any of the following locations for A and B

If we consider any one of these,
the remaining 4 books could be
10 of these placed in 4! different orderings.

total number of ways
=10 x 4! = 240.

X X X X X X X X W p
X X X X X X Wp»p»>w

X X X X WP P> WX X

> X X X X X X X X

X X Wy P> wX X X X
WP > WX X X X X X

Method 2: A and B can be put together in 2! ways (AB or BA).

Now consider this pairing as one book (effectively tying a string around them) which
together with the other 4 books can be ordered in 5! different ways.

the total number of ways = 2! x 5! = 240.
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10

1

12

13

In how many ways can 5 different books be arranged on a shelf if:
a there are no restrictions b books X and Y must be together
¢ books X and Y must not be together?

10 students sit in a row of 10 chairs. In how many ways can this be done if:

a there are no restrictions b students A, B, and C insist on sitting together?

How many three-digit numbers can be made using the digits 0, 1, 3, 5, and 8 at most once each, if:
a there are no restrictions b the numbers must be less than 500
¢ the numbers must be even and greater than 300?
Consider the letters of the word MONDAY. How many different permutations of these four letters
can be chosen if:
a there are no restrictions b at least one vowel (A or O) must be used
¢ the two vowels are not together?
Nine boxes are each labelled with a different whole number from 1 to 9. Five people are allowed
to take one box each. In how many different ways can this be done if:
a there are no restrictions

b the first three people decide that they will take even numbered boxes?

Alice has booked ten adjacent front-row seats for a basketball game for herself and nine friends.
a How many different arrangements are possible if there are no restrictions?

b Due to a severe snowstorm, only five of Alice’s friends are able to join her for the game. In
how many different ways can they be seated in the 10 seats if:

i there are no restrictions ii any two of Alice’s friends are to sit next to her?

INVE PERMUTATIONS IN A CIRCLE

There are 6 permutations on the symbols A, B, and C in a line. These are:

ABC ACB BAC BCA CAB CBA.

However in a circle there are only 2 different permutations on these 3 symbols. They are the only
possibilities with different right-hand and left-hand neighbours.

B

Q  Q

In contrast, these three diagrams show the same cyclic permutation:

B A @
Q QO
© B A

What to do:

1 Draw diagrams showing different cyclic permutations for:

a one symbol: A b two symbols: A and B
¢ three symbols: A, B, and C d four symbols: A, B, C, and D
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2 Copy and complete:

Number of symbols | Permutations in a line | Permutations in a circle
1
2
3 6 = 3! 2=2!
4

3 If there are n symbols to be arranged around a circle, how many different cyclic permutations
are possible?

E] N COMBINATIONS

A combination is a selection of objects without regard to order.

For example, there are 10 different possible teams of 3 people that can be selected from A, B, C, D,
and E:

ABC ABD ABE ACD ACE ADE

BCD BCE BDE

CDE

Now given the five people A, B, C, D, and E, we know that there are 5 x 4 x 3 = 60 permutations for
taking three of them at a time. So why is this 6 or 3! times larger than the number of combinations?

The answer is that for the combinations, order is not important. Selecting A, B, and C for the team is the
same as selecting B, C, and A. For each of the 10 possible combinations, there are 3! ways of ordering

the members of the team.
number of ways to select

5 players in order

. . L. 5!
More particularly, the number of possible combinations = Tl = 10.
I x 2!
order of those in the \order of those not in the
team is not important team is not important

The number of combinations on 7 distinct symbols taken 7 at a time is

) Self Tutor

How many different teams of 4 can be selected from a squad of 7 if:

a there are no restrictions b the teams must include the captain?

a There are 7 players up for selection and we want any 4 of them.
There are (Z) = 35 possible combinations.
b The captain must be included and we need any 3 of the other 6.

There are  (}) x (§) =20 possible combinations.
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m ) Self Tutor

A committee of 4 is chosen from 7 men and 6 women. How many different committees can be
chosen if:

a there are no restrictions b there must be 2 of each sex
¢ there must be at least one of each sex?

a There are 7+ 6 =13 people up for selection and we want any 4 of them.
There are (143) = 715 possible combinations.

b The 2 men can be chosen out of 7 in (;) ways.

The 2 women can be chosen out of 6 in (§) ways.

there are (;) X (g) = 315 possible combinations.

c The total number of combinations
— the number with 3 men and 1 woman + the number with 2 men and 2 women
+ the number with 1 man and 3 women

=@+ +G)xG)+ (1) <)

= 665
or The total number of combinations
= (143) — the number with all men — the number with all women
=(4) = (D) = () = (©) x ()
= 665

EXERCISE 8E
1 List the different teams of 4 that can be chosen from a squad of 6 (named A, B, C, D, E, and F).

Check that the formula (:f) = '(n—')' gives the total number of teams.
r(n—r)

2 How many different teams of 11 can be chosen from a squad of 17?
3 Candidates for an examination are required to answer 5 questions out of 9.
a In how many ways can the questions be chosen if there are no restrictions?

b If question 1 was made compulsory, how many selections would be possible?

How many different committees of 3 can be selected from 13 candidates?

a
b How many of these committees consist of the president and 2 others?

5 a How many different teams of 5 can be selected from a squad of 127
b How many of these teams contain:
i the captain and vice-captain ii exactly one of the captain or the vice-captain?

6 A team of 9 is selected from a squad of 15. 3 particular players must be included, and another must
be excluded because of injury. In how many ways can the team be chosen?

N

In how many ways can 4 people be selected from 10 if:
a one person must be selected b two people are excluded from every selection
¢ one person is always included and two people are always excluded?
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16
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A committee of 5 is chosen from 10 men and 6 women. Determine the number of ways of selecting
the committee if:

a there are no restrictions b it must contain 3 men and 2 women
¢ it must contain all men d it must contain at least 3 men

e it must contain at least one of each sex.

A committee of 5 is chosen from 6 doctors, 3 dentists, and 7 others.
Determine the number of ways of selecting the committee if it is to contain:

a exactly 2 doctors and 1 dentist b exactly 2 doctors

¢ at least one person from each of the two given professions.

How many diagonals does a 20-sided convex polygon have?

There are 12 distinct points A, B, C, D, ...., L on a circle. Lines are drawn between each pair of
points.

a How many lines: i are there in total ii pass through B?

b How many triangles: i are determined by the lines il have one vertex B?

How many 4-digit numbers can be constructed for which the digits are in ascending order from left
to right? You cannot start a number with 0.

a Give an example which demonstrates that:

(0) > (3) + (1) x(5) + (3) < (3) + (5) < () + (3) x(5) = (¥)-
b Copy and complete:

(5) < (1) + (7)x (20) + (3)x (1) + e+ ((T0) (7)) + (7)) x (5) = -
In how many ways can 12 people be divided into:

a two equal groups b three equal groups?

Line A contains 10 points and line B contains 7 points. A
If all points on line A are joined to all points on M”*’
line B, determine the maximum number of points of

intersection between the new lines constructed.

10 points are located on [PQ], 9 on [QR], and 8 on Q
[RP].

All possible lines connecting these 27 points are drawn.

Determine the maximum possible number of points

of intersection of these lines which lie within triangle
PQR.

Answer the Opening Problem on page 244.
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DA BINOMIAL EXPANSIONS

Consider the cube alongside, which has sides of length

(a+0b) cm. , @
cm

The cube has been subdivided into 8 blocks by making 3 cuts — /
parallel to the cube’s surfaces as shown.

We know that the total volume of the cube is (a+b)3 cm3. @™
However, we can also find an expression for the cube’s
volume by adding the volumes of the 8 individual blocks.

\ = acm

We have: 1block axaxa bem  bem
3 blocks axaxb
3 blocks axbxb

1block bxbxb ANIMATION

-« >
.. the cube’s volume = a® + 3a%b + 3ab® + b3 1! }
(a+b) =a® + 3a®b + 3ab® + b*

The sum a + b is called a binomial as it contains two terms.

Any expression of the form (a + b)™ is called a power of a binomial.

All binomials raised to a power can be expanded using the same general principle