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iv Introduction

Introduction
Th is book contains worked solutions for all the exam-style questions that, in the Higher Level coursebook, 
are colour-coded green, blue, red or gold. As a reminder:

Green questions should be accessible to students on the way to achieving a grade 3 or 4.

Blue questions are aimed at students hoping to attain a grade 5 or 6.

Red questions are the most diffi  cult, and success with a good number of these would suggest a student is on 
course for a grade 7.

Gold questions are of a type not typically seen in the exam but are designed to provoke thinking and 
discussion in order to develop a better understanding of the topic.

Of course, these are just guidelines. If you are aiming for a grade 6, do not be surprised if occasionally you 
fi nd a green question you cannot do; people are rarely equally good at all areas of the syllabus. Similarly, 
even if you are able to do all the red questions, that does not guarantee you will get a grade 7 – aft er all, 
in the examination you will have to deal with time pressure and exam stress! It is also worth remembering 
that these questions are graded according to our experience of the fi nal examination. When you fi rst start 
the course, you may well fi nd the questions harder than you would do by the end of the course, so try not 
to get discouraged!

Th e solutions are generally written in the format of a ‘model answer’ that students should aim to produce in 
the exam, but sometimes extra lines of working are included (which wouldn’t be absolutely necessary in the 
exam) in order to make the solution easier to follow and to aid understanding.

In many cases the approach shown is not the only option, and neither do we claim it to always be categorically 
the best or the approach that we would advise every student to take; this is clearly subjective, and diff erent 
students will have diff erent strengths and therefore preferences. Alternative methods are sometimes given, 
either in the form of a full worked solution or by way of a comment aft er the given worked solution.

Where the question has a calculator symbol next to it (indicating that it is for the calculator paper), the 
approach taken is intentionally designed to utilise the calculator and thereby to minimise work. Students 
should make sure they are familiar with all the calculator techniques used and, if not, the calculator skills 
sheets on the CD-ROM accompanying the coursebook should be consulted.

When there is no symbol (indicating that the question could appear on either the calculator or the non-
calculator paper), the solution given usually assumes that a calculator is not available. Students should make 
sure they can cope in this situation but also that they can adapt and use features of the calculator to speed up 
the process. Perhaps the most common example of this is to use the calculator’s equation solver rather than 
solving simultaneous or quadratic equations manually.

We strongly advise that these solutions be consulted only aft er having spent a good deal of time and eff ort 
working on a question. Th e process of thinking about the problems encountered, even if a full solution 
cannot ultimately be found, is really important in developing the skills and knowledge needed to succeed in 
the future.

We hope you fi nd these solutions useful and that, when used wisely in conjunction with the coursebook, 
they lead to success in the IB exam.

Stephen Ward, Paul Fannon, Vesna Kadelburg, Ben Woolley



11 Counting principles

1
Exercise 1A
4  12 × 4 = 48

5  a 5 × 6 × 3 = 90

b 6 × (5 + 3) = 48

c 5 × 6 + 5 × 3 + 6 × 3 = 63

6  5 × 3 = 15

7  a 58 × 68 × 61 × 65 = 15 637 960

b 15 637 960
42
65

10104 528× =

8  × =26 9 115 3161363 4

9  � ere are 4 options for the journey to the 
middle, then two possible directions (le�  
or right), and then a single choice of path 
upwards. So the total number of possible 
routes is 4 × 2 × 1 = 8

10  a × × =15 4 12 720

b � ere are two cases: 
• shirt is not pink ⇒ no constraints 

on tie or waistcoat: × × =15 4 9 540
• shirt is pink ⇒ tie not red, waistcoat 

not red: × × =12 3 3 108
  Total number of possible out� ts is 

+ =540 108 648

11  a 5 × 4 × 3 = 60

b =5 1253

12  a =3 814

b =5 1253

Exercise 1B
4  a =7! 5040

b Number of arrangements with largest 
book at one end: × =2 6! 1440

  So number of arrangements with 
largest not at either end: 

− =5040 1440 3600

5  a =5! 120

b Require the � nal digit to be 5, so there 
are =4! 24 such numbers.

6  a =17! 35 568 742 809 600

b =16! 20 922 789 888 000

7  × =5! 4! 2880

8  a =6! 720

b Require the � rst digit to be 1 or 2, so 
there are × =2! 5! 240 such numbers.

9  = ×30! 2.65 10 (3SF)32

10  Because there are an odd number of red 
toys, the one in the middle must be red; 
then, on the le�  arrange two red and two 
blue, to be matched on the right. � e 
following colour patterns are possible 
on the le� :

 RRBB
 RBRB
 RBBR
 BRRB
 BRBR
 BBRR
 � ere are 

×
=4!

2! 2!
6 colour patterns 

available.

Counting principles



Topic 1D Counting selections2

 Within each pattern, there are ×5! 4!  
arrangements of the individual toys.

 So total number of possible arrangements 
is × × =5! 4! 6 17280

Exercise 1C
4  

( ) ( )
−

= − =n
n

n n
!
2 !

1 20

 

( )( )
− − =
− + =

⇒ =

n n
n n

n n

20 0
5 4 0

5 (as is a positive integer)

2

5  ( )
( ) ( )( )( )+

−
= + − =

⇒ − − =

n
n

n n n

n n

1 !
2 !

1 1 990

990 03

 From GDC, n = 10

6  ( ) ( )− − = −n n n! 1 ! 16 2 !
 Dividing through by ( )−n 2 !:

 �

( ) ( )

( )( )

− − − =

− − =
− + =

⇒ = ∈

n n n

n n
n n

n n

1 1 16

2 15 0
5 3 0

5 (for )

2

Exercise 1D
4  Choose 9 from 15: 

 







=
15
9

5005

5  a Choose 3 from 7: 

  







=
7
3

35

b Choose 2 from 6: 

  







=
6
2

15

6  






=
39
7

15 380 937

7  Choose 3 boys from 16 and 2 girls from 12:

 







×






= × =
16
3

12
2

560 66 36960

8  Choose 1 goalkeeper from 3, 4 defenders 
from 8, 4 mid� elders from 6, and 2 
forwards from 5:

 







×






×






×






= × × × =

3
1

8
4

6
4

5
2

3 70 15 10 31 500

9  Choose 12 from 140, then 10 from 128, 
then 10 from the remaining 118:

 







×






×






= ×

140
12

128
10

118
10

1.61 10 (3SF)45

10  a Choose 3 boys from 14 and 2 girls 
from 16:

  







×






= × =
14
3

16
2

364 120 43 680

b Choose 3 boys from 14, and for the 
girls choose 2 from 15 (the 2 places not 
taken by Roberta or Priya) and choose 
1 from 2 (Roberta or Priya):

  







×






× = × × =
14
3

15
2

2 364 105 2 76440

11  a Exactly 6¢ is spent if you choose 3 of 
the 2¢ sweets from 7: 

  







=
7
3

35

b Exactly 7¢ is spent if you choose 1 of 
the 2¢ sweets from 7 and 1 of the 5¢ 
sweets from 5: 

  







×






=
7
1

5
1

35
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c Exactly 10¢ is spent if you choose 
5 of the 2¢ sweets from 7 or 2 of the 5¢ 
sweets from 5: 

  







+






= + =
7
5

5
2

21 10 31

d At most 5¢ is spent if you choose 
1 or 2 of the 2¢ sweets from 7 or 1 of 
the 5¢ sweets from 5: 

  







+






+






= + + =
7
1

7
2

5
1

7 21 5 33

12  a Choose 4 from 9: 






=
9
4

126

b Exclude the possibilities where all 
questions are from the same section.

   All questions from A: choose 4 from 5:

  







=
5
4

5

   All questions from B: choose 4 from 4:

  







=
4
4

1

   ∴ number of ways of choosing 
at least one from each section is 
126 − 5 − 1 = 120

13  To deliberately double-count: each point 
connects to 14 other points 

 ∴ = ×n2 15 14
 ⇒ = × =n 15 7 105  lines

14  

comment

It is assumed that vertices of the triangles/
quadrilaterals can only be at the original 
ten points and not at any intersections 
created by lines joining these ten points.

a Each triangle is de� ned by three points. 
Number of di� erent sets of 3 points =

  







=
10
3

120

b Each quadrilateral is de� ned by four 
points. 
Number of di� erent sets of 4 points =

  







=
10
4

210

15  With n people, each shakes hands with 
−n 1 others. � is double-counts the total 

number of handshakes.

 

( )

( )( )

∴ − = ×

− − =
− + =

⇒ =

n n

n n
n n

n

1 2 276

552 0
24 23 0

24

2

16  Once the rows are determined, there is 
only one arrangement for each row.

 Choose 15 from 45 for the � rst row and 
15 from 30 for the second row:

 







×






= × × ×

= ×

45
15

30
15

3.45 10 1.55 10

5.35 10 (3SF)

11 8

19

Exercise 1E
1  Numbers divisible by 5 range from 21 × 5 

to 160 × 5: 140 multiples of 5
 So there are − =700 140 560 numbers not 

divisible by 5.

comment

Alternatively, 4 out of every 5 of the 
numbers between 101 and 800 are not 
divisible by 5, so there are × =

4
5

700 560 
of them.



4 Topic 1E Exclusion principle

2  � ere are 6 di� erent letters.
 Total number of permutations: =6! 720
 Number of permutations beginning with 

‘J’: =5! 120
 ∴ total number not beginning with ‘J’: 

− =720 120 600

3  a Choose 3 from 10: 

  







=
10
3

120

b Choose 3 from 22, then exclude the 
choices of all chocolates: 3 from 12

  







−






= − =
22
3

12
3

1540 220 1320

4  � ere are 7 di� erent letters.

a Total permutations: =7! 5040
 Permutations beginning with ‘KI’: 

=5! 120
 ∴ total not beginning with ‘KI’: 

− =5040 120 4920

b Permutations beginning with ‘KI’ or 
‘IK’: × =2 5! 240

 ∴ total not beginning ‘KI’ or ‘IK’: 
− =5040 240 4800

5  Total committee possibilities:

 







=
21
5

20349

 Total all-male committees possible:

 







=
12
5

792

 ∴ total committees that are not all male: 
 − =20349 792 19557

6  Total possible selections of 7 tiles: 

 







=
26
7

657800

 Total possible selections with no vowels:

 







=
21
7

116280

 Total possible selections with one vowel:

 







× =
21
6

5 271320

 ∴ total possible selections with at least 
two vowels:

 − − =657800 116280 271 320 270200

7  Total possibilities: 






=
22
6

74613

 Total possibilities with no women: 

 







=
10
6

210

 Total possibilities with no men: 

 







=
12
6

924

 Total possibilities with exactly one man: 

 







×






=
12
5

10
1

7920

 ∴ total possibilities with at least 2 men 
and 1 woman: 

 74 613 210 924 7920 65 559− − − =

8  Among the integers 1–19, there are 
10 odd numbers and 9 even numbers.

a No even numbers ⇒ choose 7 from 10: 

  







=
10
7

120

 One even number ⇒ choose 6 from 10 

and 1 from 9: 






×






=
10
6

9
1

1890

 Two even numbers ⇒ Choose 5 from 
10 and 2 from 9:

  







×






=
10
5

9
2

9072

 ∴ choices with at most two even 
numbers: 120 1890 9072 11082+ + =

b Total possibilities ⇒ choose 7 from 19:

  







=
19
7

50388

 ∴ choices with at least two even 
numbers: − − =50388 120 1890 48378
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9  Total permutations: =6! 720
 Total beginning with ‘D’ and ending with 

‘L’: =4! 24
 ∴ total not beginning with ‘D’ or not 

ending with ‘L’: − =720 24 696

Exercise 1F
5  =P 77 519 922 48039

7

6  =P 255 02424
4

7  =P 5049
3

8  =P 3368
3

9  × =P P 327600026
2

10
4

10  ( )( )=
− −

= =−P
n

n n
n

n
!

1 !
!

1!
!n

n 1

   ( )=
−

= = =P
n

n n
n n

n
!

!
!

0!
!

1
!n

n

 ∴ =−P Pn
n

n
n1  

11  � ere are 7 di� erent letters, consisting of 
3 vowels and 4 consonants.

 Total number of permutations: =P 2107
3

 Total number of permutations with no 
vowels: =P 244

3
 ∴ total permutations with at least one 

vowel: − =210 24 186

12  Other than James, choose 2 runners 

from 7: 






=
7
2

21

 Arrange 3 runners in medal positions: 
=3! 6

 In two-thirds of these arrangements, 
James is in � rst or second.

 Total valid arrangements: × × =21 6
2
3

84

13  Case 1: Rajid not selected. 
Choose 3 students from 17 and permute 

them: 






× =
17
3

3! 4080

 Case 2: Rajid is selected. 
Choose 2 students from 17, select one 
post from two for Rajid, then permute 
the other two candidates in the two 

remaining posts: 






× × =
17
2

2 2! 544

 Total valid arrangements: 
 + =4080 544 4624

14  

( )( ) ( )

=

⇒ − − =
−

P P

n n n
n

2 2 1 2 2
6!

6 !

n
n

2
3

6

 Since Pn
6  is a real value, n ≤ 6

 Since Pn2
3 is a real value, n ≥ 2

 Trying all possible values:

 = = ≠ =n P P2 :  4 304
3

6
2

 = = =n P P3 :  1206
3

6
3

 = = ≠ =n P P4 :   336 3608
3

6
4

 = = =n P P5 :  72010
3

6
5

 = = ≠ =n P P6 :  1320 72012
3

6
6

 So n = 3 or 5

Exercise 1G
1  Treating Joshua and Jolene as one unit, 

permute 13 units, then internally permute 
Joshua and Jolene:

 × =13! 2 12454041600

2  Arrange the three blocks in =3! 6 ways.
 Internally permute the members of each 

class in × ×6! 4! 4! ways.
 Total arrangements: 
 × × × =6 6! 4! 4! 2488320

3  Treating the physics books as one unit, 
permute 7 units; then internally permute 
the 3 physics books:

 × =7! 3! 30240



6 Mixed examination practice 1

4  � e 13 Grays and Greens can be arranged 
in =13! 6227020800 ways.

 � ere are 14 spaces in the line-up 
(including the ends), and one Brown must 
stand in each of 4 of these spaces.

 � ere are 






=
14
4

1001 possible space 

selections.
 � en permute the Browns: =4! 24
 Total possible arrangements: 

× × = ×13! 1001 4! 1.50 10 (3SF)14

5  a =P 3243240015
7

b � ere are 9 possible spaces for the 
le� most friend to sit.

 Total arrangements: × =9 7! 45360

6  a Treating the men as one unit, permute 
6 units, then internally permute the 
4 men:

  × =6! 4! 17280

b Treating all the men as one unit and 
all the women as one unit, permute 
the 2 units, then internally permute 
the 4 men and internally permute the 
5 women:

  × × =2! 4! 5! 5760

c Permute the 5 women: =5! 120
 Into 4 of the 6 spaces, insert one man, 

and then permute the men: =P 3606
4

 Total possible arrangements: 
× =120 360 43200

d Require a WMWMWMWMW 
arrangement.

 Permute the 5 women and the 4 men: 
× =5! 4! 2880

Mixed examination practice 1
Short questions
1  Choose 3 from 7 and permute them: 

 







× = =P
7
3

3! 2107
3

2  Permute 5 units: =5! 120

3  Permute 3 and permute 7: × =3! 7! 30240

4  =9 7293

5  Total possible choices without restriction – 

choose 4 from 8: 






=
8
4

70

 Choices which contain the two oldest – 
choose 2 from the remaining 6: 

 







=
6
2

15

 ∴ choices not containing both of the 
oldest: − =70 15 55

6  ( ) ( )+ = −n n1 ! 30 1 !

 

( )( )( ) ( )
( )

( )( )

+ − = −
+ =

+ − =
− + =

∴ = = −

n n n n
n n

n n
n n
n n

1 1 ! 30 1 !
1 30

30 0
5 6 0

5 (reject the negative solution 6)

2

7  � ere are 8 di� erent letters, consisting of 
4 vowels and 4 consonants.

 Choose 1 of the 4 consonants to be the 
� rst letter, 1 of the other 3 consonants 
to be the last letter, and permute the 
remaining 6 letters for the centre:

 







×






× =
4
1

3
1

6! 8640



71 Counting principles

8  ( )





= − =
n n n
2

1
2

105

 

( )( )
− − =
− + =

⇒ =

n n
n n

n

210 0
15 14 0

15

2

 (reject the negative solution = −n 14)

9  Total possible choices without restriction: 

choose 5 from 15: 






=
15
5

3003

 Choices which are all girls: choose 5 

from 8: 






=
8
5

56

 ∴ choices which contain at least one boy: 
− =3003 56 2947

10  Total permutations without restriction: 
=6! 720

 Permutations containing BE or EB: 
permute 5 units and then internally 
permute B and E: × =5! 2! 240

 ∴ permutations without B and E next to 
each other: − =720 240 480

11  Total possible choices without restriction: 

choose 5 from 12: 






=
12
5

792

 Choices which contain the two youngest: 
choose 3 from the remaining 10: 

 







=
10
3

120

 ∴ choices not containing both of the 
youngest: − =792 120 672

12  Choose and permute 3 letters from 26: 

 
P3!

26
3

15 60026
3×







= =

 Choose 5 digits with repeats allowed: 
 =9 590495

 ∴ total possible registration numbers: 
 15 600 59 049 921164 400× =

13  Choose 1 from 5 to be the driver and 
permute the remaining 7: 

 







× =
5
1

7! 25200

comment

Notice that the exact arrangement of 
people in each row of the other seats is 
irrelevant, since each seat is uniquely 
identifi ed. The answer would be the 
same for a van with seats in a 2-2-2-2 
arrangement, for example.

14  � e drivers can be arranged in 2 ways; 
then choose 3 from 8 to go in the car:

 
×







=2
8
3

112

comment

The specifi c people to go in the van need 
not be considered, since after choosing 
those to go in the car, the rest will go in 

the van. Because 





=






8
3

8
5

, it makes no 

difference which vehicle is considered to 
have the fi rst pick of passengers when 
making the calculation.

Long questions
1  a Choose 1 of 2 places for Anya, then 

permute the other 4: × =2 4! 48

b Total possible permutations: =5! 120
 Permutations with Anya not at an end: 

− =120 48 72

c With Anya at the le� , permute the 
other 4: =4! 24

 With Elena on the right, permute the 
other 4: =4! 24



8 Mixed examination practice 1

 If both conditions hold, permute the 
other 3: =3! 6

 To � nd the total number of possible 
permutations, remove the double-
counted cases: + − =24 24 6 42

2  a Unrestricted ways of sharing: =2 325

  Cases with all sweets to one person: 2
  Cases with at least one sweet to each 

person: − =32 2 30

b =2 325

c Choose 1 sweet from 5 to be 

split: 
5
1







 = 5

 Choose 2 sweets from 4 for the � rst 

person: 






=
4
2

6

 (� en the second person gets the rest 
of the sweets.)

 Total possible choices: × =5 6 30

3  a Choose 8 seats from 14 and permute 

the 8 people: 
14
8

8! 121080 960






× =

b Consider the people of the same family 
as a single unit.

 Choose 6 seats from 12 and permute 
the 6 units, then internally permute the 
3 people of the same family:

  







× × =
12
6

6! 3! 3 991 680

c � e person with the cough can sit at an 
end seat with one empty seat next to it 
or in a non-end seat with an empty seat 
on either side.

 Case 1: Choose an end for the cougher, 
choose 7 seats from the remaining 12 
and permute the 7 people ⇒ 

  
×







× =2
12
7

7! 7983360

 Case 2: Choose 8 seats from 12 
and permute the 8 ⇒ 

  







× =
12
8

8! 19958400

 Alternatively, choose 1 seat from 
12 non-end seats for the cougher, 
choose 7 seats from the remaining 
11 and permute the 7 people ⇒ 

  







×






× =
12
1

11
7

7! 19958400

 Total possibilities: 
+ =7983360 19958400 27941760

4  a If the four slots are labelled 1, 2, 3 
and 4, choose two of these to be the 
positions for the ‘R’s (then the other 
two will automatically be the positions 
for the ‘D’s); this is e� ectively choosing 

2 slots from 4, which gives 






4
2

.

b By the same logic as in (a), n ‘R’s and n 

‘D’s can be arranged in 






n
n
2

 ways.

c To get from top le�  to bottom right 
in a 4 × 4 grid, the miner must make 
3 moves to the right (R) and 3 moves 
down (D), i.e. in some ordering of 3 ‘R’s 
and 3 ‘D’s. 

 By (b), there are 






=
6
3

20 ways.

d By the same argument as in (a), ( )−n 1  
‘R’s and ( )−m 1  ‘D’s can be arranged in 

+ −
−







n m
n

2
1

 ways.



91 Counting principles

5  a Choose 6 people from 12 for one team: 





12
6

 ways.

  However, this will double-count, because choosing 6 people for one team is equivalent to 
choosing the other 6 people for the other team, since the two teams of equal size are not 
speci� ed as A and B.

  � e total number of possible teams is therefore 





1
2

12
6

.

b Choose 1 from 12, 2 from 12, 3 from 12, 4 from 12, 5 from 12 or the previous answer:

  







+






+






+






+






+






=
12
1

12
2

12
3

12
4

12
5

1
2

12
6

2047

c Choose 4 from 12, then 4 from 8. But this will over-count by the number of rearrangements 
of the 3 groups, i.e. 3!, so

  







×






÷ =
12
4

8
4

3! 5775

6  a Choose 3 from 31: 






=
31
3

4495

b Choose 3 from n: 






=
n
3

1540

  

( )( )− − =

− + − =

n n n

n n n

1 2
3!

1540

3 2 9240 03 2

 From GDC: =n 22

c Choose 3 from n: 






=
n

n
3

100

  

( )

( )( )

( )( )

− − =

− + =

− − = =
− + =

∴ = = −

n n n
n

n n n n

n n n
n n
n n

1 2
3!

100

3 2 600

3 598 0 (reject 0)
26 23 0

26 (reject negative solution 23)

2

2
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2

Topic 2A Laws of exponents

Exponents and 
logarithms

Exercise 2A
8  n inputs are sorted in k × n1.5 

microseconds. 
1 million = 106 inputs are sorted in 
0.5 seconds = 0.5 × 106 microseconds.

 

( )∴ × = ×

× = ×

= ×

= ×

−

−

k

k

k

10 0.5 10

10 0.5 10

0.5 10

5 10

6 1.5 6

9 6

3

4

9  V = xy 2, and when x = 2y, V = 128.

 

∴ × =

=
=

y y

y
y

(2 ) 128

64
4

2

3

Hence x = 2 × 4 = 8 cm.

10  a Substituting A = 81 and V = 243:

  

( )

=

= ×

= ×

= ×
=

=

V kA

k

k

k
k

k

243 (81)

243 81

243 9
243 729

1
3

1.5

3

3

3
2

1
2

b If V = 64
3

, then

  

( )

=

=

=

=

= =

A

A

A

64
3

1
3

64

64

64

4 16 cm

1.5

2

2 2

3
2

2
3

1
3

11  ( ) ( )= = > = =2 2 128 125 5 5350 7 50 50 50 3 50 150

comment

This question lends itself to a comparison 
where either bases (not possible in this 
case) or indices can be made to match. 
Alternatively, some standard 
approximations can be used which, 
if known, allow a different approach. 
You may fi nd it useful to know that 
210 = 1024 ≈ 103 and 
510 = 9  765  625 ≈ 107. Then the following 
working gives a proof:

( ) ( )
= >

⇒ = > =

2 1024 10

2 2 10 10

10 3

350 10 35 3 35 105

( ) ( )
= × <

⇒ = < =

5 9.77 10 10

5 5 10 10

10 6 7

150 10 15 7 15 105

∴ >2 5350 150
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12  4ax = b × 8x

ax log24 = log2b + x log28
2ax = log2b + 3x

x
b

a
log
2 3

2=
−

Multiple solutions for x means that this is 
an unde� ned value, so 2a − 3 = 0 = log2b. 

∴ = =a b
3
2

,  1

Exercise 2B  
2  At 09:00 on Tuesday, t = 0 and y = 10. 

Substituting:

 

= ×

= ×
=

y k

k
k

1.1

10 1.1
10

t

0

At 09:00 on Friday, t = 3.
∴ y = 10 × 1.13 = 13.31 m2

3  T A B 2
x
k= + ×

−

a Background temperature is 25°C, so as 
x → ∞, T → 25.

Since 2 0,
x
k →

−
 T → A.

Hence A = 25.
Temperature on surface of light bulb 
is 125°C, so when x = 0, T = 125. 
Substituting:

 

= + ×
⇒ =

B
B

125 25 2
100

0

Air temperature 3 mm from surface 
of light bulb is 75°C, so when x = 3, 
T = 75. Substituting:

 
k
k

75 25 100 2

1
2

2

2 2
3

1

3

k

k

k

3

3

3

= + ×

=

=

=

=

−

−

b At 2 cm from the surface of the bulb, 
x = 20 (mm), so

 

T 25 100 2
26.0 C

20
3= + ×

= °

−

c 

 

°C

x

125

25

75

3

  Figure 2B.3 Graph of = + ×
−

25 100 2 3T
x

112 Exponents and logarithms



12 Topic 2B Exponential functions

4  = − ×h 2 0.2 1.6 m0.2

a h

m

1.8
2

 Figure 2B.4 Graph of = − ×2 0.2 1.60.2h m

b When there is no fruit, m = 0, so
h = 2 − 0.2 × 1.60 = 1.8 m

c When m = 7.5, 
h = 2 − 0.2 × 1.60.2 × 7.5 = 1.60 m (3SF)

d � e model was derived from data 
which, from (c), gave a height of 1.6 m 
above the ground at the harvest-time 
fruit load of 7.5 kg. Extrapolating so 
far beyond the model to reach h = 0 is 
unreliable and likely to be unrealistic; 
for example, the branch might simply 
break before being bent far enough to 
touch the ground.

5  a y 1 16 1
1

16
x

x
1

1

2

2= + = +−
−

  As x ,
1

16
0

x 12→ ∞ →
−

 and so y → 1.

� e maximum value for y must occur 
at the minimum value of x2 −1, 
which is when x = 0.

When = = + =−x y0, 1
1

16
170 1 , so the 

maximum point is (0, 17).

y

x

17

1
y = 1

Figure 2B.5 Graph of y x= + −1 161 2

comment

Some justifi cation of how this graph could 
be constructed is given here, but you 
could just draw it on a GDC.

b When y = 3:

  

= +

=

=

= −

=

= ± = ±

−

−

−

x

x

x

3 1 16

2 16

16 16
1
4

1

3
4

3
2

0.866 (3SF)

x

x

x

1

1

1
4 1

2

2

2

2

2

6  Temperature T of the soup decreases 
exponentially with time towards 20 
(room temperature): 
T = 20 + A × mkt

When the soup is served, t = 0 and T = 55,

 

∴ = + ×
=

A m
A

55 20
35

0
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Every 5 minutes the term A × mkt must 
decrease by 30%, so m = 0.7 and 

= =k
1
5

0.2.

 ∴ = + ×T 20 35 0.7 t0.2

When t = 7,

 = + × = °T 20 35 0.7 41.2 C (3SF)1.4

7  ( )= − −V 40 1 3 t0.1

a When t = 0,

 V = 40(1 − 1) = 0 m s−1

b As t → ∞, 3−0.1t → 0 and so 
V → 40(1 − 0) = 40 m s−1

Exercise 2C
2  � is is a very close approximation to e 

(with less than a 7.5 × 10−7% error).

comment

It might at fi rst seem that this is far too 
unlikely to be a mere coincidence and 
that there must be some underlying 
relationship, but this is in fact not the 
case. The so-called ‘Strong Law of Small 
Numbers’ gives some insight into the 
surprisingly regular occurrence of this 
type of coincidence.

Exercise 2D
6  + =

+ =
+ =

=

x

x
x

x

log (9 1) 3

9 1 10
9 1 1000

111

10

3

7  − =

− =

− =
− =

= −

x

x

x
x
x

log 1
1
3

1 8

1 2
1 4

3

8

1
3

8  − =

− =

= +

x

x

x

ln(3 1) 2

3 1 e

e 1
3

2

2

9  =
= ±

= =±

x
x

x

(log ) 4
log 2

3 9 or
1
9

3
2

3

2

10  + =
− =





x y
x y

log log 6 (1)
log log 2 (2)

3 5

3 5

…
…

 (1) + (2):
=
=

= =

x
x

x

2log 8
log 4

3 81

3

3

4

 Substituting into (1):

 

+ =
=

= =

y
y

y

4 log 6
log 2

5 25

5

5

2

i.e. x = 81, y = 25

11  + = +
+ = +

=

=

=

= =

x x
x x
x

x

x

3(1 log ) 6 log
3 3log 6 log

2log 3

log
3
2
10

10 10 31.6 (3SF)

3
2



14 Topic 2D Introducing logarithms

12  =

=

= =

x

x

log 4 9

4

4 1.17 (3SF)

x
9

1
9

13  Let r be the Richter-scale value and s the 
strength of an earthquake.

Since an increase of one unit in r 
corresponds to an increase by a factor 
of 10 in s,

s = C × 10 r for some constant C.

Let t be the strength of an earthquake 
of Richter level 5.2: 

 = × …t C 10 (1)5.2

 For an earthquake twice as strong: 

= × …t C2 10 (2)r

t
t

C
C

r
r

(2) (1):
2 10

10
2 10

5.2 log2
log2 5.2 5.50

r

r

5.2

5.2

÷ = ×
×

=
− =

= + =

−

 An earthquake twice as strong as a 
level-5.2 quake would measure 5.5 on the 
Richter scale.

comment

The constant C is needed here as the 
precise relationship between r and s is 
not given, but it is not necessary to fi nd 
the value of C to answer this particular 
question.

Exercise 2E
4  x

x

x

2ln ln9 3

ln
3 ln9

2
3 2ln3

2
3
2

ln3

e

e e
1
3

e

ln3

ln3

3
2

3
2

3
2

+ =

= −

= −

= −

∴ =

= ×

=

−

−

5  a = +

= +
= +
= +a b

ln50 ln2 ln25

ln2 ln5
ln2 2ln5

2

2

 b = 





=






= −
= −
= −a b

ln0.16 ln
4

25

ln
2
5

ln2 ln5
2ln2 2ln5
2 2

2

2

2 2

6  

( )

=

=

=
= ±

= =±

x

x
x

x
x

x

log log 2

log
log 2
log

log 1
log 1

2 2 or
1
2

x2

2
2

2

2
2

2

1
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7  

( )

( )=
=

− =

⇒ = = =
+

a ab
x a xy ab

x a y ab

x y
a

ab
a

a b

ln ln

ln ln 0

0  or  
ln

ln
ln

ln ln

x xy

 

( )

( )=
=
− =

⇒ = = =
+

b ab
y b xy ab

y b x ab

y x
b
ab

b
a b

ln ln

ln ln 0

0  or  
ln

ln
ln

ln ln

y xy

 

= ⇒ = =
=

>

x a b
y

a b

0 1, so 1
and hence 0
(since , 1)

x y

 
∴ = = + = +

+
=x y x y

b a
a b

either 0  or  
ln ln
ln ln

1

8  + + +…+ +

= × × ×…× ×






= 





= −

log
1
2

log
2
3

log
3
4

log
8
9

log
9

10

log
1
2

2
3

3
4

8
9

9
10

log
1

10
1

9  loga b = logb a

Using change of base:

b
a

a
b

b a

b a

b a

b a

log
log

log
log

log log

log log

log log  

2 2

1

1

( )

( ) ( )

=

=
= ±

=

=

±

±

Reject b = a

∴ = =−b a
a
11

Exercise 2F
2  � e domains are di� erent; y = 2log x 

has domain x > 0 whereas y = log x 2( ) 
has domain x ≠ 0 and is equivalent to 

=y x2log .

comment

The rule of logarithms that =log logx p xp  
only applies to positive x.

Exercise 2G
2  N = 100e1.03t

a When t = 0,

N = 100e0 = 100

b When t = 6,

N = 100e1.03 × 6 = 48 300 (3SF)

c N = 1000 when

  

=

=
=

=

=

t

t

1000 100e

e 10
1.03 ln10

1
1.03

ln10

2.24 hours (3SF)

t

t

1.03

1.03

  � e population will reach 1000 cells 
a� er approximately 2 hours and 
14 minutes.

comment

0.24 hours is 0.24 × 60 = 14.4 minutes.

3  Let N be the number of people who know 
the rumour t minutes a� er 9 a.m. � en 
N can be modelled by the exponential 
function N = Ae kt



16 Topic 2G Solving exponential equations

b + =

∴ = +





P

t
P

32
1 e

1
0.0012

ln 1
32

t0.0012

P t7 10
1

0.0012
ln 1

7 10
32

8327.6

5
5

= × ⇒ = + ×





=
  So the experiment can be run for 

8328 seconds, equivalent to 2 hours, 
18 minutes and 48 seconds.

5  a 

t

W

k

  Figure 2G.5 Graph of = −e 0.01W k t

b 25% of the initial mass means =W
k
4

.

  

=

=

=
=
=
=

−

−

k
k

t
t

4
e

e
1
4

e 4
0.01 ln4

100ln4
138.6 seconds

t

t

t

0.01

0.01

0.01

   � e block will be at 25% of its original 
weight a� er 2.31 minutes.

comment

138.6 seconds is 138.6 ÷ 60 = 
2.31 minutes.

At 9 a.m. 18 people know the rumour, so 
when t = 0, N = 18:

 

=
⇒ =

A
A

18 e
18

0

 At 10 a.m. 42 people know the rumour, so 
when t = 60, N = 42:

 

=

=

=

=

= =

k

k

42 18e

e
42
18

60 ln
7
3

1
60

ln
7
3

0.0141216 0.0141(3SF)

k

k

60

60

� erefore N = 18e0.0141t.

a At 10:30 a.m., t = 90,

 N 18e 64.290 0.0141∴ = =×

So 64 people know the rumour at 
10:30 a.m.

b If 1200 people know the rumour, then

  

=

=

=

= =

t

t

1200 18e

e
1200

18

0.0141 ln
200

3
1

0.0141
ln

200
3

297.4

t

t

0.0141

0.0141

So a� er 297.4 minutes (4.96 hours), i.e. 
at 13:58, the whole school population 
will know the rumour.

4  P = 32(e0.0012t − 1)
a 2 minutes = 120 seconds

P(120) = 4.96 units per second 
(from GDC)
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6  

x

x

5 4
1

3

5 4 4
1

(3 )

5
4

1
9
4

5
4

1
36

36
4
5

ln36 ln
4
5

ln36 ln
4
5

ln 4
5

ln36

x
x

x
x

x

x

x

x

x

1
2

1
2

× =

× × =

=

=

=

=

=

=

−

−

comment

The answer in the back of the coursebook, 

x =













ln 5
4

ln 1
36

, is an equivalent, though not 

fully simplifi ed, form.

7  

x
x

1
7

3 49

7 3 7

7 3 7

7
7

3

7 3
10 log 3
10 log 3

x
x

x x

x x

x

x

x

5

2 5

10 2

10 2

10

7

7

( )
= ×

= ×

= ×

=

=
− =
= +

−

− −

− −

−

−

−

8  Let K (°C) be the temperature a� er 
t seconds; then

 K − 22 = Ae−bt

 K(0)  = 98 ⇒ A = 76

 K(120) = 94 ⇒ 72 = 76e−120b

 
∴ = − 



 =b

1
120

ln
72
76

0.000451 (3SF)

 Hence = − −



t

b
K

A
1

ln
22

 So 

 It takes 678 seconds, equivalent to 
11 minutes and 18 seconds, for the tea 
to cool to 78°C.

9  a y = 3x is always increasing and y = 3 − x 
is always decreasing, so their two 
graphs can intersect at most once. 
Since 30 < 3 − 0 and 31 > 3 − 1, there 
must be an intersection in [0, 1]. 

b From GDC, the intersection occurs at 
x = 0.742(3SF)

Mixed examination practice 2
Short questions
1  ( )+ =

+ =

+ =

=
= ±

x

x

x

x
x

log 49 2

49 25

49 625

576
24

5
2

2

2

2

2  a = + −

= + −

= + −

= + −

x y
z

x y z

x y z

x y z

a
b

c

log log log log

log log log

2log
1
2

log log

2
2

2
2

2
1
2

= ⇒ = − 





=

K t78
1

0.000451
ln

56
76

678 (3SF)
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b x x

x

x

x

a

log 0.1 log 0.1
1
2

log0.1

1
2

log0.1 log

1
2

1 log

1
2

1
2

( )

( )

( )=

=

= +

= − +

= −

c =

= −

= −

y
z

y
z

y z

b c

log
log

log100
log log

log100

2

100

3  

…

…

+ =

+ =

+ =
+ =

x y

x y

x y
x y

ln ln 8

ln ln 6

ln 2ln 8 (1)
2ln ln 6 (2)

2

2

 2 × (2) − (1):

 

=

=

= =

x

x

x

3ln 4

ln
4
3

e 3.79  (3SF)
4
3

 Substituting in (2):

 

× + =

=

= =

y

y

y

2
4
3

ln 6

ln
10
3

e 28.0  (3SF)
10
3

4  ( )
( )

( )
( )

( )

( )( )

( )

= − + + −

=
−
+











= − +
+







= −

= −

y x x x

x x
x

x x x
x

x x

x x

ln ln 2 ln 4

ln
4

2

ln
2 2

2

ln 2

ln 2

2

2

2

 ∴ = −

− + =

= ± − − × ×

= ± −

= ± −

= ± −

x x

x x

x

e 2

2 e 0

2 ( 2) 4 1 e
2

2 4 4e
2

2 2 1 e
2

1 1 e

y

y

y

y

y

y

2

2

2

5  

comment

To approach this type of question, try to 
rewrite it so that all terms involving the 
unknown x have either a common base 
or a common exponent.

 

( ) ( )
× =

× × × = ×

× × × = ×

×



 = ×

=

=

− − −

− − −

x

2 3 36

2 2 3 3 36 36

1
4

8
1

27
9

1
36

36

8 9
36

4 27
36

2 3
ln3
ln2

x x x

x x x

x x x

x

x

3 2 2 3 1

2 3 3 2 1
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6  Changing loga and logb into ln:

 

=
⇒ =

⇒ = …

b c
b c

b
a

c

log
2log

2
ln
ln

(1)

a

a

2

 

= −

⇒ = − …

a c
a
b

c

log 1
ln
ln

1 (2)

b

 (1) − (2):

 

b
a

a
b

b a a b

a b a b

2
ln
ln

ln
ln

1

2 ln ln ln ln

ln ln (ln ) 2 ln 0

2 2

2 2

( ) ( )
( ) ( )

− =

− =

+ − =

 Treating this as a quadratic in aln  and 
factorising:

 

( )( )− + =
∴ = = −

= = = =− −−

a b a b
a b a b

a b a b

ln ln ln 2ln 0
ln ln or ln 2ln

i.e. or e eb b2ln ln 22

 But we are given that a < b, so a ≠ b and 
hence a = b−2.

7  9 log5 x = 25 logx 5
 Using change-of-base formula:

 

( )
( ) ( )

=

=

= ± =

∴ =

±

±

x
x

x

x

x

9log
log5

25log5
log

log
25
9

log5

log
5
3

log5 log 5

5

2 2

5
3

5
3

8  

( )

=

=

=
= ±

= ±

x

x
x

x
x

x

ln 4log e

ln 4
lne
ln

ln 4
ln 2

e

x

2

2

Long questions
1  a As → ∞ →−t , e 0t0.2  and so →V 42

  When ( )= = − =t V0, 42 1 e 00

  t

V V = 42

  Figure 2ML.1 Graph of ( )= − −42 1 e 0.2V t

b When t V0, 42 1 e 0 m s0 1( )= = − = −

c As → ∞ →−t , e 0t0.2 , 
V 42 m s 1∴ → −

d When V = 22,

 

t

t

t

22 42 1 e

1 e
22
42

e 1
11
21

10
21

0.2 ln
10
21

0.2 ln
10
21

ln
21
10

5ln
21
10

3.71s (3SF)

t

t

t

0.2

0.2

0.2

( )= −

− =

= − =

− =

= − =

= =

−

−

−

comment

The graph in (a) can be drawn 
immediately with a GDC; the answers to 
(b) and (c) can then simply be deduced 
from the graph without fi rst calculating V 
when t  = 0 and the limiting value of V as 
t → ∞. 
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2  a T = kan

  37 000 tigers in 1970, i.e. when n = 0, 
 T = 37 000.

  

∴ =
=

ka
k

37000
37000

0

  22 000 tigers in 1980, i.e. when n = 10, 
 T = 22 000.

  

∴ =

=

= =

a

a

a

22000 37000
22
37
22
37

0.949 (3SF) 

10

10

10

  Hence T = 37 000 × 0.949n.

b In 2020, n = 50:

 T = 37 000 × 0.94950 = 2750 

c When T = 1000:

  

= ×

=

=

=

= =

n

n

1000 37000 0.949

0.949
1

37

ln0.949 ln
1

37

ln0.949 ln
1

37

ln 1
37

ln0.949
69.5

n

n

n

 

   so tigers will reach ‘near extinction’ 
in 2039.

d Under the initial model, in 2000 
(n = 30) the number of tigers is 
T = 37 000 × 0.94930 = 7778

   � e new model, T = kbm, has T = 7778 
when m = 0, so k = 7778.

   Under this model (T = 7778bm), there 
are 10 000 tigers in 2010, i.e. 
when m = 10, T = 10 000.

  

∴ =

=

= =

b

b

b

10000 7778
10000
7778
10000
7778

1.025

10

10

10

 

  � erefore the new model is 
 T = 7778 × 1.025m. 

e � e growth factor each year is 1.025, 
equivalent to a 2.5% growth rate.

3  a ( )= + =

⇒ =

y x x

y x

ln 2ln ln3 ln 3

3

2

2  

   (Note that x > 0 for the original 
relationship to hold.)

b 

( ) ( )
= +

= +

=

⇒ =

y x

x

x

y x

ln 4 ln 6

ln ln e

ln( e )

e

4 6

4 6

6 4

c ( )− = −
= −

⇒ = −

y x
y x

y

ln 2 3 1
ln 3 1

e x3 1

d 

   So the graph of y against ln x is a 
straight line with gradient 2.

( )
=

⇒ = = +

x

y x x

e 4

ln 4 ln4 2ln

y 2

2



213 Polynomials

Exercise 3A
6  Factorised form is more useful for 

� nding roots; expanded form is more 
useful for evaluating the y-intercept and 
for comparing, adding or subtracting 
polynomials.

7  a Yes; the term in xn is una� ected by 
adding a lower-order polynomial.

b No; if the lead coe�  cients have a zero 
sum, then the sum of the polynomials 
will not have a term in xn, so the 
resultant will be of lower order. 
For example, the sum of the third-
order polynomials ( ) = −f x x x23 and 

( ) = + −g x x x3 3 is ( ) ( )+ = −f x g x x3 , a 
polynomial of order 1.

Exercise 3B

comment

It can be helpful in questions to label a 
function as ( )f x  or ( )g x , so that evaluating 
at particular values of x can be clearly 
described.

4  ( ) = + + +f x x ax bx6 83 2

By the factor theorem: 

f a b
a b

b a

2 0 48 4 2 8
4 2 40

2 20 (1)…

( )− = = − + − +
− =

⇒ = −

 By the remainder theorem: 

f a b
a b
1 3 6 8

17 (2)…
( ) = − = + + +

⇒ + = −

 Substituting (1) into (2):
− = −a3 20 17

∴ = = −a b1, 18

5  ( ) = + + +f x x x ax b83 2

By the factor theorem: 

f a b
b a
2 0 8 32 2

2 40 (1)…
( ) = = + + +

⇒ = − −

 By the remainder theorem: 

f a b
a b

3 15 27 72 3
3 84 (2)…

( ) = = + + +
⇒ + = −

 Substituting (1) into (2):
− = −a 40 84

∴ = − =a b44,   48

6  ( ) = + −f x x kx k82

By the factor theorem: 
( )

( )

= = + −

− =
− =

= =

f k k k k

k k

k k
k k

0 8

2 8 0

4 0
0 or 4

2 2

2

3Polynomials
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7  ( )( ) = − + −f x x k x1 32

By the factor theorem:
( ) ( ) ( )( )− = = − − + − −

− + − + − =
− − =

∴ = −

f k k k k

k k k
k

k

1 0 1 1 1 3

2 1 1 3 0
2 1 0

1
2

2

2 2

8  ( ) = − − +f x x ax bx 1683 2

 a By the factor theorem: 

 

( ) = = − − +
⇒ = − +
f a b

b a
7 0 343 49 7 168

7 73
 Also, 

 

( ) = = − − +
⇒ + =
f a b

a b
3 0 27 9 3 168
9 3 195

 

∴ + − + =
− = −

a a
a

9 3( 7 73) 195
12 24

 ⇒ = =a b2,  59

b ( )( ) ( )( )= − − −f x x x x k3 7

 Expanding: 
( ) ( )( ) = − + + + −f x x k x k x k10 21 10 213 2

 Comparing coe�  cients: 
 + = = ⇒ = −x k a k:10 2 82

+ = − = −x k b: 21 10 591 , consistent 
with = −k 8

− =x k: 21 1680 , consistent with = −k 8
So the remaining factor is ( )+x 8 .

comment

Only one of the coeffi cient comparisons 
was needed to fi nd the fi nal factor; 
however, it is good practice to quickly 
verify – whether written down in an exam 
solution or not – that the other comparisons 
are valid, to check for errors in working.

9  ( ) = + + +f x x ax x b93 2

 a By the factor theorem: 

 

( ) = = + + +
⇒ = − −
f a b

b a
11 0 1331 121 99

1430 121

 By the remainder theorem: 

 

( )− = − = − + − +
⇒ + = −
f a b

a b
2 52 8 4 18

4 26

 

∴ − − = −
− =

a a
a

4 1430 121 26
117 1404

 ⇒ = − =a b12,  22

 b By the remainder theorem, the 
remainder when divided by ( )−x 2  is 

( )f 2 :

  

( ) = + + +
= − + + =

f a b2 8 4 18
8 48 18 22 0

 � at is, ( )−x 2  is a factor of ( )f x .

10  ( ) = + + +f x x ax x b33 2

By the remainder theorem, 
( )− = = − + − +

⇒ + =
f a b

a b
1 6 1 3

10
� e remainder when divided by 
( )−x 1  is ( )f 1 :

( ) = + + + = + + =f a b1 1 3 1 3 10 14

11  

comment

There are two sensible approaches here. 
You may recognise that the given 
quadratic factorises readily into 
( )( )− −2 3x x , so it would be possible to 
apply the factor theorem to the cubic and 
solve ( ) ( )= =2 3 0f f  to fi nd a and b. 
Alternatively, propose a fi nal factor 

−(2 )x k , chosen to ensure that the lead 
coeffi cient will be correct, and then 
expand and compare coeffi cients. Both 
methods are shown below.
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f x x x ax b2 153 2( ) = − + +

Method 1:

x x x x5 6 3 22 ( )( )− + = − − , so both x 2( )−  

and x 3( )−  are factors of f x( ).

By the factor theorem: 
f a b

b a
2 0 16 60 2

44 2
( ) = = − + +

⇒ = −

Also,
f a b

a b
3 0 54 135 3
3 81

( ) = = − + +
⇒ + =

a a
a b

3 44 2 81
37,  30

∴ + − =
⇒ = = −

Method 2:

f x x k x x

x k x k x k

2 5 6

2 10 5 12 6

2

3 2

( )( )
( ) ( )

( ) = − − +

= + − − + + −

Comparing coe�  cients:

x : 2 23 =

x k k:   15 10 52 − = − − ⇒ =

x a k:  5 12 371 = + =

x b k:  6 300 = − = −

comment

Although the two methods are of similar 
diffi culty, the fi rst requires that you spot 
the factors of the quadratic quickly, which 
is not needed for the second method. The 
second method also produces the fi nal 
factor, which may be useful in a multi-part 
question.

Exercise 3C
7  Repeated root at x 2= − , single root at 

x 3= ; y-intercept at 24.
Negative cubic shape.

 

x

y

− 2
3

24

 Figure 3C.7 Graph of = + −y x x2( 2) (3 )2

8  a Repeated root at x 3=  ⇒ factor of 
x 3 2( )−

Single root at x 2= −  ⇒ factor of x 2( )+

  

y k x x

k x x x

3 2

4 3 18

2

3 2( )
( ) ( )∴ = − +

= − − +

y k k0 36 18 2( ) = = ⇒ =

y x x x2 8 6 363 2∴ = − − +

i.e. p q r s2,  8,   6,   36= = − = − =

b Repeated root at x 0=  ⇒ factor of x 2

Single root at x 3=  ⇒ factor of x 3( )−

y kx x 32 ( )∴ = −

y k k2 4 4 1( ) = = − ⇒ = −

y x x33 2∴ = − +

i.e. p q r s1,  3,   0= − = = =



24 Topic 3D The quadratic formula and the discriminant

9  a x q x q x q

x q x q x q

4 4 2 2 2 2

2 2

( )( )
( )( )( )

− = + −

= + + −

b Roots at x q= ± only; 
y-intercept at q4− . 
Positive quartic shape. Even function 
(re� ective symmetry about the y-axis).

  

x

y

q−q

−q4

  Figure 3C.9 Graph of = −y x q4 4

10  a Repeated root at x p= , single root at 
x q= ; y-intercept at p q2− .
Positive cubic shape.

  

x

y

p q
−p2q

  Figure 3C.10 Graph of = − −y x p x q( ) ( )2

b From the graph, there will be only one 
solution for y = k when k > 0.

Exercise 3D
5  Equal roots when discriminant is zero:

b ac

m m

m

m

m

4 0

( 4) 4 2 0

16 8 0

2

2

2

2

2

2

∆ = − =

− − × × =

− =

=

= ±

6  Tangent to the x-axis implies equal roots, 
so discriminant is zero:

b ac

k k

k k k

k k

k

4 0

2 1 4 3 4 0

4 4 1 48 0

4 44 1 0

44 44 4 4 1
2 4

44 1920
8

11
2

30

2

2

2

2

2

( ) ( )( )
∆ = − =

+ − × − × − =

+ + − =

− + =

= ± − × ×
×

= ±

= ±

7  For a quadratic to be non-negative (≥ 0) 
for all x, it must have at most one root, 
so ∆ ≤ 0 and a > 0.

b ac

c
c

c

4 0

3 4 2 2 1 0
9 16 8 0

17
16

2

2( ) ( )
− ≤

− − × × − ≤
− + ≤

≥
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comment

Note that ∆ ≤ 0 is not suffi cient in general 
for a quadratic to be non-negative. The 
condition a > 0 is also necessary to ensure 
that the quadratic has a positive shape 
(opening upward) rather than a negative 
shape (opening downward), so that the 
curve remains above the x-axis and never 
goes below it, as would be the case if 
a < 0. In this question a was given as 
positive (2), so we did not need to use 
this condition at all.

8  No real solutions when ∆ < 0:

k k

k k

k k
k

2 4 1 6 0

4 24 0

6 0
0 6

2

2

( )

( )

− − × × <

− <
− <

< <

9  No real roots when ∆ < 0:

k k

k k

k k
k

3 4 ( 1) 0

10 9 0

9 1 0
9 1

2

2

( )

( )( )

+ − × × − <

+ + <
+ + <

− < < −

10  At least one root when ∆ ≥ 0:

m m
m m
m m

4 ( 2) 0
8 0

8 or 0

2

( )
− × × − ≥

+ ≥
≤ − ≥

11  For a quadratic to be negative for all x, 
it must have no real roots, so ∆ < 0 and 
a < 0.

b ac

m
m

m

4 0

3 4 ( 4) 0
9 16 0

9
16

2

2

− <

− × × − <
+ <

< −

comment

The condition a < 0 ensures that the 
function is negative shaped and therefore 
remains below the x-axis. In this case 
a = m, and it followed from the condition 
on ∆ that a < 0, as seen in the answer.

12  � e two zeros of ax bx c  2 + +  are 

 
b b ac

a
4

2

2− + −
 and 

b b ac
a

4
2

2− − −
.

� e positive di� erence between these 
zeros is 

− + − − − − −

= −

= −

b b ac
a

b b ac
a

b ac
a

b ac
a

4
2

4
2

2 4
2

4

2 2

2

2

So, in this case,

k

k

k
k

12
1

69

12  69

81
9

2

2

2

− =

− =

=
= ±

comment

Note that modulus signs were used in 
the general expression for the positive 
distance, as a could be negative. 
Here a = 1 and so the modulus was 
not required in the specifi c case in this 
question.
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4  f x ax b 3( )( ) = +

By the remainder theorem: 

f a b
a b

b a

2 8 2
2 2

2 2

3( )( ) = = +
⇒ + =
⇒ = −

Also,

f b a
b a

3 27 3
3 3

3( )( )− = − = −
⇒ − = −

a a
a

2 2 3 3
5 5

∴ − − = −
− = −

a b1,  0⇒ = =

5  f x x x x4 63 2( ) = − + +

a f 2 8 16 2 6 0( ) = − + + = , so by the factor 
theorem, x 2( )−  is a factor of f x( ).

b f x x x ax b

x a x b a x b

2

2 2 2

2

3 2

( )
( )

( ) ( )
( )

= − + +

= + − + − −

Comparing coe�  cients:
x a a: 2 4 22 − = − ⇒ = −

x b a b: 2 1 31 − = ⇒ = −

x b:  2 60 − =  is consistent with the value 
found above.

comment

The fi nal coeffi cient comparison is useful 
for checking the validity of the solution. 
Always be thorough and compare all 
coeffi cients, even if you do not write 
down the check as part of your answer.

f x x x x

x x x

2 2 3

2 3 1

2( )( ) ( )
( )( )( )

∴ = − − −

= − − +

Mixed examination practice 3
Short questions
1  Roots at x = k and x = k + 4 ⇒ line of 

symmetry is x = k + 2 (midway between 
the roots).
So the x-coordinate of the turning point 
is k + 2.

2  • Negative quadratic ⇒ a is negative
• Negative y-intercept ⇒ c is negative
• Single (repeated) root ⇒ b ac4 02 − =

•  Line of symmetry x
b
a2

= −  is positive 
⇒ b is positive (as a is negative)

table 3ms.2

Expression Positive Negative Zero

a ✓

c ✓

b2 − 4ac ✓

b ✓

3  Repeated root at x 3= −  ⇒ factor of 
x 3 2( )+

Single root at x 1=  ⇒ factor of x 1( )−

Single root at x 3=  ⇒ factor of x 3( )−

( )
( ) ( )( )∴ = + − −

= + − − +

y k x x x

k x x x x

3 1 3

2 12 18 27

2

4 3 2

y k0 27 1( ) = ⇒ =

y x x x x2 12 18 274 3 2∴ = + − − +

So a b c d e1,  2,  12,   18,   27= = = − = − =



273 Polynomials

c Roots at x 1, 2, 3= − ; y-intercept at 6.
Positive cubic shape.

  

2 3
−1

6

y

a

  Figure 3MS.5 Graph of 
( ) = − + +f x x x x4 63 2

6  f x ax b 4( )( ) = +

By the remainder theorem: 

f a b
a b

b a

2 16 2
2 2

2 2

4( )( ) = = +
+ = ±

⇒ = ± −

Also, 
f b a

b a
1 81

3

4( )( )− = = −
⇒ − = ±

a2 3 3∴± − =  or a2 3 3± − = −

Hence ( ) = −



 −





−



 −





a b,
1
3

,
8
3

, 
5
3

,
4
3

, 

5
3

,
4
3

,  
1
3

,
8
3

7  Repeated root at x a= , single roots at 
x b=  and x c= ; y-intercept at a bc 02 < .

Positive quartic shape.

 

a
cb

a2bc

y

x

  Figure 3MS.7 Graph of 
= − − −y x a x b x c( ) ( )( )2  for < < <b a c0

8  Equal roots when ∆ = 0:

b ac

k k

k k

k

4 0

1 4 2 1 0

6 1 0

6 32
2

3 2 2

2

2

2

( )
− =

+ − × × =

− + =

= ± = ±
 

9  No real roots when ∆ < 0:

k

k

4 2 6 0

48

2

2

− × × <

<

k4 3 4 3⇒ − < <

10  At least one real root when ∆ ≥ 0:

k

k

2 1 4 1 5 0

2 1 20

2

2

( )
( )

+ − × × ≥

+ ≥

k k

k k

2 1 2 5 or 2 1 2 5
1
2

5 or
1
2

5

∴ + ≥ + ≤ −

⇒ ≤ − − ≥ − +

11  f x x ax x b

x k x x

x k x k x k

27

4 3

( 4) (3 4 ) 3

3 2

2

3 2

( )( )
( ) = + + +

= + − +

= + − + − +

Comparing coe�  cients:
x : 1 13 =

x a k: 42 = −

x k k: 27 3 4 61 = − ⇒ = −

x b k: 3 180 = = −

a b10,  18∴ = − = −

comment

See Exercise 3B question 11 for an 
alternative method using the factor 
theorem.



28 Mixed examination practice 3

12  a Roots of x kx k 1 02 ( )− + − =  are

 

k k k k k k

k k

k k

k

4 1
2

4 4
2

2
2

2
2

1 or 1

2 2

2

( )

( )

( )

± − −
= ± − +

=
± −

=
± −

= −  

 k 1,  1α β∴ = − =

b 

( )

( )( )

α + β =

− + =

− + =

− − =
− + =

= = −

k

k k

k k
k k

k k

17

1 1 17

2 2 17

2 15 0
5 3 0
5 or 3

2 2

2

2

2

13  Discriminant is

( )

( )

∆ = − − × × −

= − + +

= + +

= +

k k

k k k

k k

k

2 4 ( 2)

4 4 8

4 4

2

2

2

2

2

∆ ≥ 0 for all values of k 

∴ q x( ) has at least one real root for any 
value of k.

14  Require x kx 2 02 − + ≥  for all x, i.e. the 
quadratic x kx 2 02 − + =  has at most one 
real root 

∴∆ = − ≤

≤

− ≤ ≤

k

k

k

8 0

8

2 2 2 2

2

2

Long questions
1  a y a0( ) = − , so y-intercept is ( )−a0, 

b Completing the square: 

 
y x

b
a

b
2 4

2 2

= +



 − −

 ∴ axis of symmetry is x
b
2

= −

c By the remainder theorem, the 
remainder is 

 
y

a
b

a
b

b
a
b

a
a
b

0
2 2

2




 = 



 + 



 − = >

d By the remainder theorem, 

 y a a ab a9 2( ) = − = + −

 a b a1 9 02 ( )⇒ + − + =

  � is quadratic must have at least one 
real solution for a, so discriminant 
∆ ≥ 0:

 

b

b
b b

b b

1 36 0

1 36
1 6 or 1 6

5 or 7

2

2

( )
( )

− − ≥

− ≥
− ≤ − − ≥

∴ ≤ − ≥
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comment

As an alternative, more direct method, 
rearrange the equation in a and b to fi nd 
b in terms of a:

− = + −

⇒ =
− + −

= − −

9

9
1

9

2

2

a ab a

b
a a
a

a
a

Plot the graph of this rational function on 
the GDC: 

a

b

b = −5

b = 7

b5
−9+a−a2

a

Figure 3 ML.1 Graph of = − −1
9

b a
a

Then the range of b can be read from the 
graph.
It would be appropriate to include a sketch 
in your solution to justify this method.

2  a f p p2 8 4 2 2 5 2 10 0( ) ( )( ) = + − + − − =

So by the factor theorem, x 2( )−  is a 
factor of f x( ), irrespective of the value 
of p.

b ( )( ) ( )
( ) ( )

= − + +

= + − + − −

f x x x ax b

x a x b a x b

2

2 2 2

2

3 2

Comparing coe�  cients:
x : 1 13 =

x p a a p: 2 22 − = − ⇒ =

x p b a b: 5 2 2 51 − = − ⇒ =

x b:  10 20 − = −  is consistent with the 
value of b found above.

f x x x px2 52( )( ) ( )∴ = − + +

For exactly two roots, there is either 
a repeated root at 2 and a single root 
elsewhere or a single root at 2 and a 
repeated root elsewhere.
Let g x x px 52( ) = + +

If g 2 0( ) =  then p9 2 0+ = , so p
9
2

= −

If g x( ) has a repeated root then the 
discriminant is zero:

 

p

p

20 0

2 5

2 − =

⇒ = ±

∴ f x( ) has exactly two roots when 

 
p

9
2

or 2 5= − ±

c � e middle value of p found in (b) is 
2 5− . In this case,

 

f x x x x

x x

2 2 5 5

2 5

2

2

( )
( )

( ) ( )

( )

= − − +

= − −

Repeated root at x 5= , single root at 
x 2= ; y-intercept at −10.
Positive cubic shape.

  

x

y

2 √5

−10

   Figure 3ML.2 Graph of 

( )( ) ( )= − −f x x x2 5
2

3  a x x x4 5 2 1 02 2( )+ + = + + >  for all 
values of x, 
� e numerator of the rational function 
is never equal to zero, hence y ≠ 0.
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b Vertical asymptote where denominator 
is zero: x 2= −

c 

( ) ( )
( ) ( ) ( )

( )+ = + +

+ − + − =

=
− ± − − −

=
± −

−

x y x x

x y x y

x
y y y

y y

2 4 5

4 5 2 0

4 4 4 5 2
2

4
2

2

2

2

2

2

d For real solutions of x, require 
y 4 02 − ≥

 

y
y y

i.e. 4
2 or 2

2 ≥
∴ ≤ − ≥

e Vertical asymptote at x 2= −
Range excludes the interval ] [−2, 2

 
y x

x
x

x
2 1

2
2 1

2

2( ) ( )= + +
+

= + +
+

As x → ±∞, y x 2→ + , so the line 
y x 2= +  is an oblique asymptote.

  x = −2

y = −2

y = 2

y = x + 2

5
2

y

x

  Figure 3ML.3 Graph of =
+ +

+
y

x x
x

4 5
2

2

comment

Finding oblique asymptotes is not 
expected within the syllabus; plotting 
rational functions is covered in depth in 
Section 5F.

4  f x x x x x 14 3 2( ) = + + + +

a f 1 1 1 1 1 1 5( ) = + + + + =

b x f x x x x x x

x x x x x

x x x x

x

1 1 1

1

1

4 3 2

5 4 3 2

4 3 2

5

( )

( )

( ) ( ) ( )− = − + + + +

= + + + +

− + + + +

= −
c Root at x 1= , y-intercept at −1.

Quintic shape: graph of y x5=  
translated down one unit.

  

x

y

1
−1

  Figure 3ML.4 Graph of = −y x 15

d From Figure 3ML.4, y x 15= −  has 
a single real root at x 1= , and so 
x f x1( ) ( )−  has a single factor x 1( )− .

� erefore f x( ) has no linear factors 
and hence, by the factor theorem, 
f x 0( ) ≠  for any value x.
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4
Exercise 4A

4  ( )− =

∴

− =

− = − −

− = − ≠










= = = ±

−x

x

x x

x x

x x x

3 1 1

3 1 1

or 3 1 1 and 4 is even

or 4 0 and 3 1 0

i.e.
2
3

or 0 or 2

x 4

2

2

2

5  x x x

x x

x x
x x

4

4 0

0 or 4
0 or 4

( )
=

− =

⇒ = =
∴ = = ±

Exercise 4B
2  ( )+ = ×

+ − × =

− + =

−9 1 9 10 3

9 9 10 3 0

(3 ) 10(3 ) 9 0

x x

x x

x x

1

2

Let u = 3x:

u u
u u

u u

10 9 0
1 9 0
1 or 9

2

( )( )
− + =
− − =

= =

x x
3 1 or 3 9

0 or 2

x x∴ = =
= =

3  a
a

a
a

a a

5 6

6 5 0

( ) 6 5 0

x
x

x
x

x x2

= − +

− + =

− + =

Let u ax= :

u u
u u

u u

6 5 0
1 5 0
1 or 5

2

( )( )
− + =
− − =

= =

a a
x x

1 or 5
0 or log 5

x x

a

∴ = =
= =

4  x

x
x

x x

log 6 5log 2

log 6 5 log 2
log

log 6log 5 0

x2

2
2

2

2
2

2( )

= −

= −

− + =

Let u xlog2= :

u u
u u

u u

6 5 0
1 5 0

1 or 5

2

( )( )
− + =
− − =

= =  
x x

x x

log 1 or log 5

2 2 or 2 32
2 2

1 5

∴ = =

= = = =

comment

Instead of changing xlog  into log2, the 
opposite could have been done, or both 

xlog  and log2 could have been changed 
to log (base 10).

Algebraic structures
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Exercise 4C
2  y x xln=

xln  ceases to be de� ned at x = 0; as 
x → 0, xln x → 0, so there is no vertical 
asymptote, but there is an empty circle at 
the origin and no graph for x < 0.

As x gets large, both x and xln  continue 
to increase, so there is no horizontal 
asymptote.

x ln x = 0 when x = 0 or ln x = 0. � e � rst 
root has already been eliminated, so the 
only root is x = 1.

x

y

(0.368, −0.368)

1

 Figure 4C.2

3  y
x

e
ln

x

=

xln 0=  at x = 1, so there is a vertical 
asymptote at x = 1.

xln  ceases to be de� ned at x = 0, and as 
x → 0 from above, → − ∞xln , so the 
graph terminates with an empty circle at 
the origin.

For large x, e x increases more rapidly than 
In x, so their ratio increases and there is 
no horizontal asymptote.

y = 0 when e 0x = , which has no solutions, 
so there are no roots.

� e exact value of the minimum is best 
found using a GDC, but from the above 
we can be con� dent that there must be a 
single minimum at some x > 1.

x

y

(1.76, 10.3)

x = 1

 Figure 4C.3 

4  y
x x x x x9

e
3 3
ex x

2 2 2( ) ( )( )=
−

= + −

e 0x ≠ , so there is no vertical asymptote.

For large positive x, ex increases more 
rapidly than any polynomial in x; so as 

→ ∞x , →y 0.

For large negative x, →e 0x  and the 
numerator is positive, so → ∞y .

y = 0 when x = 0 (double root) or x 3.= ±

Exact values for local minima and 
maxima are best found using a GDC, but 
from the above we can be con� dent that 
there must be a minimum in ]−3, 0[ and 
one in ]0, 3[, and maxima at the origin 
and in ]3, ∞[.

(5.07, 2.70)

(1.42, −3.40)

(−2.50, −209)

y

x
−3

3

(not to scale)

 Figure 4C.4 
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Exercise 4D
2  x x xln 3 2= −  

� e graphs of y x xln=  and y x3 2= −  
intersect at one point. 
From GDC: x 1.53(3SF)=

3  For x kxln =  to have exactly one solution, 
the graph of y kx=  must be tangent to the 
graph of y = In x.

y = kx

y = 1
2 kx

y = 2kx

y = − kx
x

y

y = ln x

 Figure 4D.3 Graphs of y = kx and y = In x

a x xln 2ln2 = , so x kxln 2 =  is equivalent 

to x k xln
2

= , which will have two 

solutions since the line y k x
2

=  has a 

smaller gradient than y kx= .

b 
x

x xln 1 ln ln1







 = = −− , so 

x
kxln 1







 =  is equivalent to x kxln = − , 

which will have one solution, since 
there will be an intersection in the 
lower right quadrant.

c x x xln ln 1
2

ln
1
2= = , so x kxln =

is equivalent to x kxln 2= , which will 
have no solutions since the line y kx2=  
has a greater gradient than y kx= .

Exercise 4E
3  Substitute y x8= −  into the circle 

equation to � nd the intersections:

x x x x

x x

x x

x
x

6 8 2 8 2 0

2 20 50 0

10 25 0

5 0
5

2 2

2

2

2

( ) ( )

( )

− + − − − + =

− + =

− + =

− =
∴ =
� ere is a single solution (5, 3), so the line 
is a tangent to the circle.

comment

Instead of solving the equation, it 
would be reasonable to show that the 
discriminant is zero and hence conclude 
that there is only one solution. In this 
case, it is easy enough to show that the 
quadratic is a perfect square, so solving 
the equation is just as effi cient.

4  Substitute the equation of the line into the 
quadratic equation to � nd the equation 
governing intersections:

( )
− + = +

⇒ − + + =

x x mx

x m x

3 5 3

3 1 2 0

2

2

For the line to be tangent to the curve, 
this equation must have a single solution, 
so discriminant 0∆ = :

m

m

m

1 24 0

1 2 6

1 2 6

2( )+ − =

+ = ±

= − ±

5  From the equation of the line, 
y k x3 2= − , so y k x9 22 2( )= −

Substitute this into the ellipse equation to 
� nd the equation governing intersections:

x k x

x kx k

4 2 36

8 4 36 0

2 2

2 2

( )+ − =

− + − =
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For the line to be tangent to the ellipse, 
this equation must have a single solution, 
so discriminant ∆ = 0:

( )( ) − − =

− + × =

= ×

= ±

k k

k

k

k

4 32 36 0

16 32 36 0

2 36

6 2

2 2

2

2

comment

When calculating values partway through 
solving an equation, it is often needless 
work to multiply out products if you are 
subsequently going to divide through by 
a common factor. In this case, rather than 
evaluating 32 × 36 it is more convenient 
to leave it in product form, ready to 
divide through by 16.

6  Intersections when 
kx x

x kx

5 2

3 0

2

2

+ = +

− − =
Discriminant ∆ = k 2 + 12 > 0 for all values 
of k, 
so the quadratic has two roots, 
i.e. there are always two intersection 
points, for any value of k.

7  Substituting y = 4 − x from the second 
equation into the � rst equation:
2 2 10

2 10 2 2 0

x x

x x

4

2 4

+ =

− × + =

−

� is is a hidden quadratic. Let u = 2x; then

u u
u u

u u

x

10 16 0
2 8 0
2  or 8

i.e. 2 2 or 2 8
1 or 3

x x

2

( )( )
− + =
− − =

= =

= =
⇒ =

x y( , ) (1, 3) or (3, 1)∴ =

8  Substitute y x5=  into x ylog log 33 3+ = :
x x

x

x

x

log log 3

6log 3

log
1
2

3 3

3 3
5

3

3

1
2

( )+ =

=

=

= =

x y,  3, 9 3( )( )∴ =

Exercise 4F

4  x y z
x y z
x y z c

2 2 0 (1)
2 2 (2)

3 4 3 (3)

…

…

…

+ − =
− − =
+ − =

Eliminate y from (2) and (3): 

( )
( ) ( )
( ) ( )

+ ×

− ×

1

2 2 1

3 4 1
   

x y z
x z
x z c

2 2 0 (1)
5 5 2 (2)
5 5 (3)

…

…

…

+ − =
− =

− + =

For (4) and (5) to be consistent, require 
c 2= − .

5  x y z
x ky z
x y z

2 2 0 (1)
2 3 (2)

3 5 (3)

…

…

…

− + =
+ − =
− + = −

Eliminate x from (2) and (3):

( )
( ) ( )

( ) ( )
− ×

−

1

2 2 1

3 1
 

x y z

k y z
y z

2 2 0 (1)

4 5 3 (4)
5 (5)

…

…

…

( )
− + =

+ − =
+ = −

Eliminate z from (4):

( )
( ) ( )

( )
+ ×

1

4 5 5

5
 

x y z

k y
y z

2 2 0 (1)

9 22 (6)
5 (5)

…

…

…

( )
− + =

+ = −
+ = −

From (6), y
k
22

9
= −

+
, so there is no valid 

unique solution when k 9= − .
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6  x y z
x y z
x y z a

2 2 (1)
2 2 1 (2)

2 4 (3)

…

…

…

+ − =
− + =
+ − =

Eliminate y from (2) and (3):

( )
( ) ( )

( ) ( )
+ ×

−

1

2 2 1

3 1
  

x y z
x

z a

2 2 (1)
5 5 (4)

3 2 (5)

…

…

…

+ − =
=

− = −

� e solution is 

x z a y x z a1,  2
3

and 2 2 2
3

= = − = − + = −

i.e. x y z a a,  ,  1, 2
3

, 2
3

( ) = − −









7  a x y z
x y z a

x y z a

2 1 (1)
2 (2)

4 7 5 (3)2

…

…

…

− + =
+ − =

+ − =

Eliminate x from (2) and (3):

( )
( ) ( )
( ) ( )

− ×

− ×

1

2 2 1

3 4 1
  

x y z
y z a

y z a

2 1 (1)
5 3 2 (4)

15 9 4 (5)2

…

…

…

− + =
− = −

− = −

Eliminate y from (5):

x y z
y z a

a a

2 1 (1)
5 3 2 (4)

0 4 3 2 (6)2

…

…

…( )

− + =
− = −

= − − −

( )
( )

( ) ( )− ×

1

4

5 3 4

For a consistent solution, require 
a a
a a

a

3 2 0
1 2 0
1 or 2

2

( )( )
− + =
− − =

=

 b With a = 2:
x y z

y z
2 1
5 3 0

− + =
− =

Let z t5= ; then 
y t x y z t3 and 1 2 1= = + − = +
∴ general solution is 
x y z t t t,  ,  1 , 3 , 5( )( ) = +

comment

When parameterising, it can be 
convenient to use judgement to avoid 
fractions in the end solution. If we 
parameterise as z = k then the solution 

would be k k
k1

5
,
3
5

,+





, which is equally 

valid but less tidy.

8  a x y z
x y z b
x y kz

2 7 (1)
2 3 (2)

4 (3)

…

…

…

− + =
+ − =
+ + =

Eliminate x from (2) and (3): 

 

( )
( ) ( )

( ) ( )
− ×

−

1

2 2 1

3 1

x y z
y z b

y k z

2 7 (1)
5 5 14 (4)

3 1 3 (5)

…

…

…( )

− + =
− = −

+ − = −

Eliminate y from (5): 

 

( )
( )

( ) ( )× − ×

1

4

5 5 3 4

x y z
y z b

k z b

2 7 (1)
5 5 14 (4)

5 10 27 3 (6)

…

…

…( )

− + =
− = −

+ = −

From (6), z
b

k
3 9
5 2

( )
( )

= −
+

, so for k 2= −  

there is no unique solution.

 b For k = −2 the system will be consistent 
if b27 3 0− = , i.e. b 9= .

 c With k b2 and 9= − = :
x y z

y z
2 7
5 5 5

− + =
− = −

Let z t= ; then y = t − 1 and 
x = 7 + 2y − z = t + 5

x y z t t t,  ,  5, 1,( )( )∴ = + −
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Exercise 4G
2  a 

x

y

y = 5 ln x

y = x

1.3 12.7

   Figure 4G.2.1 Graphs of y = x and 
y = 5Inx

 From the graph on GDC, x x5ln>  for 
x0 1.30< <  or x 12.7>

b 

   Figure 4G.2.2 Graphs of y = 5 and 

y = 
ln
x
x

 From the graph on GDC, x
xln

5>  for 

x1 1.30< <  or x 12.7>
 � e answers are di� erent because 

for x ]0,1[∈ , xln 0< , so for x 1 <  the 
conditions (a) and (b) are opposite, 
whereas for x 1>  the conditions are 
equivalent.

x

y

y = 5

y= x
ln x

1

1.3 12.7

Exercise 4H
2  

Comparing coe�  cients:
=x : 1 13

x a b b a: 0 2 22 = − − ⇒ = −

= + = −x p ab a a: 2 31 2 2

= − = −x q a b a: 20 2 3

q a p4
4

27
2 6 3∴ = = −

i.e. p q4 27 03 2+ =

Mixed examination practice 4
Short questions
1  a y 2x= : axis intercept at (0, 1), 

exponential shape.
y x1 2= − : axis intercepts at (0, 1) and 
(±1, 0), negative quadratic.

 

y

x

y = 2x

y = 1 − x2

  Figure 4MS.1 

b  Two intersection points ⇒ two 
solutions of x2 1x 2= − .

( )

( )

( ) ( )
( )

( )

+ + = − −

= − + −

= + − −

+ + −

x px q x a x b

x ax a x b

x a b x

ab a x a b

2

2

2

3 2

2 2

3 2

2 2
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2  Sketching the graph on GDC: 

x

y

y = x2e−x

(2, 0.541)

 Figure 4MS.2 
Maximum value of y is 0.541 (3SF)

3  Sketch the graphs y x x41
3= −  and y e x

2 = −  
on GDC:

x

yy1 = x3 − 4x

y2 = e−x

−1.12 −0.38 2.02

 Figure 4MS.3 
� e intersections are at 
x 1.12,  0.379, 2.02= − −  (3SF)
y y1 2>  for
x ] 1.12,  0.379[ ]2.02,  [∈ − − ∪ ∞ x ] 1.12,  0.379[ ]2.02,  [∈ − − ∪ ∞

4  x y z
x y z
x y z

3 2 2 (1)
2 3 (2)

3 5 (3)

…

…

…

− + =
− + =
− + = −

Eliminate x from (1) and (3): 

( ) ( )
( )

( ) ( )

− ×

−

1 3 2

2

3 2
 

y z
x y z

y z

5 7 (4)
2 3 (2)

2 8 (5)

…

…

…

− = −
− + =

+ = −

Eliminate y from (4):

4 5 5

2

5

( ) ( )
( )
( )

− ×

 

z
x y z

y z

11 33 (6)
2 3 (2)

2 8 (5)

…

…

…

− =
− + =

+ = −

So the solution is
z
y z
x y z

3
8 2 2

3 2 2

= −
= − − = −
= + − =

i.e. x y z, , 2, 2, 3( ) ( )= − −

5  x

x

x

x

e ln 3e

e ln 3 0

e 0 (no solutions) or ln 3

e

x x

x

x

3

( )
=

− =

= =

⇒ =

6  a x x

x x

36 13

( ) 13 36 0

4 2

2 2 2

+ =

− + =

Substitute u x 2= :
u u
u u

u u

13 36 0
9 4 0
9 or 4

2

( )( )
− + =
− − =

= =

x
x

4 or 9
2,  3

2∴ =
= ± ±

b y x x13 364 2= − +  is a positive quartic 
with four roots, so y ≤ 0 between the 
� rst and second roots and between the 
third and fourth roots.
� at is, x 4 + 36 ≤ 13x 2 for

x 3,  2 2, 3[ ] [ ]∈ − − ∪
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7  a  Vertical asymptote where 
= ⇒ =xe 2 ln2x

As → ∞x , denominator gets very large 
and positive, so →y 0
As → − ∞x , denominator tends to 2−  

so → −y 1
2

Numerator is never zero, so y 0≠
At x y0,  1= = −

 x = ln 2

x

y

−1

  Figure 4MS.7 

b x ln2=

8  a x y z
x y z
x y z p

2 2 1 (1)
4 (2)

4 4 3 (3)

…

…

…

+ − =
+ − = −
+ − =

Eliminate x from (1) and (3): 

( ) ( )
( )

( ) ( )

− ×

− ×

1 2 2

2

3 4 2
 

z
x y z

z p

9 (4)
4 (2)

16 (5)

…

…

…

=
+ − = −

= +

For this to be a consistent system, need 
p
p

16 9
7

+ =
= −

b With p = −7, the system reduces to
z

x y z
9

4
=

+ − = −
Let y t= ; then x z y t4 5= − − = −

( )( )∴ = −x y z t t,  ,  5 ,  ,  9

9  Substitute y x k2= −  into the circle 
equation to � nd intersections:

x x k

x kx k

2 5

5 4 5 0

2 2

2 2

( )+ − =

− + − =

If the line is tangent to the circle, then 
there is a single solution to this quadratic 
equation, so the discriminant ∆ = 0:

k k

k

k
k

4 20 5 0

4 100 0

25
5

2 2

2

2

( )( )− − − =

− + =

=
= ±

10  On GDC, sketch graphs y x
xln1 =  and 

y 42 = :

x

y

y2 = 4

y1= x
ln x

1.43 8.61

 Figure 4MS.10 

� e intersections are at x 1.43,  8.61=

� e graph of y x
xln1 =  has a vertical 

asymptote at x = 1

y y1 2<  for x ]0,1[ ]1.43, 8.61[∈ ∪
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11  x x x
x x

x x
x

ln 4 ln 0
4 ln 0
4 or ln 0
1

( )
+ =

+ =
= − =

∴ =

(as xln  has no real value for x = −4)

comment

Always check the validity of algebraic 
solutions, especially in functions with 
restricted domains, such as rational 
functions and those containing 
logarithms.

Long questions
1  a i Expanding: 

  x a b x ax a x a b3 33 3 2 2 3( )− − = − + − −

 Comparing coe�  cients: 

 x : 1 13 =

 − = − ⇒ =x a a:  9 3 32

 x k a: 3 271 2= =

 − = − − ⇒ =x a b b:  28 10 3

 ∴ =k 27

 ii  With k = 27, the equation 
x x kx9 28 03 2− + − =  is 
equivalent to 

 

( )− =
∴ − =
⇒ =

x
x
x

3 1
3 1

4

3

 b i  Vertical asymptote at x 4= .
  For values close to x 3= , y is very 

close to −1.
  As → ∞x ,  denominator gets large 

and positive so →y 0 from above.
  As → − ∞x ,  denominator gets large 

and negative so →y 0 from below.

  At x y0,  1
28

= = − .

 Numerator is never zero so y ≠ 0.

  

y

x

y =

4

x = 4

1
(x−1)3 − 1

   Figure 4ML.1.1 

 ii  Vertical asymptote x 4= , horizontal 
asymptote y = 0.

c

 

x

y
y = (x − 3)3 ln x

(1.44, −1.38)

  Figure 4ML.1.2 

   From GDC graph, the minimum 
point is x y,  1.44,  1.38( )( ) = − .

2  a Let u x 2= ; then equation becomes
u u
u u

u u

6 0
2 3 0
2 or 3

2

( )( )
+ − =
− + =

= = −

x x

x

2 (reject 3)

so 2

2 2∴ = = −

= ±
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 b i 

( )
( ) ( )

( )
( ) ( )

− + − −
= +

= + + + −

= + + + +

+ + + −

= + + +

+ + + + −

x x x x
f x k

x k x k

x kx k x k x k

x kx k

x kx k x

k k x k k

4 7 6 4

6

4 6 4

2 6

4 6 1

4 2 6

4 3 2

4 2

4 3 2 2 3 4

2 2

4 3 2 2

3 4 2

comment

To expand +x k( )4 quickly, use the 
binomial theorem; see Chapter 8.

 Comparing coe�  cients:
 x : 1 14 =
 x k k:  4 4 13 − = ⇒ = −
  x k: 7 6 12 2= +  is consistent with 

k 1= −
    x k k:  6 4 21 3− = +  is consistent with 

k 1= −
  x k k:   4 60 4 2− = + −  is consistent 

with k 1= −
  So for k 1= −  the two equations are 

equivalent.

ii  From (b)(i), x x x x7 4 6 44 2 3+ = + +  
is equivalent to f x 1 0( )− = .

  From (a), ( )− = ⇒ − = ±f x x1 0 1 2

 ∴ = ±x 1 2

c  x x x x7 4 6 44 2 3+ > + +  is equivalent to 
f x 1 0( )− > .
 y f x 1( )= −  is a positive quartic with 
two roots at x 1 2= ± ; it is positive on 
either side of those two roots, i.e. for 
x 1 2< −   or  x 1 2> + .

3  a  x y z
x ky z
x y z b

3 (1)
2 4 (2)
3 (3)

…

…

…

+ + =
+ + =
− + =

Eliminate x from (2) and (3): 

1

2 1

3 1

( )
( ) ( )
( ) ( )

−

−
    

x y z

k y
y z b

3 (1)

1 1 (4)
2 2 3 (5)

…

…

…

( )
+ + =

− =
− + = −

Eliminate z from (5):

( )
( )

( ) ( )− ×

1

4

5 2 4
 

x y z

k y
ky b

3 (1)

1 1 (4)
2 5 (6)

…

…

…

( )
+ + =

− =
− = −

From (6), if k 0=  then there is no 
unique solution.

b If b = 5 then equation (6) is valid as 
0 = 0 and the system is consistent.

c With k = 0 and b = 5, the system 
reduces to 
x y z

y z
3
1

+ + =
− + =

Let z = t;  
� en y = − 1 x y z t3 4= − − = −
So ( )( ) = − −x y z t t t,  ,  4 , 1,
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5
Exercise 5C
5  ( ) ( )= −f x xln 4

 Square root can have only non-negative 
values in its domain, so require 

xln( 4) 0− ≥ :

 

− ≥
⇒ ≥
x

x
4 e

5

0

 Domain of ( )f x  is x ≥ 5

6  f x
x x x

x( )
4

2
1

( 3)( 2)
1

x 1
2=

+
−

− −
+ +

−

 Cannot have division by zero, so x 2, 2, 3≠ −

 Square root can only have non-negative 
values in its domain, so require x − 1 ≥ 0, 
i.e. x ≥ 1

 Domain of f x( ) is x x x1, 2, 3≥ ≠ ≠

comment

Note that the restriction x ≠ −2 is not 
needed in the fi nal answer as it is already 
covered by the restriction x ≥ 1.

7  Require that the boundary at =x 2 be 
consistent in the two parts of the function: 

 

a
a

a

3 2 1 2
11 4

15

2 2× − = −
= −

∴ =

The theory of 
functions

8  g x x xln( 3 2)2( ) = + +

 xln  can have only positive values in its 
domain, so require x x3 2 02 + + > :

 

x x
x x

x x

3 2 0
1 2 0
2 or 1

2

( )( )
+ + >
+ + >

< − > −

 Domain of g x( ) is x < −2 or x > −1

comment

It may be helpful to draw a graph of 
y x x= + +3 22  to solve the quadratic 
inequality x x+ + >3 2 02 .

9  f x
x

x
8 4

12
( ) = −

−
Cannot have division by zero ⇒ x 12≠

 Square root can have only non-negative 
values in its domain, so require either 

x8 4 0− ≥  and x 12 0− >  or x8 4 0− ≤  and 
x 12 0− < .

 

x x

x x

x

8 4 0 and 12 0
1
2

and 12 

12

− ≥ − >

⇒ ≥ >

∴ >

 

− ≤ − <

⇒ ≤ <

∴ ≤

x x

x x

x

8 4 0 and 12 0
1
2

and 12

1
2

 So domain of f x( ) is ≤ >x x
1
2

or 12
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10  f x x a b xln( ) ( )= − + −

a Square root can have only non-negative 
values in its domain, so require x a≥

  xln  can have only positive values in its 
domain, so require x b<

 i  a b<  ⇒ domain is a x b≤ <

 ii  a b>  ⇒ function has empty domain

b f a a a b a a b
a b

b a a b
a b

ln
undefined

   if
if

ln
undefined

   if
if

( ) ( )

( )

= − + − <
≥







=
− <

≥







Exercise 5D
3  fg x x

x x

3 2 1

9 12 5

2

2

( ) ( )= + +

= + +

 

g f x x

x

3 1 2

3 5

2

2

( )( ) = + +

= +

 

fg x g f x

x x x

x x
x x

x x

9 12 5 3 5

6 12 0
6 2 0

0 or 2

2 2

2

( ) ( )

( )

=

+ + = +

+ =
+ =

= = −

4  g f x
x

x
x

x

0
3 1

3 1 25
0

3 1 0
1
3

2

( )

( )

=
+

+ +
=

+ =

∴ = −

5  a 

x

y

x = −1

y = 2

3
2

h(x) = 2x−3
x+1

   Figure 5D.5.1 Graph of h x
x
x

= −
+

( )
2 3

1
  Horizontal asymptote is y = 2, so range 

is y ≠ 2

b h x
x
x
x

x

( ) 0
2 3

1
0

2 3 0
3
2

=
−
+

=

− =

=

c To de� ne g h� , the range of h must be 
a subset of the domain of g. Domain 
of g x( ) is x 0≥ , so need to restrict the 
domain of h so that the range of ( )h x  is 

≥y 0. (Without restriction, the domain 
of h is ≠ −x 1.)

  
x

y

x = −1

y = 2

3
2

h(x) = 2x−3
x+1

   Figure 5D.5.2 Graph of = −
+

h x x
x

( )
2 3

1
 

with domain restricted so that the range 
is y ≥ 0
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   Hence the domain, D, of � ( )g h x  is 

< −x 1 or ≥x
3
2

  Range of h over domain D is y ≥ 0, 
y ≠ 2

  Range of g over domain x ≥ 0, x ≠ 2 is 
y ≥ 0, ≠y 2

  ∴ range of �g h over domain D is y ≥ 0, 
≠y 2

6  a ( )

( )

= +

= +

⇒ = +

fg x x

g x x

g x x

2 3

[ ( )] 2 3

2 3

3

3

 

b 

( )
( )

( )

= +

= +

⇒ = +

g f x x

g x x

g x x

2 3

2 3

2 3

3

3

7  a ( ) ( ) ( )= + − +fg x x x3 4 2 3 42

  �f g  is unde� ned for ] [∈x a b, , 
so require ( ) ( )+ − + <x x3 4 2 3 4 02  
(since square root is unde� ned for 
negative values).

  

+ − + <
+ + − <
+ + <

∈ − −





x x
x x
x x

x

(3 4 ) 2(3 4) 0
(3 4)[(3 4) 2] 0
(3 4)(3 2) 0

4
3

,
2
3

2

  
∴ = − = −a b

4
3

,
2
3

b Over the domain ] [∉x a b,  ,
( ) ( )+ − +x x3 4 2 3 42  takes all 
non-negative values and so 

( ) ( ) ( )= + − +fg x x x3 4 2 3 42  takes all 
non-negative values, i.e. the range of 
�f g  is ≥y 0.

8  a � e range of f is y > 2; this lies within 
the domain of g, so �g f  is a valid 
composition.

  � e range of g is y ≥ 0; values from 
[0, 3] lie within the range of g but not 
within the domain of f, so �f g  is not 
a valid composition for the full domain 
of g.

b For �f g  to be de� ned, we require the 
range of g to be limited to ] [∞3,  , so 

restrict the domain to ∉ − x 3,  3 .

9  By observation, 

 

−



 = −



 +

= − +
= −

g
x x

x
x

2
3 2

2
3 5

6 5
1

 

f x f g
x

x

x

1
2

3

2
3 2

3

6
1
3

( )∴ − = −





=
− +

= −

 Alternatively, given that f g x
x

( )
2

3
= +

 

and = +g x x( ) 2 5, we have 

+ = +
f x

x
(2 5)

2
3

.

 Let 2x + 5 = u − 1, so that = − = −x
u u6

2 2
3. 

� en 

 

− =
− +

= −

∴ − = −

f u

u
u

f x
x

( 1) 2
3 2

3 6
1
3

( 1)
6

1
3

Exercise 5E
4  For ≥x 0, ( ) =f x x and is therefore an 

identity function.

 However, this is not the case for <x 0, 
where ( ) = −f x x.
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5  a ( ) ( )= = −ff f2 0 1

b ( ) =f 1 3 so ( ) =−f 3 11

6  

( )

= −

− =

⇒ = −

∴ = −−

y x

x y

x
y

f x
x

3 2

3 2

3
2

3
2

2

2

1
2

Hence ( ) = − = −−f 7
3 7

2
231

2

7  

( )

=

=

=

⇒ = 



 =

∴ =−

y
y

x
y

x
y y

f x
x

3e

e
3

2 ln
3

1
2

ln
3

ln
3

ln
3

x

x

2

2

1

� e range of f is y > 0, so the domain of 
−f 1 is x > 0.

8  ( )( ) = +fg x x2 33

 

= +

= −

⇒ = −

∴ = −−

y x

x
y

x
y

fg x
x

2 3
3

2
3

2

( ) ( )
3

2

3

3

3

1 3

9  a To � nd the inverse function of 
( ) =f x e x2 :

  
( )

=
=

⇒ =

∴ = =−

y
x y

x y

f x x x

e
2 ln

1
2

ln

1
2

ln ln

x2

1

   To � nd the inverse function of 
( ) = +g x x 1:

  ( )

= +
⇒ = −

∴ = −−

y x
x y

g x x

1
1

11
 

  So

  

( )( ) ( )× = × −

=
=

− −f g3 3 ln 3 (3 1)

2ln 3
ln3

1 1

b fg x g f x x

fg

ln 1

( ) (3) ln 3 1

1 1 1

1

( ) ( ) ( )= = −

∴ = −

− − −

−

10  ( ) = ≥−f x x x( 0)1 2

 � ( )( )∴ = =−f g x 2 4x x1 2

 = ⇒ = −x4 0.25 1x

11  

( )

( )

= −
+

+ = −

+ = −

− = − −

− = − −

y
x
x

x y x

x y y x

x y x y

x y y

4
9

9 4

9 4

4 9

1 4 9

2

2

2 2

2 2

2 2

2

x
y

y
y

y

x
y

y
f x

4 9
1

4 9
1

4 9
1

(as domain of is 0)

2 = − +
−

= +
−

∴ = − +
−

≤

 Hence ( ) = − +
−

−f x
x

x
4 9
1

1

 � e graph of f has a horizontal asymptote 
at y = 1 (as → −∞x ) and is decreasing for 

all x ≤ 0, so the range of f is ∈ −





y
4
9

, 1 .
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x

y

y = 1

f (x) = x2−4
x2+9

−4
9

  Figure 5E.11 Graph of = −
+

f x
x
x

( )
4
9

2

2  for 
real x

 Hence the domain of −f 1 is ∈ −





x
4
9

,  1 .

12  a = ≤f x x x k( ) ,2

  Taking =k 0, 
   y x x y2= ⇒ = −  (choose the negative 

root since the domain of f is ≤x 0)

  ( )∴ = −−f x x1

b ( ) ( )= + + ≥f x x x k1 2,2

  Taking = −k 1,

  

y x

x y

x y
f

x

x y

f x x

1 2

1 2

1 2
(take positive root since domain of
is 1)

2 1

2 1

2

2

1

( )
( )

( )

= + +

+ = −

+ = −

≥ −

⇒ = − −

∴ = − −−

c f x x x k,( ) = ≤

  Taking =k 0,
  y x x x(since 0)= = − ≤

  
y x x y

f x x1 ( )
= − ⇒ = −

∴ = −−

13  a y x
x

x

x

f x

ln 1 ln3
ln 3 3

3 3 e

e 3
3

e
3

1

e
3

1

y

y

y

x
1

( )
( )

( )

= − +
= −

− =

= +

= +

∴ = +−

   � e range of f is R, so the domain of 
−f 1 is also R.

b = − +
= −
= −

f x x
x

x

( ) ln( 1) ln(3)
ln[3( 1)]
ln(3 3)

  

( )∴ =
= −

( )−g f x
x

e
3 3

xln 3 3

14  f x
x x

k x x

2 1 , 1

1 , 1

2

2
( )

( )
( )

=
+ − <

− − ≥







a Range for <x 1 is ∞]2, [ .

   For f to be one-to-one, require that for 
≥x 1, ( ) ≤f x 2.

   Maximum value of ( )f x  for ≥x 1 is k

  ∴ =k 2 

b i  When k = 0, range of f is 
− ∞ ∪ ∞] , 0] ]2, [  

 ii  In the upper part of the range, 
∞]2, [ :

   

( )
( )

= + −

− = −

− = − −

y x

x y

x y

2 1

1 2

1 2

2

2

    (choose the negative root since this 
part of the range comes from <x 1)

   ∴ = − −x y1 2
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    In the lower part of the range, 
− ∞] , 0] :

   

( )= − −

− = −

y x

x y

1

1

2

    (choose the positive root since this 
part of the range comes from ≥x 1)

   ∴ = + −x y1

   Hence ( ) =
+ − ≤

− − >






−f x

x x

x x

1 ,  0

1 2 ,  2
1

15  a Finding the inverse of ( ) =f x
x
1

:

  
( )

=

⇒ =

∴ =−

y
x

x
y

f x
x

1

1

11

  So ( ) ( )= =−f x
x

f x
11 , i.e. f is 

self-inverse.

b Finding the inverse of ( ) = −
+

g x
x

x k
3 5

:

  

( )

( )

( )

= −
+

+ = −
+ = −
− = +

− = +

⇒ = +
−

∴ = +
−

−

y
x

x k
y x k x
xy ky x
x xy ky

x y ky

x
ky
y

g x
kx
x

3 5

3 5
3 5

3 5

3 5
5
3

5
3

1

  Require that ( ) ( )= −g x g x1  for all x:

  

−
+

= +
−

⇒ −
+

= − −
−

x
x k

kx
x

x
x k

kx
x

3 5 5
3

3 5 5
3

  Comparing these, it is evident that = −k 3.

comment

If it is diffi cult to see that multiplying the 
numerator and denominator as above 
enables a straightforward comparison 
to determine k, then the following (more 
lengthy!) process can be undertaken 
instead:

( )

( )( )( )( )

−
+

= +
−

− − = + +

− − + = + + +

− + − = + + +

x
x k

kx
x

x x kx x k

x x x x k kx k x

x x kx k x k

3 5 5
3

3 5 3 5

9 3 15 5 5 5

3 14 15 5 5

2 2 2

2 2 2

Comparing coeffi cients of the two sides:
− =

= +

− =

: 3

: 14 5

: 15 5

2

1 2

0

x k

x k

x k

These three equations consistently give 
the unique solution = −k 3.

Exercise 5F

5  = −
−

y
x

x
3 1
4 5

 Vertical asymptote where denominator 

equals zero: =x
4
5

 Horizontal asymptote as → ±∞x : = −y
3
5

6  ( ) =
+

f x
x

1
3

a Cannot have division by zero, so 
domain is ≠ −x 3



  

Figure 5F.6 

Range is y #0 

1 

R 
y(x+3)=1 

xy=1-3y 

1-3y 
y 

= f(x)= 

=X= 

X 

  

Vertical asymptote where denominator 
equals zero: x =5 

Horizontal asymptote as x gets large: y = 3 

1 1 
Axis intercepts: (O, E) and (5, 0) 

y 
4 x=5 

=
 

  

1-3x 
  

I =2
 

il
 

  

1 
3   

Figure 5F.7 

¥ 
s 

ke e     

I 
I 
I 
I 
I 

Rl o e [ 
I 
| 

I 

Y 

  

uf(x)= ax+3 olag 

2x—8 

a Horizontal asymptote as x gets large: 
a 

y=3 

Y 

flx) = 5%   

  

  

  r=4 

  

ax+3 o 
Figure 5F.8 Graph of f(x)= FET: 
positive a 

Range of fis ye R, y;tg 

L axt3 % 

o 
y(2x—8)=ax+3 

  

2xy—8y=ax+3 

2xy—ax=8y+3 

x(2y—a)=8y+3 

8y+3 

2y—a 

)= 8x+3 a 
, X#E— 

(The domain of f" is the range of f)) 

  = 

  

2x—a 2 

¢ For fto be self-inverse, require that 
f7'(x)=f(x) for all x. 

The vertical asymptote of fis x = 4; 
this must be the same as the vertical 

asymptote of f~', which is x = %: 

Lo gy 
2 

R T o o ey A BB O vy N A N N A 
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P(A4) 
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Mixed examination practice 5 

Short questions 

a y=log,(x+3) 

8l=—c+3 

33 
S (x)=3"-3 

(Range of fis R, so domain of f™"is 
alsoR.) 

hity=— Be! 

z = ex’—l 

S 

ln(-}si)=x3—1 

=>x=(1+1n(§))§ 

~g(x)= (1 5 ln(g)); 

(Range of g is y > 0, so domain of g™ is 

>0 

a Reflection of f(x)in the line y = x gives 
the graph of f~'(x), so Cis y=log, x. 

b C cuts the x-axis where y = 0: 

log,x=0 

==l 

i.e. intersection at (1, 0). 

a Vertical asymptote where denominator 

' equals zero: x=5 

Horizontal asymptote for large x: 
25 4 

i E—— 

% =l 

‘:4 et 

sy’ A% . | /I‘" I \( 

=9 

D= 

(5-x)y=4x-3 

Sy—xy=4x-3 

  

b y= 

4x+xy=5y+3 

x(4+y)=5y+3 

5y+3 

yt+4 

ey X8 
X )= 

f ( ) x+4 

a f(x)=x’-6x+10 

=(x-3)"-9+10 

=(x=3)"+1 

  i 

  

b y=(x-3)"+1 

x—3=\/5/—_1 

(the positive square root is needed as x > 3) 

x=3+\/7—_1 

s (x)=3+/x1 

¢ The minimum point of fis (3, 1), so 

the range of fis y > 1 and hence the 
domain of f™'isx> 1. 

a h(x)=x*-6x+2 

== =0 

Sl 

b y 

\ V== Spel 

  > T 

=i   
Figure 5MS.5 

ey " s B o g Rl e B g



(A1 DPDY Y AT .,.fi > 

  

   ey 

  

  

The domain of his x> 3, s0 the range 3—-x 
ofhis y>-7 

g y=x+1 
¢ h(x)=(x-3)-7, x>k (x+1)y=3-x 

xy+y=3—x For the function to be one-to-one, i take k=3, Y=Y 
+1)=3- y=(x=3)*-7 

(A 
B8y »x=22 = 

y+1 
X=3=y+7 

2 SEe 

4 1( )= x+1 (choose the positive root since the 
domain is x > 3) Domain and range of fare 

x#—1and y # -1, so domain and range =Xx=3+,/y+7 
of farex#—land y#-1. 

s h(x)=3+/x+7 

  

  

O b i< () : Ix7 (o) =5 a a Horizontal asymptote is y = —1, so the [DeRra > () 
range is y # —1. . 

a i Withp=3: 
b Vertical asymptote: x = -1 lower part has range |5, o[ 

Axis intercepts: (3, 0) and (0, 3) upper part has range ]0, 3] 

Y -, f(x)has range ]0,3] U |5, 0| 

:c=—1: } 3 ii For x <0: 

| y=5-x=>x=5-y 

| 3 e (o) =5 | S ) 
______ - — - - For x 20: 

I =-1 
| y=3e" 

| o iy 

I 3 
I e 

3-x g 
Figure 5MS.6 Graph of f(x)= Y   

x+1  



  

Greak .,“I g L A". i 5, o 

T YR 

T e domain of f'(x) is the range 

of f(x),ie. 10,3] U 15,00[ 

is undefined when x> +x—2<0 

Y= NErE=T 

    
- Figure 5MS.8 Graph of 

fg(x)=Vx2+x-2 

e RTINS 1) a ( 

Long questions 

8 : r3)=32+1=10 

b gf(x)=g(x*+1) 
=5—(x2+1) 

=4-x’ 

¢ The graphs of a function and it inve, 
. S 

are reflections of each other in t},e lin 
¢ 

y=X. 

di y=x2+1 

x'=y-1 

x="/y—1 

(the positive square root is neede 

asx>3) 

ii. Domain of fis x >3, so range of fl 

is y >3. ' 

iii Range of fis y >10, so domain of A 

is x >10. ' 

e f(x)=g(3x) 
x?+1=5-3x 

x> +3x—4=0 

(x+4)(x-1)=0 

x=—4 or x=1 

However, the domain of fis x>3 5o 
there are no solutions to this equation. 

i f(7)=2x7+1=15 

ii Range of fis R 

i fe)= 1 222 
x—1 

+3 =2(x—j+1 
x—1 

2x+6 x-1 
= + 
— x—1 

  

x—1 

RS 

x—1 

 



  

iv ff(x)=2(2x+1)+] 

=4x+3 

b The value f(0)=1is in the range of f 
but not in the domain of g, s 2/(0)is 
not defined. 

x+3 
Giel o e 

x=1 

(x=1)y=x+3 
Xy—y=x+3 

Xy=x=y+3 

x(y—])=y+3 

COMMENT 

Note that g(x) is self-inverse. 

  

i g(x)is self-inverse, so the domain 
and range of g(x) and the domain 

and range of g ' (x) must all be 
the same. 

- domain of g™'(x) is x # 1. 

iii Range of g™ (x)is y# 1. 

a f(x)=x"+4x+9 

=(x+2)"-4+9 

=(x+2)"+5 

b Symmetry line at x =2, vertex 

at (-2, 5). 

Positive quadratic shape; y-intercept 

at (0, 9). 

(-2, 5) 

Figure 5ML.3 

¢ Rangeof f(x)is |5, 

Range of g(x)=e"is |0, o[ 

d (x)=fog(x) 
Range of h(x) is the range of f(x) with 
restricted domain ]0, oo 

. range of h(x)is ]9, oof 

B) o (2x+3)(4-y)=12 

8x+12—y(2x+3)=12 

  

y(2x+3)=8x 

I e 8x 

y 2x+3 

b Vertical asymptote where denominator 
3 

equals zero: x = T 

Horizontal asymptote: y=—=4 

o 
| o
o 

Single axis intercept at (0, 0 

~
—
 

Yy 

y=4 

  
=3 

T=-—3 

  Figure 5ML.4 Graph of y = 28’; ; 
X 

a A H 2  



    

ci ,hg(x)=h(2x+k) 

e 8(2x+k) 

i 8 T o(2x+k)+3 

o 16x +8k 
e 

B A 2k+3 

Vertical asymptote where 

i denommator equals zero: 

2k+3 
| oy -f'i{ : ‘ x_—_—.__—-

—-— 

T 4 16 
Horlzontal asymptote: y=—=4 

    

19 
-‘.‘) 2 ‘lilFork_"

—é' 

1 
16x+8(——2) 

2 

hel)=— 7oY. 
4x+ ( )+3 

_16x-76 

4x-16 

  

~ Finding the inverse: 

16x—76 

Y= 4x-16 

(4x—16)y=16x-76 

4xy—16y=16x-76 

4xy—16x=16y—76 

(4y—16)x=16y—76 

        

   
   

    
   
     
   
   

  

   

    

    

U e+ v 

. a glx)= g(g(x)) 

=g(x") 

()’ 
= 

b f(x)+2f(-)1;)=2x+l () 

Replacing x with ik, 
x 

f(%}.zf(x):—z-fl 0 
X 

¢ (1)-2x(2): 

-3f(x)=2x—§——1 

4 
1+——2x 

=>f(x)=—x—3—— 

4+x-2x 
3x



  
   
    

Exercise ({3} 
y 

Y1 = |3 +1| 
  

  
Figure 6D.6 Graphs of y =(3x +1| and 
y = 2x 

From the graph, y, > y, for all x, so the 
solution is x € R. 

y 
1=t - 4 

     
   
  =D 

0.472 8.47 

  
Figure 6D.7 Graphs ofy = ’xz e 4} and 
y =8x 

Intersection of y =4—x"and y =8xin the 
interval [0, 2]: 

4-x* =8x 

x*+8x-4=0 
3 

R B s e o 

™ ) Y (7 

Transformations 
of graphs 

B |x*-7x+10]==(x* = 7x+10) 

B xx=4x 

2L Ry 

  

BV +16 T 
2 

_-81445 
2 [ 

=25~ 4 (discard negative root) 

Intersection of y=x*—4 and y =8x in the 
interval [2, oo [: 

x*-4=8x 

x*—8x—4=0 4 

8+£\64+16 

} 

2 

84445 
2 

=25-4 (discard negative root) 

  

<. the solutions are x = 2/5 +4 = 0.472 

and 8.47 

= x2=7x+10<0 

=(x-5)(x-2)<0 

A positive quadratic is negative between 
its two roots 

. x€[2,5] 

x(]x[-4)=0 4 

x=0 or |x]=4 

Sx=0 or 4 

IS o oot [ty 
- 6 lransformations o 

e i T



     

      
        

      
    

    

     

  

   

  

COMMENT 

This question can be solved either using 

a graph and algebra by intervals o 

by direct algebraic calculation. Both 

methods are given here, and either would 

be acceptable in an examination. 

        

Graphically: 

ey 
W % v - 207 yi = |+ ¢ 

  

  
Figure 6D.10 Graphs of y = |‘x + q?"l and 

y= \:x - 2q2i|‘    
Intersection of y = x+¢*and y =24’ - xin 

the interval| -q°, 24" 

x+q'=29"-% 
2 

sx=1 
2 

Algebraically: 

(w+q') =(x-20") 
x2+2xq2+q" =x2_4xq.2+4q4 

6xq2 = 3q4 

2 

sx=L 
2 

  

@ y=/ ()G 
<, y =0 wherever i 

wherever f(x)20 

‘herefore, the graph of 7 

L= mh PREETrY (.‘.{ f 

o 

  

   

    

Y 

  

  

   

         

   

      
      

A 
Translation by (J 

(x-l), add 2 = ,2 

   
Horizontal stretch 

replace x with 3x = 

fi(x)=a(-3x+1 

= -3ax+a—b- 

s g(x)=4-15x= : 
          
         

    

   

  

   

Comparing coeffici 

-3g=-15=a=5 
   

Comparing coeffic 
a-b-2=4= b: 

b f(x)=ax’+bx+c         
      

     
Reflection in x = 0: 

fo(x)=ax* —bx+c



  

R 

-3 
Translation by ( . ]: replace 

xwith (x+1),add 3 = 

fi(x)=a(x+1)" =b(x+1)+c+3 

Horizontal stretch with scale factor 2: 

replace x with % = 

f4(X)=a(§+1)2 —b(§+l)+c+3 

=d b = Xetaxta—=x=b-+c+3 
4 2 

a , b 
=—x'+(a——)x+a—b+c+3 

4 2 

sg(x)=4x*+ax—6 

a 
=—x2+(a—2)x+a—b+c+3 

4 2 

Comparing coefficients of x”: 

2 _4—a=16 
4 

Comparing coefficients of x': 

a——=a = b=0 
2 

Comparing coefficients of x": 
a—b+c+3=—6 = c=-25 

m ifilx) =25 +x 

Vertical stretch with scale factor 8: 

multiply through by 8 = 
fz(x)=8(2" +x) 

1 
Translation by [4): replace x with (x—1), 

add 4 :>f3(x)=8(2‘*l +x—1)+4 
1 

Horizontal stretch with scale factor 5: 

replace x with 2x = 

fi(x)=8(2" +2x-1)+4 

=23x2"" +16x—4 

Soh(x)=4""+16x-4 

a Graphofy=Inx: 
vertical asymptote x = 0; intercept (1, 0) 

  

  
Figure 6E.12.1 

b Graph of y =3 In(x+2)is obtained 
from the graph of y =Inx by: 

translation [ ] and vertical stretch 

with scale factor 3 = vertical 

asymptote x = —2; intercept (-1, 0) 

_9 yy=31n(3:+2) 

/ 
X 

1 

  
Figure 6E.12.2 

  

) 

- 

-~
 -~ 

 



 



  

      
  

  

  

  

  

  

  

  

                        

  

      
    

  

  

                      

  

  

o " .:i. T oy = ‘ & -., ‘.' - ! » ,:, : / P fi 

a Reciprocal graph followed by Y ’vg 
0 A 

translation [ : 4 
=2 \ 

+ no vertical asymptotes as g(x ) # 0 2 \\ ] 
« maximum at (1, —1) 9 1 

« roots of —— at asymptotes of 1 

g(x),ie at (0,0) and (2, 0), so new > I , a8 
i) 6 /o 

curve passes through (0, —2) and gl A v\\3\4 'l‘ 
25=2) \\l\ \\ . 

y r \ % 
4 2 4 

: Figure 6F.7 £ 

14 3 2 —1l\1 e . 4 Exercise ol 
2 a The graph of an odd function has two- j 
3 fold rotational symmetry about the V] 
4 origin. 3 

Figure 6F.5 b i Even function = reflective 3 
symmetry about x =0 

a Vertical asymptotes where denominator y 
equals zero: 18, 

x%e* —4x>=0 . 

x*(er —4)=0 - 1 =) , 
= Oforle” =4 % 

~.x=0 or x=1In4 ; ok 
Figure 6G.2.1 

I 

Roots of i) are at roots of f(x): (1.5, 0) ii Odd function = two-fold rotational i 
g(x) o symmetry about the origin 1 

Asymptotes of flx are at roots of g(x): y i i 
g(x) 3 

| x=0andx=5 

As x — oo, f(x) is negative and g(x) 

f(x) T gets large and negative, so—— — 0 from , 
above. g(x) 

Figure 6G.2.2 

6 Transformations of graphs 
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 the definition of an even function, f(x)is even. 

o it cannot be one-to-one as each value in the range h 
as 

an even function, f(=x)=f(x):s
 

ast two corresponding values in the domain. 

pose that f(x)and g(x)are both even functions, and leth(x)= f (x)+g(x)for 

N Dom,. Then 

~h(=x)= h(x) for all x in its domain, so by definition h(x)is even. 

A suppose that f (x)and g(x)are both odd functions, and leth(x)= f(x)xg(x)for 

'Jé‘éDomh = Dom N Dom,. Then 

()= fx8() 
j =(—f(x))><(—g(x)) because f and g are odd 

- h(~x)=h(x)for all x in its domain, so by definition h(x)is even. 

- f(x) to be odd, require that f(~x)=—f(x)forallxe 
Dom;. 

— ax" is odd, then a(—x)" =—ax" 

ution isa= 0, but this gives a trivial function f (x)=0, which is not of interest.



   
ppose that f (x) is an odd function 
d ¢(x) is an even function, and let 
)= g f(x). 

‘Then for all x € Dom,, 

HE9=g(f() 
( el (\)) since [ is odd 

=¢(f(x)) sinceg iseven 

(x) 

      

   

= h 

Sh(=x)=h(x) for all x in its domain, so 
by definition h(x)is even, 

a f(x)=x'+6x+7 

=(x+3)*-2 

has line of symmetry x = -3 

b f(x-a) is the function f(x)aftera 

translation by (g) 

Require a symmetry line at x = 0 for 
f(x—a) tobeeven. 

nNa=3 

The graph has line of symmetry x =5 
since f(5+a)= f(10-(5+a))= f(5-a) 

If a function f(x) is symmetrical in y=x, 
then f(x)= f'(x) since the graph 
of ' (x)is the graph of f(x) reflected 
through y=x. 

fi(x)=xforallx 

and hence fl(4)= 4 

® a Letg(x f(x) f(=x)). Then 

g(—x)=§(f(—x)—f(x>) 
==¢(x) 

=~ g(=x)=—g(x) for all x in its domain, 
so by definition g(x)is odd. 

   

R Q_Tmns?mnt[?ns o{grunhs 

b By similar reasoning, 

h(x)= -;-(f(x)+f(-x))is an even 

function: 

h(-3)= 3 (f(=3) 4/ (x)) =h(x) 
¢ Forany function , 

1 10)=5(/(x)= (=) 
+2 (/)4 £ () 

=g(x)+h(x) 
i.e. f(x)can be written as the sum 
of an odd function g (x)and an even 
function h(x). 

L 
1i g(x)==(e"=e" di g(x)=>(e*-¢™) 

Axis intercept at (0, 0) only. 

Y 

Figure 6G.12.1 

1 _ 
ii h(x)=—(e"+e™* ()= 2" +e) 

Axis intercept at (0, 1) only. 

y 

Figure 6G.12.2 

ey 

 



   

  

) ar the hyperbolic sine and cosine 

ons, g(x) = sinhx and h(x) = coshx, 

ich you can find on your calculator.            

    

   

   

      

   

            

    

        

   

    

  

   

   
(2,0) 

xr 
(6,0) 

1f fis an odd function, then 

(=x)=~f(x)for all x in its domain.   Iffisalsoa polynomial, then since any 

e  polynomial is defined at all real values of 

~ xitmustbe defined at x =0. 
Figure 6MS.1.1 

 (=0)=-f(0)b is odd, 
! 

f( O) f( ) ecause fis 0 b Asymptotes of 7(;5 at roots of f(x); 

but also f(—0)=f(0)- x=0and x=4. 

g 0)= ) endlence GR)ad 
— 0 from below as x = —eco 

which means that the graph of / (x) 
and 

y — 0 from above as x — oo, 

passes through the origin. 

‘This must always be the case when 0 is xif;:tunl? value where f(x) has 

within the domain of f(x). 
iy 
Y 

An example of an odd function not 

defined at 0 would be f(x)= x ' or 

indeed f (x)=x"for any positive odd 
| 

& 
integer 1. 

I 

f(x)=cotx and f(x)=cscx are other fl 
x=4 

iy examples encountered in this course. 

Figure 6MS.1.2 

‘Mixed examination practice 6 
st 

f(x)=x3"1 

hort questions 

a Graphofy=3f(x-2)is obtained from Translation by (0} replace x with 

~ the graph of y = f(x)by: 
(x-2)=>f2(x)=(x—2)3

—1 

R 2 
f;a;nslation(o) and vertical stretch with Vertical StretCh Wlth Scale fact()r )¢ B 

multiply by 2 =>f3(x)=2[(x—2)"—l~ 

So new graph is 

¢ becomes x = 0; 
come (2, 0) and (6, 0) y=2[(x—2)3—1] 

=2 x - 6x +12x-8-1] 

=2x> —12x% +24x—18 

-



. ” i 
f(-x)-1, %<0 

' 4 =2z 1 b y=/f()-1= 

    
  

  

  

f(x)-1, %20 

y 
$ 

i, 

31? % 1 —» I 

el (-a,-1) (a,-1) 

Figure 6MS.3 Graphs of y =|2x -1| and 

& y=Fl-1 N, 
Intersection of y =|2x - 1| and y=xin 

interval x < —: 

1-2x=x Figure 6MS.4.2 

1 3, . 
=— Th h of y =—— is the reciprocal o a The graph of y=—— p 

: 1 
Intersection of y = |2x = 1| and y=x in graph of y = —, reflected through y=0 

X 
interval x > l: and vertically stretched by scale 

2x-1=x : factor 3. 

=x=1 Y 
1 A s2x -1 <x for§<x <1 

—f(x), x<a 
: = = 

5 If( )I Jfilbo) s> 

y=0 - 

=0 

Figure 6MS.5 
  

  

b Reflection through y =0 followed by a 
vertical stretch with scale factor 3. 

Alternatively, the reflection could be 
through x = 0 or the stretch could be 
horizontal with scale factor 3. 

  
Figure 6MS.4.1 

dina ‘f wo o 4 £3 j 4 { 

R s b o aiiian ., \‘Lf‘ rl!‘s .: ' o % ‘IVA  



    

   
    

  

   

   

       

   

     

    

   

  

    

    

   
     
     

    

    

3 
. —l — )= 
(The function is self-inverse.) 

1 
== at roots of 

f(x a Asymptotes of 

f(x):x==5x=0 and x = 5. 

y— 0 from above asx = Foo, 

Maximum points where f (x) has 

minimum points: x =%3, at which 

] 
y 5. 

] Il w (=) 

) : 

    
. Figure 6MS.6 

B 1 
b Maximum points are(—3, —5) and 

)=(x-1)}, g(x)=3(x+2) 

' )= 3f(x+3), which represents a 

| and a vertical 

e factor 3. 

e e A4y P B '\fl 

Note: there are alternative valid oy, 
. 

OWery 

For instance, ' 

g(x)=(~/§x+2J§)2 =f(x/5x+|.|.2\/_.,))’ 

"“2\/3J 
representing a translation [ 

0 

followed by a horizontal stretch wit, . | dip 

factor —1— s 

Also, g(x)= (x/gx+2fi)z 

_ f(Ax+2ai41) 

=f(\/§(x+2+:}3 J 

which represents a horizontal stretch v, 

  

scale faCtor—Tg followed by a translatioy 

1 R 
V3 | 

0 

In questions on transformations, it is often 

the case with simple curves that several 

possible fransformations will lead fo 

the same effective change, as here. In 

such cases, any single valid answer is 

acceptable, but one is usually simple 

than the others. 

  

X 
a =3f| — 0: =3 ( 2) \. 

In y = f(x), xis replaced by 

corresponding to a h()l‘i'l.unl'.'\‘l stretch 

with scale factor 2. 

Multiplication by 3 corresponds o 

vertical stretch with scale factor 

b Graph of y =Inx has a vertical 

asymptote x = 0 and an axis intercep! 

(1,0).



4 ,- \:‘ ,;a % f.-]'.' " 1{ : “ ( 

New graph still has asymptote at x = 0, 
but the intercept shifts to (2, 0). 

Yy 
A 

y=3In() 

  

@,0) - 

  
Figure 6MS.8.1 

¢ The transformation from y =3In %) 

to y =3ln(§+1)= 3ln(x7+2) isa 

= 
translation by o0 

New graph shows the answer in (b) 
shifted 2 units to the left; the asymptote 
is at x =—2 and the axis intercept is 

(0,0). 

Y 
A 

y=3In(5+1) 

  

  

| 

l 

| 

| 

l 

} - 

| 

| 

| 

| 

| 

Figure 6MS.8.2 

  

Ly 

¥ 

  

    
g a Asymptote of y = f_(l_) atrootof f(x): ,' : 

20 : 
x=-2. 

Horizontal asymptote at reciprocal of 
1 

horizontal asymptote of f(x): y= 2% 

approached from below as x — . 

f(x)appears fairly linear until close 
to the maximum; that line has equation 

y=x+2, so for an equivalent domain 

will closely approximate   

  

Bl 
4 X2 

Minimum of fl where f(x)has a 
x 

maximum. 

y-intercept at reciprocal of y-intercept 

of f (x): (0%) 

  

  

} | P 

I 

I 

y=1 I Y=Tey 
D 

| 

l 

I 

I 
|x=-2 

Figure 6MS.9.1 

b Roots of y=x f(x)at x=0and the root 
of f(x): x=-2. 

f(x) appears fairly linear until close to 
the maximum; that line has equation 
Y =x+2, so for an equivalent domain 
x f(x) will closely approximate 
y=x+2x. 

o ke 

° 5 | 
e 

4 

E. 

iy 

) 
-



f(x)—2asx - o050 xf(x)—2x 

  

    

    

   

   

  

as X — oo, 

y 

T y = zf(x) 

: / 

/ 

/ 

i/ 

2 0) i 

/ 
y=2x / 

Figure 6MS.9.2 

    

COMMENT 

This problem could be solved graphically, 

by plotting for an arbitrary k the graphs 

ofy =|x+k|and y =|x| + k and looking 

for intervals of R over which the two 

B coincide. The question can, however, 

B be approached more swiftly by direct 

f algebra. To eliminate modulus signs, 

‘B square a modulus; check for false 

N solutions where appropriate. 

     
    
     
         
     

      
   

          

    

  

    

l‘x+k|=|x|+k 

k) = (il + k) 
= 2kx+k? = x* + 2k x|+ k? 

S E 

  

Long questions 

- y=3x2—12x+l2:3(x_2)2 

Transformation from y:f(x)t 
0 

y= 3f(x—2): translation by (2 I 
0 (”‘](J 

vertical stretch with scale factor 3 

b y=x’+6x-1 =(x+3)° -1 

Transformation from y=f(x+3) l 
- - () 

to y= f(x): translation by( : J 
10 | 

which is equivalent to translatio, 1, 
3 

[ Jand translation by(o , 
0 10 

COMMENT 

It is usual to go from y = f(x)to 
y =f(x+3)-10, in which case the 

transformation would be a translation 
-3 

bY[_]OJ. However, this question asks 

for the transformation in the opposite 

direction, hence the translation by‘ : 

¢ Transformation of y=x’+6x—1to 
y= 3x%—12x+12 can be achieved by 

the transformation in (b) followed by 

the transformation in (a): 

translation by [ 3()) and then 
1 

. 2 . : 
translation by [ ] and vertical stretch 

0 

with scale factor 3, which is equivalent 

. 5 b 
to translation by [ J and vertical 

10 

stretch with scale factor 3.   



   
     
       
       
         

     

        

              

    

  

   
     

  

    

  

   

     

        

COMMENT 

By factorising the denominator of the 
function and applying knowledge of 
roofs and asymptotes, this question could 
be approached as though starting with 
no prior working. However, having 
determined a series of transformations 
mapping x?103x? ~12x+12, it is faster to 
use these same transformations to map 

| 1 
—to—5———. 
X2 3x2-12x+12 

From (a), x* is mapped to 3x* —12x +12 by 

3 2 
a horizontal translation (Oj and a vertical 

stretch with scale factor 3. 

15 
Therefore — is transformed to 

X 
1 

————— by a horizontal 
e —12x+12 

) . 
translation ( )and a vertical stretch 

0 

1 
with scale factor —3— 

Y 
) 

  

ik 1 
Y=g 13z+12 

  
  

   COMMENT 

In both parts (a) and (d) the 
transformation could also be categorised 

asx’ - (\/§(x —2))2, which would be a 

horizontal stretch with scale fccior-l- 
J3 

followed by a translation (f)) While this 

appears more complicated, it means that 
all the transformations are horizontal and 

are therefore exactly the same for both 

F(x) 

  

  

Ol a Asx—oe, f(x)—>3—x=3 
x : 

.. horizontal asymptote is y = 3 3 

BX =5 ' 
b fx)= 

X=2 

3(2)+1 

x—2 

=3(x—2)+ 1 

X2 =2 

gt 
x—=2 

S p=3,q=1 ‘3 _l 

i 
¢ Ifg(x)=—,then f(x)=3+g(x-2) 

X 

Transformation from g to fis a 

translation by (i) : 

  s (x)= == 

- 6 Transformations ofigrapb_s 45 .4



    

  

'\ ' f L 

| -liange of f(x)is y# 3,80 domain 

of ' (x)is x#3. 

o 'The graph of y = £ '(x)is obtained 

from the graph of y = f(x) by reflecting 

in the line y = x. 

| & _ =2 
‘ ' o Translation by( ; ] 

Bl .y = In(x+ 2)is the graph of y=Inx 

    

     
     

   
   

   

      

    

  

   

   

    

   

-2 
after translation by : J 

is the reciprocal graph 

  

Y= er2) 
of y=In(x+2) 

. vertical asymptote where 

In(x+2)=0:x=-1 

. asx— =2, y— 0from below 

. as x— oo, y—0 fromabove 

* 

B
 

+ y-interceptat -l—lz— no x-intercept 
n 

   
  

Yy 

z=-2 | 

[l 

1 

|1 
2 t 4’:1: 

| |y=0mx+2n‘ 

Il 

Il 
| |.’L‘=—1 

Figure 6ML.3.1 Graphs of 
| 

In(x+2) 

  

y=In(x+2)andy = 

     

   
     

   

   
       

The turning point on the right 

has shifted from (1, 4) to (3, —4). 
flection in the x-axis has switched 
> sign of the y-coordinate, so the 5 

nust be| | us e(o) 

  

i ‘\.(‘\ ) has been translated by ‘ e 

{0 
and reflected in the y axis. sb 

y o 

h(x)==g(x~2). 

h(x)==-g(x~2) 

(=2 =2(x-2)1 5 
(%% =6x" +12x =821, ., 

U ox’ =10x | 

Sa==l, b=6, ( 10, d =~ 

d Roots of y=(k(x)) are at the sam, 

values as shown for y = k(x) 

k(x) appears linear close to the ro, 

so the square of the curve should |, 

k]ll.ldl‘.l(i( close to the roots 

  

      
COMMENT 

If you recognise the given curve as 

k(x) = 2sin % , You will have a shortcu! 

to working out the shape of the resu't 

(k(x))2 = 4sin’ (-’-‘%) = 2~ cosTix. This 

material is covered in Chapter 12. 
although recognising the curve is he'p 
it is not necessary. 

  

  
Figure 6ML.3.2 

    

  

    

  

   

    



  

       
P " PRy 2 il g 

B eI Erenggr) N . 3 z el e T o R Y 

g ..- f(x)=x"-7x+10=(x-2)(x-5) 
Positive quadratic with roots at 2 and 5: 
y-intercept (0, 10). 

y 
i 

y=x’-Tx+10 

  

  

  
Figure 6ML.4.1 

b f(x])=(x|) -7/x+10 
=x'-7 |x| +10 

=g(x) 

¢ The modulus transformation replaces 
x by le, so the graph for negative x is 
just the mirror image (reflection in the 
y-axis) of the graph for positive x. 

Yy 

  

  

v 

¢ x*=7|x|+10=-2 

xz—7|x|+12=0 

([-3)(x[-4)=0 
x|=3 or 4 

x=413,14 

Line of symmetry atx=3 = 

f(x)=a(x-3)" +c 

Expanding: 

ax’ —6ax+9a+c=3x"+bx+10 

Comparing coefficients: 

x%a=3 

x': -6a=b=>b=-18 

x% 9a+c=10=>c=-17 

s.b=-18 

f(x)is symmetrical about x =3, so 

f(3+k)=f(3-k) 

Replacing k with x —3 gives the other 
form of the symmetry condition: 

f(3+(x=3))=f(3-(x-3)) 

f(x)=f(6-x) 
Hd=6 

g(x)= f(x+p)+qis a quadratic; it is 
even and goes through the origin, so its 
vertex is at the origin. 

g(x)has symmetry line at x = 0 and 
y-value of vertex raised fromc=~17 
to 0, so it is obtained from f(x)by a 

-3 
translation 

17 

= g(x)= f(x+3)+17 

S p=3,9=17 

d Since g(x)is an even function, by 
definition g(x)= g(‘xl) forallx e R. 

6 Transformations of gr: 

  

     

      

    

   

     

    

   
   

   

    

    

     

     

       

      
      
     



       

  

       

        

  

oy _. ) ™ ‘.- : Y ) n T ng - - PR ,)4 
     

i N ii Horizontal modu] o hof y=e* —2is the L US trangf, _ O The graph oy 0 .the graph for negatie is t‘;]r:xapon: ; graph of y = e* translated by S image (reflection in the )"axis)ml”m 
the graph in (a) for POsitive g 

Horizontal asymptote at y =—2 for 

large negative x; intercepts at (0,-1) 

and(In2, 0). 

Yy 
\ 

   

   

    

    

  

   

     

»> T   

  
Figure 6ML.6.3   ¢ Require those values of x for whic, the 

graphs in (b)(i) and (b)(ii) coincide: 

The graphs are the same for x > |, 2 
They intersect for the negative va 
where e — 2 — e~ 

e¥—4e*+1=0 
y eE D3 

x=In (2 +./3 ) 

Since this should be a negative valye 
of x, the intersection is x = In (2 -3 ) 

lue of 

 



        
   

  

Exercise @Z. 

a u,=3(2)-2(1)=4 

u;=3(4)-2(2)=8 

u, =3(8)- 2(4) =16 

b i Itappears thatu =2" 

ii Ifu,=2"thenu,_,=2""and 

U0 iS0 

3u,—2u, , =3(2")-2(2") 

=X % 

=2"(3-1) 

=), 

= 2n+l 

i.e. u, = 2" satisfies the equation 
u,,=3u,—2u, . 

    

        

    

  

     

    

  

    

  

      

  

    
    

COMMENT 

is covered in Chapter 25. 

IO oS ST S St e L) B H Ty e 3 . 4 B T 

| Sequences 

This is an example of a method called 
~ proof by induction, which in this case can 
' be used fo establish that the result v, = 2" 
“is true for alln e Z. This method of proof      

      

Y 

and series 

Exercise 

B a a,=5a,=13 

d=a,-a, 

=13-5=8 

a,=a+(n-1)d 

=5+8(n-1) 

=8n-3 

b a, <400 

8n—3<400 

n< % =50.375 

So the first 50 terms are less than 400. 

@ Uy =61 

sy +(10-1)d =61 

=u+9d=61 ...(1) 

u,=79 

s +(13-1)d=79 

=u+12d=79 ...(2) 

(2)-(1): 

3d=18=d=6 

Uy, =1y, +10d 

=61+60=121 

COMMENT 

Here 10d has been added to the tenth 
term to find the twentieth term, but this 
could also be calculated by first finding 
vy from equation (1) or (2) and then using 
the usual formula for u,,. 

) 
     

 



  

   

  

   

  

   

  

   
   

   
   
   

      

   

    
    

    

   

    

  

   
   

  

   

        

   

   .&-74 

T uH(E-nd=T 
%’ufi»?d-fl o) 

“3:137 

‘.‘u‘+(15-1)d=137 

oy +14d=137 w(2) 

@ - () 
7d=63= d=9 

substituting in (1): 

“1+7X9=74 =u =11 

Let u, = 227; then 

11+(n-1)9=227 

on+2=227 

o 

i 

i the25th term s D27 

ird rung is 70 cm above ground: 

70 

R +2d=70 ..(1) 

¢ “Tenth rung is 210cm above ground: 

a_im=210 

sy +(10-1)d =210 

) - (1): 
 7d=140=d=20 

‘Substituting in (1): 

.u,:a.’ 

{ 

T p“ ¥ 177 3 
‘1 

wy=a=b 

.'-2'."(‘*"
‘““‘” n-(') 

y = 20+ 07 

W2 2dm2atb+7 .(2) 

= a=3b 

n2+3d=a=3b wi(3) 

(3) - (L) 

2d=a=-3b-(a= h) 

) 
:’>d=“—~;{=~b 

Substituting d == in (1): 

2-b=a-b 

=a=2 

(3) - (2): 
d=a-3b—(2a+b+7) 

s =b=-a-4b-7 

-q=7 
=>b———3“ 

-2-7 
= — -3 

3 

n a First 9 pages are numbered with sing|c 

digits for a total of 9 digits. \ 

10th and 11th pages are each 

numbered with two digits. 

Total number of digits for the first 
11 pages is 9+2x2=13. 

b First 9 pages: 9 pages at 1 digit per 

page: total 9 

Pages 10-99: 90 pages at 2 digits per 

page: total 180 

So the total number of digits on the 

first 99 pages is 189. 

Then, since pages 100-999 have 5 digls 

per page, define an arithmetic sequenc



      

  

s 
with first term 192 (189 plus the 3 digits 
on page 100) and common difference 3. 

Letting u, =1260: 

192+(n—1)3=1260 

189+3n=1260 

n=357 

So there are 99 +357=456 pages 
in total. 

Exercise 

=su+d=7 ..(1) 

SEE10 

4 
E(zul +(4-1)d)=12 

2(2u,+3d)=12 

=2, +3d=6 ...(2) 

2)-2%(1): 

d=6-14=-8 

Substituting in (1): 

u =7-(-8)=15 

w=2,d=3 

n 
a S"=5(2u1+(n—1)d) 

=112-(4+3(n—1)) 

=%(3n+1) 

b S, =1365 

—"2—(3n+1)=1365 

3n’ +n=2730 

3n* +n-2730=0 

(3n+91)(n-30)=0 

wn=30 (asneZ’) 

B =85 d=—7 
u, <0 

85+(n—1)(-7)<0 

-7n+92<0 

2 
n>2—=13.14... 

7 

So the last positive term is ;. 

i =%[2x85+(13—1)(—7)]:559 

a u,=6 

=Sistd—670010 (1) 

S,=8     %(2u1+(4—1)d)=8 

2(2u,+3d)=8 

=2u +3d=4 ...(2) 

(2)—2x%(1): 

d=4-12=-8 

Substituting in (1): 

u, =6—(-8)=14 

u==6,d=7 

$, >10000 

%[2(—6)+(n—1)x7]> 10000 

%(7n—-19)>10000      7n* —19n—20000 > 0 

n<-52.1 or n>54.8 (roots from GDC) 

So the smallest n such that S, >10000 is 55. 

6 s.=37*-2n 

%(ul+un)=3n2—2n 

=>u tu, =6n-4 

u =S5 

=3-2=1 

S 14w, =6n-4 

=u, =6n->5 “ 3G



   

    

COMMENT 

Remember that if 

for S, then by s 

immediately calculate S, =0y 
  

o
 

   

t‘ n There are 12 angles in the seq 

n=123 

The angle of the largest s 

angle of 

Since the angles mus 

"" SlZ =360 

D b L ) 
u, +2u, =60 

3u, =60 

u = 20 

- smallest sector is 205 
,,. ¢ 

=5 

Nl © 
fe u+lld 13 

13(n, +4d) = 6(u, +11d) 

7u, =14d 

oy ) 

f wn=32 

C Su(w+2d)=32 ..2) 
Substituting (1) into (2): 

2d(2d+2d)=32 

84% =32 

d=12 

From (1): 

u =2(£2)=14 

        

      

andid=>"So 
S0 
S = T(2a+ 99d) 
  

s X i ! e R R S 

you are given a formula 

bstituting n = 1 you can 

  

     

  

uence, SO 

ector is twice the 

the smallest sector, s 1, =214, 

t add up to 360°, 

As all terms are positive, must have a =4 

A 

m We need to find 112+ 140 + 154 
196 + ...+ 980 + 994 

This can be considered as the sum of 

two series: 

Sy =112+154+196+...+994, serj, 
a, =112, dy; =42, n, =22 

S, =140+182+224+...+980, Series 

a, =140,d, =42,n, =21 
22 QiR r 7[(2><112)+(22—1)><42] 

1827_ 

wjth 

\\,’jth 

21 
+7[(2x140)+(21_1)x42] 

=12166+11760 

=23996 

Alternatively, the value can be cajcy 
as the difference of two series: 
S,y =112+126+140+...+994, the 
64 three-digit multiples of 14 

Sy =126+168+...+966, the 21 thre,. 
digit multiples of 42 (i.e. multiples of 
both 21 and 14), which are excluded 

64 SW_SX=—2—[(2x112)+(64—1)x14] 

ateq 

21 
“7[(2X126)+(21—1)x42] 

=35392-11466 

=23926 

Exercise 

Us = u2r3 

SR = =162 
ie. 6r’ =162 

7 

=3 

e 

=162x3’ 

=39366



    B 112’ =7168 

r’=64 

r=4 

ur” =1835008 

7168 x4™ =1835008 

45=756 

m=4 

1835008 =u,,, =u,, 

2 
Hereul=—,r=§ 

w
 

Uy <107 

04" <107 
Nlog0.4< -6 

o 6 

log(0.4) 

N >15.08 

The least such N is 16, so the 16th term is 

the first to be less than 107°. 

Vo> 

I”tt'“sl:?”l 

ul(r3—r2)= i-s—ul 

  

75 
= 8r’— 8r° = +— (discounting the trivial 

case u, =0) 

Using GDC to find the roots of the two 
possible cubics, there is one solution for 

each: 

r=2.5o0r —1.82 

    

R R e e T 
W      

e B Us = U1 

Su =48 = u;r’ =48 

ie 12r* =48 

r’=4 

r=12 

Ug =u5r3 

= 48x(+2)’ 

=1384 

g u=a 
u,=9a 

s.ar’=9a 

=9 (a#0) 

hence r =13 

u,=a+l14 

soar=a+14 

t3a=a+14 

2a=14 or —4a=14 

a=7 or a=-35 

COMMENT 

In sequences and series, the letters a, d 
and r usually have standard meanings, 
so take extra care in questions like this 
one which use these letters in other ways. 

  

For the arithmetic progression: 
u=a 

u,=1 

=gt R (1) 

u,=b 

—a+2d=b " () 

(2)—2%(1): 

—a=b-2 

= =9 — g (3) 

i N :‘3 UEnce  



For the geometric progression: 

v,=1 

v,=a 

nr=a 

vy=b 

ENh 

Soa’=b 
Hence, substituting in (3): 

a’=2-a 

a’+a-2=0 

(a+2)(a-1)=0 

a=-2 or a=1 

a=1=b=1, which contradicts the 
requirement that a # b. 

s.a=-2and b=4 

. ;: S,=4n*-2n 
u = S1 

=(4(2*)-2(2))-2 

=12-2 

=10 

sd=u,—u =8 

Uy =14 +(32-1)d 
=2+32%8 

=250 

Sinceu,, u,,, us, (ie.10, u,, 250) form a 
geometric sequence, 

250=10r" 

= 

r=15 

~ou, =10r=50 

(Reject 10r =50 since this clearly does 
not lie in the arithmetic sequence.) 

Returning to the aritt 

u, =u,+(m-1)d 

=2+(m-1)x8 

=8m—-6 

~50=8m-6 

Comparing this with t} 
formula u, =u,r""', we 

b From (a), u, =375 

5 - ul(r"—l) 

el 

3750 
=T(5 . 

S, =a(1+r+r2)=£ 
4 

S4=a(1+r+r2+r3)s; 7 

Dividing gives 

1+r+r’+r’ 325 

l+r+r? _ 

38(1+r+r2+r3)=65(1 

38r°—27r—27r-27=0 

From GDC: r =§ ' 

a(1+r+r2)=9—5 
4 

3(3 
al 1+—+| — 
(2 2 

SNa=15 

a S, =l+x+x>+x°  



Y 

R r 1 T Ty LA 
By the formula for geometric series, 

  

6 
= S,== 

sl 

COMMENT 
nxt=1=(x-1)S, s s 

SR In part (b) the result S, =S, (1—r ) was 
=(x—1)(1+x+x XX X ) used, which enabled the answer fo be 

read off immediately from part (a). 

  

Exercise 
w=—18, u, =12 afsi=is 

JeEr) =15 (1 

o s 
-18 3 i 

QR = b RN ) 
=y Lest 

=8 1)=(2): 

> w(1+r) 15 
3 U 7. 

=-§51=—10.8 S 2 
1+7)1-r)=— (+r)1-r)=2 

n a ul=18 1 3 15 

2 Bl i 
u =18, u, =—— 27 

3 i 
ri=— 

18r’ =— 9 
2 

2 L5in 
= 3~ _L Each term of the series is positive, 
B 9 

1 sor—3 

f=—§ 

! b From (2): 
S _ul(l—r ) U, e 

e 
3 

 



 



  

  

b S§.=40 

35 
=40 

=92 

1—2’:E 
40 

=1 
8 

x=-3 

m fx)=1+2x+(2x)* +(2x)’ +... isa 
geometric series with a=1and r = 2x 

1 2 
a x=—=r=—, with|r] <1 

B 3 

Si= 
B 

1 _1_3 

3 

b x:z:>r=i, with [r|>1 
3 3 

S.. =co since every term of the series is 
positive and it does not converge. 

Exercise 

COMMENT 

Be careful to define the terms you use; in 
finance questions it will often be critical 
whether you consider v, to be the value 
at the start of year n or at the end of year 
n. If you are defining your own variables, 
always state the definitions clearly at the 
start of the question. 

n Let u, represent the balance at the start of 

year n. 
u, follows a geometric sequence with 

u, =1000, r=1.03 

  

a 6th year interest = u, — g 

=1000%(1.03° —1.03°) 

=1000%1.03° x0.03 

=34.78 

The interest for the sixth year is £34.78. 

b The balance after six years is the balance 

at the start of the seventh year, u, 

u, =1000%1.03° =1194.05 

Balance after six years is £1194.05. 

a Let u_be Lars’s salary in the nth year. 
u, follows an arithmetic sequence with 
u, =32000, d =1500 

a Uy =u,+19d 

=32000+19x1500 

=60500 

In the twentieth year his salary will be 

$60500 

b S, 21000000 

§(2u1+(n—1)d)21000000 

n(62500+1500) > 2000 000 

15" +6251n—20000 >0 

3n® +125n—4000>0 

Roots of this positive quadratic are 
21.2 and —20.5 (from GDC) 
SN 

He will have earned more than $1 
million after 22 years. 

Let u, be the balance at the start of year ». 
u, follows a geometric sequence with 
u, = 5000, r =1.063 

a After n full years the balance is the 
same as at the start of year n+1: 
u,., =5000x1.063" 

b Balance at the end of 5 years: 
us =5000%1.063° = 6786.35 

ug
;;
 

@  



    

    

  

R P 
e 

¢ i 5000%1.063" >10000 

    

ii 5000x1.063" >10000 

1.063" >2 

nlog1.063>log2 

k- n> e 
i log1.063 

p Balance will exceed $10000 after 

12 full years. 

  

f_ Let u, be the number of seats in row 1. 
u, follows an arithmetic sequence with 

u, =50, d =200 

a S, >8000 

-'21(2u1 +(n-1)d)>8000 

n(200n—100) >16000 

2n* —n—16020 
Roots of this positive quadratic are 
9.2 and -8.9 (from GDC) 

g >9"2 

So 10 rows are required for there to be 

at least 8000 seats. 

b swzlzq(zxso+9x200)=9soo 

4% =%(2x50+4x200)= 2250 

The percentage of seats in the front half 

(first 5 rows) is 220 =237% 
9500 

a Balance at start of year 7 is 100x1.05"" 
.V =100x1.05% =$265.33 

b Balance at the end of month m is 
m 

100X(1+%5-) 
12 

100X(1+9i%5-) >265.33 

(1+9:9§-) >2.6533 
12 

mlog(lfl-%%é) >log2.6533 

  

Let u, be the number of mjj 

   ‘/ " 87 

  

log2.6533 

£ T)_()’i =234, 
log(l+ : ) 

12 

It takes 235 months, ¢qj, 

19 years and 7 monthy, 

  

“'L‘nt " 

In on 
day n. 

u, follows aln arithmetic sequep, Wiy 
| 

u=1d=- 

a2 26 

%(2% +(n=-1)d)>26 

n(zfljzsz 
A 

n* +7n-208>0 

Roots of this positive quadrgc are 

11.3 and 7.8 (from GD() 
sen>11.3 

After 12 days the total distance ¢, 
26 miles. "t 

b u,>26 

u, +(n—1)d > 26 

B o6 
4 4 

n>4x26-3 

n>101 

On the 102nd day he runs more by 
26 miles. 

Let h, be the height the ball rises on e 
nth bounce, i.e. after hitting the ground 
n times. 

h, follows a geometric sequence with 
h =2x08=16,r=0.8 

a h,=16x0.8"=0.8192 metres 

 



    

b Total distance travelled at the end of 

bounce n is 

t,=2+2) h, 
k=1 

; 1.6(1—0.8") 

1-0.8 

=2+16(1-08") 

The ball hits the ground for the 9th 
time at the end of bounce 8. 

= 2+16(1—0.8”)= 15.3 metres 

COMMENT 

Note that the sum th is doubled 

because the ball goes up and down the 
same distance before it hits the ground 
again. 

B Let u, be the account balance at the 

beginning of year n, where n =1 is 2010. 

a 1, =1000 
At the beginning of 2011, 

1, =1000x1.04+1000 
At the beginning of 2012, 

=(1000%1.04+1000)x1.04+1000 

=1000+1000x1.04+1000x1.04° 

b The pattern in (a) shows thatu, is the 

sum of a geometric sequence with 

u, =1000, r=1.04 
Hence 

1000(1.04" ~1) 
R 

=25000(1.04" ~1) 

  

  

¢ u,>50000 | 

25000(1.04" ~1)=50000 i 

1.04" 122 4 

1.04" 23 

nlogl.04 2log3 ; ‘ 

+ 3 

> lol;g; ;=2801 1 

In the 29th year of saving, Samantha | 

will have accumulated at least $50 000. ) 1 

Mixed examination practice 7 

Short questions 

o u, =9.6 

=u+3d=96 ...»1) 

U, =15.6 : 

=u +8d=156 ...(2) vl 

(2)-Q): F 

5d=15.6-9.6 - = 

d=2-12 
5 

Substituting in (1): 

=96-3%x12=6 

9 
S = 2(u, +u9) 

9 
==(6+15.6 (6+156) 
=97.2 

S, =2n*—n 

a Si=2XIE = et 

S, = 2x0F =2 = 6= SibuS= s 

S;=2x3-3=15=8, +u, =>u,   



  

COMMENT 

As an alfernative approach 

recognise that if 5, is a quadratic 

with a zero constant term, then the 

context is an arithmetic sequence 

State this and rewrite S, in the form 

dn? 
S =§(2c1+d(n-1))=n( 

compare coefficients o find d = 4 and 

a=1, and then use these values fo answer 

) and (b) directly. 

. Geometric sequence with u, = 

1 1"“ it 
u,,=§x 3 3" 

u, <107 

-él;<10'6 

3" >10° 

nlog3>log10° 

n> -10_6g_5 =12.6 

The least such n is 13. 

Uy =, +4d andu, = u, +d 

ds =3u, 

Uy +4d =3(u, +d) 

2u, =d 

A4 
U 

. Arithmetic sequence {u }hasu, =1, 

Geometric sequence{v, } hasv, =1. 
Uy =, 

il 2 d= r e (1) 

U, =V, 

s1+3d=r* ...(2) 

  

S criiia e PRy 's'm e i 0 
f: 7 Y ’ h 

=
 

Substituting (1) into (2). 

1+3d =(1+2d)" 

143d =1+4d +4d* 

4d* +d=0 

d(4d+1)= 

Sod =0 (corresponding to  — 

both{ufl}and {vn } being the ¢ 
sequence 1, 1, 1,...) 

] and 

()nglam 

1 ord= —Z (corresponding tor= ]‘ 
2 

a This is the sum of two infinite g, ) . 

series: el 

A O U, ___= has sum to mfimty 

'_w 1 
oo < 1 E 

3 

). 

. the total value is §+ 3=45 

This is an arithmetic series with 

=30landd=7. 

To find the number of terms: 

u, <600 

301+(n—1)x7 <600 

7n—7 <299 

306 
n<—=43.7 

7 

wn=43 

43 
S =—(2%301+(43-1)x7)=1 04



   

    

" - <ok % 

3 

i a u = ln(:—] = 3lna—%lnb 

3 

w, = ln[—) =3lna-Inb 
~
|
=
 

3 

U, = ln(a—,)=3lna—glnb 
2 2 b 2 

from which it can be seen that 

the sequence is arithmetic, with 

u, :3lna~%lnb and d:—%lnb. 

S 2—23(2u, +22d) 

=?(6lna—lnb—lllnb) 

=69lna—-138Inb 

a69 

(35} 
Long questions 

n a Let A be the amount in plan A after 
n years; then {A,,} is an arithmetic 

sequence with u, =10800, d = 800: 
A, =10000+ 8007 

b Let B, be the amount in plan B after 

n years; then {Bn} is a geometric 

sequence with 1, =10500, r =1.05: 

B, =10000x1.05" 

¢ From GDC, intersection of the two 
graphs occurs at n=18.8, so for the 
first 19 years A, > B, i.e. plan A is 
better than plan B. 

Let u, be the number of bricks in row n, 

where row 1 is the top row. 
Thenu, =1and u,,, =u, +2: this is an 
arithmetic sequence with u, =1,d =2. 

a un =1+(n—-1)x2 

=2n-1 

4 Rl b ool ) e e 

  

DN DF ‘ 

    

n* =36 

n=6 

¢ §,=4u,+4 

g(2+(n—1)x2):4(2n—1)+4 

n*=8n 

n*—8n=0 

n(n—8)=0 

~.n=8 (rejectn=0) 

Hence S, =n’ =64 

a There are n integers on the nth line 

b 

TABLE 7ML.3 
  

Line | Final integer Equals 

1 
  

  

2 =1+2 

3 =1+2+3 

4 =1 +273%4 

  

            

From the table it can be seen that the 
final integer on the nth line is the sum 
of the first n integers, i.e. S, for an 
arithmetic sequence with u, =1, d = 1. 

s, =§(2+(n—1)) 

_n(n+1) 

st 
2 

n +n 

2 

     



     

€ 

    

| 'Ih st mteger on {ixe ath line must be 1 — 1 less than the final integer: 

n(n+1) 

Qo 
e 

( 1)_nz+n—2n-+-2=nz-’n+2 

o 2 
  

d The integers on the nth line form an arithmetic sequence of n consecutive valy, frop, 
n-n+2  n*+n 

to   , so their sum is   

2 
0 2 o nz—n+2+n +n|_n(2n+2 =2(n2+1) 

e 2 2 O\ 2 

%(n2 +1)=16400 

  

From GDC, n=32 

Consider the mortgage as held in one account (A) and the payments in a separajc ACCoy 

The mortgage account just rises at its interest rate: A, =15000x1.06". 

{A,}is a geometric sequence with A, =15000 x 1.06 and r=1.06. 

At the end of three years the mortgage account stands at A, =150000%1.06’ 

The payments account works as B,,, =10000+1.06B,, since each year interest i added (, 
the previous payments and then a new £10000 payment is made. 

Therefore B, is a geometric series of n terms with =10 000 and r =1.06. 

At the end of three years, the payments account stands at 10 000(1 +1.06+1.06" 

So, after three years, the balance is A, — B,: 

150000 1.06° ~ (10000 1.06” +10000x1.06-+10000) 
=150000x1.06° ~10000x1.06” ~10000%1.06—10000 

Continuing the pattern: 

Balance after n years = A — B, 

(106" 1) 
=150000x%1.06" 10000 

(1.06" —1) 
=150000%1.06" —500000——3— 

3 age v 4 g & A28 

aminafion practice /
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¢ For the balance at the end of n years to be < 0, require 

1.06" ~1 
150000 % 1.06" —500000(———3—-—) <0 

1.06" -1 150000 1,06" ssooooo(_..g__) 

0.9%1.06" <1.06" -1 

1.06" 210 

ne   =395 
log1.06 

S0 the mortgage will be paid off after 40 years. 

 



  

T e g 

- Exercise 
;A General term of (x -2 y)5 has the 

> ST i form (r]x (-2y) 

D 
- Coefficient of this term is (TJ(—Z)' 

AW 

5 (/' a (rJ(—z) =80 

=>r=4 

5 
1!_ - term is ( 2)x‘ (-2y)" =80xy" 

._.' 

E 5 
s b ( )(—2)’ =-80 

: W= 

P 5 
Term is (3]352 (-2 y)3 =—80x’y’ 

_ | a General term of (3x+2 yz)s has the form 

s | 5 o r 
E/ 3x) (25 (r)( x)"(2?) 

Require coefficient of x*y°, so r=3. 

5 
Term is (3)(3x)2(2y2)3= 10x9x*x8y° 

= 720x%y5 

o 

Coefficient is 720 

 binomial 

  

YOO 
oy 

Binomial expansion Re 

General term of (x2 =3~ )7 has th 

et 
Require 14—3r=5,s0r=3 

7 
Term is (3](—3)3 x° = —945y° 

B General term of (2x—5x‘3)]2 has the . 

(lf)(Zx)”” (-5x77) 

12 i3 Q12T (_5) 123 

Require 12—-3r=0,s0 r =4 

Term independent of x is 

12 
( ; )28 (=5)" x° =79200000 

General form of a term in the expansio; 

of (1+3x)"is (j)(fiix)' 

(r)(?wc)l =42x 

Bri—42 

H=14 

 



T P 
m General form of a term in the expansion 

of (1+2x)'is [:’ )(2x)’ 

(Zj(zx)2 =264x" 

n(n—1) 

2 

n’—n-132=0 

(n—-12)(n+11)=0 

n=12 (reject negative solution n=—11) 

  X4 =264 

m General form of a term in the expansion 

of (1-5x)" is (:)(—Sx)' 

L 3 3 3 (=5x)” =-10500x 

Mx(—lzs)blo 500 

n’ —3n* +2n—504=0 

n=9 (from GDC) 

General form of a term in the expansion 

of (3+2x)" is (:](3)""(2;0' 

(")(3)"‘2(2@2 =20412x> 
2 

Mx3—><4:20412 
2 9 

n(n—1)x3" =91854 

n=7 (from GDC) 

Exercise 

B (r+3y7) =(y1+3p)) = y*(143y)° 

General form of a term in the expansion 
6 

of y*(1+3y)’ s ys[rj(3y)' 

<
A
 

i 

.‘
}<
 

) 

COMMENT 

If @ common factor can be taken outside 
the brackets, it is often simpler to do so 
before finding the general ferm. 

  

First four terms are: 

6 6 6 4 T aih(Te 
yé((ojw}')"{lj(3y)‘+(2](3y) +[3J(3J')3] 

= y*(1+6(3y)+15(9y% ) +20(275*)) 

=y°+18y” +135y" +540° 

a (1-x)°(1+x)"°= ((1—x)(1+x))w= (1-—x2 )10 

    

General form of a term in the expansion 

of(l— x? )]0 is (erJ(—xz ¥ 

COMMENT 

If a product can be simplified before 
expanding, this will generally lead fo o 
more rapid solution than expanding and 
then calculating the product. Always be 
alert for this kind of shortcut. 

  

First three terms are: 

LOR e LLONBERs SR 01 01 E 
0 |%) +[lj(—x ) +[2J(—x ) 

=1-10x*+45x* 

(l—2x+x2 )m = ((l—x)z)lo =(1-x)% 

General form of a term in the expansion 

of (1-x)" is zroj(—x)' 

First four terms are: 

20\ o (20} . (20) . (z0) 
8 (=x)+ . (=x) +[2 J(—x) +(3 J(—x) , 

=1-20x+190x>—-1140x°



  

      

  

      

    

  

     

         

PRy ‘/‘1(::_. e v; .47,(.:» Bi _‘».- o T 

3 Comparing coefficients of the Prod, 
n General form of a term in the expansion of these expansions with the iy, ¢t 

3 oy 
1 of (1+x)’ is( )x' expression: 
b r 

S0l 
. . expansion of (1+x)’ is 4, 

(1+x)3 =1+3x+3x2+x° ol 4k+n=13=>n=13-4k 

General form of a term in the expansion o 6kE+dkn+ n(n-1) —74 

S of (1+mx)" is ; (mx)' o r 6k2+4k(13—4k)+(13—4k)(6\2/<J\\ 
= ) = i 

X) <. expansion of (1+mx)" is o2kt 4=0 
F (1+mx)" =1+4mx+6m’x> +... K—k-2=0 

‘ u Comparing coefficients of the product (k-—Z)(k +1)=0 
P of these expansions with the given k=2.n=5 or k=—1,n=17 

. expression: R 

y x’:1=1 
e 19 £ ¢ 

E S 33*‘1"2”‘"6 . o8 Exercise (€D 
s O = : y - O i s a General form of a term in the 
F m*+2m—15=0 ; (4 

) jon of (3—5x)" is| |37 (_ . 
. (m=3)(m+5)=0 R ) [rJ3 (~54 

s-'_: = sm=3, n=15 or m==5n=——1 The first 3 terms are 

L 1 4 \ 

E" a General form of a term in the expansion (4)(3)4 (_5x)° +[1 )(3)3 (-5x)' +[4 }(3):H 
P 4 0 2} 

N of (1+kx)"is| |(kx)’ ; 
\ / ) (rj( ) =1x(3)' +4X(3)’ (=5x)+6x(3)" (-5 

‘ "" . expansion of (1+kx)" is =81-540x +1350x" 

F (1+kx)* =1+ 4kx +6Kk*%> +... : 
b b Require 3—5x = 2.995, so x =0.00] 

I : General form of a term in the expansion ; ; 
b " el Sl = 3 
!: - f n - r 

X T [r)x #=0001 = —540x' = 03 

A . expansion of (1+ x)" is x°=0.000001 = 1350x° = 

1+x)" =1+ +n(n_1) 2 : (il 5 e Hence 2.995* ~ 81 — 0.54 -+ 0.0013 
3 = 80.46135 
7 

COMMENT 
> In this type of question, find a value 

k- which makes the first part of the o 
A relevant to finding the approximat 

_ In more complicated questions thi: 
h( require some ingenuity. 

R 26 ric 8D Binomiclerpansicigey



‘.’ N “»! /; : ‘4/7 ™Y N\ D+ n 

Rounding to 6SF: the truncated term will 
be negative, so this estimate 
should be rounded down: 
2.995" =80.4613 (6SF) 

COMMENT 

Although a value like 80.46135 would 
normally be rounded up, when using an 
expansion for approximation you should 
consider the next term in determining 
whether to round up or down if the value 
is exactly on the boundary. 

  

a General form of a term in the 

expansion of (2+5x)’ is [Z)(Z)H (5x) 

The first 3 terms are 

(oJeresrs(] Jorisars ] Joresy 
=128+7(64)(5x)+21(32)(25x") 

=128+2240x+16 800x° 

b Require(2+5x)" =2.005’, sox =0.001 

128%° =128 

= 2240x' = 224 

x°=1 = 

x' =0.001 

x%=0.000001 =16800x> 0.0168 

~.2.005” ~128+2.24+0.0168 =130.2568 

Rounding to 6SF: 2.005” ~130.257 

7 
4 B (2+3x)7:((7)](2)7+[1)(2)6(3x)1 

+ (Z)(2)5(3x)2+... 

=128+1344x +6048x* +... 

b i Require 2+3x=2.3,s0 x=0.1. 

el U0 8 v =8I0 

= 1344x' = 1344 

= 6048x* = 60.48 

x'=0.1 

x2=0.01 

ey s e s 

) ™ . -~ Pkt . 

Hence, approximately, 

2.37 =128+134.4+60.48 =322.88 

ii Require2+3x=2.03,s0x=0.01 

=1 = 128x° = 128 

x'=001 = 1344x' = 13.44 

x*=0.0001 = 6048x> = 0.6048 

Hence, approximately, 
2.03" =128+13.44+0.6048 

=142.0448 

b Approximation (ii) will be more 
accurate, on both an absolute and 

a relative basis, since the discarded 

terms (higher powers of x) reduce 

more rapidly in this case and are less 
significant to the total. 

Mixed examination practice 8 

Short questions 

€1 General term of (2 x)" has the form 
(12] % 

212 r(_x)r 

r 

Term in x° is 

(f)(z)’(—x)5 =792x128x(~x")=-101376x° 

Coefhcient is —101376 

5 5 (=) =3+ (Jere) 

(5 )y (S Jer ey 

(e (onr 4 
+10(4)(-243) +5(2)(4) 

=232-164/2 & 
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() (207 
+ (ZJ(—Zx“ )4 

=x%—8x° +24x2 -32x7"+16x7! 

General form of a term in the expansion 
1 7 

of (x+—2j is 
ax 

(:](xy_'(a‘lx_z ) =(:]a—'x7_3' 

The term in x' corresponds to r =2 

.'.[Z]cfl:% 

21 7 

e 
a’=9 

a3 

General form of a term in the expansion 

6 . 6 r of (1+x) is| |x 
r 

. expansion of (1+x)’ is 
(1+x)° =1+6x+15x> +... 

General form of a term in the expansion 

of (1-+ ) is (Sj(mx)r 
r 

<. expansion of (1+mx)’ is 
(1+mx) =1+5mx+10m*x> +... 

Comparing coefficients of the product 

of these expansions with the given 
expression: 

x':1=1 

x': 64+5m=n 

x2:154+30m+10m’ =415 

m’+3m—40=0 

(m—5)(m+8)=0 
sm=5 n=31 or m=-8,n=-34 

Long questions 

8- The graph of y =(x+2)’ is the graph of 
= x” after a translation 

=2 
by [ 8 ) Axis intercepts are at (-2, 0) 

and (0, 8). 

Yy 

Figure 8ML.1 Graph of y = (x +2)° 

b (42 e o 2 

{3 Jeors(3Jer 
=x>+6x°+12x+8 

. f\ L N é_"r\d 4«»-,“35 7 

D
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ii Asx :) Foo, tzhe rational function because the odd powers of x cancel 0 
10x” +50x" +85x +49 s while the even powers double up. " 

x*+8x +24x% +32x+16 " 
to zero, since the denominator has n noxa N 2\ 
higher order than the numerator. : .(1+x\/5) +(1—x\/§) = Zj 2l 2r (2x ) 

Therefore 4 ) (x) —x—3 as x— oo fakizeel 
glx ¥ n 

n n 2 n 
d Y 1+v2) +(1-v2) =) 2| _ |(2) 

e I “ ( \/—) ( J_) - 2T ( ) 

| Since the sum of integer values 
| _ must be an integer, it follows that 

R (1+x/5)n+(1—\/5)" is always an 
A ek integer. 
y=x-3 

s 
~ l 

’/'\ | COMMENT 

| The above argument is more formal 
(14 x)° than strictly necessary, but you should 

Figure 8ML.2 Graph of y = 2 be aware that talking about cancelling 
‘terms’ in a sum lacking powers of x is 

, (3) (3 (3 I problematic because there is no obvious 
a (1+\/—2_) =[ ]4—( )(\/E) +( j(fi) ordering for the terms. By introducing 

0) \1 2 x and then evaluating at x=1 as shown g 
above, this problem can be completely 

+ (3)(\/5 ) avoided. 

  

=143J2+3%x2+22 
S c\D d Since ‘1—\5| <0.5, the distance 

b General form of a term in the between (1+\/§ )" and the nearest 

expansion of (1+\/§ )" is (nJ(\/E )r whole number must in fact be 
r 

v - - 
c (15x2) =3 fx42) ,, 

=\" Require[1-+2|" <107 
n 

(1-242) =z(’:J(_x‘/§)r ~.nlog(v2-1)<-9 
r=0 

So (1+nx\/5)"+(1—x\/5)" :)nZW\/%;I)=23.S 

ot [’:][(x\/f)r +(—x\[2_)rj] So the least such # is 24.    

  
    _8Binomial expansion 91
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a General form ofate : 

)n is (k (a)n—k xk 

i expansion of (a+x 

" The ratio of coefficients of the rth and 

i (n)a,,-, 
e 

. 2 

(r+1)th terms is fi = 5 

I{‘ 
(r+1)a 

“ n! e e 

ri(n—r)! 

n! o 

  

r+1 

  

ie. the ratio of consecutive coefficients 

{SPLY 

This means that two consecutive terms 

have the same coefficient. 

¢ Replacing r with r+1 in the answer 

to (a): 

E____a (r+2) 

o (=l 

  

et A AN 1D T 

d For three consecutive termy 
same coefficient, require thatto ey 

n—r n—r-1 

ie. a(r+1)=n—-r and a 

~a(r+1)-1=a(r+2) 

=a=-1 

r+2)§n\, 

But then —(r+1)=n—r, ¢, o 

which is invalid since ney b 

This proves that there canp be 

consecutive terms with the Samethree 
coefficient in a binomia] Xpangiy, 

COMMENT 

There are many ways to establish 
from the equations set up in (b) qnq (S’ 

C. 
There is no ‘best’ method in q questio 
this sort, so you should seek the quickn % 
way fo find a contradiction. % 

 



  

   RPN PURTET S 

Circular measure 
and trigonometric 
functions 

Exercise m Exercise 

  

cos(m+x)+cos(n—x) 8- psin(gx) has amplitude p, i.e. y ranges 
= COSTICOS X — Sin T Sin x from —p to p. 
+COSTTCOS X + Sin Trsin x From the graph, p=>5 

27 =—-cosx—0—cosx+0 Y= psin(q.\') has period —, so the 
=-2cosx o g 2 

second positive zero occurs at x = — 
. . T 4 . 3n M q sinx +sin S +sin(x+m)+sin s From the graph, — == g =2 

q 
+sin(x+27 i 7 

( ) y=acos(x—b) has amplitude a, i.e. y 
A : m QT o 

= smx+smxcos;+cosxsm5 ranges from —a to a. 

: : From the graph, a =2 +sinxcosm+cosxsin 
3t e y=acos(x—b) has a zero at x=90°+b 

sin X cOS—+cosx sin—+sin x i g 0 2 From the graph, the smallest positive 

=sinx+0+cosx—sinx+0+0—cosx +sin x solution is 110°, so b =20° 

a y=I1+sin2x: amplitude 1; centre 
y=1; period T; axis intercepts 

o () (o 
y=2cosx: amplitude 2; centre 

axis intercepts 

M3 

   
      

  

\(x +2m) =sinx by the 
of the sine function, so it isn't 
 expand the last term in the 

  

     
   

    

   
    
     

    

  

   

  

     

     

     
    

     
      

o8 . 
3 
3 

e 

  X



   

     
    

  

    
    

   
      

  

b From Figure 9E.6, there are two 

points of intersection in [0, 27], 

.. two solutions. 

¢ The pattern of the two curves in 

Figure 9E.6 repeats every 2. 

Since there are 2 solutions in an 

~ interval of length 2m, there must be 

8 solutions in an interval of 8. 

A a y=2cos(x+60°): amplitude 2; 
~ centre y=0; period T; axis intercepts 

‘ o1 o o 

o5 i(_o,m), (30°,0), (210°,0) 

  

    

    

  

   

    

   

T Tt PR e 
T T . 

r o ‘-a WY bea ) 
,f‘ “"\ e ™ ‘ > n [); 

Exercise 
n y=acos(bt)+m: amplityde ,, centre y=pm g "tiog & 

b ) 

- From the graph: 

amplitude = 2 =q=3 
2 2 

period=12=>%=12=>bzfl 
6 

centre=15 Sm=2 
2 2 

a High tide will occuyr when 4 i a 
maximum, which occyrs when 

: (m‘) 
sSinf — |=1 

12 

nt 

1O8SE? 

t=6 

Low tide will occur when isa 
minimum, which occurs when 

nt_3n 
12 

=18 

At high tide, d=16+7=23 metre; 

At low tide, d=16—7=9 metres 

b Require 16+7sin(%t) 219 

From GDC: t €[1.69, 103 ] 

; This is equivalent to the period of time 

- between 01:42 and 10:18.   



  

b 3cm below the x-axis corresponds to 
h=-3 

t “? =3.79,5.64 (3SF, from GDC) 

- 1=6.02, 898 

The point is 3 cm below the x-axis 6.02 
seconds and 8.98 seconds after starting. 

h=120-10cos400¢: amplitude 10, centre 

h=120, period s il 
400 200 

a Greatest height is 120 — (-10) = 130 cm; 

least height is 120 — 10 = 110cm 

b The time required to complete one full 

oscillation is the period, I 00157 

seconds 200 

¢ Greatest height occurs when 

cos400t =—1 

400 =T 

t=—_—0.00785 (3SF) 
400 

i.e. 0.00785 seconds after release. 

Exercise 
a a For example: x =1 gives 

arccosx =0 

arcsinx 
  Clearly in this case arctan x # 
arccos x 

    

The false idea being disproved by 
counter-example here is that division 
‘passes through’ the inversion of a 

function — that for a function h(x)= 

£ 

it should follow that k() = — _,(x) ; 
g (%) 

generally not the case! 

b cosf= sin(g—e) 

Let 6 =arccosx, so x =cos0; then 

x=sin(£—9) ‘f 
2 5 

. m g 
SIS C@ 

COMMENT 

This is easily verified using a compound 
angle identity, as seen in Section 12B. 

, T 2 
¢ From (b), arcsinx +arccosx = —, E 

so the given equation becomes % 
T 4 

2arctanx =— . 
2 B 

. T[ \ ‘. 

arctanx =— A 
X 

b8 
A= tan(—) =]l 

4 

a a sinx+cosy=0.6 ...(1) 

cosx—siny=02 ...(2) 

From (1): 

cos y=0.6—sinx 

- y=arccos(0.6—sinx) 

From (2): 

siny=cosx—0.2 

. y=arcsin(cosx—0.2) 

Circular measure and frigonometric functions  



b Need to solve 

arccos(0.6— sinx ) = arcsin(cos x - 0.2) 

From GDC, the solution is x = 0, and 

hence y = 0.927 (3SF) 

    

- Mixed examination practice 9 
~ Short questions 
E n y=asinb(x+c)+d has amplitude a and 

" ~ period/wavelength -Tn 

a a=1.4, so amplitude is 1.4 metres 

b Distance between consecutive peaks 
Whav 1D 

is the wavelength, which is —35 =2.09 

8 metres (3SF) 

    

    

    

      

    

    
Figure 9MS.2 Graph of sin(2x) + 2sin(6x) 

g From the equation, it is clear that the 
period is at most T, which is 21 divided by 

raph, the period is not less 
m,and fib‘the perlod is exactly T, 

  

   

  

b ‘The amplitude ; : 
15 Equiyy le radius of the track, i.e, g, '© the 

" Track length = 5, S Clre, 

nt ¢ 

=1207 

=377 

Distance 
B 

I'ime 
_120m 

257 

=48msg’! 

mctrcg (3811) 

C Speed — 

o f(x azsmb(x+c) has amplity, ea, 
period i 

a b=2, 50 period is ™ en = 
2 

b xe[O,Zn]::»Z(x—EJE _2n g, 
3 3 ’?J 

f(x)=0 

3sin 2(x—£)= 0 
3 

2(-"‘%):0, T, 27, 31 

3 

Tt 51 . Z€ros are(g Oj(g OJ’ 

4 
('_n, Oj, (]fl‘, Oj 

3 6 

¢ Graph of y=3sin2| x 

/
—
\
 

W
 
\
_
/
 

is maximum when 

2(x—£)=£+2kn, ie.x= 
3 2 

minimum when    
o i | (b



  

      ml m2 

M1 (1, 8) M2: (5, 3) 
ml: (f5, ~8) m2: (445, -3) 

Figure 9MS.4 Graph of y - 3sin2(x--’31] 

y = asin(bx) has maximum point at 

(5 2" 
From the graph, the maximum is at (2, 5) 

g 1—2=>b-—anda 5 
2b 4 

Long questions 

n a i y=sin(x—k)+chas a maximum at 

(£+k,c+l) 
2 

By symmetry, point A is midway 
horizontally between the first two 

) 27 
Zeros, 1.e, at x = ?, 

.-.-71+k=2—7t 
2 3 

= k=l 
6 

The graph goes through the origin, 

m 
S sinf 0—— |+¢c=0 sm( 6) 

—-1—+c=0 
2 

  

P 3 ! ; 

So the coordinates of A are (—3— ;J ( 
& | 

0. o 
F k=—,c=— 2?2 it From (i), 6 > 

b Period of y=sin(x—k)+c is 2m, so the 
zeros are those shown in the question 

and the same at intervals of 2. 

Within [—4, 0], these are N 

—4n,—8—n,—2n, —H,O 
3 3 

: , 

¢ i For the equation (x . g)+—2- =k, | 

as k < 0, the first pair of solutions 

will be in the interval [%I, ZTI} 

and subsequent solutions will be at 

multiples of 2t further on, i.e. in 

the intervals [107“,47!} l:lin 61[] «O~ 

and [227“ 81{] So there are only 8 3 

solutions in [0, 97t]. 

COMMENT 

It is important to check that the next such 
interval is not needed too: in this case 

[%’1 lon} is wholly outside [0, 9n], so 8 

all the relevant intervals have been found. | A 

ii Given that the smallest positive 
solution is o, the next solution, by 

ST 
symmetry about x = e must be 

( 411) 107 4 
2NSli0i=—t = ———q. : 

3 3 

The following solution, by 

periodicity, must be 2n+ . 

So the next two solutions after o are 
107 
e o and 2n+ . - 

“measure and frigonometric functions UM VLS X o Abighy  



  

   

    

   

    

   
   

   
    
     

     

    

   
   

     

   

  

    

e 'E""-‘ TR : 

= B 1andii 

Using GDC as necessary: 

lx-g 

| 
| 

      
     

21 
e 

  
Fl‘gu,r,p A?Ml.fi’ Graphs of y = fanx and 

b i x+tanx=n¢tanx-
n X 

~ gosolutions of x+tanx = are 

intersections of the graphs in 

9ML 2 

Given that x, is the first positive 

~ solution, by symmetry the other 

solutlons in [0, 27t] must be wand 

ince each period of y = tanx 

ends infinitely in the positive 
tive y directions, the line 

‘must intersect each period 

  

x tan A 

ifi Let tan A =¢: 

tanA+tan(E_A):i 

2 NE) 

e 
s 

4 
' ——t+1=0 

J3 

t—/3 (t———):o )1 
tanA=\/§ or L 

NE) 

v IfAe]o,E[, 
2 

tanA=+3=A=" 
3 

tanA—L=>A—T[ 
Mo 6 

.. the values are A=E or = 
3 6 

a Minimum value of cosx is -1, and the 

smallest positive value of x for which 
this occurs is x = . 

bi f(x)to 2f(x+gj: translation by 

T 

6 | and vertical stretch with scak 

0 

factor 2.



  

i Applying the two transformations in 
(i) to the minimum of cos - 
the minimum point of 

y=2cos(x+%) is 

1t 5n 
fl"—,“lxz - — i ( 6 ) ( 6’ 2), i.e. the 

minimum value is 2, and it occurs 
n 

at x = —, 
6 

¢ 1 Vertical asymptotes occur where the 
denominator is zero, 

‘The minimum value of the 
" T 

denominator 2cos(x+g)+3 is 

~243=1, so there are no vertical 
asymptotes. 

ii The maximum denominator value 
is 243=5, 50 the range of the 
denominator is [1, 5]. Hence the 

range of f(x) is E, %]:[1,5]. 

COMMENT 

Given the denominator is always strictly 
positive, the minimum of f(x) occurs when 
the denominator is at a maximum, and 
the maximum of f(x) occurs when the 
denominator is at a minimum. 
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Trigonometric 
equations and 
identities 

Exercise { Exercise 

  

2sinx+1=0 a 3cosx =tanx 

k. 3cosx = S ' sinx—-—-i posci s 
2 / 

3cos” x—sinx =0 

    

  

  

A 'T{ T=7 3—3sin’ x—sinx =0 
s i v | 

b ; s & , 3sin’ x+sinx—3=0 

E | l . —1*1+36 
5 sinx=———— 
k | | 6 

| I sinx =0.847 or —1.18 (reject a5 ) 
" 7TI’ 1 | 5n -% | & 
& |T | —» T Yy 

| , y=0.847 | 

| y=-3 | | 
| | 

| i L 
' ' 1.01 2.13   

   

    

    

    

   
   
   

- ] 
~ Figure 10A.8 Solutions fo sinx = — 5 

~inl-m, 11[ 

  

  --2- has the 2 solutions y=sinzx 

=—-E andx, =m—x, =— Figure 10B.6 Solutions to sinx = 0.847 
6 in [0, 2m] 

There are 2 solutions to sinx =0.8471in 

[0, 27]: 

xX,= arcsin 0.847=1.01 

X, =m-101=2.13 

v —1101.2:13   



. a 2sin’x—3sinx=2 

  

PR e Ny AN ) 

2sin’x—3sinx—2=0 

(2sinx+1)(sinx—2)=0 
: 1 
smx=—5 or 2 (rejectas >1) 

: 1 
Ssinx=—— 

2 

Y 
T y=sinx XL = 

_30° 210° 3301/ 
| | X 

y=-1 
  

  l 

I 

| 

Figure 10B.7 Solutions fo sinx = ——]2- 

in ]0, 360°[ 

1 
sinx = & has the 2 solutions 

1 
X, = arcsin(—E) =-30°and 

x, =180°—x, =210° 

But x, is outside the interval |0, 360°[, 
so add 360°: —30°+360° = 330° 

.. the solutions are x = 210°, 330° 

    

£ sinxtanx=sin’x 

BRSinG s 
=sin’x   

COSX 

sin” x = sin® x cos x 

sin® x(cosx—1)=0 

- sinx=0 or cosx=1 

  

1 = ST 

  

R
S
 

  
l 

I 

| 

| 

| 

Figure 10B.8.1 Solutions to sinx =0 

in [—m, ] 

sinx =0 

=>x=-7,0,7 

  
Figure 10B.8.2 Solutions to cos x =1 

in [-m, T 

cosv=1=—0 

.. the solutions are x=—m, 0, 7t 

 



       
      

£ Y 

N 
sin” x 

2 1+ 
m I+ tan x= cos’ x 

———, 
xéfi'fi[fi"z efo.n[ 

1 X 
5 ) 

i Y= 
COS™ X 5 

To solve sm(x )— 2, first c0n51der 
o5 

k _ €08" x +sin’ x 
sinf=— (cos” x)? 

2 
T | 

y = — 

7 0= (1-sin* x)? 

3 e 2 

m a fl+59_sg_31“ 0+cos’ g 
B T ————., 

I 

y=1 ! cosf sinf cosBsing 
i 

1 
I 

| 

—_———— 

sinBcosh 

  
—> 0 (using sin’ 6+ cos’ 0 =1) 

=
l
a
 

- 

  

cos6 cosf 

(1+Sm9)(1~sin9J 

| 1 ‘ 
| b ——+tan6=1+sm9 

I 

| c0s6(1~sing)   =sin6 | 
Y 1-sin’g 

; 14 = 
Figure 10B.9 Solutions to sin6 = 2 in [0, fl[ m 

O=x>are 0, =— cos’ @ 
olutions for Lz e The first 2 s 

; (1 = 

      

     

   

  

   
      

) 5m 
and 6,= n-6,= —g—, and these are the only oo 

~sin'g 

cos6 

T (1-sin@) 

i : Exercise 

Always check solutions to ensure that the; 
values lie within the required interval, 
especially if the rearrangement has 
involved any division or multiplication. 
Sketching the graph is a good way of 
finding out how many solufions you need 

   

2sin’x 

cos’ x 

 3cos’x—2sin’x PRScosixis 2SI X 
T 2 

    

    

           



n 5sin’ 6 =4cos’0 

    
5sin’6=4(1-sin6) 

  

    

9sin“f=4 

4 
sin’f=— 

9 

2 
sin@=+— 

3 

3 Yy 
Pl 80° “ 6=180° 

| . | 

| L | 

| | 
l | 

\—138° -41.8° | 
! ! i { e 9 

| 41.8° 138°:\ 

| l 

- | 
2 

| Yoo 
| y=siné | 

Figure 10D.6 Solutions fo sinf = i% in 

[-180°, 180°) 

) 
There are 2 solutions to each of sinf = 5 

2 
and sinf = = (positive and negative): 

o » 
6, =arcsin ig =141.8 

6, =180°—6, =138.2°,221.8° 

But 221.8° is outside the interval 

—180° <6 <180°, so subtract 360°: 

221.8°-360°=-138.2° 

.. the solutions are 6 = +41.8°, +138° (3SF) 

e Y T B - /"f S\ AP P T g 

2cos’t—sint—1=0 

2(1—sin2t)-—sint—-l=0 

2sin’t+sint—1=0 

(2sint—1)(sint +1)=0 

; 1 
sinft=— or -1 

2 

  

  

  

y 
; t=2n 

A y:smt I 

| 

Y=y 
| | 

. 2 
I T ' - 

5 = 
| 

l 

| 

l   
Figure 10D.7 Solutions to sint = % and 
sint=—1in [0, 2m] 

There are 3 solutions in total. 

For sint = . i 
2 

t, =arcsin 

n 
=
 

=~
 

N e
 I 

o 
| 
A 

L=n—-t = ? 

For sint =-1: 

t, =arcsin(—1)= —g 

But this is outside the interval 0<¢t < 2n, 

so add 2m: —g+2n - 3n 

. the solutions are f = =, 5—7[, 310 
546120  



     
RIT R P 

O : X 
Ry . ™y 

    
    

     

    

    

   
   

    
     
   

    

    

   

  

     

] 4C°Sax_53mx-5=0 m 4 68in° x+cosx =4 

  

  

      

  

  

4(1_sin1x)-5sinx—5=0 6(]—C082.\‘)+cosx~4:0 
gsin® x+Ssinx+1=0 ) 
(dsin x+ D (sin x+1)=0 R0 2 =0 

2¢o8x+1)(3cosx—2)— sinx=—-l-0""1 ( 1)( Cosx—2)= 

4 COSX=—— or z 
y 2 3 

: L= 
=N = Sin ¥ 

| MY > | b 

| | 

| I 

| | 

129 '% -0.25 I- x . - 

A 
| y=-t 
I l 

I l 

- y=-1 ! 

| 1 
Figure 10D.8 Solutions to sinx = 4 and Figure 10D.10 Solutions to cogy . | 

sinx=-1in [-m, 7] 
: | 

. 
KL o 

. e otal. and cos x =3 n [0°, 3609 

 There are 3 solutions 1 
g There are 2 solutions to each, 

1 
- Forsinx=—— 1 

7 ‘vFor 4 Forcosx=—5: 
> -'Y.L‘ e 1 

b= arcsin(——) =-0.253 | 

‘ 4 Xy =arccos(—5j=120° 

X, =—N—X = -2.89 

i X, =360°—x, = 240° 
~ Forsinx=-1: 

" 

i I For cosx =—: =mm(—1)= = : 3 

e solutions are x =—2.89, —0.253, —— 5 

' 2 X, = arccos(;) =48.2° 

X, =360°—x, =312° 

.. the solutions are 

R=48122120°, 240°, 312° 

m a 2sin’x—3sinxcosx+cos’ x=0 

  

2sin’x  3sinxcosx i cos’x _ 

cos’ x cos’X  Cos'x 

2tan’x—3tanx+1=0 

0



b 2tan’ X = dtanx 41 =0 

(2tany = D(tanx 1)« 
| 

tanx == or | 
2 

    

  

Y 
&= -n | “ o | \ 

| Y=l | 

| I 
y=i R 1, 

| / 1 - 

/: L 3 
27 0.46 | 

| | 

| | 

| | 
|y =tan e | 

Figure 10D.11 Solutions to tan x = 

and fanx = Lin J=m, 11| 

X 
2 

There are 2 solutions to each., 

1 
For tanx = —: 

2 

X = arctan(-;-) =0.464 

X, =x —n=-2.68 

For tanx = 1: 

x, =arctan(1)= 

= T
 

S 
] 

3 
K= Xy L= | 

.. the solutions are 

3n T 
=-2.68, ——,0.464, — x=-2.68 a i 

Mixed examination practice 10 

  

Short questions 

  

   

  

  

! L4 
n R NI Y e ! 7() 

Y= tan v . 
| I y sl 

" 

I 1 4 

| | « 
81,8 age/ | . ' 148 ; 3 

T P | & 
| | 
| Y= -0.62 | ‘) 
l I 

| | " 
Figure TOMS.1 Solutions to tanx = ~0.62 in , 

1-90°, 270°( . 

There are 2 solutions: : 

x, =arctan(-0.62)=-31.8° 3 
X, =X, +n=148° *‘ 
Sox=-31.8° 148° 

A 4 
2' R 2) _ sin ,.\ i, 

cos’ x cos' X cos’x o 

2-sinx 3 

cos’ x 4 

_2-2sin* x+sin’ x P 

cos’ x I / 

~ 2cos” x+sin’ x 

Cos® X XS 
kg : 

sin’ x = e 
cos’ x 

=2+tan’x 4 

5sin’ 0 =4cos’ 0 

5sin” 0= 4(1-sin’0) 

9sin’ 0 =4 

) 4 
sin?@=— 

  

  

) 
COS™ X 

  

2 
sinf=x— 

10 Trigonometric € 

3 
.y 

B ™ 

  

2(1—sinzx)+ sin’ x 

xSt ik ] iales =l 

quations and 1aen 

   

    
      
   

   
     

    
    

    

     
   

   

      

g



  

    
    

    

     

     

   
   

    
   
   
   

   

2 8= 

‘ &) :I—“& 4 | E 

i : | 

st - 
| 

| 

\ -241 -0.73 | \s 9 

0.73 2.41 \ 

| 

| 

S | 
D 

I YN | 

I Y= sin 6 ' 

E in [-m, 1] 
Figure JOMS.3 Solutions to sin6 = £ 3 

There are 2 solutions to each (positive and 

negative): 

6, = arcsin(ig) =10.730 

g, =n—6,=241,3.87 

But 3.87 is outside the interval =< 6<m, 

so subtract 2m: 3.87 —2n=-2.41 

~0=10.730, £241 

1 1 (1-—cosx)+(1+cosx) 

l+cosx 1-cosx (1+cosx)(1—cosx) 

23 2 

" 1-cos’x 

e 

“sin’x 
  

(using sin” x =1—cos’ x) 

Using sin’@=1—cos’ 6: 

cosf—2sin’6+2=0 

cosf—2(1-cos*6)+2=0 

cosf—2+2cos’6+2=0 

cosO(1+2cos6)=0 

cos8=0 or —l 
2 

There are 2 solutiong 
interval [0°, 360°] 
cosf=0 

= 0=90°,270° 

10 eact, i 

cosB:—l 
5 

= 60 =120°, 240° 

.. the solutions are 
6=90°,120°, 240°, 270 

n 6sin’ x + cosx = 4 

6(1—coszx)+cosx:4 

6cos” x—cosx—2=( 

(2cosx+l)(3cosx—2): 0 

  

  
Figure T0MS.6 Solutions o <o x| 

COSIX— % in [0, 360°] 

There are 2 solutions to each. 

For cosx =~lz 
2 

1 ’ 
X, =arccos(-—5)= 120° 

x, =360°—120° = 240° 

 



  

For cosx 4 0 =— 
3 

X = arccos(—i-) =48.2° 

x,=360°-48.2°=312° 

. x=48.2°,120°, 240°, 312° 

Let A= 2x+-§; then 

xe[—n, n]::‘;Ae[—-sg,fit-] 
3 

2c0s(A)=2 

TR T o/ 10 2371 

BTN 041 24 

nal_l_l:? 

sin’x  cos’x 
  

  

cos’x+sin’x 16 
sin’x cos’x 3 

1 16 
sin’x(1-sin’x) 3 
Let s = sinx; then the equation becomes 

165*(1-5*)=3 
165" —16s” +3=0 

(45*-1)(4s*~3)=0 
. 3 1 
S==" or = 

4 4 

V3 
sosinx = i-l— or +— 

2 2 

  

b Forxe}—l,l[, 
248 

m 
sinx=%— =>x=ig 

.. the solutions are + 

Long questions 

8 . 
| 

1.8 
1.50 
152 

  

  

  

            X 
  

219~ 35 1.24 37 

Figure TOML.1 Graph of y =1.8 sin(%) 

between x = O and the first positive zero 

a The width of the river is the 
x-coordinate of the first positive zero: 

31t = 9.42 metres (3SF) 

b The maximum width of the barge is the 
distance between the first two positive 

solutions of 1.8 sin(%) =1.2. 

From GDC, the solutions are x=2.19 

and x=7.24, so the maximum width of 

the barge is 7.24 — 2.19 = 5.05 metres. 

¢ The centre of the bridge is at 
5 

xX= TH =4.71 metres. 

This barge of width 2.5 m, travelling 
along the centre of the river course, 
will be positioned in the interval 
[4.71-1.75, 4.71+1.75]=[2.96, 6.46) 

In this interval, y >1.8 sin(z'—;G) =1.50, 

so the maximum height of the barge is 
1.50 metres above water level. 

- 10 Trigonometric equations and identities 
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- ; a From GDC 
e i oo 

b 

’ 

$X = cos(~x) for 4, X 
\ 

1‘5 

e (;(‘x):cos(\x)+ 
l 

C(),\(_\ 

A 

/‘ 3 

2 2';_ 
-0 N—S I N i;rx 

=C()S.\f+lc0\2 Figure TOML.2 Graph of 
=C(x) E 

| 
oo Clx)= cosx+§c052x for —2m < x <217 
1t Using Parts (e)(j) and (), . 

C(x)=C(~x) b Since cos(a+2kn)=cosg for any =C integer k, 
¥ (2n~x) C( +2) ( 2) 1 (2( )) .-,:<|=21r-xu X+ 2m)=cos(x+2m)+—cos X+2n 

2 a Repeated root:;.discrimimm 

=cos(x+2n)+lcos(2x+4n) k*-16= 3 

1 = COsx+-cos 2 
D 4sin*0=5_}c0ep 

=C(x) 
4(1‘C0529)=5—kc059 So C(x) is periodic with period a factor 400820~ kcos 841~ of 2. 

Fro.mdF.lgureIIONtI}f.Z itis clear that Fhe ¢ i f,(6)=4cos?g_ 4cosg,, period is no less than 2, so the period From (a), 4, equals 27, 
it~ has Iepeated root, s there is , i ¢ From GDC, C(x) has maximum points value of cos whic, Satisfieg at x=0, 1, 271 £,(6)=0. 

ii 0)= d cosx+%c032x=0 fi(8)=0 
4c0329—4c059+ 1=( 1 

cosx+5(2cos2x—l)=0 
(2c0s6-1) =   1 

. cos2x+cosx—§=0 cosf) = 

y -1+ /12-4(1)(—%) 
COSxZm e~ 7 

/) 

      

   
    

Bealin 
D e 

- The smallest positive root is given by 

  

  
Figure 10ML.3.1 Solutions to 

cos 6 =% in [-2m, 2n)   



  

There are 4 solutions. The first 2 are: 

  

  

  

  

  

1 T 0=-2n y 0= 2 C 

91=3.I'CCOS(—)=— | y=1 y=cos@ I 

2Fiaa3 | |\ 3 

T l | 

3 y — -1- l ! 

Then, adding/subtracting 2 gives : : | : 
| = t 51 i 8 

——2n=—— and —E-i-Z‘I'[=5—1I | - g >4 3 3 3 3 I o 

TERES | : g=+_,+2" l | , 

iii Substituting x=1 into 4x* —kx +1=0: I | {k 
4—k+1=0 | | ] ‘3 

k=5 Figure TOML.3.2 Solutions to cos = o 

and cosf =1 in [-2m, 27] 

iv With k=5, i 
VAL From the graph, + 4 

£(8)=0 1 feshd 4 
A cosf =— has 4 solutions in [-2m, 2] ca 

4cos°0—5cos0+1=0 4 : 

(4cosB—1)(cosG—1)=0 and cos@ =1 has 3 solutions. 

1 In total, there are 7 solutions in 
cos@=— or 1 

4 [-2m, 27]. 
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{10 gquestions on 999 

diagram 18 & 0 
draw a qui 
“opportunity for ar 

and makes It easler 10 ¢ 

f an answor. 

| 3vm checking for s0ns, always 

romember that In @ riangle, the wides! 

angle lles opposite the longest side an 

ihe narrowest anglo flas opposite the 

shortest side. 
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exercise (D 

    

  

    

 inCAB_sinACH 
i BC AB 

: BCsinACB  Bsin35° 

InCAB=—==5===—¢ 
   

wo solutions for CAB are 
i W 0 .@s )_ 499° 

Geometry of 

triangles and circles 
To find AC, use the sine rule, 

sin ACB  sin ABC 
Al AC 

G /\thl/\“h % (),',j“/\],i‘(“ 

sin ACH sin35° 

-, two possible triangles exisy; 

one with angles 35%,49,9°,95 1, 
$ d 

AC =104 ¢m; ! 

another with angles 35%, 1307, 14 g0 

AC=2.69¢cm, - 

By sine rule in triangle ABD:; 

sinABD sin ADB 
Al 

AB 

1 
1)si S 

v A”[) o= urCSi”( ADsin ADB 

AB 

: (SSin'?fi" 
= arcsin 

6 J 

=53.,6° 

By sine rule in triangle ABC: 

sin A(‘JB’ ~ sinA BC 

AB AC 

= AéB = arcsin[ /»\Bsm ABC J 

- [ 68in53.6" 
= arcsin| — 

=37,1° 

Then BAC =180°~53,6°~37.1°= 89   



    
By sine rule in triangle ABC: 

BC AC 

    

sinBAC sinABC 
_AC sinBAC 

~ sinABC 
_ 85in89.3° 
~ sin53.6° 

=994 cm 

= BC 

By the sine rule: 

sinACB _ sinABC 
AB AC 

ABsin ABC 

  

  

sin ACB= 

_ 12sin47° 

8 

=1.097 

But since sinx <1 for any angle x in a 
triangle, this is not possible. 

Exercise 
S 

  

2 km 

5 km 

B 
Figure 11C.4 

BPS=130-15=115° 
By the cosine rule: 

BS=1/(BP)’ +(PS)’ ~(BP)(PS)cosBPS 

=./52+22 -2(5)(2)cos115° 

=6.12km 
Blspel i 

R ot A L i 

   

A 

) 

  

By cosine rule in triangle ACD: 

2(AD)(CD) 

6 +7° —10° ) | 

2(6)(7) 

e
’
 

t
o
 

~
 

o~ 

AfiC = arccos[ 

= arccos( 

=100.3° 

- BDC=180°- ADC=79.7° > 

By sine rule in triangle BCD: 

BCii DG 
sinBDC  sinDBC 

_ DCsinBDC 
~ sinDBC 

_ 7sin79.7° 
"~ sin60° 
=7.95 

SRG=17495 

G C 

    

    

  

   

    

        

    

   

   

   

    
    

    

  

   

    

—1C 

8 
x+3 

/) 
Avx—3"B > 

Figure 11C.6 3 

By the cosine rule, ) 

BC? = AB® + AC* - 2(AB)(AC)cosBAC 

(x+3)2=(x—-3)2+82—2x8(x—3)x% 

X +6x+9=x"—6x+9+64—8x+24 

20x =88 

x=44 

11 Geometry of tiangles and circles 111 

 



    

  

7 

v'l\> 
M 8 7 

E Figure 11C.7 

By the cosine rule, 

(LMY =(KL) +(KM)? — 2(KL)(KM)cosLKM W 
: 1 : R o 72 = 4:2 +x2 ...2X4x)<—\/-? F|QUre 1 1D.4 

?1 Let PR=x. B h . . 8x Y the cosine ry 
B = - 2 e, 
R (RQ)" =(PQ)’ +(pR Y’ ~2(PQ)(p ’ 

72 a2 2 R)CUSPI"" 

B x'-422-33=0 =8"+x"~2x8xcosg0° ) 

432 +,[32-4x1x(-33) 49=64+x" -8y 

k. o 2 x*~8x+15= =22 +J41 (x=3)(x=5)=0 

Since the length must be positive, x=3 or 5 

. KM=2V2+41 

  

» Area oftriangle:%(PQ)xSianQ) 

; where x can take the two possibe 
~ Exercise values above. 

M Area difference = %(PQ) SinRPQ (v, 

12 135° 7 1 5 "4 

i N ZEXSX%X(S‘M 

Figure 11D.3 MO o 

By the cosine rule, 
  

LN = /(LM)’ +(MN)? - 2(LM)(MN )cos LVN Exercise 

    

   

  

e \/122 +7% -2(12)(7)cos135° 

=17.7 cm 
        

COMMENT    
     

  

Areazl(LM)(MN)sinLMN There could be several possible ansyers o s . to this question, depending on which o o cuboid edge (if any) is included in ABC ",‘Ffi“‘j);g_?lz*x.z,s:m]?'so If the question had specified that no 

    

cuboid edges are included in ABC, then 
the solution narrows down to case (i 
which is the answer given in the back o 
the coursebook. 

        

    



Case (i): If ABC includes a side of 
length 12.5 (right triangle), then the 
sides are 12.5, 

V102 +7.3* =124 and 

12,52 +10% +7.3* =17.6 

From trigonometry, the angles are 90°, 

arcsin(l-z—’g)—447° d 2 176 =447 and 453 

1 
Area=EX12.4><12.5=77.4cm2 

Case (ii): If ABC includes a side of length 
10 (right triangle), then the sides are 10, 

125 +73? =145 and 

125°+10°+7.3% =17.6 

From trigonometry, the angles are 90°, 
10 

arcsin| — [=34.6° and 554° 
(17.6) 

1 2 
Area= EX 10X14.5=724 cm 

Case (iii): If ABC includes a side of 

length 7.3 (right triangle), then the 

sides are 7.3, 

V102 +12.5% =16.0 and 

1252 +10°+7.3° =17.6 

From trigonometry, the angles are 90°, 

arcsin(fi) =24.5° and 65.5° 
17.6 

Area= %x 7.3%16.0=58.4 cm® 

Case (iv): If ABC includes no sides of the 

cuboid (oblique triangle), then the sides 

are \10% +7.3% =12.4, V102 +12.5% =16.0 

and V12,5 +7.3% =145 
By applying the cosine rule repeatedly, the 
angles are 47.6°, 59.7°,72.7° 

(For example, the angle between the sides 

of lengths 12.4 and 16.0 is 

; 2 § o= ‘52 

arccos s 100 =108 =59.7%) 
2(12.4)(16.0) 

1 
Area = - %12.4%14.5% cos(72.7°) 

=85.6 cm’ 

B By trigonometry, the flagpole height BF is 
12tan52°=154 m 

anoE E 
8 

0= arctan( %Ii) S 672158 

0 T 

  C 

8 

A 8 B 

Figure 11E.4.1 

Let M be the midpoint of the base. If 
one corner of the base is A and the apex 
of the pyramid is T, then by Pythagoras’ 
Theorem, 

G 

  
A 8 

Figure 11E.4.2 

. 11 Geometry of Ir 
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AN \,82 +8 a a QP=AQtanQAP 

T =25tan37° 

82 =18.8 

2 s h=188 m 

b QB= Qo 
T tanQBP 

_ 25tan37° 
~ tan42° 

=209 

By the cosine rule, 

  

  

  

  
  

  

  
  

  

    

2 AB=/(QB)' +(QA) - 2(QB)(QA)cos Ay 
=/20.9> +252 —2(20.9)(25)cos 75° 
=28.1m 

A 42 M a tana=L and tanfl:i 
RA RB 

Fi 11E.4.3 
bt ~RA= ! and RB= 5 e (——'———122+ (a2) tano tan 3 

L T By Pythagoras’ Theorem, 

2 2 2 

=176 (AB)"=(RA)" +(RB) 
2 2 - 41 T 

Ak tanor tan 3 

ie [=133cm =} ; el 
tan“or  tan’f3 

a By Pythagoras’ Theorem, 
_ 172 _152 

CMi=v17812 b a=45°=tana=1=>—— = 
=% tan” o 

1 1 =12.0cm =30°=>tanff=—==>— = 
P P V3 tan’ 3 ’ 

b CMB is an isosceles right triangle with d’ 

  
  

A 2 _ —— 

CMB=90° (the diagonals of a square b= 1 1 
: + meet at a right angle). G B) 

. CB=,/2(CM)? 526 
=V2cM 1+3 
T =169 

= v2vlds =3 
=+/290 

=17.0cm 

/ ic 11E Trigonometry in three dimentions 
e RN N L o e R e  



    o 
Exercise 
o [=r0 

=10X2.5 
=25cm 

[ 
na 9='; 

7.5 
— o —— 

8 

=0,9375 radians 

b 0.9375 radians = 0.9375 % LoU% 
n 

=53.7° 

Let @be the angle subtended by the major 
arc; then 

/ 
- 
- ; 

_15 
4 

=3.75 

+MCN=2n1-3.75 

=2.53 radians 

X 

gure 11F.7 Length of major arc XY is 28.cm 

The angle subtended by the major arc - 

2M=2.1,80 

[ 
Y = 

0 

YL 

212, 

= 6,69 cm 

n ‘The perimeter p is composed of three arcs 
, , A 

with radius 5cm and angle 60° = 5 

:.pss(Sx:J 

=5n=157cm 

£ LetIbe the length of the arc; then 
[=r0 

=8x0.7 

=5.6 

L p=2(548)+56 

=31.6¢m 

m The angle between the two 5cm sides is 
0=180°~2x%15" 

=150°=2 

p=10+5><r§1[- 
6 

=(10+-2~2—E)cm 

12 

Figure 11F.11 

1R } oy o - o J 
11 Geometlry of Iriangles and cil 
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4 

The perimwr of the sector 1 made up of 

two radii and an arc: 

p=2r+18 

12=r(2404) 

r= -21-% =5cm 

0 On the cone, the slant height is 

: Pt 2 

; 128 +(-1-§) - 15, which is the 

    

2 

radius r of the sector. 

The perimeter of the base is 18T, 

s which is the arc length [ of the sector 

     

   
   

   

  

    

  

   
   

  

       

=377 radians (or 216°) 

-, = » Fernwg T g il 

A=:12—r39 

2 
“ o 

r= 

25 

1.2 

= \/%=9.49Cm 

3 162°=162x— 
180 

— 
  =[

5]
 =] 

7 QY7 . 
....82/ mdlans 

2A 
r=,|— 

_ [2x18 
~\ 2827 
=SHR3Cm 

  e
~
 

0-_—450:3 

4 

é
«
 r 

Sector area = 

N
 

61 

S 

=14.14 cm® 

  

; 1 
Triangle area = e X6X3=9cm? 

. shaded area=14.1-9=5 14 ;2 

The perimeter of the sector is made U 
. (V' 

two radii and an arc: 

p=2r+rf 

28=r(2+1.6) 

28 
=>r=—=7.78cm 3.6 

D6 (28 : 
.. 

   



  

=0== ..2) 

Substituting (2) into (1): 

r(2+-6-2-)=7 
r 

26 =7r+6=0 

(2r=3)(r-2)=0 

r=15 or 2 

So the radius is 1.5¢m or 2cm. 

m Let O be the minor sector angle. Then: 
r’(2n-0) 

2 
2 

‘ r 
minor sector area A, = T 

major sector area A, = 

A-A, =15 
/i = 2 

r !Zn 6!__r__0____15 

2 2 
52 

> (an-20)=15 

15 L=~ 
Vo 
4 0=n~0,6= 254 radians 

Exercise (il 2 

'-"il Minor segment area = 12-(9 ~5inf) 
% & o L 

52 

2ol eing 2( sin@) 

5(0-5in0)=15 

inf=1.2 

0 = 2,08 radians (from GDC) 

=12.5(0~sinf)cm’ 

a a By cosine rule in triangle PAQ: 

(PQ)* = (AP’ +(AQ)’ - 2(AP)(AQ)cos PAQ 

N R 15 
(PQ) =6"+6 2><6x6><\/5 

=36(2-J§) 

PQ=62-42 

b By cosine rule in triangle PBQ: 

(PB)+(QB)' —(PQ)° 
2(PB)(QB) 

47 +47-36(2-2) 
R (1)) 
=0.341 

~.PBQ =arccos0.341=70.1° 

cos Pf3Q = 

¢ Shaded area is the sum of two 

segments, one of radius 6 and angle 

45° =% radians and the other of radius 

4 and angle 1.22 radians. 

Shaded area = [lx 6° X(E— sin(f.)fl 
2 4 4 

+[%x42 x(1.22—sin(1-22))] 

=1.41+2.26 

=3.67 cm® 

Mixed examination practice 11 
Short questions 

A T T 
COQ+—+~— 

@ coo 2 6 
= 1t (angles on a straight line) 

=>C(3Q=§ 

    

    

   

   
    

   

   

   

      

  

   
    
     

  

    

  

3 

      

       

        



  

E b 
- Totlarea=area COQ+area OABC+area OAP 

o ol ( ) 1 m 
2" X— |+(2Xx7 7’x—) 

E 2 3 ( ) 2( 6 

57n 
==—+14 

, 12 
=28.9cm’ (3SF) 

g 
" C 

Perimeter = QC+CB+BA +AP+PO+0Q 

=X R T2 T X+ 742 
:’.{ 3 6 

f < 2“ +18=23.8cm (35F) 

p=2r+r6 

36=2x10+100 

=60=1.6 

3 2 
9 10° X1.6 

~Area= 2 = =80cm’ 

  

2 

  

    

    

B: B C 

Figure 11MS.3 

‘; A Using the sine rule, 

sin ABC P sin ACB 

E AC AB 
o ACXxsin ACB 

AB 
k- _ 8.75in37.5° 

6.2 
=0.854 

ABC = arcsin0.854 
=58.7° or 180°—58.7°=121°(3SF) 

ination practice | | 1IN 

12 _g09m(3SF) 

b Triangle ABM i isosceles, with 

BM = AB. 

Using the cosine rule: 

AM = /AB’ +BM?*—2(AB)(BM)cos ABM 

_ J3.09° +8.09* —2X8.09” X cos 48° 

1 : 
a Segmentarea= 57‘2(9— sinf) 

=é—><72(1.4—-sin1.4) 

=10.2cm’ (3SF) 

b By cosine rule in triangle OPQ, 

pQ = /0P’ +0Q’ —2(0P)(0Q)c%9 

= [P +7=2x7  xcos 1.4 
  

  

=9.02 

Perimeter = length of line PQ+length of arc PQ 

=9.02+1.4X7 

=18.8cm 

A 
B N‘ 

150° 3 
B € 

Figure 11MS.6 

By the cosine rule, 

BC? = AB?+ AC? —2(AB)(AC)cos BAC 

BC = /(24/3)? +10> — 2(10)(2v/3)cos 150° 

=\/12+100-—40\/§(——*§) 

=+/112+60 

172 

=243 

  

  

 



  

    
NERRE U P=TRITN VL IRy W ey e 

R ey 
Y ey 
e \ 

p=34 

n2rtr0=34 | (1) 

Area =52 

L, 
E=rs0=52 ... i @) 

104 

Substituting into (1): 
104 

2rt——=34 
7 

r’=17r+52=0 

(r-13)(r—4)=0 

r=13cm or 4cm 

OTA =90° because AT is a tangent. 
So, by Pythagoras’ Theorem, 

AT =~/12%~62 

=108 =643 cm 

.. Area of triangle OTA = %x 6:/3%6 

= 18\/§cm2 

cosAf)T = i l 
12 9 

= AOT X 
8 

Shaded area = area of OTA —area of sector 

1 b 
=18/3-—x6>x— 

2 3 

=183 -6n 

=123cm’ 

1 USRI T 
a Area of segment BDCP = Ex 2 (E_Sm_ 

2 

=n—2 

=1.14 cm? 

! ';A‘Aa." { .‘ L/} 

b The semicircle with diameter BC has 

radius v/2, so area of the region BECD is 
area of semicircle —area of segment BDCP 

  

m a Angle of sector 2 is 220 
2 

2 

.".area of sector 2 =%(§—9]=n—26 

b Total removed area is a semicircle with 

radius 2, 

9%x12 mx2? 

2 

    ~.remaining area = 

=54—-2n 

=47.7cm’ 

m By the sine rule, L KM 
6.1 42 

A 1si S 
= LKM = arcsm(%) =¥ 6372 

  
  

or 180°—76.37°=103.63° 

+.LMK = 180°— 42°—~ LKM 

=61.63° or 34.37° 

Since the triangle is obtuse, 

LKM =103.63° and LMK =34.37° 
1 A 

Area= E(LM)(KM)sin LMK 

1 = 5(6.1)(4.2)sin34.37° 

=7.23cm’ (3SF) 

C 

  A 10 B 

Figure 11MS.12 

1 $ i Py 3 o 

L | Geomelry of triangies and  



  

P 4 By the cosine rule, 

AB’+BC*-AC? COs AfiC = 

  

2(AB)(BC) 

8°+10°-7* 
2(8)(10) 

1S 

’ 160 
E a2 

) 

= 

T
 

  

%k’ b sinABC=1/1-cos? ABC 
E 

' 23\ 

K 2 “('2) i . 3 

b _ 1 fl02a=529 
_g 32 

P il Vgoe 
¢ 32 

4 ' 3 

k. =—.f55 
J.l } 32 

L Area= %(AB)( BC)sin ABC 
il-} 3 

=L oxsx =55 
' 2 32 

=2 55cm’ 
- 4 

a Shaded area is the difference between 

. two sectors: 
2 2 ] . e 10 6 (10-x)6 

2 

0 2 =~(100-100+20x - x*) 
7 2 

‘ _ 0x(20-x) 

f 2 

- Area=54.6 

1.2x(20—- L2x(20-x) ., 

0.6x(20—x)=54.6 

x*=20x+91=0 

(x-13)(x=7)=0 

.. x=7 (sincex<10) 

Long questions 

0: . 

  

5 

& M 
e 

A x C 

Figure 11ML.1 

Using cosine rule in triangle AMB: 

MB? = AM” + AB* —2(AM)(AB)cosMAR 

% X 
=(£) T 2(—)x5cost9 

P 2 

2 
X 

=71—+25—5xcos9 

b Using cosine rule in triangle ABC: 

BC? = AC?+AB’—2(AB)(BC)cosBAC 

=x’+25-10xcos6 

BC=MB = BC’* = MB’ 

2 

i.e. x*+25—10xcos@ = %+ 25—-5xcosf 

2 
X 
——=5xcos6 

4 

3 
SR c0S0i= 2 (asx#0) 

20 

C x=5=>cos€=£:i 
20 4 

SNO= arccos(i) 
4 

= 41.4° (3SF) 

 



  

R TP A D 

S 

I 

It 

Figure 11ML.2 

o 

ASBT is a rhombus as each side has the 
same length r (the radius). 

Since ASB=90°, ASBT is a square, and 
s0 SAT =90°. 

AB is the diagonal of a square with 
side r. 
So, by Pythagoras’ Theorem, 

AB* =2r? 

AB=+2r 

Sector AST is a quarter circle. 

nr’ 
.. Area AST = —4— 

The overlap consists of two sectors 
minus the square ASBT. 

J nr 
Area=2xT—r2 

{5 
Area of minor segment 

=area of minor sector AOB 

—area of triangle AOB 

2 

=L—9-—lrzsin6 
9 

2 r 
=—(0-sinf 2( sinf) 

T M OpE e L STpneep, /. - 
P ™ 

b Area of major sector = area of circle 

  

—area of minor 

  

sector 

TR 
=Tr: — 

2 

rl 

=—(2n-6 _(2r-0) , 
r . 
?(0—51119)_1 

N 
—(2n—6 (2r-0) 
2(6—-sin0)=(2n-0) 

20-2sinB=2n1-0 

sinf = fi — T 
2 

From GDC, 6 =2.50 (3SF) 

Area = %ab sinC 

  

1 1 2.21=5><x><3x><sin(9 — ' 

sin@ = 4'422 
b 

) <& 
(x+3)’ =x*+(3x)" ~2(x)(3x)cosO 

x> +6x+9=x>+9x2 —6x° cosf 

9x* —6x-9 
2 

—COSO= 
6x 

_3x*-2x-3 

2x> 

i cos’@=1-sin’6 

£3x2—2x—3J2 (4.42]2 = | =1-| =£ 
X B 

i Using GDC: x =1.24, 2.94 (35F) 

[3x2 —2x—3J 
6 =arccos S 

26 

=1.86, 0.172 

  

 



  

<1 
10 B 

Figure 11ML.5 

a By the cosine rule: 

AB’=CA’+BC*—2(CA)(BC)cosACB 
5= x> +10% = 2x x10cos8 =0 

25— x*—100+20xcosf =0 

x*—20xcos0+75=0 

b Real solutions = discriminant A= 0: 

(—20c0s8)° —4x1x75>0 

(20c0s6)* >300 

20cosO < —10\/3 or 20cosf > 10\/5 

  

.'.—ISCOSGS—-? or —\/ESCOSOSI 

(s 

. COMMENT 

*' Remember that —1< cos6 <1 always, so 
E in the absence of other bounds these will 
B still hold. 

¢ arccos(—1)=180° 

k. 3 
g’ arccos( —[—) =HH0 

/I 2 

.—1<cos8 S—§:150°S9<180° 

3 
2 arccos ( -{J =30° 
e 2 

arccos(1)=0° 

.‘.?SCOSBSI=>0°<OS30° 

ie. 0°<6<30°0r150°<0<180° 

gEw e oo A RP -l T 0 PR i s 

- Mixed examination praci 

L o 

> R RPN ’ 

@i AP=(6-x+(6-10) 
—80—16x+x" 

— AP=x’—16x+80 

ii OP=+/x"+100 

b By the cosine rule: 

OP>+AP?—OA’ 

2(OP)(AP) 

(x*+100)+(x" = 16x+80)— (82, c; 

: 2\/(;2+100)(x2—16x+30) 

2x*—16x+80 

~ 2/(x* +100)(x - 16x+80) 

cosS OPA = 

) 

x> —8x+40 

5 J(x* +100)(x* 16+ 80) 

A 40 
€ x=8= OPA =arccos| ———— 

i (\/1—64716) 
=38.7° (3SF) 

A A 1 

d OPA=6O°=>cosOPA=5 

x*—8x+40 1 

\/(7c2+100)(x2—16x+80) 2 

From GDC, x=5.63 (3SF) 

  

e i If f(x)=cosOPA=1then OPA=(, 
which happens when OAP is a 
straight line (so there is a solution), 

ii. When OAP forms a straight line, the 
gradients of OA and OP are equal: 

  
6-0 10-0 
8—0 x-0 

6_10 
8. 

80 40 
X=—=— 

653 

 



  

  

=9x2(1—coszZ) 

=9x2(1—(5"‘16)) by (b)) 
B 

=9x2—25x> +160x — 256 

  

e Length of chain=arc AD+2AB+arc BC 

  

  

  

=8(2n—20)+2x10/6 
+3(20) 

=85.6cm (3SF) 

a i y=-16x"+160x- , | ‘ y ; X —256 a a O,AB=E, since AB is tangent to the N | 
=—16(x —10"+16) circle 2 l' . /7 

=-16((x—5) - : 24 (( 5) 25+16) b By the same reasoning, OZBA=1I-, 
— 2 2 =144-16(x-5) and hence BAPO, is a rectangle, 

Maximum value of y occurs at x = 5 R & e c sidesinia 4. 
2 ; rectangle have the same length). & 
ii Maximum value of yis 144 0 0 vl 

C 1‘ =2 2 .Jl 

bi x+z+6=16 g 3 
—>z=10—x P B o 

{ 

. 2 2 2 A I Z°=x"4+6"-2XxX6c0sZ Figure 11ML.8 : 
=x2+36—12xcosZ 

PO, =8-3=5 
2 a2 L 

il Ot o 0,0,=25 - 5 / 
. d 2 g2 3 

_ it b om0 - Ja00 
_ —64+20x =106 

12x AB=PO, =10/6 =24.5cm (3SF) 
o) 16 = 

3 ; 
2 d sin9=& : 

A=2x6xxxsinzZ & =— X X sin 3 D _10\/g % 

=8Nz T 3 

= A>=9x’sin’ Z b 
e=arcsin[10‘/g]=1.369 (4SF) ) 

d A*=9xsin’Z > : 

=—16x>+160x —256 

e i From (a)(ii), the maximum value of 
A? is 144, so the maximum area is 12. 

- ii From (a)(i), the maximum occurs 

~ whenx=5, for whichz=10-5=5. 
Since x = z, the triangle is isosceles. 

?
g
_
}
 

ik 
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Exercise @IPAA 

Using cos26 = 2cos’ -1, the equation 

becomes 

cos’6+2cos’6-1=0 

cos29=l 
3 

1 
cosf = i:/_; 

Oe[-n, n], SO 

1 
cosf=—=0==%0.955 

V3 

cost—L=>9=fi.19 
J3 

=t Al 

B 1—c0s26 = 2sin>6 and 1+ cos26 = 2cos* 6, 

2 1-c0s26 _ 2sin”6 

1+cos26 2cos’6 

=tan’6 

  

  
b X 2tano : 
E n a Using tan20r =———, the equation 
1'- 2 l1-tan" 

becomes 

2tan’ & = 

1-tan’ o 

2tan’ 0 =6—6tan’ ot 

8tan‘o =6 

Jouble 

Further 
trigonometry 

b Asin (a), using tan20 = 2tang 
T e 

equation becomes 1~ tan? g the 

2tan’ ot 

1-tan’ @ 

2tan’a=1-1tan’ & 

=1 

3tan‘or =1 

1 
tan‘or=— 

B, 

fanti =4 — 
3 

i 
= 

For o e ]0, T [ the solutions are 

o="andn-—=" 
6 6 

m a cosdf=2cos’260-1 

=2(2c0s’6-1) -1 

=8co0s*@—8cos’0+1 

b cos46=2cos 201 

=2(1-2sin’) ~1 

=8sin‘0—8sin*6+1 

COMMENT 

In this case it is as fast fo start again 
as fo convert the answer from [} using 
cos?6 =1-sin’ 6. 

 



  

m il vm‘( ')~ '.(mmz("vJJ 
2 J 
l( 9 
9 I con > J 

—;(l-f-cuh’x) 

il ah‘(xJ; ( I(J ! 2)%7% 26l : 

=‘l(l~cm»2~x~) 
2 2 

= l2(| ~CORX) 

| 
(1=-cosx) 

b Hrom (a); Iun‘(x—):% 292N 

‘ 2(! +Cosx) 

1 —cosx 
1+ cos x 

m daindy = 2asin2xcos2x, so 

il Ax = bosin 2x 

2a aln 2x cos 2x = b sin 2x 

b 
COR2X = = 

A 
b 

| =280’ x = — 
2 

: fi‘!,( »_,’,’,) #in’ x s 2 | 2 

20-b o L6V 

da 

Exercise QP4E 

n n 
n i uln(xrl--s-]ifluln(x—s) 

-(alnxcos(g)-bcosxain(gn 

I slnxcou(fl)—cosxsin(fl)) 
3 : 3 

-%ninx-fa%alnx 

; V-anx 

   

  

; n n 
b sm(x +—J+cos(x+—J 

4 ‘ 4 
   

1 n sl 
=| 8INnxCos| — |+COsxsIn -—} 

\ 4 4 

n 3 " 1! 
+| CcOsxcos| — |—sIinxsin] — 

4 4 

  

B 1 
=—=8iNX+—=C0sX 
V2 J2 

1 1552 
F—=CO8X~——=8InXx 
J2 V2 

=2cosx 

i (tane—tan(gn =) 
: l+tan6tan(EJ 

4 

_tan6-1 

1+tanf 

tan(e——})zmane 

tanf—1 

1+ tan@ 

6tan’f+6tanf =tanf—1 

6tan’@+5tanf+1=0 

(2tan@+1)(3tan6+1)=0 

1 
tan6=—l or. —— 

2 3 

  6tanf 

: For@e]O, n[, 

1 
tan0=—5 =60=-0464+1=268 

1 
tan9=-§:6=—0.322+n=2.82 

. ("J (e 
sinxcos| — |+cosxsin| — 

4 (4] 

; ( n) 
=sin| x+— 

4 

Maximum value is 1, and the smallest 
positive x value at which this occurs is 

TI 
— — 

.
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b 2cosxcos25°+ 2inx sin25° = 2¢os(x =25 ) 

Maximum value is 2, 

a sin(x+0)=sinx le formula, sin(x +0)=sinxcos0+cos xsin0 
- By the compound ang R 

Bl Assuming it is known that sin0 =0, 

L sinx = sinxcos0+0 

1 sinx(cosO—l):O for all values of X 

scos0=1 

b sin20=sin(6+6) 

. using the compoun ; 

K in[ = \cos@—cos| = |sin6 
! ¢ sin(a-—e):sm(—z—)cose 

cos(z)s 

n PR o | = 
Sincesm(-i):landcos

(z) O,sm(2 6) cos@ 

B- cos3A =cos(A+24) 

b =cosAcosZA-sinAsin2A 

=cosA(2coszA—l)—sinA(ZsinAcosA) 

= 2cos’ A—cosA—2cosAsin’ A 

=2cos3A—cosA-—2cosA(l—cosZA) 

=4cos’ A—3cosA 

b sin3A= sin(A+2A) 

=sinAcos2A+cosAsin2A 

= sinA(l—Zsin2 A)+cosA(251nAcosA) 

=sinA—2sin’ A+2sin Acos’ A 

=sinA—2sin’ A+2sin A(1-sin’ A) 

=3sinA—4sin’ A 

=3sin A~ 3sin A(1—cos’ A)-sin’ A 
=3sinAcos’ A—sin’ A 

Similarly, from (a): 

cos3A = cos’ A+3cosA(1 —sin’ A)—3cosA 

    

   

    

    

=cos’ A—3cosAsin’ A 

sin3A 

cos3A 

_ 3sinAcos’A—sin’ A 

" cos’ A~3cosAsin’ A 

  

Therefore tan3A = 

and the smallest positive x value at which this occyyys i 
XS 

d angle formula: sin 26 =sinfcos6 + cosBsin6 = 2ip et 

e |



Dividing through by cos® A 
SInA 

and writing ———=tan" A; 
co 

3tanA—tan’ A 
tan3A = 

1-3tan’ A 

  

COMMENT 

You can derive this formula from a direct 
approach through tan(3A) = tonSA +2A), 
but this potentially generates a large 
and unwieldy nested fraction; finding 
identities for sin3A and cos3A is more 
standard, and you will encounter this 
technique again in connection with 
De Moivre’s Theorem in Chapter 15. 

£} a sin(A+B)+sin(A-B) 

=(sin A cos B+cos Asin B) 

+(sin A cos B—cos Asin B) 

=2sin AcosB 

b By (a), sin(x+£)+ sin(x—l) 
6 6 

: s 
=28inXcos— 

6 

3 T 
.'.2smxcos(g):3cosx 

PNBE 
= ——sinx =3cosx 

tanx —_-\/5 

s x=§ forxe[O, n] 

in(A-B 
m a tan(A—B)=M 

cos(A—B) 

_ sinAcosB—cosAsin B 

~ cosAcosB+sinAsin B 

Dividing through by cos Acos B gives 

tanA—tanB s e i 
1+tan Atan B 

  

b Let ¢, be the angle of y=4x and ¢, lh.c 

angle of y = 2x with the positive x-axis. 

Yy y=4x y =2z 

¢2 
— T     /A 

Figure 12B.10 

Then 0 =¢, —¢, 

Since the gradient of a line is equal to 
the tangent of the angle under the line, 

tang, =4, tan¢, =2 

<. tanf = tan (¢, — ¢,) 

L2 

T 1+4x2 9 
  

000 a cos(x+y)+cos(x—y) 

=(cosxcos y—sinxsin y) 

+(cosxcosy+sinxsin y) 

=2c08xCos y 

b cos3x+cosx =cos(2x+x)+cos(2x —x) 

».cos(2x+x)+cos(2x — x)=3cos2x 

= 2cos2xcosx =3cos2x by (a) 

cos2x(2cosx—3)=0 

3 
=cos2x =080 cosx = 5 (no solutions) 

For x e[O, 2n], eS80 e[O, 4n]: 

cos2x=0=>2x=£,3—n,5_n,7_n 
D Do 0, 

TS TS5 TV T 
~.-x=—')_,—')— 

45574 e e 
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: 1.2+0.5 
4 tan(arctanl.2 +arctan0.5)= ———— E & (o O B 0E 

e 2 
4 0.4 
. =425 

‘ 1 2 
g b tan(Zarctan(—D = 3 . 

' 3 1 () b 8 

) 2 

3 9 

b =2 075 
k 4 

e
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b b 
1 

=—(1+cosA J(1+cos) 
b Let A=arccosx, so that cos A = x; then 

Cosz(arccosx)=l(l+x) 
' 2 D 

os( arccosx ) 5 ,l(1+x) 

2 2 

  

  

  

2 
: Note that arccos has range [0, 1], so 

arccosx m 
Eo - 5 € l: 0, 5 ; within this domain 

cosine is always non-negative, so there 
is no need to consider the negative 
square root in this case. 

  

    
     COMMENT 
     

Always ensure that when you take a 
square root in a proof question, you 

either include both positive and negative 
roots or explicitly reject one option, 
giving your reason. Without this, your 
proof is incomplete. 

  

    

  

           

  

| 2C Functions of the form a 

Exercise (4@ 

B a 5sinx+12cos
x = Rsin(x +6) 

  

=RC0305i“x+Rsin9cQS 

RE=54410A =197 ' 

=R=13 
Rsinf 12 

Y RcosO % 

12 
=>6=arctan(—s—)= 1.18 

~.5sinx+12cosx =13sin(x +1.1g) 

b f(x)—>13f(x+1.18) 

The transformations are a verticy| 

stretch with scale factor 13 and 4 

: —-1.18 
horizontal translation [ . | in 

either order. / 

B a 3sinx—7cosx=Rsin(x—8) 

= RcosBsinx — Rsinf g, 

  

R*=3’+7%=58 

—_—>R=\/§§ 

1 7 e Rsin6 k% 

Rcosf® 3 

7 
=>9=arctan(§)= 1.17 

L3 SINOCESACOS X — \/-E'Es'm(x -1.17) 

== b Range of the function is [_\Ef_ V58 | 

a 4cosx—5sinx=Rcos(x+ ) 

= Rcosacosx — Rsinasiny 

  

R=4’+52=4)] 

= R=+/41 

Rsina 5 

Rcosax 4 

=D 0= arctan(%) =0.896 

~.4cosx—5sinx = \/ficos(x +0.896)   



b 4cosx~5sinx=0when Periodic solutions A, + 2nm and 

  

cos(x+0.896) =) ) 
( ) A, + 2nm within the specified interval: 

The smallest positive solution occurs s 7m 5m 9In 

where x+0.896=12‘. G 
n I3 on 

" x=0, e S .. x=0.675 X 1 T TRt 

a Jgsinx+cosx=Rcos(x—G) Sy __3_’3'0’.’_" 

= RcosBcosx + Rsinfsin x 4 

R’-(fi)2+12—4 R=2 Z T Exercise (FIB) 
wnezfifl:‘_fii sin20+c0t263in29=sin29(l+cot29) 

Rcosf 1 ; 

m | eos 0 
=¢9=arctan(\/§)=; =sin + Gin’0 

' in”@(sin” 0+ cos’ 6 
.'.fisinx+cosx=2cos(x-£) =fln_6_(_51_n___€0_3_) 

3 sin“ 6 

=sin’ O+ cos’ 0 
b Forxe[O, Zn]: & 

the maximum is at i 2 |and the 
3% B tanx +secx =4, xe[O, Zn] 

From GDC, x=1.08 

Alternative algebraic solution, which 
would be needed in a non-calculator 
question specifying an exact solution: 

minimum is at ( 4?”, —2) 

sin2x+cos2x = Rsin(2x+a) 

= Rcosasin2x + Rsinacos2x 
tanx+secx =4 

R =1’+1’=2=R=2 
  

  

  

sinx+1 
Rsina 1 : =4 

tana=R =I COSX 

(L ] sinx+1=4cosx 

=>a=arctan(l)=z 4cosx—sinx=1 

n —sinx = 
.’.sin2x+cos2x=fisin(2x+——) P e D GaRcosi (i) 

4 = Rcosccosx — Rsincsinx. Then 

sin2x+cos2x =1 
R*=4*+1’=17=R=4/17 

il 
\/Esin(2x+——)=l Rsinc 1 1) 

4 tanc= =—=yc=arctan| — 
Rcosc 4 

sin(2x+£')=\/—li‘ .'.x/ficos[x+arctan(%n=l =) 
i 7n In 

X e[—n, 11]=$ A= 2x+z E{_T’ _4—] I arccos[—l—)—arctan(-l—j 
V17 4 . : , L kel 

Primary solution for sin A = 5 is A, = A =1.08 (3SF) 
3n 

Secondary solution is A, =m— A, = o 

R e D e kN ]2 urther frigonometry | 2% NSRS T bl el o SNl il b Tt e 147  



  

The secondary solution 

X=21- arccos( l }— arctan( l J is not 
J17 4 

a valid solution to the original 

problem; from a right triangle with 

sides 1,4 and J17 it is clear that 

C‘TCC()S( - |4 ]+ nrctan(,l. )-_; _TE, S0 lhlS 

J17 41D 
* 3n i 

would be a false solution x = for which 

both sec x and tan x are undefined. 

COMMENT 

In the absence of other instructions, it 

is clearly more efficient fo use the GDC 

than to write an algebraic solution af 

greal length. 

Also, note that there is only a single 

solution (clear if you plot the function), 

but the algebraic working suggests there 

should be two, with the other arising 

from the secondary solution fo equation 

(*). However, as noted, this is a false 

solution, which arises from cosx = 0 since 

the rearrangement involved multiplying 

through by cos x, and this would need fo 

be explicitly stated in an answer.   
a f(x)=tanx+cscx, xe[mg,g] 

From GDC: local maximum is at 

(-—0.715, -2.39), local minimum is at 

(0.715, 2.39) 

b Rangeof f(x)is |-e0, ~2.39]U[2.39, o 

SIS cOSY 
FANI 0+ CO L XSS e o e 

cosx sinx 

_sin’ x+cos’ x 

~ sinxcosx 

= 1 

~ sinxcosx 

1 1 
= e X —— 

SINX  COSX 

=(CS8CXxsecx 

¥ 
R VLT N 2o Y 

RSN ) VW 2 NG 

T = oy 
. 

f 
; 

o 

    

sin9((l+cose)~(1\mse 

(I—COSG)(1+C059) 

2sin0cost 

= 1—cos’ 8 

2sinfcosf 

sin“ @ 

~ sinf 

—2cotf 

sinf 
e ———— 

1+ cost 
m sinf FSLLY SRt 

1 —cos0 

— 
—_— 

4 sectx—3tanw+1=0 

But sec2x=l+tan
2x 

. 1+tan’x—3tanx+1=
0 

tan’x—3tanx+2=0
 

b (tanx—l)(tanx~2)
=0 

— tanx=1 or 2 

C Forxe[O, 21[}: 

tanle:?x=£,i71 
4 4 

tanx=2:>x=l.11, 
4.25 

T 51 

+ solutions are x=—,1.11,—,4.25 
4 4 

1 
cSCXi=les 

sin2x 

] 

  

281N X COSX 

1 1 1 
=X 

ST ING 

  
  

COSX 

1 
=Ecscxsecx 

  

St cos2x 

sin2x 

_ cos’x—sin’ x 

28N X COSX 

Dividing through by sin® x gives 

cot’x—1 

2cotx 
cOi= 

I HH"@ l ..v“l ol atrice Y 

Sl N e e & »", M“.; w ‘ “ fl! “' el v § 

P NN s T ]._ r' ok "’. L ,r,,! e ol o



  

    O R 

T 

Let y=f(x)=secx 

Then L =COSX 
y 

A arccos(l] 
. 

andso f'(x)= arccos(-l—) 
X 

That is, the inverse function of sec x is the 

arccosine of the reciprocal. 

Mixed examination practice 12 

Short questions 

2tan’0—5sec0-10=0 

2(sec29—1)-—55ec0—10=0 

2sec’@—5secH—12=0 

(2secO+3)(secfH-4)=0 

3 
secf=—— or 4 

2 

For O in the second quadrant, range of 

sec@ is |— o, —1], so only the first solution 

is valid. 

sec9=——i 
2 

m Tl AT 
a Cos| X+— |=c0os—Cosx —sin—sinx 

3 3 3 

1 S 
=—C0sXx———Sinx 

2 2 

b Similar to (a), 

( n) 1 3., 
cos| x—— |==cosx+—sinx 

3 2 2 

I n 
cos| x+— |=cos| x—— 

( 3) ( 3) 

1 2 1 A 
= —CosX——sinx =—Cosx+——sinx 

2 2 2 

J3sinx=0 

- for x [-2m, 2], 

x=-2m,-m, 0, m, 21 

g T 
Vv P 

a cos(0+0)=cosOcosl)—sinfsin 

= cos' O ~sin’0 

=c0320—(1-c0529) 

=2c0s"0~1 

Iy . 9 . . ‘. y ’ 

b Taking x = 5 in sin2x = 2sinxcosx: 

g0 
sin@ = 2sin—cos— 

i) 

Taking x = g in cos2x +1=2cos” x: 

cos6+l=2cosz(gj 

25in6cose 
IR S0 aer 

""1+cosb 
  ={ant 

2cos’ 2 

Solving tang = 3cot—6—: 
2 2 

tan29=3 
2 

0 
= tan—z— =43 

ForBe]O, 211[, %e]o, n[ 

N 
i 

2n 

0 
I 
3 > 

and hence 9=2—T[,4—n 
3323 

n tan@+cotf=3 
Multiplying through by tan6: 

tan’6—-3tan6+1=0 

+\/ 2 

D, 

s 
2 

0[0°, 90°|= 6=209°,69.1° 

  

  

L ‘.f. l",- “’_R_.”;é;':,"i 32:"%;‘3
 

& 
W .- 

 



          COMMENT 

Noticoe that the two answers must add up to 90 bgccuse the original equation is 
symmetrical in tan6 and cotg. 

  

      

.0
.'
—’
 

a a \/igsin2x+\/§c032x=Rsin(2x+a) 

= Rcosasin2x 

+ Rsinocos2x 

R*=15+5=20= R=+20=25 

Rsina _ 5 1 
Rcosax \/E \/3 

5 = 0 =arctan| — |=— 
JB TG 

.'.\/_lgsian+\/§cos2x 

=2\/§sin(2x+g) 

5 

! R e o 
5+2\/§sin(2x+g) 

i Value of fis maximum when 
denominator is as small as possible: 

2 2(5+245) 
SEPWC i T, 

.l =§(5+2\/§) 

=2+§\/§ 

£ s 
;éj ..p—2, q—g 

ii The maximum occurs when 

sin(Zx +£) =—1: 

tano = 

  

  

  

x x| <1 B a sin(arcsinx)= 
undefined |x|> 

b Let x=cosy; then 

y=arccosx and sin’ y =1-x’ 

~siny=1-x’ 

i.e. sin(arccosx)=1-x’ 

(Again, this is only valid over the 

natural domain of arccosx: [, 1].) 

C arcsinx =arccosx 

sin(arcsin x ) = sin(arccos x ) 

Long questions 

n a We know that ABC =90° because 
AC=2r is the circle diameter an 
point B lies on the circumference. 
. AB=2rsinf, BC=2rcosh 

1 : b Areaof ABC= E(AB)(BC) =2r" sinfcosp 

Using the double angle formula: 
Area of ABC=r*sin26 

¢ Triangle OBC is isosceles, so 
BOC=n-26 

Area of OBC=—(OB)(OC)sinBOC 

e sin(mt—26) 

o=
 
o
=
 

Since sinx = sin(n—x), 

Area of OBC= %rz sin(26) 

 



  

158534 

d Areaof OBC ;' sm(29)_1 
Areaof ABC  r’sin(20) 2 

1 

"9 

  

tanA+tanB 

l-tanAtanB 

2tan A 

l1-tan’ A 

tan(A+B)= 

=tan(A+A)= 

b tanl35°=tan(—45°)=-1 

¢ Lettan67.5°=t; then 

  
2t 

tanl135°= 5 
1-t 

from (a) 

  from (b) _1= 

1 

=D rl—0 

+4/22+4 
= 3—“—2—— =112 

Since 67.5° lies in the first quadrant, ¢ >0 

t=1++2 
ie. tan67.5°=1+2 

y, = acos px has amplitude a and 

e Tl 
period — 

p 
From the graph: 

y,(0)=12=a=12 

Half a period is 1.5, so 
2 -’5=1.5=>p=—371 

) 
DRy =0.9sin(?nx] 

Amplitude is 0.9; period is 3 

2 
¢ y=1.2cos 2—T[x +0.9sin —nx 

3 3 

=Rsin(—23£x+a) 

2 2 
= Rcosasin(—;lx)+ Rsinacos(?nx) 

et 

> A .’4, 

R?=092+12} =15 = R=15 (A 
Rsing 12 _4 

Rcosax 09 3 

  

tano = 

=0= arctan(%) =0.927 (3SF) 

y:l.Ss'm(gEx+O.927) ' 
2 > 4 

Amplitude is 1.5; period s still 3. ' 1 

s - y=0-—->—3—x+0.927—1t s 

- x=—(1-0927)=1.06 (35F) §° 
27 o 

18 —on (2% 0 927) = =" e o ——r 

LetA= z?nx +0.927 

x>0=>A>0.927 

153 
Solving sinA=— 

155 
Primary solution 

1.3 
A= arcsin(——j =1.05 

1.5 

Secondary solution A, =n— A, =2.09 3 

Hence the first two positive solutions are 

3 
o 2—(A -0.927)=0.0580, 0.557 (3SF) 

m 

J3cosf—sinf= rcos(0+a) 

=rcosacosf@—rsing sinf X 

  

\2- 

r’=3+1=4=r=2 ” 

tana—rsjna—i 

rcosa /3 

1 T . 
> a=arctan| — |=— 

(\/5) 6 

\/gcose—sine = 2cos(9+§) 

Over a complete period, the function 

2cos(9 +g) has range [-2, 2]. 

+ .. 12Further frigonometry 133  



      

ok 

¢ V3cosO-sinf=-1 

:'_4, 2c0s(9 + 1‘-) == 

5 0 

k- cos(() + —E) 2l 
Al 0 2 

LetA=0+— 
6 

2 n 13n 
' 0el0,2n|= A€ ——.—'——] [o.2n)=Ae| £ 

1 
For cosA=-— 

25 2 
- primary solution is A, =~ 

P 3 an 
B\ secondary solution is A, = 21— A= 7 
»li 

n m7n 
1 Hence §= A-—=—,— ence S 

a f(t)=t'=3t"-3t+1 
By inspection, f(~1)=0,s0 (t+1)isa 

factor of f(t) by the factor theorem. 

[ comMENT 
: Alternatively, plot the function on the 

GDC and fry to find a recognisable 

rational root. 

  

Hence f(t)=(t+l)(t2 +at+b) 

Expanding and comparing coefficients: 

£ i=1 

t’:a+l=-3=a=—4 

%_' t':b+a=-3=b=1 

‘ t": b=1is consistent with the value 

found above 

e ()= (t+1)(£ -4t +1) 

- Mixed examination practice 12~ 

tan 

      

  

N 

    (3A)=tan(A+2A) tanA+tan2A 

~ |-tanAtan2A 

  

S 2 
l—tanA( fan4 J 

L~ tarn2 A 

Multiplying numerator and 

Jenominator by 1= tan’ A: 

tan A(1-tan" A) 214 
1—tan2A_2lan2A

 

3tan A—tan’ A 

1-3tan’ A 

tan(3A)= 

  

tan45°=1 

Because tan(x+180°
)= tanx, 

tan405° = tan 2250 =ta
n45° = I 

Let t = tan15° or tan75° or tan]35e. 0 

any of these cases, the following s true 

using the formula in (b): ) 

1_3t—t3 
s 

£ —3t7=3t+1=0 

(¢+1)(f—4t+1)=0 by (a) 

444> —4 

2 
t=-1 or 

st=—1 or 2+3 

Each of these three values correspongs 

to one of tan15°, tan75° or tan135°, 

A SanlSe<l—tan15°=2-./3 

tan75°>1= tan75°=2+.2 

 



Figure 13A.4 

e 1= 

1 
—a+—(b—a a 2( ) 

=-12—(a+b) 

{2 a AB=0B-0A 

4 5 

=2 |- 1 

b The position vector of the midpoint is 

the mean of the position vectors of the 

end points: 

3 4 3.5 

I 4 =2||=] 05 

2 -2 5 D 

OD=0A+AD 

=(2i-3j)+(i- j) 
=3i—4j 

O 

Figure 13A.8 

AC=2AB 
5 

1 2 -1 

AB=b-a=|-1|-|2]|=|-3 

33 i 2  



    a 4 M has position vector 

    

   

   
      

1 1 
E 5(P+q)—5(2i—j——3k+i+4j—k) 

. 3 
i El+ _] 2k Figure 13A.10 

-3 
| i P 

n . R BA:a_bz = 

b ; 

E Q e 
) To form a parallelogram, CD = BA 

i - 0D=0C+CD 
B ( 

1 ; u B3 
=[1 [+] -2 

4 2 
O D P - 

Figure 13A.9 1 

i QR =-QM 6 

] - OR=0Q+QR 
~ =0—Q“Q—M . 
. 1 Exercise {13} 
,.( =q‘5(1”“1) " 3a+4x=b 

1 1 
e / =—(3g— =x=—(b-3 

‘ Hence a2 
1 

; = ==|13]-| 3 
L OR=—(3(i+4j-k)—(2i— j—3k) 4 = (3(i+4j-k)-(2i- j-3k)) L 

.-}_i.*.E i 2 

22 J 
=l 0 

. the coordinates of R are (l 13 O) —0.75 
28 

SR ; £ s L e y i '~ 13R ’ iy o e S Ll T 5 : 
AopIc 1 Jb vecior aigeora K 2 : Pk s - g ; 

Ba 

LR s



   
1 1 3 

-] 1= 0 |-] -2 

2 X 5 

1} (-2) 
=i =t 2 

9 -4 

=t=-2 

3 

. Require thata+ pb=k| 2 | for some k 

3 

2+3p 3k 

ie.| p |=|2k 

2+3p) |3k 

= p= 2k from the second component. 

Substituting into 2+3p = 3k: 

246k =3k 

2 
=k=‘§ 

A 
fip=-§ 

0 

. Require that Ax+ y=| k | for some k 

0 

2A+4) (0 

ie.|3A+1 [=| k 

A+2 ) \0 

2A+4 =0 from the first component 

LA=-2 

       
: 1 

3 Require that pa+b=k| 1 | for some k 

P+2q 
ie.| —p+1|=| k 

3p+q 2k 

Sp+rg=k  ..(1) 

-p+lmk . . (2) 

Ip+q=2k ...(3) 

(1)-(2): 

2p+29-1=0 ...(4) 

(3)-2x(2): 

5p+q-2=0 ..(5) 

Then 2x(5)—(4): 

8p-3=0 

=>p—E 
8 

and hence, substituting into (4): 

_l—2p_1 

==577% 

Exercise 

2c 

c ||=12 

—(. 

vact +ct+¢* =12 

V&J=D 

6¢” =144 

=24 

c=i2\/6 

  

-2 

u AB=b-a=|-2 

ot 1 1“1'; b 

  

      

     

   

    
    
   

A 

¢ 
S
 
e
 

i 
i 

A
,
 
(
o
 

e 
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& 
w 

e 
e
 

i
 

g
l
 

e 
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e b 
e
 

I 
A 

o 
0 

. 
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G 
e
 

e
 

e 
i
 

i 
e
l
 

S
 

L
 

L
 

e 
i S
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G



  

e e " v': (,'\4{‘\ :j"' .‘,-,‘ ..:.; -.. ‘J"‘__'v:vw.}“: .‘ ‘ o r n,” . 

8 242 (1) A5-0B-0A 
a+2.b= —A’ 

2+2t 

21"1 — 4+t 

—9-—5t 
|a+lb|=5\/§ 

9 

ire that AB=3 
\/(22.—2)2*_/12_*_(2&_1)2 

=5\[£ Require ; : : 

9A* —12A+5=50 
s(2+2t) +(4+ ) +(9+5t) =g 

2 =0 

3A°—4A-15=0 
30¢” +106t +92 

2 +46=0 
(314.5)(1_3):0 

15¢° +53¢ 

5 (t+2)(15t+23)=0 

A=—= or 3 
23 

3 =2 or ——=-153(3SF) 
15 

4 

e 

1) a Require k| ~1 ||=6 for some k Bl 

1 24t 1 t+1 

BB ) —t 
@12 1)K =6 

o 

18k* =36 2 iy 2 

e 4 (PQ) =(t+1)" +t" +(t-2) 

) 
Possible vectors are £+/2| -1 —Ble=2L:+5 

1 ( 1)2 14 
Sl —— 

3 3 

; 
0.0 0%, 14 ) 1 

b Require |k| —1 || =3 for some k > 0 = minimum (PQ)" is = at { :g 

1 e 14 1 
-, minimum PQis [—,atf=- 

(same direction) 
. Qi \/: a 3 

AR H1)E =3 : 

e Exercise 
— . 

0 . 

6 — e 

k=\/§ = —/(choose positive root) AB=IRoE S OA=| 2 

e 
& ! 

b g B—arccos(A—B'm) 
.. the vector is —| —1 = Lot bedatel 

2| |AB||OA| 

VI+25+1+4+4+9 

=arccos(_1_ 
V3517 

= 87.7° (3SF)  



A R RS e     

  

  

  

e - u O T ST 

o ; “/ : . f.. E- ,\ 

the angle between AB e T 
So g b 6 aI(l’dOA is B AD 

87.7° or 180° — 87.7° = 92 3°, b 
| AB||AD| 

i g 5 —440+2 
B | 05D A S e o e 

e (=) =arccos| ——— 
(AC-BD V224 

X EICCOSl 
¥ . 

P |AC||BD| =107° (3SF) 

: ( The angles of the parallelogram are 

| = arccos 255051 107° and 180°—6=73.2° 
| J16+0+1V36+16+1 ' 

| 23 ¢ For ABCD to be a rectangle, require 

" =arccos| —— AB-AD=0: 

=40.0° (3SF) k=2 ) [ 4 
| 0o |-{2¢l|=0 

o 2k-1) | 2 
B2 2B=| 4|45 O 4k—8+0+4k—2=0 

. 8k=10 
k s 

BC=|2k+4 |-| 4 4 

2k+2 
2 2 —4 

€ aB=|1|BC=| 1 |[CA=|2 
DC=|2k+4 |-| 2k+4 |= 5 ! 2 

2k+2 AR 

a AB-CA=-8-2+10=0 

i —BAC=90° 
AD= 2k+4 —| 4 |=| 2k 

3 1 2 i -2 

o P b CB=| - 

AB=DC and BC=AD - 

.. ABCD is a parallelogram. A CB.CA 

BCA =arccos 

b Whenk=1, |CB| |CA| 

o 3 LTl NS 
AB=| 0 |, AD=|2 Ja+1+4916+4+4 

1 . ( 24 ) 

=arcCosS| ——— 

J54+/24 
=482°(3SF) 

. ABC=180°—90°—48.2°=41.8°  



  

  
  

g C 

24 

H 
A 30 B 

Figure 13D.8 

Area = %|AB| |CA| 

=2 V30,24 
=6J§ 

=13.4 (35F) 

Exercise 
/1 a 'The vector equation can be written as 

the following system of equations: 

4+2x=-2+43y ...(1) 

1-3x=5%y  ...(2) 

From (2): y=-3x~4 

Substituting into (1): 

442x=-2+3(-3x—4) 

11x=-18 

x=—E, andsoy=-1-9 
11 11 

b i (4—3)+(2+9)x=(-2—15)+(3-3)y 

1+11x==17+0y 

18 
x=—— 

11 

i (1242)+(6-6)x =(~6+10)+(9+2)y 

14+0x=4+11y 

_10 
y 11 

er il e TS B 

the scalar produci 

: Ny g/ o 
5§ . 

iii Vectors were picked whiy, % 

perpendicular 1o each of ), ere 

direction vectors of the 1y, 

()i 

JOMMENT 

For a two-dimensional vector, find ,, 

perpendicular vector by ‘”‘Ch@nging " 

horizontal and vertical components &l 5 

changing the sign of one of these. 

1 : 2 
(ZJ is perpendicular to ( IJ 

~3 , 5\ 
: is perpendicular to (7J 

o)) 
Taking the scalar product wit, f/l , 

,““L’e\ 

& 

  

     
    

  

   

     

    

   

  

2/ 

3+0x=6+11y:y~;»]3 
] 

) (5 
Taking the scalar product with | 

| 5 

115 =15+0y=>x = - 
11 

2 4 l 

a a-(b+c)= =2 |- —4‘: 19 

1 

-1\ (0 

b (b-a)(d-c)=| 3 ||2 =7 

1 {1 

4 | 

C (b+d)'(2a)= 2|l —4 (=32 

4 9



   a ab=0and g.g= 

'._,,,(Za-3b)=2a-a—3a-b=2 
b 9=45°=:c059=~1~ B 

p4=|plq coso 
.'.3\[2—=l>< x.L q 7 

—Jgl=6 

a 9=60°=>cos6=% 

a-b=|al|b cos6 

_3 
2 

Also, |a|=3=a-a=|q]* =g 

| —
_
 

| | Sl
 

N
 1] 

a-a—a-b 

1l 

w
 

o
 

e
 N

l-
‘_

*’
_.

 
< 

O
 

N
 

4 L
S
 

R 

| 
w
 

o 
|
3
 

s 

b (3a+b)-(a-3b)=0 

3a-a-9a-b+b-a-3b-b=0 

3la|" - 3[b|" ~8a-b=0 
Since Ial =l b|, the first two terms cancel 

and this becomes 

—8a-b=0 

sab=0 

which means that @ and b are 

perpendicular. 

   

—-6-21 =7 

@ . 5C-|-2-17| 7e-| 4| 
5 2 

21-1 
AB=|21+2 

-3 

BC-AC=0 

~7(~6-24)+4(-2-17)+10=0 
10A-16=0 
A=16 

With A = 1.6: 

-92 =7 

BC=|-186 |,AC=| 4 |, 

5 2 

2.0 

AB=| 226 

) 

BCA =90° from (a) 

BAC = arccos(mg] 
|AB||AC]| 

=arccos(-—-fl———] 

J524.6/69 
=68.7° 

BAC=180°-90°—68.7° = 21,3° 

Area= -;—(BC)(AC) 

= %\/455.6\/6—9 

=88.7 (3SF) 

   



  

a B 
Figure 13E.12 

AC=a+b 

BD=b-a 

b (a+b)(b-a)=a-b-aa+tbb-ab 
2 2 -}/ -Ja 

¢ If ABCD is a rhombus, then |a| =|b| 

and hence (a+b)(b-a)=0. 

This means that AC-BD =0, so the 

diagonals are perpendicular. 

COMMENT 

It is very important to know the defining 

qualities of various quadrilaterals: 
the square, rhombus, rectangle, 
parallelogram, trapezium and kite. In a 

question of this sort, you ~an assume all 

other properties without proof, and only 

need fo demonstrate the property being 

requested. 

w 2 OB=A0A, so OB and OA are parallel, 

hence B lies on (OA). 

12-24 2 

b BC=| 2-4 |,BA=(1-1)|1 
4-47 4 

CBA =90° 

= BC-BA=0 

= (1-A)(2(12-24)+ (2= A)+4(4-44))=0 

= (1-1)(42-214)=0 

. A =2 (since A =1 is the degenerate case 

where OA = OB) 

    

Figure 13E.13 

Since CBA=90°B
 is the point on ir, 

(OA) that is closest to C. 

Hence the distance from C to the line 

(OA) is equal to BC: 

8 

A:ZfiB’——C‘= 0 

—4 

8 

~BC=|| 0 
= 

Exercise 

W
)
 = J64+0+16 =4, 

a p=ABxAC 

4 —4 

=12 |X]| 6 

\ 1 2 

24—6 

=| —4-8 

| 24+48 

18 

=12 

72   

hsisine il o o s o3 3 
oo sty



  

      

  

   

  

   

    

    

  

   

    
     

    

   

    

        

   
   

  

   

  

la a D(0,4,0) 

I (5,0,2) 

  
    

=| -12 [x| -6 G(54,2) 
(-1) U1 

(-12-6 
H(0,4,2) 

= +4 
SR 

: 
b Area=-|BEXBG| 

| 24-96 
2 i 

feq8 
1 -5) (0 1 

=| 12 
='2' 0 x| 4 . 

(72 
S : 

0-8 

i, 
~20-0 

@ : BA=CD 
4 % 3 

— 
= 5 

=CD=| 0 
; 

in 
-10 

A 

- =42 +5° +10 
-OD=0C+CD s 3 

= J141=119 3SF) 
7 4 11 

A 

=2+ 0 |=| 2 
3) (-3) (o Exercise 

So the coordinates of D are (11, 2, 0). 0 |axb|=|al|b|sin30° 

  

R 1 

b Area={BAXBC =X 

4) (8 =175 ;'- 

=110 x| 1 B a Usingxxx=0 and xXy=—yXx: 

=3 = 
: 

(a-b)x(a+b) - 

0+3 =axa+axb—bxa—-bxb . 

=|| —24+8 =0+axb+axb-0 3 

4-0 =2axb 

3 5 b (2a-3b)x(3a+2b) 

= ; =6axa+4axb—9bxa—-6bxb 

=0+4axb+9axb-0   
=V32+162+42 

=13axb 

= 281 =16.8 (3SF)     



   
n 2 axbisavector perpendicular to @. 

Therefore (axb)-ais the scalar 
Product of two perpendicular vectors, 
SO it is zero, 

b (axb)-(a~b)=(axb)-a—(axb)-b “ =0-0 

a If Gis the angle between vectors @ and b, 

e 
g 

BE
EE
 

SR
 

' 

then by the properties of vector and scalar 
K products: 

laxb’ +(a-b)’ 

=(la b sinO)2 +(la|b cosB)2 

=|a"|bf" sin® 6 +(af*[5" cos’ 0 

=[af"[6f" (sin® 6 +cos’6)) 
. 

Mixed examination practice 13 

Short questions k< 

i 2) (3))(1 
5 B 1<l 

=S 4 

2)(1 
F =53 

3)( 4 
B =2-15+12 
}‘r oy 

N ¢ 

f a MD=MC+CD 

k. —2BC+CD 
2 

l— — 
- =5AD-A.B 

£b - 4 - . 3 # D 

1 — =11 
—= 2| —AD-AB - ~Al 
MD-MC (2 Az ) 

_AAD? ~AB.AD 
4 

14 
=—x4"——%0 

4 

2 1 10-1) (9 

3 -5 Ix 1 :l+4"‘5:;1~:]s' 

1 =) 24‘5) 7/ 

b Ar&z:b'_xx()fi: nxl 

il § 

=; 5 | 
i } 

P 
= 92+5Z“L7Z 

3 -1 -5 

a | 0}x 5|= —l-3pl 

1 P 15 ) 

_5 \ £ 2 

b Requirethat| —1-3p =k 

15 | |3 
some value k. 

Clearly, by inspecting the firs: -4 
third components, k= -5, 

Then, from the second compo: 

-1-3p=-20 

-3p=-19 
19 

=>p=? 

 



  

      

        

      

   

  

       

   
    

       
      

         

WY TR P o - s f [ ey e B Ay o Ay 

    

}Choosing H to be the origin, H; 

as the positive x direction, Ef 4 fl a (b-a)(b-a)=b-b-b-a-ab+aa 

the positive y direction and D] o =|bf* +|a|" ~2a-b 
the positive z direction, we haye 

0 ¢ b N 

HA=| -4 |and HC=| ¢ 
=3 3 

i HA-HC 
‘ AHC= arccos( —_— ) 

IHAJ[HC 
9 6 

= arccos = 

( \/E\/‘?S- ) P a M 

=74.4° (3SF) Figure 13MS.8 

b-a=MN, la| =PM, |b=PN 

    

| Bl i 29 - 
| u |¢|_|b| Vsin’@+cos’ 6 =1 From (3): 

e ) =al"=[af <" ~20t 
| a6 —{af"+/b] ~2]a]|b|cos8 
| =arccos( cos@sin6+sinfcosf ) i.e. MN? = PM2 + PN? - 2(PM)(PN )cos8 

i 1x1 | : 
| =arccos(2cosBsin6) Long questions 

% =arccos(sin26) 3\ (1 

| n g : =1 -1 
; =arccos cos(———Ze)) 
| 2 k) \7 
{ 
| I 29 - 
| 2 = o 

k-7 . 
, =—((a+b)+(a-b)), 
' . e 2(( )+ )) b (AD) is perpendicular to (AB) 

b=-1-((a+b)—(a—b)) :.AD-AB=0 

2 —2 

E a-b:-lli((a+b)+(a—b))-((a+b)—(a—b)) 02 leSEy 

k-7 )| — 
=i—[(a+b)-(a+b)—(a+b)(a—b) i 

+(a-b)(a+b)-(a—b)-(a—b)] 4k=24 
k=6 

=—‘1;(|a+b|2-]a—b|2) 

=0



  

4 -1 

€=l 0 |+| 6 |=|6 

-2 3 

i.e. the coordinates of C are (3,6,1) 

DA-DC d cos(AbC) = 

(DA)(DC) 

  

15k+15-18k=0 

k=5 

1 3 
o 

=>d=|"1 |+|1 |= i 

pRIEel |2 
4 2 

.. the coordinates of D are (% %)2) 

d CD= l+l+16 
4 4 

33 

2 

=4.06 (3SF) 

a The coordinates of P are (a, ¢") 

e b —a 
b PO=—OP=[ 2] 

e Vsl |1 2 

¢ PO-PS=0 

a’—4a’+a* =0 

az(—3+a2)=0 

a=0 or +/3 

Sincea>0, a=+/3 

 



   
   

  

   

  

   
    

     

   
P AT I T ey R 

’ . I M R ey T R P - PP o 
- o g ' 

d Witha= J3, we know that 

  

~ OPS=90°,0P=\12 and ps -, ) 3 o 

1 da=| 0| b=|-7| c=|-2 
.~-AreaOfOPS=Ex\/fix2:2\/§ 5 : = 

1 5 o 
a Areaofbase=—|a x| 1 : 2 : 

2 Volume=—{|| 0 |x| -7 ||| -2 
b h=|c|c056 6 = 1 4] 

1 
c Volume=§height><base area -7\ (-1 

1 l =—|| =1 || =2 

=§(|C|C050)(5|axb‘) 6 7 0 

=llaXb||c|cose =l'7+2'7| 
6 6 

Since [AE] is perpendicular to the base, =§ 
it is parallel to ax b, and so the angle 
between axb and c is also 6. 

. Volume = él(axb)-c|
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Exercise 

2—t 

n Equation of line I: r=| 1+¢ 

—4+2t 

4 

Att=-2,r=| -1 |=0A 

-8 

2 

Att=0,r=| 1 |=OB 

—4 

So A and B lie on . 

At A, t=-2, and at B, t=0. Require 

AB=BC, so the point C must lie 

where t=2. 

.. the coordinates of C are (0, 3, 0) 

—4 

PQ=q-p=| -2 
3 

% —4 

=r=|1(+A| -2 

2 3 

At P, A=0, and at Q, A=1. Require 
PR=3PQ, so the point R must lie 

where A=+3, since the distances are 

proportional to the differences in A. 

Hence 

7 —4 7 -4 

OR=|1 |[+3| 2| or |1 |-3| =2 

2 3 2 3 

i.e. the coordinates of R are (=5, =5, 11) 

or (19,7,-7) 

Lines and planes 
D/ 

In space 
a a 2i—3j+6k givesa direction vecto, 

2 

of | =3 | for the line, 

b || -3 |=v4+9+36=7 

¢ AsPisapoint on the line, 

2 2 

AP=[A| 3 |=|A|| -3 |=7|4 

6 6   
AP=BEE NI 55— +5 

2 D 2 (2 

~OP=|1 |+5 =3 | or |1 —Fi -3 

4 6 4) |6 

i.e. the coordinates of P are 

(12,-14, 34) or (=8, 16, —26) 

Exercise 

COMMENT 

In these problems, assign unknowns to 
the values that need to be determined, 
then use one or more standard equations 
which describe the geometry you are 
given. Solving the equations will give the 
values for the unknowns. 

   



4 YPTIp -'*5‘."';‘ A P i 
B e N o g A ALY 

e Ay AN LY Pl e e     
   e 4424 

't,_asincecliesonl,o—c= 2-4 |forsome\ 
-14+24 

3-2A 

cp=p-c=| * 
4-22 

(PC] perpendicular to / 

2 

—CpP:|-1|=0 

2 

6-4A—-A+8-4A=0 

gr=14 

14 

& 
-, the coordinates of C are ( fi, i, 1_9_] 

DS0F0 

Let P be the point on the line that is 

closest to A(-1, 1, 2) 

1-3t 

Oop=| t |[forsomet 

—2+4 3¢ 

=1 

=1 

pA=0A-OP= and 

-3 

we require that PA-| 1 

1 

Il = 

—2+3t 

= 1 (=0 

! 1 

6-9t+1-t—t=0 

  

/ ¥ 'u" 

~1 

PAI 
11 

—7 

1 6 
=—J1+16+49=—— 

11 11 

-5-31 3+u 

0 . AtB| 1 =R 
10+4A —9+7U 

-5-3A=3+u ...(1) 

l=u (2) 

10+4A=-9+74 ...(3) 

From (2), u=1 

Substituting into (1) gives 

—5-31=4=>A=-3 

Then, substituting into (3): 

10441 =—2=-9+7 is valid, so the 

lines do intersect. 

Substituting, say, 4= 1 into the 

equation for [, gives (4, 1,—2) as the 

coordinates of P. 

COMMENT 

Always use all three of the equations to 

ensure that the solution obtained from two 
of them is valid. In this case, the question 

states that the lines intersect, so this check 

serves to reveal errors in working rather 

than determining whether or not the lines 
are skew, but it is nonetheless worthwhile. 

  

5 

b Whenu=2, r,=| 2 |,s0 Q(5, 2, 5) 

5 

does lie on [,. | 

—5-31 5 -10-3A4 

c QM= 1 |-|2]=] -1 

10+44 5 5+4A 

for some value of A  



Require that QM-| 0 |=0: 

4 

-10-34) (-3 

=) 4 0 |[=0 

5+41 4 

30+9A+20+16A=0 

254 =-50 

e 
. the coordinates of M are (1, 1, 2) 

Figure 14B.6 

PMQ =90° 

. Area of PMQ=% (PM)(MQ) 

—3\[[(~4 
=—| o || -1 

4 (-3 

5J26 
D 
=12.7(35F) 

3t 

a At thours, the shipisatr, = (4t) 

b At thours, the second ship is at 

O 

  

C d=lrz —rll 

(') 
=|18"‘9t| 

When f =0.5, d=13.5 

d The ships meet if there is a positive 

value of t for whichd=0: 

    

18-9t=0 

=>t=2 

- the ships do meet, and this happens 

after 2 hours. 

¢ d=18km when 

189t =18 

9t—18=18 (since t> 2) 

9t =36 

t=4 

. the ships are 18 km apart a further 

2 hours after meeting. 

COMMENT 

Note that the other solution fo the 

modulus equation [18—-9 =18 is 

18-9¢ =18 =t =0, which is already 

known since the ships start 18km apart. 

  

B a At time t, the first aircraft is at 

0 3 3t 

= ISREEE A = 155 — 4t 

0 1 t 

b At time t, the second aircraft is at 

0] 5 5t 

r,=|0|+t| 2 |=| 2t 

v -1 7—t 

d=|r1""2| 

=+J(2t)* +(6t-5)" +(7-2t) 

= d’ = 4t* +361% —60t +25+49 - 28t +41 

=441 88t +74 

 



  

   ' ‘ Completing the square: 

42 =44(t-1) +30230 

ie. d#0 for all t and so the aircraft do 
not collide. 

4 From (c), the minimum d* is 30, 
so the minimum distance d is 

J30 =5.48 km (3SF) 

n Let P be the closest point to the origin on 

the line. 

1424 

—2+24 | for some value of A 

2+ 4 

—_ 

OP.— 

2 

Require that OP-| 2 |=0: 

1 

1424 ) (2 

—2+21 | 2|=0 

2+ 4 1 

2+4A—4+4A+2+A=0 

9A=0 

A=0 

- the coordinates of P are (1, -2, 2) 

OP=+1+4+4=3 

A 2—t 

a AtP| —145A |=| 2+t |, s0 

2434 1+3t 

=2t ....(1) 

—1+5A=2+t ...(2) 

2431=1+3t ...(3) 

(1)+(2): 

62.—1=4=>/1=§ 

    

P P e ‘ 

Ny S DPAN L e e ; § . 
P g S Sl 3 pads sassde AN o | 

" 2N A AT N (RN o M N1 - P 
R R BN 

Substituting into (1): 

t= 2 e A, = Z 

6 

Substituting into (3): 

2+34= -2— — 143t is valid, so the lines 

do intersect. 
o 

Substituting, say, A= into the 

5199 
equation for /; gives (~, g -‘) as the 

5 6 6 2 
coordinates of P. 

~1 

b d] =15 , d2= 1 

3 3 

Let O be the angle between the lines. 

Then 

9=arccos(flz—] 

d[|d,| 
~14+5+9 ] 

— 

13 
= arccos| ——r— 

(\/55\/11) 
=48.5° (3SF) 

—1 

c Att=3, r,=| 5 =0Q,s0Q 

10 

lies on [,. 

—1 i 5 —11 —1 

d PQ=| 5 —~~19=l 11 i 
6 6 6 

10 27, 33 3 

11 
PQ=Z\)1+1+9 

11J11 
= —8— =6.08 (3SF) 

~ 14lines ond planes i  



   Figure 14B.11 

  

Require PQR to be an isosceles 
" Figure 14B.10 ; 

) ¥ triangle, with base lying on . 

Let R be th . e 
' 

Th Pe tRe doséSt L -to Blonie It follows that M must lie at the 

R 
midpoint of the base of the triangle, 

  PRQ=90°, PQ= 11«6/fi and QPR = 48.5° since (PM) is perpendicular to (QR), 

3 : . M has =2 and Q has =5, s0 R myg 

' SAUROTOmE DRI have A = —1 for M to be the midpoint 

k. QR =PQ sinQPR of [QR]. 

BS 
: 

E =4.55(3SF) . the coordinates of R are (3,4, 1) 

) 5+22) (21) (-16+24 A 

& [0 a PM=|1-32 || 5 |=| 4-34 @ a Atp=3 r=|2|=0Q, 

32 2+31) (10) | -8+32 S 

for some value of A so Q lies on [,. 

4 2 b By inspection, the two lines sharea 

Require PM-| -3 |=0 common position vector 

\ 3 . P=(2,-1,0) 

  

    

   

  

   

   

. ;..'a" i 

los2 itz COMMENT 
el Here you could carry out the standaid 
—-8+31 ) 3 procedure for finding the point of 

B ¢ 304 4A+12+9A—24+94=0 intersection, but it is mgch easier if you 

e spot the common position vector! 

- 221 = 44 
: A=2 

- ESth dinates of M are (9, -5, 8 the coordinate ( ) R. / 

15 

b When =5, r=|-14 [=0Q, 

17 

  

so Q lies on L. 

 



   : Require PQR to be an isosceles triangle 
with PR=PQ (from Figure 14B 12 
there are two possible positions for R). 

3 

PQ=|3 =36 

6 

1 

|a|={| -2 [|=3=PR=3]}| 
2 

~3||=3V6 
A=+J6 

. the coordinates of R are 

(2+\/g, -1-2./6, 2\/3) or 

(2-V6. ~1+26, -245) 

Exercise 

a a The vector equation of the line is 

1 3 

r=| 4 [+A| -2 

-1 3 

Cartesian form: 

b Unit direction vector is 

3 3 
1 

-2 
1 

—_— —2 = —— 

V3 +27+3° E V22 

a Rewrite the Cartesian equation as 

  

pReNYatiZ | -3 
2 3 

Loy ¥ s Yoo o g o 

4 
3 

b Intersection with x-axis occurs where 

y=z=0: 

Require A such that 

—2434=0 

20 
3 

This pair of simultaneous equations has 

: 2 | 
consistent solution A =—, so the line 

. 11 
does intersect the x-axis, at —6-,0, 0 

¢ Let O be the angle between the 

  

1 

direction vectors a=| 0 | (for the 

0 

2 

x-axis) and d=| 3 | (for the line). Then 

=2 

cosf = a;d = ik 
jalld] V17 

8]
 

6= arccos(—) =61.0° (3SF) 
17 

B a Vector forms of the lines: 

  

i : 5 KRy el IR 2 

5) et e 
= | 
2 

x+1 z-3 = 3 

T3 gl sl 
3 -1  



  

b 

" 

%) 

. ( 

1 

, 

i;-f‘.' 

L 0O - 
i/ 

.!.: 

Let Obe the angle between the 

5 
direction vectorsd, =| | and 

3 -1 

. Then U
 1 (=)
 

Sote 
d[|d,| ~ V2710 

0= arccos( 5 Jz 13.2° (3SF) 
V270 

The lines intersect if there are A and U 
that satisfy 

3454=~1+3u ...(1) 

  

2+A=1 51 (2) 

%"’1=3—# (3) 

R)=4=—1 

Substituting into (1): 

—2=—1+3/,t=>~/1=-—l 
3 

Check for consistency in (3): 

EHS= i, RHS = 2 
7 o83 

There is no consistent solution, so the 

two lines do not intersect. 

Parameterised form of the first line: 

n=(2+3v, -1+4v, -1+v) 

Parameterised form of the second line: 

r,=(5—, —2-3u, 7+24) 

The lines intersect if there are v and 1 
that satisfy the simultaneous equations 

2+3v=5-U (1) 

—1+4v=-2-3u ...(2) 

“1+v=2u+7  ...(3) 

(3)=v=2u+8 

Substituting into (1): 

1+6p+24=5-=21=-7 

Substituting into (2): 

—14+8u+32=-2-3U4=33=~] 1y 

These give the same value, (1= -3, and 

hence v=2. 

Therefore the equations are consistey, 

intersection is (8,7, 1) 

By observation, at A =1, the line pag,, 

through (8,7, 1). 

Exercise 

a Normal vector for plane I1;: 

3 

n=|-1 

1 

Normal vector for plane IT, : 

1 

n,=|-5 

5 

Angle 0 between the planes is the 
same as the angle between the norma] 
vectors: 

n, -n, 13 

OOl ViVt 
  

13 
6 =arccos =572 

( 361 ) 
(to the nearest degree) 

a The line has vector equation 

D) 3 

r=|1|+A|2 

0 1 

2 

The plane has equation r-| -1 |=5 

= 

pic 14E Angles and infersections between lines and planes  



  

S For intersection, require 

2 3 2 

1 {+A[ 2] -1{=5 

0 1 =7 

9(2+3A)—(1+24)-24 =5 

2A=2 

A=l 

Substituting this value of A into the 
equation for the line: 

the intersection point is (5, 3, 1) 

COMMENT 
There are a great many ways to 
approach vector problems, and o 
selection of methods for this question is 
given below. You should make sure you 
understand all of them, and try to identify 
which approach you prefer in which 
circumstances. Each approach will have 
its advantages, and if you can master 
multiple approaches you can choose the 
most efficient for any given problem. 

  

Method 1: using the parameterised form 

for one line and substituting it into the 
Cartesian form for the other line. 

For the first line, 

x=4-3A, y=14+3A, z=2+4A 

Substituting into the equation for the 
second line: 

3-31_ 3+31 3+21 
i T 
From the first and third expressions: 

3-31=3+2A=4=0 

But this is inconsistent with the second 

expression. 

    

Therefore the two lines do not intersect. 

  

      

  

   

    

   

   

   

    

    

    

    

   

    

   

    
   
   

    

   
   

    
      

       
   

COMMENT 

Note that if the lines do intersect, this 

method gives you the value of the 
parameter A for the intersection point. 

  

Method 2: using simultaneous equations 

for the parameterised forms. 

  

Il 

xSyt 2 Eee o 
The secondline—— == i o 

4 5 Z 

715 
FEA R ) 

: 2 eede o 
has vector equation r=| |+l 2 | 

LG 
2 

An intersection of the two lines represents 

a solution to the simultaneous equations 

4-3A=1+4u ...(1) 

1+3A=-2+3p ...(2) 

] . 
2+ A=—+2q (3) 

Substituting into (1): 

1 U
 9 

4—6_u+:=1+4,u:>10,u= 

I
J
i
 

S ==A=0 

e 
| 
w2
 

But this is inconsistent for (2): 

9 
1+0#-2+— 

4 

So there is no solution. 

COMMENT    
Note that if the lines do intersect, this 
method also gives you the value of the 
parameter A (or u) for the intersection 
point.    

i 14 Li - i 
i s adplones oot L8



   
   
      

   

D
 

Method 3: using the vector equations of 

common normal, 

z e 

The second line e = Y =—k 
4 2 

1 4 

has vector equation r=| [+ | 3 
| 
- 2 
2 

The common normal to the two lines is 

~3 14 3 

n=|( 3 |X|3|=| 10 

| 2] | =21 

For an intersection of the two lines: 

e 4 
el = + | 3 

2l e 
2 

Taking the scalar product with #: 

; 3 4 

— 10 || 1 [+0A 
| 

=21 /{2 

1 ; 1 
=I_| 10 || +OU 

n 1 
2 

20 27 
nf  |n 

'This equation is invalid, therefore the two 

lines do not intersect. 

the lines and taking scalar products with a 

    

   

   

   
   

Although this method does not give 

the infersection point if the lines do 

infersect, in the event that they do ney the 

discrepancy between the two sides of the 

invalid equation is the shortest distance 

between the lines, which in this case 

   
        

      
    
    
      

   

fe ]Z;S[ While this defail is not needed i, 

this question, method 3 would be 

extremely useful for a question which g 

ask for the distance between the lines i, 

subsequent part. 

Method 4: using projections — scalar 

products with two arbitrary vectors 

normal to one of the lines. 

1 

2 ") . ——% 
The second line = : : 

1 
(4 

. 2| | 
has vector equation r = : +4[ 3 

2 ‘ 

For an intersection of the two lines: 

4 3 1 5 

1 el 3 (= 2 enl s (%) 

2 1 — 2 

1 S8 

By inspection,| 0 |and| -4 ‘3;,.6 both 

_.2 O) 

perpendicular to the direction vector of 
the second line. 

Taking the scalar product of (*) with 

1 

0 

-2 

0-5A=0+0u 

== 
4 i o S S e, - L e, 

Angles and Intersechions beiween ines and piar 3 «;“ % 4 v [ on e ¥ ’  



    

  

g-21A=11+0u 

1 
=2A="7 

These give inconsistent values of )., 

Therefore the lines do not intersect, 

N 1his method, like the first two, gives ¥ ihe intersection point it there is one, Geometrically it represents a projection 
B of the second line onto the first in q 
N direction perpendicular fo it. If two such 

projections are made, the same point will 
be found if the lines intersect; otherwise 
the projections will locate different 
points, since two skew lines will appear 

1o overlie each other at different places B \hen viewed from different directions. 

b n 12x—3y+5z =60 

a Intersection with x-axis has y =z =0: 

12x=60=x=5 

~P(5,0,0) 

Intersection with y-axis has x =z =0: 

-3y=60= y=-20 

.Q(0,-20,0) 

Intersection with z-axis has x = y =0: 

52=60=2z=12 

~R(0,0,12)    

a Substituting x=2, y=1, z= 6 into the 

  

     

  

   

  

   

  

   
   
   

        

   

   

            

   

    

      

        

    

Area PQR = -;-IP_R X P_Ql 

240 
1 ==l -60 
2 

100 

120 

=[ -30 
50 

=+/120%+30% +50? 

=/17800=133 (3SF) 

equation for the plane: 

LHS=5(2)-3(1)-6=10-3-6=1=RHS 

So the point P lies in the plane IT. 

5 E 
b PQ=|-2 8 

. 5 
Normal to plane ITis n=| -3 g 

Angle 6 between (PQ) and IT is the 
complement of the angle ¢ between 3 
PQ and n: 3 

PQ-n 35 35 
cosp= 

113—6“14:\/:13\/%: 45 

~.sin(6)=sin(n—¢)=cos(¢) )=sin(n—9¢ 

¢ PQ=|§(§|=\/52+22+43 =45=3.5



   @ Let R be the poing on [1 such that (QR) 18 perpendicular to [1. 

Then PRQ = 90° and QR is the distance 
of Q from 1. 

"'QR=PQsin9=\/E><\/§=\/3—S 

"g- 
- 3) (1) (1-2) (-1 

O a |-1|x| 2 |={143]] 4 M- 

k) 1) (1) (6+1) |7 

;- b The normal vectors to the two planes b 

; 1 
: aren, =| -1 |and n,=| 2 

1 =1 

Since n, -n, =0, the normals are 
perpendicular and hence the planes are 

perpendicular. 

3 

¢ Il isgivenbyr:| -1|=17 

1 

1 3 

1 |-| -1|=4#17,s0 M does not 

25\ 81 

lieinIT,. 

1 

IL is givenbyr-| 2 |=4 

= 

‘ 1) (1 
1 || 2 |=1#17,s0 M does not & 

21\ =il 

lie in IT. 

d The vector from (a) is perpendicular to 
the normal vectors of both planes, so 
it is the direction vector of the line of 

intersection. 

    

Sk A o . Py i T R o 4 e da v v e TR, N P A 

Hence the vector equation of a ip, 

parallel to this direction and Passing 

through M is given by 

1 -1 

r=|1 +A| 4 

D 7 

1 3 -3+10 7 

3 Ix| 5 |= —6+1 [=]| -5 

-2 -1 b9 —4 

i Substituting x =y =2z=0into the 

equation of either plane leads tg , 

true statement 0=0, so the origip 

lies in both planes, and hence the;, 

intersection also contains the origin 

ii The normal vectors for the planes are 

1 4 

n=|3 |andn,=| 5 

s e 

The direction found in (a), which 
is perpendicular to both normal 

vectors, is the direction of the Jine of 
intersection. 

It was shown in (i) that the origin 

lies on the line of intersect on. 

Therefore the vector equation of the 
line of intersection is 

7 

r=A4{ -5 

o 

Substituting x =74, y=-51, z=—-41 
into the equation for I1.: 

7A-5(=51)+(—-44)=8 

281=38 

2 
A== 

7 

. the point of intersection of the three 

planes is (2, —1~0,-§j 
i ] 

nes and pilanes  



   
o o GD 

5 16 _Z) 

(3’3’ 3 
Alternatively, using algebraic elimination: 

3x+ y+ z=8 (1) 

_Jx+3y+ z=2 2y 

x+ y+3z=0 K= (8) 

(1)-—(3): 2x—2z=8 () 

3x(1)—(2): 16x+22=22 ...(5) 

(4)+(5): 18x=30=x= 

Then (4) = z=x-4=— 

—_
 
W
I
N
 

w
w
n
 

N
 

and (1) =>y=8—z—3x=? 

; : AR (OT16: T 
-, intersection pointis | —, —,—— 

Bed i3 

Using Gaussian elimination: 

x SRR (1) 

bety—2=7 ...(2) 

w+y+z=3  ...(3) 

(1) b SR (1) 

@-1 y-z=5 .4 
(3)-2x(1) y+z=-1 ..(5) 

(1) X S () 

(4) 50 () 

(5)-(4) 2z=—6 ...(6) 

(6)=>z=-3 

Then (4)= y=5+z=2 

.. intersection point is (22 -3) 

C, the intersection point is 

(1) Otz =1 el 

2@ = ) 

(3) yrz=5 - (8) 

Clearly these are consistent equations, 

but the system has only two independent 

equations, so the intersection is a line. Let 

x=t; then z=2t—1and y=3-z=4-2L. 

.. the line has equation 

0 1 

r=|045 |t ti=2 

=] 2 

- 1 
(Cartesian form £=4—Z=E’+—‘) 

1 2 2 

x—=2y+z=5 w0 

2x+ y+z=1 (2 

x+2y—z=-2 " (8) 

(1) x=2) iz =5 (1) 

(2)-2x(1) 5y— z=-9 ...(4) 

(3)-(1) 4y-2z=-7 ...(5) 

(1) x-2y+ z=5 (L) 

4x(4)  20y- 4z=-36 ...(6) 

5x(5)  20y—10z=-35 ...(7) 

(1) x=2y+ z=5 =1 

(6) 20y—4z=-36 ...(6) 

(7)-(6) -6z=1 ...(8) 

    

  

    
   

    

   

   

    

      

    



  

o
 

P
t
 

Then(4)=>y=%9=___ 
6 
2 
6 

and (1)=x=5+2y-z= 

<. Intersection point is (i, —E, —l) 

; A 6@ 

l B2 y::-6 ) 

‘A 3x+ y+5z=-7 (2) 

) x—3y-3z=8 ...(3) 

(1) Px—ty =R (1) 

2x(2)-3x(1) Sy+7z=-32 ...(4) 

2x(3)-(1) L0 (5] 

Clearly, (4) and (5) are inconsistent, 

and so this system of equations has no 

solution, i.e. there is no point at which the 

three planes all intersect. 

B a2 2x+ y-2z=0 ..(1) 

      

      

    

   
   

      

   

    

     

     

   

3x+4y-3z=d ...(3) 

(1) 2x+ y—2z=0 ...(1) 

2x(2)-(1) Sy =4 .. (4) 

2x(3)-3x(1) Sy e (5)) 

For this to be a consistent set of 

equations, require d =—2 

b With d =-2, (2) and (3) are consistent 

but the system has only two independent 

equations, so the intersection is a line: 

4 2 
= =2 

y 5 5 

In the form of a vector equation, this is 
e 

  

y+z=1 (2) 

x. —z=4 (5 

(@)X, =4 ..(1) 

(2) y+z=1 e (2) 

(3)-(1) y-z=d-4 ..(4) 

@ ey~ () 

(2) y+z=1 (2 

(2)-(4) 22=5-d ...(5) 

(5)=>z=z_2—é 

(2)=y=1- =%§ 

(1)=>x=4+y=d—;—5—
 

- intersection point is (_d%é - ’:i’ S%d ! 

G a If each plane is written in the form 

r-n, = k;, where i, is the unit normal 

to plane IT,, then k; is the perpendicular 

distance from the origin to the plane. 

In all three cases, this distance is zero, 

hence the origin lies in all three planes. 

The origin therefore lies in (he 

intersection of the planes. 

COMMENT 

Coherently explaining something which 
seems clear can sometimes be fricky. 
It would be equally valid to shov that 
(0, O, O) is consistent with the equation 
of each plane. 

_ Jopic 14F Intersection,of three planes ) o ¢/    
   



    

     

  

    
    

                  

    

‘N’l‘ 

COMMENT 
As always, if you can avoid having 

fractions in your answer, it will appear 

iidier and you will lower your chances 

of making arithmetical errors. In the 

elimination process, consider multiplying 

to make terms match instead of dividing 

(or multiplying by fractions). 

Equations (4) and (5) are consistent, but 

the system has only two independent 

equations, so the intersection is a line. 

Let x = 2t; then y =-2t and z =5¢, so 

the equation of the line is 

ey z 

B - 
or, in vector form, 

2 

F=i 

5 

The direction vector is d = 2i—2j+5k 

    

0 

flu x=2y+ z=7 

2x+ y—3z=9 ...(2) 

x+ y—-az=3 & (3) 

(1) x—2y e (1) 

(2)-2x(1)  Sy- 5#2=7? ...(4) 

(3)-(1) 3y—(1+a)z=—4 
L) 

(1) x—2y+z=7 ..(1) 

y-z=-1 ...(6) (2)+5 

(2-a)z=-1 w17 (5)-3x(6) 
Equation (7) is invalid if a=2, so for 

this value the planes do not intersect. 

b Taking only (1) and (6), the line of 

intersection of I' and I, can be 

obtained: 

Let z=t; then 

(6)= y=z-1=t-1 

(1)=>x=7+2y—-z=5+t 

So the equation of the line is, in vector 

form, 

5 1 

r=|-1[+f]1 

0 1 

or, in Cartesian form, x—5=y+1=2 

x— y— z=-2 ...(1) 

2x+3y—7z=a+4 ...(2) 

x+2y+pz=a’ ) 

(1) x—y— z=-2 (1) 

(2)=2x(1) o= 52=a+8 ...(4) 

(3)-(1) 3y+(p+l)z=a’+2 ...(5) 

(1) X— y— z=-2 .1 

(4) 5y—5z=a+8 (4 

5%(5)-3%(4) (5p+20)z=5a"-3a-14 ...(6)



  

Equation () is invalid if p 4, unless 
Mg e (Sad 7Y (a-2)= 0, in 
which case equation (0) degenerates 
0040 and there are only two 
independent equations in the system, 
80 that the intersection of the planes is 
aline, 

pedand (Sa+7)a=2)=0 

cdand a or *p 
5 

{ - With p= ~4and a = 2, equation (4) 
becomes Sy -8z = 10e pec= 

Letz =t then p=2+z=24t 

and(l)=d x=y4z=2=2t 

2 the equation of the line is 

0) (2 

re=f 2 el 

0 1 

SR L X 
or, in Cartesian form, == y = 2=32 

Exercise 

COMMENT 

As suggested in the preamble to this 
exercise, there are many ways to 
approach these problems. Each of the 
worked solutions below is an example 
only, and should not be taken as the 
‘best’ way. You should try a variety of 
methods and see which of them feel 
most intuitive. Always remember that 
when asked to find an intersection, you 
can take two equations simultaneously 
— what is true for the general point r 
in one equation can be applied to the 
expression of r in the other - to find 
parameters. Don't be afraid to try novel 
approaches.   

| . il gy 
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A normal to the planeis = 

g 

—_
— 

Line with direction 7t which passes 

through (=3, =3, 4) has equation 

-3 2 

pe=| =3 +A| 2 

1 =] 

T NP3 Y+ 
or, in Cartesian form, ot ad. 

The plane has equation rn =11 

The intersection satisfies both this 

plane equation and the line equation 

-3 2 

p=|=3|+A| 2 

4 -1 

Taking the scalar product of the line 

equation with r: 

11=-16+9A 

9A =27 

A=3 

This describes the intersection point Q 

which therefore has coordinaies (3, 3, 1) 

Shortest distance from point P to plane 

I1 will be the distance PQ. 

Since Q corresponds to A = 3, 

PQ=3|n| 

=32 420+ 
=9 

1 

Normal to [1: m =| -3 

1 

Normal to Il m, =| 9 |=3n, 

3 

The normal vectors are parallel, so the 
planes must be parallel.



PR AN N 

  

b Substituting x = = , _ 0into the 
equation for I1, leads ( , true stateme 0=0, 50 the point (0, ¢, 0) R oes lie in I, 

1 

cr=A|-3 

1 

COMMENT 

The question is leading yoy 1o establish 
the position of point P where the [ine in 
(c) infersects plane I1 1+ and then calcylate the distance OP. 

However, there is a faster way to answer 
the question: the distance between two 
parallel planes r-n=k and r.p - kiirs 

B __H_-, this is a result you can quote 

and use. 

  

The distance d between r ‘1, =6 and 
: 6 

r-n, =0is equal to — 
| 

g © el 
R 

S\ (0 0= -2 

a| 0 |x|1l|=| 0+3 |=| 3 

2 3 =1=0 =] 

o 

b i At the intersection, 

7 =] 1 0 

3 l+¢| 0 [=| 1 [+s|1] ...(*) 
2 2 26 3 

Taking the scalar product of 

-2 

equation (*) with | 3 | gives 

-1 

—2540t =-25+0s 

’ 2 i id 

  

"" T '>'v‘-7- . 

This is a valid statement, so the two 
lines do intersect, 

0 

il By observation, | 1 |is a vector 

(0 

perpendicular to the direction 

vector of the first line, 

Taking the scalar product of 

0 

equation (*) with | 1 | gives 

0 

=3+0t=1+s 

=s=-4 

- the intersection is at (1, -3, 14) 

(As a check, this lies on the first line 
fort=6,) 

=D 

- A normal to plane ITis n=| 3 |and 

=1 

the plane contains point (1, 1, 26) 

<. the equation of IT is 

-2 1\ =2 

1 0 = | B 3 [=-25 

-1 26 )\ ~1 

or, in Cartesian form, 

—2x+3y-z=-250r2x-3y+2z=25 

=] 1 2 

AD=| 5 |, AB=|-1|, AC= 
2 3 1 

AD-AB=-1-5+6=0=5 AD is 
perpendicular to AB 

AD-AC=-2+0+2=0=> AD is 
perpendicular to AC  



  

b From (a), AD is 2 normal 1 to the 
plane containing points A, B and C. 

So the equation of plane IT is given by 

- 7\ (-1 
rn=an=(0|| 5 |==5 

1) 2 
R/ 
“ -1 
4 ie.r| 5 [==5 

) 2 
¢ Distance from point D to the plane is 

equal to the length AD, since AD is 

  

perpendicular to IT. 

=il 

|AD|=| 5 |=v1’+5°+2 =30 
2 

d AD,=-AD, so 

OD, =0A +AD, 
=0A-AD 

7 = 

=l0|-| 5 
1 2 

8 

=[5 
& 

5 .. the coordinates of D, are (8, =5, -1) 

a In vector form, /, is given by 

2 3 

r=|-1[+A|-1 

2 1 

58 

The equation of [, may be rewritten in 
standardised Cartesian form as 

o e 

3 =l 1 

So in vector form I, is given by 

5 3 

r= 1 +,u -1 

A 1 

The two lines have the same directigp, 

vector and so are parallel. 

b For A=4,in I, the position is 

2 5 14 

r=| -1 +4(-1]|= =5 

2 1 6 

So A (14,5, 6) does lie on s 

¢ Point B lies on , and so has position 

5 3 

vector| 1 |+ —1 [forsomevalueofy 

—4 1 

—9+3u 

~AB=| 6-U 

10+ 

3 

Require that AB-| -1 |=0: 

1 

—27+9u—6+u—10+1=0 

114 =43 

43 
5T 

... the coordinates of B are 

U 

d The distance d between /; and /, equals 
|AB)| 

=i\/302+232+672 
11 

=6.99 (3SF) 

”.'.9[3{-.: gnes.. ..  
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& _‘
A 
o 

(where 1, m =0 or 1) 

   1 Tt 
Using arctan(;) She arctan(a) with 

arg(2)—arg(w) 
X 

= arctan(z)-% nm +arctan(—]—mn 
X y 

= arctan(z)+£— arctan(l)+ (n—m)n 
G SR a2 

m 
=E+(n—m)n where n—-m=0, +1 

carg(z)—arg(w)= i% 

(allowing equivalence of angles that 
differ by 2m) 

Exercise ()@ 

n a 3iz+2z*=3i(x+iy)+2(x-iy) 

=3ix-3y+2x-2iy 

=(2x-3y)+i(3x-2y) 

Re(3iz+2z%)=2x-3y 

Im(3iz+22z*)=3x-2y 

b Compare real and imaginary parts: 

2x-3y=4 ...(1) 

3x—2y=—4 ...(2) 

2x(1)-3%(2)=>-5x=20 
sx=—4, y=—4 

and so z=—4—4i 

z+diz* =2+i+4i(2-1)=6+9i 

So the equation x +3iy = z+4iz* becomes 
x+3iy=6+9i 

S.X=6,y=3 

  

')Ar_ “"fi"u: ‘1‘{‘? AR ) 

m Let z=x+iy for x, yeR 

(z")2=(x—iy)2 

=x" =y’ =2ixy 

(xz—y2+2ixy)* 

((x+ip)’)° 

=(z)' 

m Let z=x+iy for x, y € R; then 

z+3z =x+iy+3(x—iy)=4x-2yi 

So the equation becomes 4x—2yi=i 

1 
sx=0, y=—5 

X 

2 

1 
Hence z=——i 

2 

m Let z=x+iy for x, y €R; then 

z+i—(1-z*)=x+iy+i—1+x—iy 

=2x-1+i 

Require this to equal zero, but this is not 

possible, since no value of y will make the 
imaginary part vanish. 

.. the equation has no solution. 

m a z+z*=2Re(z)=2rcosh 

bzl =1 

ZZ 

IS 
Z 

C —= 

Z% |z 

2 
_rcis20 

2 r 

=cis20 

  

   

      

   

  

     

  



  

y m 22 ,,+_3_ 2izz*+3 
  

iz 

=mk|+3 

iz 

(using |2|=/3)   

Require this to equal J15 

2 3+6i=4/15z 

3+61 6 31 
=Z7= 
e 

Check: |z|—1h§ = —\/- J3 as 

required. 

COMMENT 

Note that this question gives more 

information than strictly needed. Try fo 

solve the e ‘/guahon without using the fact 

3 that || = /3. You should still get the same 

unique answer. 

    

  (usmg |z|=3) 

Require this to equal 5 

92 1= 028 

_ 9+12i 
  

9 225 
Check:[zl= 5—2+"5—2— = 'E‘ =3as 

required. 

   

  

   
        

      

COMMENT 

As in question 15, try to solve this 

equation without using knowledge of [2]. 

  

¥ Faa e G 
7“("" g 

Letz=x+1y for x, yeR 

1 z 
z+—=2z+—73 
il 

  

=>Im(z+i')=}’(l_x2_:_yz) 

Require this imaginary part to equal ;¢ 

y=0 or x’+y’ =1 | 

~.zeR or |7=1 

m _—z-_= x+iy 

z+1 1+x+iy 

—(l+x+iy)(1+x—iy) 

x(1+x)+y’ +iy 

STy 
2 

1+z) (1+x)+y° 

Z J Im| — |=—5— 
(1+z) (1+x)+y’ 

m z= x+1y where x =cos8, y =sinf, 

50 x° +y =1 

  

Zes I e L), 

ZHl 8 oy 

_(x-ltp)(x+1-y) 
(x+1+iy)(x+1-iy) 

_x2+y2—1+2iy 

(x+1)° +y° 

Ry 

X'+’ +1+2x 

  

_ 2y 
i 

b)) 
—1+x 

sin@ 

1+cos6 

z-1 = i 
Re(———):O, Im(f—ljz sin@ 

z+1 z+1 +cosf 

  

  

  

15C Propertie of complex conjugates. o o~ o
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Exercise 
a By the Fundamental Theorem of Algebra, 

the cubic has 3 roots. 

It has real coefficients, so complex roots 

occur in conjugate pairs. 

(z-3i)isa factor, so (z+3i)is also a 
factor. 

-2 -222+92-18=(z-3i)(z+3i)(z—k) 

= (z2 +9)(z— k) 

=2"—kz’ +9z-9k 

Comparing coefficients: 

Z’:1=1 
2t —k=-2=k=2 
Z':9=9 

7" . 9k =—18 is consistent with k=2 

So the remaining roots are —3i and 2 

a By the Fundamental Theorem of Algebra, 

the cubic has 3 roots. 

It has real coefficients, so complex roots 

occur in conjugate pairs. 

(z—1-2i) is a factor, so (z—1+2i)is also 

a factor. 

24zt -z+15 

=(z—1-2i)(z—1+2i)(z—k) 

=(zz—2z+5)(z—k) 

=7' —(k+2)z" +(2k+5)z -5k 

Comparing coefficients: 

Zel=l 

22 —(k+2)=1=k=-3 

I. 9k+5=—1is consistent with k=3 

0. _5k=15is consistent with k=-3 

So the remaining roots are 1-2i and -3 

a The cubic has real coefficients, sO 

complex roots occur in conjugate pairs. 

Therefore the third root is 2+ 3i 

AV AN L e, R 

b 2 +bz*+cz+d 

=(z+2)(z—2+3i)(z—2—3i) 

= (z+2)(z*-4z+13) 

=2°—22°+52z+26 

b==2,c¢c=5 d=26 

n The quartic has real coefficients, sO 

complex roots occur in conjugate pairs. 

Therefore it has the form 

(z—3i)(z+3i)(z—5+i)(z -5-1i) 

= (22 +9)(z*~10z +26) 

=z'—102°>+352°—90z+234 

g By the Fundamental Theorem of Algebra, 

this quintic polynomial (of degree 5) has 

5 roots. 

It has real coefficients, so complex roots 

occur in conjugate pairs. 

Therefore it must have roots +2i, 3+i and 

one other. 

This final root cannot be complex, since 

that would require a sixth root as its 

conjugate. 

Hence there are four complex roots and a 

single real root. 

m a f(x)hasarootatx=landa repeated 

root at x =5. 

Since it is a quartic polynomial, by the 

Fundamental Theorem of Algebra it 

has 4 roots. 

It has real coefficients, so complex 

roots occur in conjugate pairs. Since 

three roots (1, 5 and 5) are known to 

be real, there cannot be a complex root. 

The final root must therefore also be 1 

or 5. 

KACIE a(x—l)z(x—S)2 

or f,(x)=a(x=1)(x=5) 
for some real a # 0.  
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Figure 15D.10.1 f,(x)=(x~1)"(x-5) 
is a positive quartic with two repeated roofs 

  

  

at 1 and 5 

Yy 
F \ 

- S 

-—) 

\;{ 
V’ 

1 
K x 

. 5 

F Figure 15D.10.2 f, (x)=(x - 1)(x - 5)° 
& is a positive quartic with one root at 1 and 

; a triple root at 5 

U @ f(2)=2"+22+522+42+4 

a f(21)=16-8i—20+8i+4=0 

b The quartic has real coefficients, so its 
complex roots occur in conjugate pairs. 

)= (z—2i)(z+2i)(z2 +az+b) 

forsomea, beR 

=(zz+4)(zz+az+b) 

=2"+az’ +(4+b)z* +4az +4b 

    

  

Comparing coefficients: 

' 1=1 

z ia=1 

J 4+b=5=>b=1 

;' 4a =4 is consistent with a=1 

0. 4b=4 is consistent with b= 

.-.f(z)—_-(z—zi)(z+2i)(
z-’+3+,) 

2 
—_ 

Since the roots of z“+2z+1=0are 

z= :E——@, the remaining solutiong 

pand 22 are —«l1 an 2 2 

¢ f(z)=(2+4)(z'+2+1) 

Exercise 

a By the Fundamental Theorer of 

Algebra, a quartic polynomi! has 

4 roots. 

It has real coefficients, so co 
roots occur in conjugate pai 

Therefore the other two root- re -3; 

and 3+i 

I€X 

b f11-=3i+(—3i)+(3—i)+(3+i 

=a=6 

d=(31)(-3i)(3-1)(3+i)=90 

8 par+ pgr+pgr? =(pqr)(p+q 

i 1)' -2 (- 
1 

8 

 



        
       

    

   
   

   
   
     
   

          

   
   

  

    

    

ii .1.-_——}—+—1- 
The mean of a large sample would be 

R R R representative of the mean of these 

= R,+R, 4 values: 2 

R R, 
4 

RR, n Product of the roots is - 

"'R"RZ,LRl e=px2px3px4p=24p 

4 Sum of the roots is 

=3 ~b=p+2p+3p+4p=10p 

; ~1250e=1250x24p" 
1 

73 =30000p" 

< =3(-b) 
n a afi)’—-—;— 

e 

b Since there is no term in x?, it follows 

that o+ f+y =0 @ for (p+q+r)2 

.-.7=~(a+fi) :p(p+q+r)+q(p+q+r) » 

From (&) 7= er{pratn) 
&’ =p2+q2+r2+2(pq+qr+rp) 

= + = — 
r’\ 

(O! fi) of =>p2+q2+r2 3 

s _(p+qtr) —2(pa+ar+m) 1 
of 

. 2 o 

=2 3 11 (pq+qr+rp) 
, 

i +g=—"=— 

1 

B - palpgrarem)rar(parar+e) 
p=> +1p(pa+ar+1p) V. 

P 
o i B R o). 3 

3 =pq +qr+rp 

g 5 3 +2(pqr’ + pq’r+p'qr) 1 

Iz 4 % 2 = D+ g 1’ 

andlxl——l——é 
+2pqr(p+q+r) 

pq pa 2 =p'q’ +q'r +r'p’ 

Therefore, a quadratic with roots L =(pq+qr+ rp)2 —2pqr(p+q+r) 

p q 

     could be xz——éx+-5-:0 or, 
; 

28 b i ptqtr=—— 
a 

      

  

equivalently, 2x* —3x+5=0 

    
d 

For the four roots a+ 3+ +0: qu__; 

       ;a+[3+y+5=—%9=9



b AR s o3 ¥ A TRy L A o : "% YRR L . A 2 
b 

3 e R 1 oy = o, s 
el T T e O PRI L, ; $n 3 4 

ii a(x_p)(x_q)(x_r)=ax3+bx2+cx+d 

U ~(prqr)et +(pg qrem)x=pa) 
Comparing the coefficient of x: 

C=a(pq+qr+rp) 

= ax’ +bx’ +ex+d 

:pq+qr+rp=§ 

¢ From(b):xl+x2+x3=_g=0 

XX, + XX+ x,x, = . d 
2 2 

XXX 2o =il 
2 

i From (a)(i): 

3 =()— —_—— = x|2+x§+x32=(x1+x2+x3) —2(x,x2+x2x,+x3x,)-0 2( 2) 5 

ii From (a)(ii): 

2 o ) 
x,2x§+x22x32+x32x12=(x1x2+x2x3+x3xl) —2x,x2x3(xl+x2+x3)—(—ij =2 U(U)=§ 

4 

xlzxzzxsz :(xlx2x3)2 ::(—1)2 =1 

iii Using the above, a cubic equation with coefficients x;', x; and x. could be 

25 
x°—5x +?x-—1 =0 

or, equivalently, 4x” —20x” +25x -4 =0 

Exercise 

a z=cis(g) 

By De Moivre’s theorem: 

z? =cis(£) 
3  



  

    

2} =cis (2m)=cis(0)=1 

; _(8n ,(Zn) 
7t =cis| — |=cis| — 

3 3 

  

Figure 15F.4 

¢ Sincez’=1,2z"=zforalln=3k+1, 

keN 

a [1+43i|=V1+3=2 

arg(1+x/§i)= arctan(ifi]
:g 

(select argument in first quadrant of 

Argand plane) 

b From (a), 1+3i= 2cis(1;—) 

By De Moivre: 

(l+\/§i)5 =2° cis(s—;—) = 32cis(—§) 

G 

a- 

b 

7 

    

: Tl lfi. 
cns(-;):—-———n 

A (144/3i) =16-16Y3i 

’—\/5+\/§i}=\/:2—+—2_=2 

arg(—fi+fii)=arctan[%)=%§ 

(select argument in second quadrant of 

Argand plane) 

3 24 2i= 2cis(—’3] 
4 

  

(—\/E+\/§i)6 = 26cis( 6x3n) 

=64 cisSlE 
2 

= 64i 

1 1 

cis@ cos@+isinf 

1 cos@—isinf@ 

" cos@-+isind 3 cos@—isin0 

_ cos@—isin6 

& (cos2 0+ sin’ 9) 

~ cos(—0)+isin(-6) 

3 1 
= cis(-0) 

  

cos(—0)=cos(2n—0) since cosx has 

period 2T; 

for the same reason, sin(—0)=sin(2n—0) 

o= cis(-8)=cls(2m=6) 
cis@ 

    

   
    

     
    

   

  

   

  

   

      

       

   

      

 



  

p Cis6, _ cosf, +isin6, 
cisf, cos@,+isin6, 

_ cosf, +isinf, cos6, —isin0, 

cosf, +isin@, cosB,—isinb, 

(cos0 cos, +sin6, sin@ )+1(sm6 cosB, —sin0, cost, ) 

cos 6 +sin’ 0, 

i cos(6), —02)+isin(6, -0,) 

1 

  

=cis(6,-6,) 

B a A=4-i 
3 27 b i 

b A rotation of —— about the origin in th 

4m b 

cis(%z), and a rotation of = about the origin 1s €q 

e Argand plane is equivalent to multiplication by 

uivalent to multiplication by cis(flj 3| 

l4-i|=17 

arg(4-i)= arctan(—i) =10 

where is selected to be in the fourth quadrant, so that cos6 = \/_ ,sinf = 

~4-i=+/17cisb 

Then the other two points are represented by J17 cis(9+ _231_[) and /17 cis(@ i _79‘ " 

fi?cis(0+—?)=\/fi(cos(9+2§)+isin(0+231)) 

= 17(cost9cos(23 )—smesm(Z;DH\/fi(sinOcos(z?n)flin flzj}cos@) 

4 ) (1) (13 1) (V3 4 
=J17| | ——= |X| — |— B 

[(Jfi) (2) (Jfi)[ DJ’r((r)(zj( 1—7) 

=—2+—\/2—§+i(%+2\/3_J 

1 

/ 

  

Similarly, 

\/—cw(e———)=—2——‘?—+i(%—2x/§) 

So the vertices have coordinates (—2+i2_3—, %+2\/§ ] and (—2_ _‘/}—_ 1 f J 
e



    

    

     

     

     

      

   

  

    

   

        
    

    

rcuse 
(' 

f_if—- 2l:(cosz-i-isinz)+(cos( 
2 ~z)+isin(-z))] 

| L e -2-[(cosz+1smz)+(cosz—isinz)] 

.—.%(Zcosz) 

=082 

et el 
Hence cos(2i)= 5 =376 (35F) 

  

i{In5) 
5 =€ 

= cos(In5)+isin(In5) 

=-0.0386+0.999i 

' 32"l =9)(3’I 

=9e-i(ln3) 

=9(cos(In3)~isin(In3)) 

=9cos(In3)-9sin(In3)i 

=4,09-8.02i (3SF) 

) cosz= =2=e+e ' =4 

—4e" +1=0 

This is a quadrat:c equation in e'*; 

2 

% . 4*“: =) 3 

niz=In(243) 

and hence z =—i1n(2-_t\/§) 

  

lx=



i Exercise 
'=l=z=%], H 

  

    

  

    
    

  

The 4th roots of unity are 

Gs0, Gis -, cisw, cis(-fi) 
2 2     

Let z =rcisf; then 

(rcisg) =-8=2’cisn 

  

    
    

  

s rcis30=2cisn 

—=r=2and 30=mr, 3%, 51 

T 5n 
r=23nd8=-3-’

n' _5_ 

Therefore the solutions are 

So the solutions to z° =—8 are 

:, =2cis(—11‘2—)=\/2+x/3-mi 
=2cis§=1+J5i 

       

    
   

   

  

    
    

    
   
   

      
     
  

Z, =2cism=-2 

—2cw(—;) 1-V3i 

2> =/2(4-4i) 

Let z=rcis@ 

J2(4-4i)|=32+32=8 
, ( l)l 

COMMENT 

3 4 m : m 

arg(s/i(4-4t) =arctan(—z)=—z The sine and cosine of - can be 

expressed in several ways using 

surds. As shown in Long Question | (choose argument in fourth quadrant of 

Argand plane) 

r’cis39=8cis(—§) 
of the mixed practice exercise at I 

end of this chapter, you may also use   n 7n 151 Vo4V2 4 (1) _V6-V2 
—r=2and30=——,—,— < ( ) and sin 

e 12 4 12 AT 

= Zandfl———"—ZTiS—Tt 
12412 54 

Using double angle formulae: 

(x) l+cosx . (x) 1—cosx 
coS| — |= ,sin| — |= 

2 2 2 2 

  

  

o D sy 3 £ 
5 DOIS OfF CO Niex n APt G = 3 . <3 f A 2 

g A > Of ‘4‘”_k e & -A‘._ i 1Ot j‘-&—t ?;‘.v";v . . 3 st SN o oiay D7k 3 
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Therefore the solutions are 

5 ¢ Al ’ R A 7n 5 

a2l el 2 
0 I4+4J§i| =16+48 =8 

. N\ = 43\ n 
arg(4+4\/§1) = arctan[ —4—] - £ 

(in first quadrant of Argand plane) 

.-.4+4\/§i=8cis(§) 

b Letz=rcisO 

rdcis40 = 8cis( 

    

    
   

t 7n 13n 191 
ey = —, ——,— 

RG22 12 

          

So the solutions are 

3 3 3 3 

i fl G/ (08 SR 

amie ) o=t 7)o =2 et 

   



  

AR 

S 
Lo 

SR R 
Y i 

Lol dallprieets L VIR IR 

B & 2 Lotz 
r'cis40=—16= 2 cis(m) 
:r=2, 40=TT, 3m, 5n,7n 

So the solutions are 

V2-i 

z' +16=0 has the roots found in (a). 
Pairing up the conjugates: 

z'+16 

=|:(z—\/§—\/2_i)(z—\/§+«/5i)] 

[(z+fi—fii)(z+\/§+fii)] 

=(z2—2fiz+4)(z2+2fiz+4) 

W, =cis| — |=cis| — 
6 3 

Forn=2,3,4,5: 

®,=cis| nX— |=cis| — 
6 3 

.. by De Moivre’s theorem, 

A 
1+, + 0, +0,+0, + 0, 

=140, +0] + 0, + 0] +o; 

This is a geometric series with first 

term 1 and common ratio @, 

st +o,+0,+0,+0, =S 

_1-0f 
1-w, 
  

But @; =1 by definition, so 

1+, + 0, + 0, +©, + 0, =0 

o opic 15/ | 5 \g complex numbers fo dgri. o 
b SN g N s s TR e 

  

2):(12 +b2(03+ab(a)+w2 

=a*+b’—ab 

. ZS=__1=CiS(T[) 

Let z= rcis() 

P cis 30 =cis(7) 
39=m, 3m, 57 

i 5n 
. —_ =’—',T[)— 

60 r—L 9 3 3 

il 

So the cube roots of —1 are 

e, 
:—1, —.'t’_l 

4 2 

b (x+2) =x"+6x"+12x+8 

c X +6x°+12x+9=0 

x> +6x’+12x+8=-1 

(z+2)’=-1 by (b) 

1 2 
+2=—lor —t—i by(a) z 2T Y 

J3 3 : 
nZz=-3o0or——*—1i 

2 

Exercise 
C1 (cosB+ising)’ 

=cos’ 0+ 3icos’ Bsin@—3cosOsin’ H—isin'f 

Re((cos0+isin9)3) =cos’ 6 —3cosBsin’f 

Im((cos@+isin9)3) =3cos’ @sinf—sin’ 0 

By De Moivre, 
55 3 e (cosB+isinB)’ = cos36 +isin 36 

ARl &



       
      

      
    

    

    

     

  

        

      
    

  

     

    

    

20 <% 39 =3cos 0sinB-sin'g=3(;_ .. ; sin (l sm‘())sm()—sin‘0=3sin()—45in'9     
4 Using the binomial theoren,. 

i) W o S T 
(cosB+isin®) = cos 9+41&03’95m9~6cos’05in"9—4icns()sin‘9+sin'0 
_—_-;Re((c059+i5in9)“)=COS“9-6cosl95in"9+~;in*9 

p By De Moivre, (cosf+ising)' =C0840+isin40 
..’cos49=cos49—6c05295in29+sin"9 

v 4 = Cos 9—6cos’6(l—coszf))+(l—cos"())2 

=8cos' 0-8cos’ 0+ 

By De Moivre, (cosf+isin6)" = cospg 1 iin 1o 

  

Hence 

2" =cosnB+isinnb 

z "= COS(“"9)+ i sin(—n()) =Cosnf —isinnO 

~2"+z " =2cosnd 

b From the above with n = |, 

2cos0=z+2" 

~(2c050) = (z+z'l )S 

Expanding using the binomial theorem: 

32c0s’0=2"+52 +10z+10z "' +52 ' 4 7 

=(ZS+z_5)+5(23+z“‘)+l()(z-+-: ") 

=2¢0850+10c0s30+20cosf 

WA =2"B=10, C=20 

M a By De Moivre, (cos6+isin8)" = cosnd+isinnf    
- Hence 

z" = cosnb+isinnb 

    z " =cos(—nf)+isin(-nb)= cosnd—isinnb 

~Z2"=z7" =2isinnd



       

   

   

      

   

    

      

   
   

  

    
= h ” NPT B gy p s : % y . ¥ "y 

b Also, 2" +2z " =2cosnd, so z+z "' = 2cos0 

Using the binomial theorem: 
q1\0 3 - =4 =5 (z+z ') =2 462" +1522 +20+152° +62~ 12 

5 g ; F . ~6 

(2=2")" =2 =62 +152* ~20+152 L6z 2 

_ Taking the difference of these two statements: 

(2c0s0)° ~(2i sin@)’ =12z* +40+122”" 

64(cos® 0+ sin® 0) =12(z" +2 ') +40 

) 
=24 cos40+40 

cos’ O+sin 6= 212(24cos40+40) 

=-:;(3cos40+5) 

£ o (cosB+isind)'= cos’ 0+ 5icos’ Osin@—10cos’ Osin” 6 — 10icos’@sin’ @ +5cos6sin’ 0 +isin’g 

Re((cosG+ isin 9)5)= cos’ —10cos’ @sin’ O+5cosBsin” 0 

. Sinisy 

Im((cose+isi119)5)= 5cos' Osin@—10cos’ @sin’ O +sin” 6 

b By De Moivre, (cosO+isin@) =cos50 +isin50 

Comparing imaginary parts: 

§in50 =5cos" @sin6—10cos* Osin’ O+sin” O 

sin50 

¢ sin® 

=5cos" 0-10cos’ O(1-cos’ 9)+(1—cos2 9)2 

=16cos’ @ -12cos* 6+1 

5c0s' @ —10cos* @sin® O+sin' 0   

c As@—-0,cos0—1 

  

in50 lim(s',“ ): lim(16c0s' 0~ 12cos* §+1)=16-12+1=5 
0-0\ sin0 650 

      
          

COMMENT 

There are many other ways to establish this result. The approximation 

  that sin@ = 0 for small values of 6 suggests that lim S for 
6-0\ sin@ 

any n. You might want to research 'Hépital’s rule, found in the Calculus 
option, which would also demonstrate this result. 

pic 191 Using complex nut



(~15+5i)(1-3i) 

(1+3i)(1-3i) 

 —15+45i+5i+15 

10 
51 

f;;;z:iw+8+2i=3+21 

lynomial with real coefficients mus 
omplex roots in conjugate pairs 

" ts are 1 and 1+ 2i. Hence 

z-1)(z-1-2i)(z—1+2i) 

To solve —2x + 8iy = 4—3i, compare real 

and imaginary parts: 

Re: —2x=4=x=-2 

3 
Im: 8y=—3=>y=—§ 

3 
SZ==-2——1 

f_ 

J_ arctan(——jlg— = 

(choose argument in fourth quadrant of 
Argand plane as Re(z)>0,Im(z)<0) 

] ( nj 
S = —Cis| —— 

V345 & 6 

(s - e 
:f A polynornial with real coefficients must 

have complex roots in conjugate pairs. 

< roots are 213 and k for some ke R 

2’ +az’ +bz—65=(z—k)(z-2-3i) 

(z—2+3i) 

=(z—k)(zz—4z+13) 

=2’ —(k+4)z’ 

+(13+4k)z-13k 

Comparing coefficients: 

" ~13k=-65=k=5 

z2':13+4k=b=b=33 

2t ~k-4=a=4g=-9 

z 1] 

La=-9,b=33  



  

,‘ w=143i, z=1+i 

w2z 14Bi+2(1+i) 
  

Cw-V2z  1443i-v2(1+i) 

_1+J§+i(fi+fi) 

1-2+i(V3-42) 

(1+J—+1(J—+J—))Xw 

(VEei( B ) (i) 

» w2z 1+2)(1 \/5)+(\/§+\/5)(\/5—\/_2_) 

:R( fi) ((Ji+i(f fi))(l—fi—i(fi—fi)) 

   

        

     

   

a arg((a+i ) 

So (a+i)’ is a negative real value 

(a+i)’ = —k for some ke R* 

(a+i)’ = kcis(m)= kcis(~m) = cis(3m) 
B e 

sa+i=k3 cis(igj or kcis(m) 

1 1 

=k3(l+£ijor—k3 2 2 
1 
e | el 3 ) 

Onlya+i=k* (E+ : ’5 1] gives a solution fora e R". 

Comparing real and imaginary parts: 
1 

Re: a=lk5 
90 

O G ) ; vl By 4 
Mixed examination practice 15 

   



    

  

i)(z-1)=(w-i)(z+1) 
wz—wHiz—i=wz+w—iz_; 

2iz=2w 

w=1z 

b Letz=x+iy and w=u+iy for 
x, y,u, VER 

Then Re(w)=Re(iz)=_y=~1m(z) 
~Im(z)=0=Re(w)= 

m |z+21|=|z —6i 

Let z=x+iy for x,y € R; then 

J24(y+2) =\ +(y=6) 
(y+2) =(y-6) 
y+2=%(y-6) 
y+2=~(y-6) 
(reject other option as it leads to 

  

2=-6,a contradiction) 

L2y=4 

=y=2 

~Im(z)=2 

  
   ) |2+25/=5z+]] 

Letz=x+iy for x,y € R; then 
  

x+25) +y = 5\/(x+1)2 +y° 

   
4x*+24y* =600 

$450x+625+ y” =25(x’ +2x+1+ ") 

  

    

    

    

     
        

        
        

a The sum of the root is —a, $0 

a=—(l+—2—+1+1+3)=—6 
350 

b Require @° =1=cis(0) 

2 4 
-~ =cis(0), c1s( : ),cts(——), 

5 

: (61{) : (811) 
cis| — | or cis| — 

5 5 

2 
Then o, =cis(?n), 

o, = forn=2,3,4, 

o, =1 

Hence 
3 4 O, +0,+0,+0, =0, + 0] +0; + 0, 

wl(l—w,‘) 

A 
_0,-1 

-, 
=-1 

1 (a+B) =o' +30’B+308* + B 

=o' +p :(a+[3)"—(3a2[3+3aflz) 

=(a+B) -30B(a+p) 

b x*+7x+2=0 

sa+f=-7,af=2 

SRR g 

and @+ =(-7)’ -3(2)(-7)=-301 
A quadratlc with roots &’ and f° is 
x*+301x+8=0 

        

    

       

       
    
    

  

       

    

    

    
   



   
;. Letw=2+jand z=3+i 

| Then wz =5+5j 

arg arctan( j 

arg arctan( ) 

arg(wz) = arctan( : ) L 
4 

|
 1 e 

Since arg(w)+arg(z)= arg(wz), it follows that arctan( E)+ arctan( : J 

m Let w=5in6+i(1-cos6); then 

et 23in2(g] 6\)_6 arngarctan( —.cos ):arctan S o (oD =arctan(tan(5) :5 

Sin0 2sin(5)cos(5) 

  

argz =argw’ = 2argw 

=argz=0 

Let z=x+iy for «x, y €R; then 

1 gy R 
1Sey 

ISty 

(1 x—ly)(l x+1y) 

1—x+iy 

x4y 
e sty 

C1+x 4y -2x 

ZEl= "ty =1 

  

s Chl), 

3 2-2x 

R ( ) 1-x 1 
w)= =— Hence Re 2(1—x) )  



%z’ =c0529-—sin29+2isi119c059 

- ,_z1_1=-25in26+Zisin8cos() 

2 41=2c0s’ 0+2isinOcos 

z'-1 _~2$in20+2i:sj|_19cos() 

750 z’+l_ 2c0529+2isin0msl) 

_ sin@ (=sinf+icoso) 

T cosO cosO+ising 

. tano(—sineiicos(fl ) (cosO—ising) 
(cos®+isin®) (cosh—isind) 

—sin6cosf+cosBsinG +i(cos’ O +sin’ ) 
=tanf— 

cos" @+sin” 0 

=itanf 

Im(k)=0=keR 

Let z= x+iy; then 

Z2+1=1+x"— y* +2ixy 

- kz 
2*+1 

kz(z*+1)" 

(22 +1)(2* +1)° 

: ._k(x+iy)(1+x2—y2—2ixy) 

& (zz+1)(zz+l)* 

ky(14x7 - y*)-2kx’y 

(zz+1)(zz+1)* 

= 

. Im(w)= 

1(w)=0=> ky(1+x* - y*)~2kx’y =0 

= ky(1-x’-y*)=0 

’-yz=0 

B  



     

     

       

    

COMMENT 
Note that there vas no need 1o calcylate or resolve the denominafor of the expression for w in terms of xand y; avoid doing redundan caleulations, If YU know & rafional expression s fo equal zero, then aside from ensuring hat the denominator s non-zero (which ' given in this quesfion), you need not worry about the denominator of all; simply sef the numerator equal to zero, 

. Long questions 
ey 

P @.. % 
~~——'h‘“-'9‘?:2‘—"1—i 

g 5 
e - E arg\z, )=arctan| —— = -~ , 4l ) ( JB"J 6 

5 (choose argument in fourth quadrant 
- as Re(z)>0,1m(z) < ) 

lz,)|=V1+1=y2 

=1 d arg\z,)=a tn(— = it g(z,)=arcta | J p 

: (choose argument in fourth quadrant ¥ as Re(z)>0,1m(z) < 0) 

"‘ L2 =«/§cis(—%), Z,= ficis(»}) 

  

b = %=%CE((~%J'(“Z“J
J=CB(%J 

   

       
    
    

     
      
       

  

   7 J6-iy/2 
e ST s s 

z, 21-i) 

(Jg—ifi)(l_f\i) 
i et e s e 

2(1-i) (1+i 

,/€+\/5+,(\/@—f2) 
B —————— = 

COMMENT 
As illustrated in the answer 1o ¢ 
15H question 4, there can be . 

FErCise 
J ’:f.’)(}fi,e 

: (o r expressions for sm(l—i and cos 

using nested surds. As an exere .. s 
e 5+ . thot the formulation Y6 + /2 

to Y243, ’ 
7 

1@-14=/§+1=, 
2, 4 4 

( 

jivalent 

B - 
  

  

8 i1 | n argl =——~—-—1 |=arctan = - 
2 | 

2 ) 
(choose argument in fourt!, quadrant 

as Re(z)>0,Im(z)<0) 

V3ol ( m oy e = G| — ) 
b By De Moivre, 

(ot - 
=cis| — |=i 

2 

 



' V2 
atg[)—[-i-'ffll]: arctan 1 g2 5 

—_— 

2 
(choose argument in first qyag Re(@)>0Im(z)>0) 

X 
4 

~ Any combination of positive integers m 
and n for which 2m+3n is a multiple of 
24 will fulfil the requirement, 

- A possible pair would be m =6, =4 

2 i (cos@+ising)’ 

=cos’ 0+ 3icos’Osinf 

—3cosfsin’f—isin’ @ 

ii By De Moivre’s theorem, 

 (cosB+isinB)’ = cos36+isin30 
e Comparing real and imaginary parts 

- with the expression in (i): 

c0s30 =cos’ 8 —3cosHsin’ O 

= cos30—3cos()(l —cos’ 9) 

=4cos’@—3cosd 

sin36 =3cos’@sinf—sin’ 6 

=3(1—sin*6)sinf—sin’6 
—=3sinf—4sin’ 0 

b Mz 3sinf—4sin’ 6 —sinf 
€0s30+cos® 4cos’@—3cos6+cosh 

_ 2sinf-4sin’6 

"~ 4cos’ —2cosh 

_sinf 1-2sin’ 6 

cosf 2cos’6-1 
o tarléb(cosZB 

cos26 

=tan6 

¢ 1 
€ sinf=—-=cosh= 1—(l 

3 3 

choose positive root 
mom 

because 6 ]—~ ,— 
4 4 

Using (a): 

tan30 = 20 
cos36 

1 

S 
{6 

ety 
" 64v2-5442 

23 
1042 

20 

Let 1+ w+®* =z; then 

wz:w(l+w+a)2) 

@’ =1 by definition, so 
wz=0+0*+1=z 

=z(w-1)=0 

Butm#1,s0z=0  



This fidy proof works to show that the sum of the nth rools of lg/:;TfY wil 

always equal zero, without any need for identifying @, =cis| = = | 

  

g (wx+w2}’)(w2x+wy)= w'x*+a’y’ +xy(w2 +o') 

Using @* =1 and @' = 0 = —w*—1 from (a): 

(a)x+co2y)(a)2x+a)y)=xz+y2 —xy 

. b 
a1 xl+x2+x3=—_ 

a 

X)Xy X3 =—— 
a 

b i By the factor theorem, 

ax’ +bx’ +cx+d 

=a(x—x1)(x—x2)(x—x3) 

= a[x’ = (3, +2, +X,)x7 + (%, + X,%, + X5, )x—x,x2x3] 

Comparing the coefficients of x: 

c=a(x,x, +x,x%,+x,x,) 

G 
A X O = — 

a 

b Let r be the common ratio of the geometric progression. 

  

- Thena=£,7’=firsoafiy=fi3 

F/ : d_ 16 
i From (a)(i), the product of the roots is —— = = =g 

e 
. 

i T fl3 =—8 

/ =f=-2 
d ¢ 

g 1 b 
S ii a+fi+y=fl(_+1+,)=_5 - 

  

=>b=4(1+1+r) 
7% 

afl+fl7+m=fi2(l+r+1)=§ 
r 

=>c=8(l+1+rj 
r 

ic=2) 

‘examination practi  



TR R R T A e R 

= cosO+isin0 
v De Moivres theorem Correspondmg values of sin@ are: 

= cos(=0)+isin(-6) = cog9 ising cosf == => sinf = \/——I 
' =2c0s6 C'z+z 

: en cos()-——=>sm0 
Also by De Moivre's theorem, 2 

" = cos(nB) +isin(n0) 

" = cos(=n6) +isin(-ng) 

= cos(nf)—isin(no) 

n2"+27" =2cos(nb) 

3 -2 +22° -z 43= 0 
Dividing through by 2’ (clearly z # 0, 
so this is valid) gives 

32°-z+2-2"'+3z7 =0 b The nth roots of unity always sum to 
3(22 +z'2)—(z+z“ )+ 2=0 zero (see question 4(a)), 

sow' +0'+0’+w'+1=0 

From (b): Proof in this case, if needed: 

3(2c0s26)-2cos0+2=0 10in 
0 =Rl 

6c0520—2c0s0+2=0 

®'+©* +®"+" is a geometric series 
i Using c0s20 =2cos’0—1, the with common ratio w 

equation in (i) becomes L B - ) 
L0+l o’ + 12c0s20-2c0s0-4=0 e 

6c0s’ 0 —cos@—2=0 ; 
=) 

12317 +4x6%2 34 
cosf = 

¢ W=cos| — [+isin| — 
5 5 

Using @’ =1: 

el el 
i 27 0+ =2cos —5-  



A 

   

   

e 

J( 

  

Similarly, 

5 5 

0 =@ =gy =co"(4n)"bm(4nJ 
5 5 

208 @' = ZCOb(%J 

d o+’ +0' + 0’ = - from (b) 

2ws(%)+ 2cos(is7—') =~] from (c) 

Using cos2x = 2cos’ x - 1; 

2cos(2 )+2(2c 08 (21:)_1)____1 
5 5 

4cos (2 )+2cos(2n) =0 
5 5 

(21:) ~24+y2°+16 
. COS T i ———— 

5 8 

—144/5 
4 

The argument lies in the first quadrant, 
50 its cosine must be positive, 

V-1 
s 

  

Therefore cos( E ) 

a Using binomial expansion; 

(cosO+isin6)’ = cos’ 0+ 3icos’ Osin g 

~3cosfsin’ O—isin’ 6 

Re((cosB+isin0)’) 

=cos’ 6 —3cosfsin’ 

Im((cosGHsinB)J) 

=3cos’ Osinf—sin’ O 

By De Moivre, 

(cosO+isind)’ = cos30+isin 30 

T 
! vg A 

" 0.7 b X T 

Comparing real and i imaginary p,, e 

Re: cos36 = cos "0 -3cos0 sin? 0 

=c0s’ 0-3cos6] ~cortg) 

  

=4cos’0-3cos0) 

Im: $in30=3cos’ Osinf-sin’g 

=3(l —sinz())sin()- sin’g 

=3sin@~4sin’f 

  

3cos’ @sinf—sin’ § 

~ cos’@-3cosBsin’ 6 

Dividing through by cos’ 6 in 
numerator and denominator giyes 

3tanf—tan’ 0 
Qoo 

¢ x’-3x*-3x+1=0 

1-3x*=3x-x’ 

  

____fl_.’uc-x3 

T 

Let x =tanf 

From (b), it follows that tan 3 - | 

30=arctan(1)=§+kn forkez 

=>0=1+—k—" 
[03 

Tl 
Hence x = tan(EJ is a root of the 
cubic, 

d Let f(x)=x"-3x>-3x+] 
f(=1)==-1-3+3+1=0 
<. by the factor theorem, (x+1 i 4 
factor of f(x) 

So f(x):(x-fl)(x2 +bx+c) 

=x°+(1+b)x* +(b+¢)x +¢ 

Rl b o F 2 p s L QOSPAONNNIoD PIACICRLLY /. gaacam  o  



~omparing coefficients: 

¢ =11is consistent with the value 
) dabOVe 

| (x)=(x+l)(xz—-4x+l) 

4412 
2 

=x=-1,243 

(x):()flx =-1, 

n n 
0)<tan| — |<tan| — |= 

=l (12) a"(4) ' 

; T 
om (€), tan(a) 1s a positive value 

So of the 3 values found in (d), 

BN . O R e - 4 
R T ) R 3523 e I o e DV 

a Distance between two points (x:-)'n) 
and (x,,y,) is given by 

PQ = (x,~x,)1+(y,—y,): 

=|x,—x2+i(y,—y,)| 

=%, +1y, = (x,+iy,) 

=(z,~z)| 

bi A:a+0i 

ii B: bcisO 

iii From (a): 

AB=Ibcis€—a| 

= J(bcos@—-a)’ +b’ sin’ @ 

=+Ja’ +b’ - 2abcosO 

iv 

|AB =a* +b* =2abcos 

=|0A|" +|0B|" = 2|OA| x|OB|cos 

 



   

   
¢« Exercise 

8- 

L 

3 
, 

B C 

i, 

b 

; / 

b 
h;.‘ 

& 
¥ 

% 

  

Sometimes true: derivative indicates 

the slope of the curve, not its position. 

For example, y = 2x has constant 

positive gradient 2, both at point (1, 2)5 

where y > 0, and at point (-1, —2), 
where y< 0. 

Sometimes true: as for (a). 

For example, (1, —2) lies on the line 

y =—2x (with negative gradient) 
and also on y = x -3 (with positive 

gradient). 

Always true: % =0 is a defining 

property of a stationary point. 

Sometimes true: there is also the 

possibility of a horizontal inflexion 
point. dic® 

For example, E;(O) =0, but (0, 0) is 

neither a local maximum nor a local 
0D 3 

minimum of the curve y=x". 

Sometimes true; for example, the 

function y =—e"* has a positive 

gradient throughout, but its graph is 
always below the x-axis. 

Sometimes true; for example, the 
lowest value of the function y = /x is 

0, at x = 0, but the gradient at x = 0 is 

not zero. 

168 Ditterentiation from first princip|s 

Basic differe.ntia.tion 

and its application; 

  

Exercise 

a Iff(x)=x2+1 then f(x+}z):(x+h)z+l' 

    

B4 {<x+h)2+1—(x2@)1 
———=le h ‘_l 

dx h=0 J 

{x2+2xh+h2+l-,.3—1] 
S —————— 

h—0 h J 

 (2xh+H? 

=¥.‘£‘3{ i } 
=£iilg{2x+h} 

=X 

If f(x)=8then f(x+h)=2¢ 25 well. 

  

  



    
Exercise QKD 

  

  
  

kf(x+h)=kf (x | : 

dx 0 h dx 

[ fath)- £(x) £ = ko=t S %'u_g'{ h d.‘X 

[ flx+h)-f(x) 3x’ =4x=x"-2x' +1 
Rl et 3 1 

=0 h X =5x"+4x4+1=0 

=kf(x) From GDC: x = 0,199, 1,29, 3.91 (35F) 
p _____l_ The points are (~0.199, 0.913), 

‘ : Jx (1.29,-0.181), (3.91, 30.3) 
1 l 

(l!}' S The gradient is decreasing where -~ <0 Q___lm o » a 1e gradient is decreasing Qi 

ot o h g)':7—2.\'—3);“' 
A 

- [Jx=Jx+h ady ¢ e ==~ B 
-0 | hx +h/x dy’ 

- -2-06x<0 
(\/;c_—\/x+h)(\/;+\/.\'+h) ; ) ) 

=l'1m< = 0X > =L 

h-—)oL h\/x2+hx(\/;+\/x+h) 
| 

e x>- 
( 3 

; x—(x+h) 
=11ms —FF— - 

hfiolh\/x2+hx(\/}-+\/x+h) m; y ]1 ! +x’ l_“ 3x +6 

0 hm(\/}_*‘\/?‘”’) (l'f 

= ‘, =3x’ +6x~—1 
- 95 dx 5 

Sl N RS . ‘ d’y =y \/m(\/;_l_m) (ll'i‘ldlt‘lll is increasing where T (0 

1 3x‘ +(’Ix"| > () 

=—\/—x_z(\/';+\/;) Roots of 3x° +6~1=0 are 

o 1 x = _Eil/_(‘_}j_‘)f =—]1 2V3 
ok : 450 el 

A positive quadratic is greater than zero 

outside the roots 

23 3 
T S ] e O L0 W ] o ?\[5 

3 3  



3 

  

  

2 F_(nxrl—l) 

Ay =1 dx"—l (xn 1) 

  

  

  

1 : 
k8 ¢'(x)= e +3sinx —3x’ 

2 

g(£)=———57743gn1-3(5) 
6 4C°§(EJ 6 \6 

1 1 n’ 
T +3X=—3x— 

B3 2(EHRG 

o 
e 
]2 

  

/ 
. n h'(x)=cosx—sinx 

h'(x)=0 

= cosx—sinx=0 

et mARhant e il ek s Skt 
CAPON fi’g ‘,‘!“"‘; _" ",:‘_‘ :"{ ."f‘ue m 

  

3 

4cos’x X X 

4cos’x=1 

1 

2 
n 4m 5T 

Y 

cosx=1% 

0o
 

SeXi— 

w 
|3
 

9—3_ ’_5- 

Exercise @Kz 

  

  

’ 1 X _7_ 

2 f(x)—ze 5 

, 1 In4 

f(l 4)—2 In4 

=lx4—L=2—~ 
2 In4 In 

1 
i (o6 = *—Z 

1 ;l 3 o ln3_ 

f(n) = 2In3 

el o] 
2In3 In9 

f(x)=—6 
—2¢"=—6 

e =3 

x=In3 

B (=2 

2x—1—2=2 
5% 

x'=x-6=0 

(x+2)(x-3)=0 

x=-2 or 3 

However, reject x = -2 as not within the 
domain of g, 

Hence x=3 

functions  



1 Always check for the validity of solutions { i any question containing a logarithm of ¥ . quare root, since the working can give 
fise fo solution values outside the domain 
of the original function. 

¢ d 
' ai y=3lnx=>ay=3 

X 

ii y=1n5+lnx=>% 

d 
bi }'=63Xex:3y=e3><e"=e3“‘ 

: dy; S 
Ry =€ 3xex=>ay:e Pxet =e¥? 

5 d 
ci }':el"( )=x2=>ay=2x 

I 3 

ii }'=e2Xe"(x)=e2xx3 

dy 2 2 2850 = ——=e"X3x"=3e’x 
dx 

1 
di y=10g3x=1{=>d—y=ixl- 

1 

In888dx CIn3 ix. ¥In3 
4lnx 

ii y=4log,x= 1: 

B N6 x xlne 

Exercise 

=>d_y 4X1 4 

d 
ay=e"+1 

Gradient of y = 3x is 3, so require -:{— =3 

eRtli=3 

=x=In2 

y(In2)=2+1In2 

=In2e’ 

Equation of the tangent is 

) it Vi =m(x_x1) 

y=In2e*=3(x-1In2) 

y=3x-In8+In2e’ 

eZ 

=3x+In| — 

y=3x+2-1n4 

dy ) 2 =3x"—6x 
dx 

= 2(1)=-3 
Therefore the gradient of the normal 

at point (1, -2) is % 

Require 9y, i 
dxfes 

5 1 
S3XT—6x=— 

3 

9x*—18x—1=0 

x_18ixfl82+36 
18 

/360 

18 

FSv 7 B . 1L, . . < . 
£ dopasicgitie L;“.‘ flon and 1is  



  

    

  

     

     

    

   

    

     

    

d 
~)-,-=3uc2—6x 
dx 

dy =-(2)=12-12=0 L (2)=12-1 

y(2)=8-12=—4 

. the equation of the tangent is y = ~4 

This intersects the curve where 

x'—3x*=—4 

x*=3x*+4=0 

(x—2)*(x+1)=0 

x=2 or -1 

Thus the tangent meets the curve again at 
x =-1, at the point (-1, —4). 

  

   COMMENT 

    

Since there is a tangent at x = 2, we 
already know that the cubic factorises 

with (x - 2)° as a factor (repeated root at 
a tangent). 

     
            

    

   

   

     

  

   
   

          
   
  

Normal at the point (a, (a—l)z) has 
—1 

2a—2 

Equation of the normal is 

y=n=m(x-x) 

gradient   

2a-2 
  (x-a) 

Require that this passes through (0, 0) 

y—(a-1)'= 

  

20—(a—1) = 20—_15(0—(1) 

n e 2(aa-— 1) 

2(a-1)'=a 

From GDC: a=0.410 (3SF) 

. the coordinates of the point are 
(0.410, 0.348) 

oF langents and normals 

p(»g-.n),o(:.\/z) 

a f'(x)=2cosx 

(3 
b Chord PQ has gradient 

N2 I?(‘/Z =) 
non n 

4 6 

Elevation of a line with gradient 4 

is the angle arctan(a), 

so elevation of chord PO i4 

12(v2-1)] 
arctan| — A/ Z 

1 

Elevation of the tangent at ¢ 1. 

arctan(\[i):h()" 

The difference in elevation: i the angle 
8l 

between the lines; 607 57 39 
1 

   
   

    

   

   

   COMMENT 
The question requires you o prove fhat 
the area is independent of a: this oans 
that the end answer for the areq <1ould 
be an expression in which o doc of 
appear. Calculate in the normal woy, 
with the expectation that a will ¢/ ol 
out in the final part of the workine 

     

      

  

Tangent at the point (u. ka ') has 
gradient m = ~kq * 

Equation of the tangent is 

Y=y =m(x-x,) 

y—ka'=-ka*(x~aq) 

    



  

  
' Figure 16G.8 

0 =z£, 0Q=2a 
a 

- Area OPQ=—(OP)(0Q) 

1 
=—X—X2a 

2o 

=k 

‘Hence the area of triangle OPQ is 

independent of a. 

angent at the point (a, a' - a) has 
adient 3a” —1 

Equation of the tangent is 

y=m(x %) 

~(a’~a)=(3a" ~1)(x—a) 

3a2—1)x—2a3 

Since the line is tangent to the curve at 
x = a, this cubic must have (x—a)’ as a 
factor (repeated root at a tangent). Hence 
the cubic factorises as 

(x—a)’(x+2a)=0 

Thus the tangent intersects the curve 
again at x = —2a, as required. 

Exercise 
a An example for which the statement is 

not true: 

1 
f(x)=x+— has a local minimum at 

X 

(xl,f(x1 ))= (l, 2) and a local maximum 

at (x,, f(x,))=(-1,-2). 

Other examples include functions for 
which the stationary point (xl i )) isa 
horizontal inflexion, not a maximum; for 

example, y=(x+1)(x—2)" has a negative 
valued minimum for x e[—l, 2] and a 

horizontal inflexion at (2, 0). 

The statement will be true if the function 

has no discontinuities (although there 

will be some discontinuous functions for 

which it is also true) and no horizontal 

inflexions. 

d B L-si6x-24 
dx 

Stationary points where i) = 
dx 

3x°+6x—24=0 

x*+2x-8=0 

(x+4)(x-2)=0 

x=—4 or 2 

x=—4= y=(—4) +3(—4)’ - 24(-4)+12=92 

x=2=>y=2"+3(2) -24(2)+12=-16 

.. stationary points are (—4, 92) and (2, —16)  



=6x+6 

E(‘4)= -18<0=>(—4, 92) is a local 

maximum 
2 

%(2): 18>0= (2, -16) is a local 

minimum 

Stationary points where % =0 

oy 
2/x 

2Jx-1=0 

d’y(1) 1 1Sl __y(_)=zx8>0:>(z,—z)isalocal 

minimum 

dy 
——=cosx—4sinx 

dx d 
Stationary points where < = 

cosx—4sinx=0 

4sinx =cosx 

1 
fanx =— 

4 

< x=0.245 or 3.39 (3SF) 

x=0.245= y=5sin0.245+4c0s0.245=4.12 

x=339= y=sin3.39+4c0s3.39=-4.12 

. stationary points are (0.245, 4.12) 
and (3.39, -4.12) 

B /-1 

  

_}Zi=—sinx—4cosx=—y 

d’y 0.245)=—4.12<0=>(0.245, 4 d_xT( =—4, 245, .]2)]'Sa 

Jocal maximum 

d’y 41250=5(339, -4.13), dx (3 39) . X . 2) 15 a 

local minimum 

o 

Stationary points where f’(x )=, 

  

  

;_xkfl =0 

1 k 
;zxkfl 

x“=k 

3 
o=k 

1 1 1 

x—k"=>y=lnk"+; 

1 
—Ink+— 
e 

_Ink+1 

ek 

- f(x)has a stationary point - th 

Ink+1 
y-coordinate   

k 
f(x)=12x° - 48x* +36x 

Stationary points where f’(x)- - 

12x" - 48x* +36x =0 

l2x(x2 —4x+3)= 0 

x(x-1)(x-3)=0 

x=081or3 

f(0)=3(0)"-16(0) +18(0)* +¢ -6 

fM=301)" -1 

f3)=3(3)"-1 
= stationary points are (0, 6), (1, 11) 
and (3, -21) 

16(1) +18(1)' +6=11 

16(3)' +18(3) +6=-21 

 



   
          
         

      

X=——=y= 4 3 6 _4_)2—2 

.f”(o)=36>0 = (0, 6) is a local minimum k A% k) % )y 

   

j‘f"(l)= —24<0=(1, 11) is a local ~'. stationary points are (0, 0) and (— % . P—) 

 maximum 
&y 

- fn(3)= 72>0=(3,-21) is another local ARl 6kx +12 

minimum d.. 

range of f1s [—21 oo[ E};(O) =12>0=(0, 0) is a local minimum 

dZ 

e 0=l 
local maximum 

    
   

  

       
    

    

          

        
      
        
    
      

        
      

      

   
COMMENT 
jnstead of using second derivative 

Nl onolysis, it would also be valid to use 
-l knowledge of the form of a positive quartic 
|| equation to assert that the first and third 
|| siationary points must be the local minima. 

f’(x):ex—4 —= =’ -2 

Stationary points where f’(x)=0: : ‘ ‘ d’y 
Points of inflexion where 5 =0; 

2 

  

e —4=0 
x=In4 

f(ln4)=e" —4In4+2=6-4In4 

e" —2=0 

x—=n? 

x=In2= y=¢"2—(In2)’ =2—(In2)’ 

St
 . stationary point is (ln4, 6—4In 4) : 

... point of inflexion is at (ln 2, 2—(In2) ) 

f()=e e dy 3 S A e T 
f”(In4)=4>0=(In4, 6-4In4)is a dx _ 

~ local minimum dy : 5 
  

  

L =122 12 
. range of fis [6-—1n4,oo[ dx & 

i Points of inflexion where 3 2 = 8, 
; dx? 3k 124 L 

  

    
    
      

  

x2=1 

=t 

   _ x=1=y=1'-6(1)+7(1)+2=4 

kx+4)=0 x=-1=y=(-1)"=6(-1)’ +7(-1)+2=-10 

=(for -—i ... points of inflexion are at (1, 4) and 

k (@110) 
   

  

0= y=k(0)'+6(0)" =0



    

  

  

i —a Sl — 
dx* Y 

) 

Points of inflexion have -:'h},' =0, which 2 
must therefore be on y = 0, the x-axis. 

Yoy ——=-2sinx+ T in x 

dly 
E}z=—2cosx 

: Lo d’y Points of inflexion where U 
dx 

—2cosx =0 

cosx=0 

T 3 
xX=—,— 

252 

bl e 
x-—=>y=2cos(—)+—=— 

2 2 

T ( ) 3n 3nm 
X=—=y=2c0s| — |[+—=— 

2 2 

Verifying that these are points of inflexion: 

For a small positive value §, cos( g = ) >0 
dZ 

and so E{(g— 5) <0 (gradient of curve 

is decreasing); similarly, cos[E +0 ) <0 

  

2 

and so gx}; ( g +4 ) >0 (gradient of curve 

is increasing). Therefore (g,g) isa 

genuine point of inflexion. 

For a small positive value &, 

cos(3—n—5)<0 and so 121(3—7[—6) >0 
2 dx?\ 2 

(gradient increasing); similarly, 

d’y(3 
cos(i}+5)> 0 and so dx—};(—2n—+5j <0 

(gradient decreasing). Therefore (1275,37“) 

is a genuine point of inflexion. 

  

COMMENT 
Remember that just showing that the 
second derivative is zero is not sufficien 
for the point to be an inflexion. Further 
working is needed, either using vale, 
on either side, as above, or by showin 
that the first non-zero derivative gfte, the 
second derivative is odd. An alterngfiy, 
fo the justifications using & would be. 

£Y _2sinx 
dx® 

3 
%[%):2#0:(%,%} iS @ genuvine 

point of inflexion 

&y (3m [3n 3n). 
E(7)—"2¢0=> 2 ’ 2 IS Q 

genuine point of inflexion   
d2 

D ooy 
dx_ 

Points of inflexion where 9& =1): TR 
6x—2a=0 

a 
X=— 

3 

If this is also to be a stationar: 

require fl(fi) =0: 
dc\BiEes 

) ) 

roint, thep 

2 2 2 

B2y 
35708 

2 

=p=-2 
3 

 



|y positive cubics with a horizontal 
oflexion point and leading coefficient 

i j have the form y = (x~k)° +d, which B 
( 

b gnds foly:—= X3 —3I(x2 +3k2x_k3 . _»e:mparing with the equation in the 

sesfion gives a = 3k and b = 

A Graph shows the gradient function. 

When f(x)=0there is a stationary point. 
[fat a stationary point the gradient 

~ changes from negative to positive, it is a 
~ local minimum (A). 

B pat 2 stationary point the gradient 
changes from positive to negative, it is a 
Jocal maximum (B). 

- When f’(x)is itself at a local maximum 
or minimum, f”(x)=0 and there is 4 
point of inflexion (C). 

Y 
4 

  
(e“‘) #0 for all x, so there are no 

stationary points; the end points x =0 
and x = 1 must give the minimum and 
maximum for the interval. 

e’ =11is the minimum 
1 - - 

e =eis the maximum 

a Area A=x(30-x)=30x~x’ 

% =30-2x 
dx 

: . dA Stationary point when e 0: 
30—2x=0 

x=15 

Since the extreme values x = 0 and 
x = 30 clearly give zero area while 
intermediate values give a positive 
area, the end points do not provide a 
maximum value, and the stationary 
point is a maximum. 

<. Maximum area = 15 X 15 = 225 2 

b Perimeter = 2x+2(30-x)=60 m, 
a constant 

dy > 
i DX D 
dx 
Stationary points where 7, =0: 

dx 
Byi-get 0 

xzi\/g 

X=‘\/§=>)’=(-\/—)3—9(~\/§}:<> 

=3 5= (V) ~9(\5)= 6,3 3 

J3 

Checking the end points: 
x=—2:>y=(—2)~‘—9(—2)=10>—6J§ 
XS0 S =5 9x5=805 6.3 
The minimum value over the interval [~2,5)is—6\3=—10 4 

The maximum value o Ver the interya] [~2, 5] is 80 =  



  

Pl 0 f(x)-c-3 
‘ Stationary points when %= 0: 

e*-3=0 

x=In3 

E x=In3= y=3-3In3=-0.296 

§ Checking the end points: 
x=0=y=1 

x=2=y=¢"-6=139 
'?' The minimum value over the interval 

E [0, 2] is 3-3In3=-0.296 
. The maximum value over the interval 

[0, 2] is e*-6=139    
    
    

   
    
   
   

   

   
   
    

  

    

   

     

      

   

   

  

d 
- COSX+2 

5 d : ; y 
Stationary points when e 0: 

cosx+2=0 

cosx =-2 

No solutions so no stationary points. 

Checking the end points: 

x=0=>y=0 

X=2n=y=4n 

The minimum value over the interval 
[0, 21] is O 

The maximum value over the interval 

[0, 2m] is 47 

f(x)=x+l for x>0 
X 

Stationary points where f”(x)=0: 
1 

1——'7=0 

o —=ili(asw>0) 

Classify the stationary point: 

f1(e)=2e" 
f”(1)=2>0=local minimum 

. minimum value of fis 2 

Boye s T o Sefia A 

RUTUSATION . Logex’ 

iiB: [EW_;_W_ZJ 

Classify the stationary point: 

2 el 4D =5[2w.3_§w z) 
dw’ 
  

  
d’D ( 9 j : 

— [=-0.219 <0 = local maxim 
dw® \ 4 o 

9 : 
So a weight of o 2.25 will ma+imise the 

distance travelled. 

ndt_p 1 p+50 
dp 5000 100 5000 

  

: : di.= Stationary points when s 0: 

p+50 : 

5000 
= p=-50 &[0, 100] 

  =0 

So no stationary point in the ir‘crval, 

Checking the end points: 

p=0=1=2 minutes, the minimum time 
to melt 100g 

p=100 = t = 4 minutes, the maximum 
time to melt 100 g 

g a —1<cost<l1 

<. V' has a range of [40, 160] 

So the minimum volume is 
40 million litres. 

  
   



           
    

      

    

s : y " ey e » PPV S T 
P T T LR S B L o AT e B 2 BXS ey e s T p ot oy 3 Pt < 

BT 3] AT i PR : o < T 

e Py R FEPRR TR st gy e 

will equal the rate of change 
dC 

b Minimum C occurs when —a; =(Qorat 

   
       

        
    
    

       

      
   

   

  

       

  

    

  

. 
an end point of the domain. 

Flow-_—%‘tiz-—wsint 
G 

d Flow ds 

Maximum flow occurs when s 0: o 

f60COSt=O 
09-0.45=0 

cost=0 
s 9 

1512{"'31[_ (tE[0,6]) 
49 

So the maximum flow in and C(Z)=1.5125 

the first 6 days occurs;Tatt Check end points: 

¢=— (1.6 days) and —~ (4.7 days) c(0)=0.5,C(4.2)=0.752 

. 
. minimum C occurs when s =0 

o 

| Qfl!—m 
Profit P is given by 

   

    
   

  

    
   
   

  

   

      

   
    

  

   

   

Ahough ,____721 is actually a local P=F_C 

‘mmimUm of the ‘Flow’ function, it still = F—(03+0.2F+0.15) 

represents a maximum flow of water: the L oSpeoai ot 

     

. / ’ __—Tl > 

negative sign of ‘Flow’ when t = 3 (which =O.8(4s+1—s"‘)~0.3—0.15 

makes it @ minimum in the sense of being 

§ ot its most negative) just means that water 

¥ i flowing out at that point and not in, but 

rate at which the water is flowing is 

actly the same as at the local maximum 

=—-0.85°+3.15+0.5 

    
    

  

   
   

   

  

Stationary point of P occurs 

when — =0: 
ds 

  

   

  

            

  

—1.65+3.1=0 

31 : 
s=—=1.94(35F) 

16 

en r=i3£ (both are 60 million litres 

r day). 

      

       

          

      
  

   
     

  

     

5 idl_?=4—2s Since this value of s lies inside the 

  ; dF domain [0, 4.2] and is the position of 

fn Eoccursiwhen Mo Ogonat the vertex of a negative quadratic, it 

~ an end point of the domain [0, 4.2] must give the global maximum of P 

over the domain. 

COMMENT 

In part (b) we can actually avoid the 
calculus altogether, because the minimum 
value for a negative quadratic over a 
restricted domain must lie at one of the end 
points; it cannot be the stationary point, 
since that must be a maximum. If you prefer 
fo use this argument in an examination, be 
explicit about your reasoning. 

   

    

   

    

   
eck end points: F(O) =3 F(4.2) =0.16 

maximum F occurs at s =2 
   

     
     
   

N 
e 6 Basic differenfiation and its app



    
v At 

T Y S i 
& '-j.’u 1 P \" A %-‘,. 

m 4 V(0)= 4,80 4 litres of petrol was 
initially in the tank. 

b 30 seconds = 0.5 minutes 

V(0.5)=41.5, 50 the capacity of the 
tank is 41,5 litres, 

. dV 
¢ Flow = g 6001 9001 

Maximum flow when d Flow = () 

6001800t = () 3 

5] 

e 
Somaximum flow is at 20 seconds 

a Total cnergy[;‘:x(z_,l%) 

2 

=25~k 
10 

dr 
b Maximum energy when % =(); 

2-2 
10 

x=10 

<. atotal surface area of 10m” provides 
maximum energy. 

¢ Net energy . 

N=E~-001x"= 2x—~;‘-6—0.01x-’ 

Leaves produce more energy than they 
require when N > 0: 

2 

2%="=-001x">0 
10 

Ié(;(zoox—mxz—x’)w 

%(200-10x-x*)>0 
x(204x)(10-x)>0 

=xe 0,10 

ORISR AP T PR Lt 

d Maximum net energy when N 
de 

2- ’5‘ 003%" =0 

o1 (2()0»20)(-15:(") 0 
100 

3%’ 4 2W0x~200=0 

~204 207 + 2400 
it 

Require the positive solution 

2042800 10(~1+ /7 ) 
x= g 

Mixed examination practice 1, 

Short questions 

n 92’:(:‘+2coax 
dx 

n 

9z(z)=cz 
dx\ 2 

L4 s — |=e? 42 
y(zJ : 
The equation of the tangen 

y=yi=m(x-x) 
n \ n 1 

- e2 42 |= 2.( = | }/ (C J € X 2) 

n i 

=2+c2(x+1—~J 
/ 2 

B) y=x'-6x"+12x-8 

L =3x" ~12x+12=3(x 
dx 

At x Zdy Oand y=0, 501l I Sy == = 1), 50 the norma e i 

is a vertical line through (2, 0 

i.e. its equation is x = 2



  

d"y 
at of inflexion occurs where Point 0 P 

x-2=0 
=x=2 

., coordinates of the point of inflexion 

s 

oI/ 1T 
=12 +-————~———neZ 
[20m+] o e 

- = (): 

X 7n d? & 
At x ~l2un+| o f;’v>0=:lmal 

‘ 66 dy 
minima 

2’ |2,,4l’" l“.’.“l,) <0 == local 
) 

SR dxs 
lllellhl 

Sn 
So there are local maxima at x = (‘ + it 

| t A r,/-,') 
and local minima at x = ; +nn (ne ). 

1 

f(x)=ax'+bx* +ex+d 

f0)=2=d=2 

J/(x)=3ax" + 2bx +c 

f(0)==3=3¢=-3 

Now f(1)=a+b+c+d=a+b-1 

and f(1)=3a+2b+c=3a+2b-3 

f()=f'(1)=a+b-1=3a+2b-3 

=b=2-2a 

J7(x)=6ax+2b=6ax+4-4a 

f"(~1)=6=>-6a+4-4a=6 

=~-10a=2 

Therefore the cubic equation is 

e e | it 
X)S==X"dm—n"=3x4+2 

5 5 

Local minimum:; j"(x )= 0 and gradient 
on graph of f’(x)is positive (A) 

Local maximum: f*(x)=0and gradient 
on graph of f’(x)is negative (B) 

Inflexion: turning points on graph of 
f(x)(©)  



                  

   

    

   

     

    

    

    
    

     
   

    

     

    
Figure 16MS.7 

d_y =34 
dx 

Tangent at (a, a’ ) has gradient 3a” and so 

has equation 

y—a'=3a’(x—a) 

y=3a’x—2a’ 

It has y-intercept at (0, -2a’ ) 

Gradient of curve at (—a, —a3) is 34* 

1 
Normal at (—a, —a3) has gradient —— 

and so has equation e 

y—(—a3)=—;7(x+a) 

Bl og e, L 
y 3a’ 3a 

It has y-intercept at (0, -a’ _SLJ 
a 

If the y-intercepts are the same point, then 

1 
e 

3a 

  

Long questions 

n a Point of contact at x =2 

On the tangent line, y =24(21) 2 

On the curve, 

y:a(2)3+b(2)2+4 

=8a+4b+4 

~8a+4b+4=24 

=2a+b=5 

~ 
= 

b For the curve, —d—}i =3ax’ +2bx 

Atx=2, 

dy 2 
2 =3g(2) +2b(2) | (2) 

=12a+4b 

and gradient of the tangent i5 24 

~12a+4b=24 

=3a+b=6 

¢ 2a+b=5 il 

3a+b=6 

2)-(1)=a=1 

“10=—8 

d Points of intersection occu 

x> +3x* +4=24(x-1) 

x*+3x> ~24x+28=0 

One solution is known to be +t 
which is a double root. 

So (x—2)* is a factor of 
x*+3x* - 24x+28; factorisi 1g 

(x=2)}(x+7)=0 

<. the other intersection point i 
(x,9)=(-7, -192) 

when 

= I 
o
 

gives   



    

       

   

   
       

    

    
    

     

   

      

    

§ o7, R g T A 
e ) 7 

.dl'.=3x2—2x—l 
dx i Require gradient of tangent to be —-z- 
Stationary points (including the RS 
turning point at A) occur where e 

.4.}-'-:.0; 3x2—2x—1=_§- 
dx 9 
3x' =2x-1=0 27x* ~18x—1=0 

S1)=0 
(3x+1)(x~1) . _18+/324+108 
x:--;- oLl 54 

  

  

  

18+12/3 
The point A has negative P 
-coordinate, 50 its coordinat i T es are 34243 

i ; 
2 8- y 

éj— =6Xx—2 4 

Points of inflexion occur where 
2 

1 1 

~.the coordinates of B are (l Ej 
3407 

The line containing A and B has   gradient 

86 70 16 Figure 16ML.3 Graphs of y = x* 
ST B 1 

_M__l7_=_§ and y=-—Inx 

g2 2 
B 3 b Atintersection, x* = —%lnx . e 

The equation of the line is T 

y'J’l:m(x—xl) : e i ¢ Let ¢=0.548, the x-coordinate of the 
y-—= .-—-( - 5) intersection point P. 

E Y 
27y~70=-24x+8 Then point P has coordinates (c, cl)   

         

  

; 8 78 For the tangent to y =x": 

7 o - —§x+5 % =2x = gradient at P is 2¢ 

. tangent has equation 

y—c’=2c(x—c) 

    

Hence the point Q has coordinates 

(0.~} 
5 

12D gL i e St £ % 

10 basic aiirerennarnon and ifs a M| 

    

      



      

1 
For the tangent to y = --2—ln o 

d 1 
a{-=——2;=>gradient atPis—Z 

. tangent has equation 

y+llnc = —L(x— c) 
2 2c 

Hence the point R has coordinates 

(0, L —l-ln c) 
2002 

A 
Since c is defined by ¢” = —Eln ¢, the 

coordinates of R can also be expressed 

m(ml+3) 
2 

The tangents are perpendicular, since 

the product of their gradients is 

ZCX(—-I—)=—1 
2c 

TN PQR=-;-(PQ)(PR) 

=%\/c2+4c4 ,/c2+i 

= %(48 +1) 

=0.302 

d As observed in (c), the gradient at the 

point where x=a on the y=x" curve 

has gradient 2a, and the gradient on 

the y= —Elnx curve has gradient sl 
2a 

The product of these gradients is -1, 

so the two tangents are always 

perpendicular. 

a i P(0)=10+1-0=11,so0 the initial 
population is 11 000. 

ii 14 million = 14000 thousand 

P=14000 

10+e' —3t=14000 

From GDC, t =9.55 (3SF) 

So after 9.55 hours the population 

reaches 14 million. 

PSS LI R e 
R 2o Ne 

  

ii 6 million = 6000 thousand 

4P _ 000 
dt 

¢! —3=6000 

¢' =6003 

t =In6003 

—8.70 hours (3SF) 

atP 
‘ 

- = ¢, the rate of acceleratiop, of 

the population 

dbgs 
dt 

e'-3=0 

=t=In3 
d’P 

Att=In3, :172"=3>0. s0 this is 

Jlocal minimum. 

P(In3)=10+3-3In3=9.704 

. the minimum population is 9704 

 



  

   

    
   

    

    

     
   

      
       

   Basic integration 
and its applications 

  

Exercise Exercise WAz 
J I 

14x i de=|x 2+x% d S 
nij ‘[ 5 B‘f’l)-‘z';_; 

! : i 
I(X)ZI-Z—X‘dX 

I 
==Inx+c 

2 

=InJx+c 

COMMENT 

Alfer studying Section 198, fry 
performing this mregrohon using a 
subsmuhon U 

COMMENT 

An equivalent solution is F(x}=ln{kix | 7 
where the unknown k = &° is restricted 3 
to o positive value. Unless the guestion 

  

requires if, or if doing so simplifies the 
appecrance of the equation, there is no 

: d to rewrite logarithm .rolmsv,' in Exercise nee og 
this way. 

    

i 05 | 
o I PP iE00 % dx=--J tanx+1 dx 

‘ 2¢08X 2 
b f(2)=7 1 X 

=—2—ln|sccx|+5+c l 
Eln2+c:7 

       
       

] 
2 c=7-~In2 

=J' COS X ~— bll‘l_.-x_dx 0. 

COSX —8inx 

+ g - ni =I (cosx +sinx)(cosx bmx)dx 

COSX —sinx x 
: =7+In |- 

=J'cosx+smxdx 2 
5 d 

=8iNX—CosX+¢ B a Maximum occurs where Ex}: =0: 

1 1 
S fx)==Inx+7--1 f( ) 5 nx 5 n2 

      
|C



——)21(2)= 4> 0= local minimum 

d’y 
E(—Z) =—4 <0 =local maximum 

<. Maximum point is at x = =2 

b y= jx2—4dx 

xIl 

=——4x+c 
3 

y(0)=2 
3 0 = —=4(0)+c=2 

=G 

3 

y(x)=£3-—4x+2 

       
8 1 

)< Hence y(—2)=—§+8+2=7-3- 

E n Gradient of normal is x= gradient of 
; 1 

.3 

k| tangent is —— 
& X 

=—In|x|+c 

y(e2)=3 

=-2+c=3 

=) 
5 

y=5—1nx=ln(e?] (x>0) 

Exercise 

Ione’+sinx+ldx=[e‘—cosx+x]: 

=(e"~(-1)+1)-(1-1+0) 

=e"+1+7 

  

O [ o-ln 
X 

=ln2k—lnk 

2k 
=In| — 

“(k) 
=In2 

and this is independent of k. 

8 [(27(ndx=2f f()ax+ [, 
=2x7+[x], 

=14+(9-3) 

=20 

Exercise {Wdx 

ey 
4 

  

—> X       
k 

Figure 17H.2 Area enclosed by the curve 

y = x, the xaxis and the line x = k 

{ROs. Cipaed coafe i B P it . 

cal significance or detinite integralon =~ : v AN e sl e oo 2 [ oreh . 
; ] A < tin e Rl : ies



    — T 
3 

Figure 17H.3 Area bounded by the 
curve y = x> — 1 and the xaxis between 

x=0and x=3 

Intersections of y = x” —1 with the 
x-axis occur at x = 1. 

COMMENT 

Alternatively, use a GDC to calculate the 
integral of the modulus function. Unless 
the question explicitly calls for an ‘exact’ 
solution, this is often a faster way of 
finding the solution. 

COMMENT 

If the area above the x-axis equals the 
area below it, then the net area will equal 
zero, i.e. the integral is zero. Using this 
fact is much simpler than splitting the 
infegral into two parts and equating them. 

Require that the net area equals zero: 

1 ! s %y 
1 10e X-axis O 

Figure 17H.5 Area enclosed by the curve 
y =7x—x*-10 and the xaxis  



    

  

Hence the enclosed area is given by 
5 

5 ¢ 7 8 3 

I, 7x=x'=10dx=| - X _jox 
e £ 18 

   

‘ COMMENT 

:-“ Once the limits are established, the 
E . integral could alternatively be calculated 
P using a GDC. 

D¢ 
- Exercise gid 

! yaJxssxey’ 

3 Area=[ "y'dy 
; '€ y i 

= ._).’... 

3 o 

e =1(8a"—a') 
i 3 
2 7 : 

: =—q 
3 

o504 = Zu' 
Wi 3 

. 1 a'=216 
o 

=a=6 

n y=In(x+l)=x=¢"~I 

Arca=J': (e"-1) dy 

==l 
=¢'=2-(1-0) 

=¢’-3 

0 - 

  

IR % R 

J;=>x=}’2 

Atx:'_'a' y::\/; 

     
Area = JZxdy ; 

[Ty | 

H | s i 

:l[ag—s) ! 
3 

3 
1 a1_3)=39 

18 
3 

al =125 

=a=25 

™ The diagram in the question should ook 

as follows: 

y 
? 

  
  
  

  

Figure 171.5 Graph of y = x” v/ih pale 
region under the curve and dark (:ink) region 
above the curve, for x between | «nd @ 

f=x ==ty 

From the equation y=x", b= ¢’ 
Let B be the area below the curve and P 

the area above. 

 



be evalualed as the arca exte nded 

y.‘xb less the area of the rectangle 

'mwidlh 1 and height b-1: 

’.!‘J;dy—lx(b-—l) 

25 | ~(b-1) R bA 3 
’!3)' 

) 

, ,?.(bi—l)-bn 

2.5.1 b +--b °3b 3 

x 

p.B:oa’-—l=2b’ +1-3b 

5 

=g =2b+2-3b 

ubstituting b=a’": 

lent to a = 1, which is clearly a root 

is cubic. Factorising: 

1)(a* -2a-2)=0 

a> 1 as shown in the diagram, the 

onisa=1+y3 

this case the area B is 

Exercise 

Intersections when 

X 4x=2mx4l 

X ~4 =0 

= 'Az 

Enclosed arca = J' 4-x"dx 

u Intersections when e 

From GDC: x = -0.703, which | 

the interval of interest, | 

Atx=0,¢" >x7,s0¢ 

the whole of the interval 

Enclosed area = 

COMMENT 

Instead of checking for roots 1o &* = x 
this question could be answered by using 

a GDC to calculate j @ ~ x* dx directly 
J  



  

9 n Intersections when L =sinx 

From GDC: x=1.11 or 2.77 for x 6]0» “[ 

277 
Enclosed area = I sinx— n dx 

=0.462 (3SF) 

B The y-coordinates of the intersections are: 

atx=-1, y=(-1) = 

atx:z,yzzz :4 

i.e. the intersection points are (~1, 1) 
and (2, 4). 

Gradient of line = 

  

. equation of the line is 

YtVs =m(x‘x1) 

y=1=1(x—(-1)) 

The shaded region is the area between 
y=x"and y=x+2: 

Shaded area:J2 x+2—x"dx 
o) 

COMMENT 

An alternative approach would be to 
integrate y = x* between 1 and 2, and 
subtract that result from the area of the 
trapezium. As long as your working is 
clearly laid out, any valid method is 
accepfable. 

  
C 1/ !' e areq DEeIWEeCNY WO CUFVeS i v g 5.     

n 

a Intersection occurs at x = Z 

(by symmetry or by solving sin y < o 
Sx 

ie tanx=1) ; 

Shaded are:a=Jl0T sinx dx+L; Cosxdy 

=[~cosx]; +[sinx]: 

5y =] —+1 [+| 1-— e 
=2-\/5 

COMMENT 
Since the graph is symmetrical aboyt 

X = -}, the area could instead be 
m 

calculated as 2.[04 sinx dx. 

  

Intersections where x(x—4) = ,»;3_7“15 

FromGDC:x=1,3,5 

Area enclosedzjl lx(x—4):—;.; £7x-154, 

=8 (from GDC) 

  

     

    

    

   
    

  

   

COMMENT 
Clearly the answer could be oticined by 
integrating ferm by term in the «<ual way: 
however, since the question is = dently 
intended to be answered using - GDC, 
this is not necessary.      

B Intersections when 

x*=mx 

x(x-m)=0 

x=0 or m 

Enclosed area = B2 

.'.J.mmx—xzdx=2 
0 3



| The curves are X, =2—yand x, = y 2 

[ntersections when
 

e 
y2+y-—2=0 

- (r2)rm1)=0 
‘ y=—2 or 1 

1 
- Area= I_le -x,dy 

Intersections when Inx=¢” —€ 

From GDC, x=10r 0.233 

From GDC, the area between the curves 

is 0.201 (3SE) 

COMMENT 

Using techniques from Chapter 19, 
you can integrate the function directly 
and evaluate it exactly in terms of the 
intersection values. This method is shown 
below, but nofe thot in the absence of 
instructions otherwise, it is appropriate 
(and much faster) to calculate the area 
using the GDC once you have found the 
intersections. 

Let a=0.233, the lower intersection value; 

then g satisfies Ina=¢”“ —e. 

Areazj:lnx—(e’ —e)dx 

=[xlnx—x—e" +€X]: 

—(0-1-e+e)—(alna—a—e’ +ea) 

=—1-(a(e" —¢)-a—e" +ea) 

=(1—a)e’ +a-1 

=0.201 

a Intersections with the x-axis when 

K-x"=0 

 



3 

= 

    

n Let the blue area be # and the red ared 

be It 
{ the 

The polnts where the oundaries mee ] 
i 

Curve are (u. ' )uml (I;. " ) w0 the tot 

nrea s 

B Resbxh" ~axa" ' =q 
il 

Integrating (o find the blue area under the 

Curve: 

I 

Be [ ady 
" 

" i a4 

€« '\ 

il 
4 1 

o I (bnnl_ lual) 

1l ; 

The blue area is only a quarter of the total 

(and the red area is three quarters of the 

total) 

| 
Nll ml nil nil 

. - =a(p" =q 
n!l( ) /I( ) 

nel=4 

=nm=3 

o+ x 0 

jl‘ g dx:J'x Lhxtdx 
X 

2% 
= In|x|+==—+c 

5 

f Ymxdx=0 

[ ‘J () 

" ) - a -2)=0 7(a'=2) 
a=0 or i‘fi 

Sincea>0.a=\/5 

b Curve intersects the x-axis where 

=-x=0 

    

=+ Total area = 

  

   S   
Figure 17M5.6 

l()tfl] arca LnLI()SLd arca nl)(;vt), axis 

+ area below x- -axis 

gince the integral from 010 a equgl, 

sero (defined in (a)), the area aboye the 

s-axis must equal the area beloy, 

y o 
X —xd'/ « J ) 

J’O | x Xd/ 

  

i 

= -2 X"' x d 
0 

4 
X X =,2{._ 
g2 

1 

2 

. The graphs intersect whern 

sinx =1-sinx 

2sinx =1 

sinx = 

x=-7—[.§£ (forO<x<mn) 
6 6 

Difference function is 

Y=y, =sinx~(1=sinx)=2.nx-1 
i Sr/e 

Enclosed area = J. 2sinx - 1 dx 
n/6 

=[~2cosx - x 

(- \ 
| 
| i 

/ / 

..2‘/"_‘\ 

 



  

   

   

   

  

f,.(3)= 24>0=(3,19) is a local 

5 miflimum 

| f/(x)=Jox+6dx 
‘ =3x +6x+c 

~ grationary pointatx 
=3 

L Lf3)=0 
27+18+¢=0 
c=—45 

Hence f'(x)=3x"+6x~45 

f(x)=[3x* +6x-45dx 
=x’+3x’ —45x+d 

f(3)=19 

=27+27-135+d =19 

—=d=100 

o f(x)=x"+3x" —45x+100    
- long questions 

a Intersections where 

  

2 2 2 st +4ax—x'=x’-a 

  

2% —4dax—6a* =0 

  

x}—2ax—3a*=0 

(x-3a)(x+a)=0 

x=3a or —a 

      

    
The coordinates of the points of 
“intersection are (—a, 0) and (3a, 8a?) 

  

ffib Difference function is 

L ) -y, =64’ +4ax—2x>       

  

TR Ja 

 Areaenclosed=| 6a’+4ax—-2x*dx 

    

        
       

2 3a 

= [6a2x+2ax" —gx’] 

=(18a3'-+-18a3 —18a3) 

3 9 2 3 
—| =6a” +2a +—5a 

AL 

o 

    
y=5a*+4axr - x° 

    

Figure 17ML.1 

a 

.[ x’—a*dx 
=a 

Area below axis = 
    

    

64 4 60 
.. Area above axis = ?a3 s §a3 =—aqa 

Fraction of the enclosed area which lies 

60a3) 

4 ) 60 15 
  

/ 

642°) 64 16 
4 

a cos’@+sin’6=1 

= cos@=+/1-sin’@ 

Let x = sin@; then 8 = arcsin x and 

cos(arcsinx)=+/1-x* 

b y=a=sinx=a 

above the x-axis is   

= x =arcsina 

.. the x-coordinate of P is arcsina 

    

   

   

      

  



  

d 

¥ PR - v " o 
VAL (1 €) aag!l,s,v‘l'%lly;« [ACTCE | 
A J ] Y| ’ 4 

e e - 1 

» . " ’ " R, 7'-‘7{'_%‘ > 

Mioniie 

Red area » I sinxdx 
0 

g 

" | “COS X r: 

« ~cos(arcsina)~(=1) 

) 

Recasting the equation of the curve 

as x = arcsin y, the blue area can be 

calculated directly: 

“ 

Blue area = I arcsiny dy 
0 

. . 

”J arcsinx dx 
0 

(change of dummy variable does not 

change the value of the definite integral) 

But, by subtraction, 

Blue arca = a arcsina~ Red area 

® . 2 
: j arcsinxdx = aarcsina—1+v1-a 

1 

‘e 

s PG



  

     

      

    

   
   

   
  

Y i = ) 

differentiati 

ExerCiSe conx =0 (sincee' #0) 

: | Tt AN ; 

| 0 o (v’ 1) oty oty L Ul 
: E!X.n— I(,le | |) ;r‘M,\ Coordinates of the stationary points are & (5 ) una [0, Ay 2 i 

(4A‘J-I l) a f(x)=csc? x = (sinx)™ 

: i]l \/2 7‘;‘_'4*/2 "‘/"‘ a f'(x)=~2(sinx) " cosx 

”dx( ) l 9' | 27 2col xcsc” a 

y(‘/i)”k/fitxzu 3 b f'(x)=2f(x) 

Normal at (Jz, l;) has gradien 2cotxese’ x = 2ese’ x 
i tan | 

z%.%?;/z and is given by T 

4’ 4 
y=yp=m(x-x) 

.5 el ln(\' .’»f\) 
sl (a2 

y 3 8 (x v ) f(x)=(2x)x 3 

2y-8=Blv2x~162 f(x)=1 4 
24y = 813/2x 154 25 
R x'~35 
g s x'=2x-35=0 
i (X+5)(x=7)=0 

X==5 or 7 

The domain of f(x) is x > /35, 
so the only solution is x = 7, 

j‘z. e 
S0y € COsX 

Stationary points where b o 
dy 

i e e Sl L S g wer dif hation m: st oo o il = Ll ”‘ AR S ) ‘_'T r_“,..;f“‘fl»i_,l, QIR .;.&.’4“-‘)}'&":‘!‘\:»,1."'l‘ww  



COMMENT 

This question was intended to appear in 
the next exercise (18B), as the product 
.rule is needed to differentiate the function 
in part (a). Please return to it after you 
have worked through Section 18B or 
when you have completed this chapter. 

    

=(x—a)’™ (x=b)""(px— pb+qx—qa) 
oad 

Require ay=0 fora<x<b 

S px+qx = pb+qa 

e husa 
p+q 

b Positive polynomial of order 5 

p=2 = double root at (a, 0) 

q=3= triple root at (b, 0) 

Y 

Figure 18A.8 Graph of y = (x - 0)2 (x- b)3 

¢ y=(x—a)"(x—b)"isa positive 
polynomial, so the curve will finish 
with a positive gradient. If the larger 
root b is repeated an odd number of 

times (i.e. if ¢ is odd), the curve will be 
negative in the interval  a, b]and the 
stationary point will be a minimum. 
If, however, g is even, then the curve 
will be positive in [a, b:| and so the 
stationary point will be a maximum. 

   
   
    

       

  

Therefore, the stationary point s , 

maximum if (and only if) g is evey, 

h:e—"+_§;for—l <x<2 
e 

h(-1)=e' +e¢’ 

h(2)=¢+e 

Since e >e™, the post at x=—] 
is taller. 

dh D —=e"—2e" 

dh 

dx 
Stationary point occurs where 

e*—2e =0 

e*=2e 

e =2 

3x=In2 

x:lm2 
3 

Classifying the stationary point: 

th X —2x 
@ =e" +4e 

dzh(l ) ) B s 
—| —In2 |=e® +4e? 
dx*\ 3 

minimum 

> 0=local 

Therefore the minimum heigit occurs 
1 

atx=—In2 
3 

Minimum height is 

1 1 
h(gln2j=h[ln23 ] 

L 
=23+23 

1 

:zs[Hl) 
2 

1 

=—x23 
2 

ok 
2 
  

8A Differentiating composite functions using the chain rule  



    
     

   

    
   

  

    
   
   

    

    

    

    
   

   
     

    

       

        
      
    

     

e 

. g-n:_f:Sin.( 

    

n Letu=x", v=¢** 

2€nxcosx =sinx 
j-'(l.)_vfl+ o 

gnx(2c0sx-1)=0 
) iastlae 

anx=0 or ‘st*—l =€3x(2x)+x2x3e3‘ 
snx = e 

o P 2\ 3x 
f fao<x<on —(2.1+3x )e 

Let p=2x+3x7, g=€™* 

  

  

0, ®, 2% x dp d = i _’—-.— ” q 
3 ad X)l=g—+p— 5 =qoetpr 

b }yzsinlt—SinI =e3‘(2+6x)+(2x+3x2)x3e3’ 

::—QL’:-?.COS:.I_CDS.Y :(93:2 +12x+2)e3’ 
dx 

War}'pointswhere $=01 B Let u=(2x+1)5, y=e 

dx dy  du dv 
2cos2x—cosx =0 N 

2(2c0s* x—1)-cosx=0 — e x5(2x+1) x2+(2x +1) (-2¢7) 

4cos’ x—cosx—2=0 =e*(2x+1)"(10-4x-2) 

1£V1+32 =e*(8-4x)(2x+1)* 
R i 
£—0568,5.72,221,4.08 Stationary points where E}: =0 

- stationary points are at (0.568, 0.369), e (8—4x)(2x+1)* =0 ‘ 
(2.21,-1.76), (4.08, 1.76). (5.72, —0.369) F : 

(8—4x)(2x+1) =0 3 

c 1 
y (4.08 1.76) X —=2350L e 

(0.568 0.369) a Letu=(3x+1), v=(3-x)’ o e ; : 3 

(5.72, —0.369) dy .. dv : 
dpiidx i dx 

(2.21, -1.76) =(3-x)" x5(3x+1)* x3+(3x+1)’ 

Figure 18A.10 Groph of y =sin2x -sinx x3(3-x)"x(-1) 

(3—x) (3x+1)*(15(3—-x)-3(3x+1)) 
(3-x)'(3x+1)* (42— 24x) 

6(3—x)*(3x+1)*(7-4x) 

   
Stationary points where < =0: 

       
      

  

6(3—x)’(3x+1)"(7-4x)=0 

7 
x=33_ > 

4 o 
| 
=
 

e 
| ,-,.;x OC



   

  

i a Letu:x,v=sin2x 

dy d 
ay=Vau+ufl 

=sin2xxl+xx2c052x 
s : = sin2x+2xcoszx 

— = 
2 dx_ 2c032x+2c032x—4xsin2x 

=4cos2x—4y sin2x 
dZ 

4:01 
dx.. 

4c052x—4xsin2x 
=0 

COS2X = xsin2x 

Inflexion points where 

COS2x = xsin2y 

1 =tan2x=— 
X 

From GDC: x = 0.538, 1.82,3.29,4.81 

Inflexion points are (0.538, 0.474), 
.; (1.82, —0.877), (3.29, 0.957), 

(4.81,-0.979) 

COMMENT 

To get 3SF accuracy on the y~oordinates, 
ensure that when insertfing the 
xcoordinate info the function you use 

X either the full x-value obtained from your 
’ GDC (saved in its memory) or several 

significant figures beyond the three 
written down in your answer. 

jf g HetsV—orca i — v v —c: 

By the product rule, 

3 dw =1y, % +u Q . e S R 

= ex + xex 

Then, by the chain rule, since y =sin(w), 

& 
dx 

   

    

   
     

=%xcos(w) 

= (e" + xe” )cos(xe") 

=e* (1+x)cos(xe" ) 

      

=lnxx1+xxi 
b 

=Ilnx+1 

b Jlnxdx: j(lnx+l)-ldx 

=Jlnx+ldx~j1dx 

=xlnx—x+c 

m Letu=e ", v=cosx 

DisGduEedy 
dxid i dy 

=—e “cosx—e “sinx 
i 

=—e " (sinx+cosx) 

dy Stationary points where 2 _ . 

—e *(sinx+cosx)=0 

sinx+cosx =0 

sinx = —Cosx 

tanx=-1 

3n 
x=7 (for 0< x <) 

3n '% 3n \/t) i y T =€ COS T =—j‘c : 

. coordinates of the stationar; point are 

(3_n _fle-’f] 

L SR, i =(1+x): x2x+x‘x—2-(1"-x) 2 

#1(4(1+x)+x) 
2(1+x)2 

  

(4+5x) 
X 

2Vl+x 

a—=4h—5 

tiating products ',""Jf...’--'*' uct rule  



     
    

     

   
   

   

     

  

    

      

    
   

   

T A SN T R VR O? 
‘.':‘ e o 

    

    

“;‘ ye X' Equation of the normal is 

o) y=y=mlx-x) 

  

        

     
  

  

      

         
    

   

  

cxln\ y 2 T(z (X 1 J 
= —— T wo— e 

g n 4 2 

B ety v=Inx SR 
.,'fi.- i l y:— w X o e o 

B pythe product rule, 4 Ry 
du dv 2 Sy 

..‘.L(xlnx)” b y;l-fi,‘.f’__”. 
dx dy  dx A 8 

| 
=Inx><l+x><x Tot it i 

“Inx +l Vdu__udv 

O ity 
..'fil'.=(lnx-1-l)c“"" =(Inx+1)x" dx v? 

& _ 2x(2x=1)-2x" 
j | 2 =) 

~ Stationary points where - (): (2x-1) 

l) N () dx — _2:§jix 

(]flJC+ iy (2X"l)2 

= Bt ( 

. _2x(x-1) Inx = -1 S 
=e 

H Stationary points where (.il =(): 

+ coordinates of the stationary point 2x(x 1) dx 
m,e(c-l‘c-f ) ("zx_]')g"“ 

_ 2x(x~1)=0 2 

e, N 5= () Or el 
fxercise QR:1® 

N 
l‘, 

el (0)=0, y(1)=———=1 sm(z)_% ) e 

e . . _ : 
3 . coordinates of the stationary points are 

(0,0)and (1, 1) 

du  dv nllclu=x—a.v=x+2 

du dv    

    

_(x+2)=(x~a)  a+2 

) i 4 (x+2) (x+2)’ 

(,n)’ n d ett2 | 
2 dx (a+2)" a+2 

2 

) "nl,at(ltz.,.ft.) has gradient 34- Require QZ(a)= | 

  

  

      



  

   

   
;; 4 

Ay 

R
 

A 
AR 

W
i
 

':uz‘ 

il 

% ] 

betu=Inx, vex 

di dy 
| V 1 
s iR iy 

ll\ |;' 

I 
- _ I=iny 

X ¥ 

' d 
Stationary points where 2 

dx 
I Iny 

Wl 
iy 

X=Q 

Let p=l=Iny, q=x’ 

dp gy 
( ) 

dl)’ = I(L\ / dy 
(IX‘ (’l 

gt 
"" J 2x(1-Inx) 

. X VLo 

x4 

X=2x42xInx 

X" e 

_2Inx-3 
x‘ 

d l : 
‘I {(c)m e & () = local maximum 
X ¢ 

, 1, 
S ostationary point at (c. —-'J is a local 

maximum & 

Letumy’, ym]=x 

du (IV 

f/(x)=- d* " 

   for the function to be incrming' 

require fll >0: 
dx 

2%~ % 

(l—x) 

2x6-%x">0 

%(2-x)>0 

0<x<2 

Checking for validity of the functigy,. 

x = 1 is not in the domain. 

is increasing for x € |0, So f(x)isin gfor x€l0.1[uyy 

Letu=x, v=(x+1) 

>0 

  

2x(14x)2 —-"i(xfl)f 

(x+1) 

4x(l4x)-x" 
" 3 

2(x+1)2 

4x+3x 

  
x+l)z 

_x(3x+4) 
e 

2(x+1)2 

A e ra=3,b=4, p=> 

n f(x) has alocal maximum == =g 

= f’(a)=0and, for small & 

f'(a=6)>0and f'(a+6)- 
  

1 
Let y= 

f(x) 
By the quotient rule or chain e, 

dy__ f) 

  

e (f(x)) 
dy f'(a) 0 

Then —*~(a)= - =—- —= 

ndx( ) (f(“))- (fla)l A 

so there is a stationary point = g, f_(l‘ ‘ 

 



  

seem better to use the second 
to determine the nature of 

sbi‘O““rY point, but there are good 
| not to do this here. It is possible .ho local maximum to have a zero 

‘ derivative, such as in the curve 
" _x* so any proof would require 
1 ingencies for this circumstance; 

; | ndin any case calculating the second 

| serivative ofy_ } requires multiple 

& gses of chain rule product rule and 
ient rule, which is unnecessarily 

=2 (1nu) T 
1 du 

_X— 

u dx 

S 
kx 

3 

xk 

X 

The value of k (as long as it is positive) 

does not affect the derivative. 

This is clear if the logarithm is 
rewritten using rules of logs: 

In(kx)=Ink+Inx 

That is, the value In k represents a 

constant added to the logarithm, and 
any constant has zero derivative, so 

does not appear in the derivative of the 
function. 

Let v=x". Then 

d 
a(lnx”)=%(lnv) 

The power n becomes a multiple of the 
derivative. 

This is clear if the logarithm is 
rewritten using rules of logs: 

In(x"):nlnx 

That is, the value n represents a 
constant multiplying the logarithm, so 
the derivative of the function is just the 
derivative of the logarithm multiplied 
by the constant. 

8 Furberdifeniigiong  



  

o e | 

Ditferentiatin . 8X'=3xy+y +1=0 
lmplicitly: 22 

2‘”‘3\~3.>cg+7 b _ 
dx )dx 0 

dy 3y-2x 

E g 
SUbStitUlC =] y=2 

dy 6= 
== 

destdSase 

<+ atpoint (1, 2) the gradient is 4 

Dlfiexentlatmg 4x* —3xy— y? =25 implicitly: 

dx m 

Substitute x =2, y=-3. 

dy 1649 
dx —6+6 

So at point (2, -3) the gradient is infinite; 
that is, the tangent is vertical. 

  

- the tangent at (2, —3) has equation x = 2 

Differentiating x2” = In y implicitly: 

2 txinaxy P LY 
y dx 

y2%= %(1—.\‘)}2)' In 2) 

" 
BN 20 

dx 1-xy2’In2 

Differentiating e + ye™ = 2e” implicitly: 

ei—lyeiit EiZe“" =0 

= d}' ye = e’ 

dx d - y 
Stationary point where ——=0: 

dx 
y = er 

Substituting this into the €quatig,, 
of the curve: 

e +e’fe = 2¢ 

2¢" = 2¢’ 

=2 

-, coordinates of the statiop,, 

are(Z e ) L 
3 

o P 
The graph is the curve of Y=y 

combined with the curye f ¥, = 

Y 
i 

\X; 

  
Figure 18D.10 Groph o = Ex2 

b Differentiating y* = x" i olicitly. 
dy 0 

2y—=3x" 
Y & 

B 
dxi 2y 

Atx=4, y=1J64 =+¢ 

so, picking the positive 1t L is 
tangent to the curve at 

3x1 
Gradient at (4, 8) is e =3 

.. L has equation y—8= '/ x-4), 

or y=3x—4 

¢ To find intersections of dC, 

substitute y=3x—4 into = =x" 

(3x-4)' = 

9x2-24x+16=x" 

x'=9x% +24x-16=0 

   



   

      

(mpeated) root of the cubic 

tion in (¢) must be x =4, since L is 
¢ to C at this point. 

o 
B eque 

tangen 

,x3_9x1+24x—16=(x—4)2(,\'..a)=0 

  

Comparing the constant coefhicient 

gives 4= | 

SolL intersects C again at (1, -1) 

  

y= arcsinu 

      

    

              
            

     
   

    
   

  

   

  

   
     

   

    

       

      
       

n xarctan y =1 

COMMENT 

With the option of implicit differentiafiors 

this type of problem can be approache 

by differentiating and then rearranging, 

as well as by the previous method © 

rearranging first. Both approaches are 

shown below. 

Method 1: implicit differentiation 

followed by rearrangement and 

substitution. 

arctany+xxl————,—~— o 

dy —(l +y Jarctan y 

dx x 
1 1 

arctany=—=y= tan(—) 
X x 

dy 1+tan2(x") 

& T 

Method 2: substitution and chain rule. 

1 1 
arctany=;=>y= tan(—x—) 

Let u=x""; then 

du 1 
y=tanu, t—s= 

dx o8 

dy du : 
o =—Xsec U 

dx  adx 

1 2 
——F(Htan u) 

1 ( (1)) 
=——1/| 1+tan’| — 

% X 

1+ tan’ (x"' ) 
x? 

B a Using the product rule and the known 
derivative of arcsinx: 

; : x 
—(xarcsinx) = arcsin x + == 
dx vi=-x



R _ - S J’("___qu/mm'qum“ TR T 
T o e : ‘ TN g I : 

  

    

  

  

b Integrating both sides of the result in d'y 21— x* )—1 19y (2) with respect to x- d? [Gieel 22 
Xarcsinx = |arcsiny+—=_ i a5 j \m =2(1—.\ ) c +4x (l—.1 2 

=>Iarcsinx dx:xarcsinx—j = = dx =2(1—.r‘)_3( —x"+2x") 
vi-x" 

9 4 For the second integral, use the - M substitution ;, — 1—x7, so that (1__1.* )_ 

S, dr=— 
: D s du At a point of inflexion, d\‘ =0 

dx* 

=1+x*=0 COMMENT 

See Section 19B for the method of s ha's 20 rfal Somions‘ S0 the integration by substitution. This problem ESERAESORGIS finflexion, can sfill be solved by recognising the 
derivative of ] x2 without the need for 
formal substitution. 

Mixed examination practice 18 
Short questions 

    

j 2 dxzji(_in,‘ n a y=x’arcsinx 
V1-x? Jul 2x . 

: Using the product rule: e ‘ :—5-[ u ?du d 
N = 2xarcsinx + 1 dx 

==U e 

=—\/1—x2 +C b _re)':4),- 

s 
Vi-x- 

    

d 
. dience By implicit differentiation- 

farcs'mx dx:xarcsmx—(—VI—x3)+c : . dy . dy 
e’ +xe’ —=8y-—= 2 dx dx =xarcsinx+v1-x" +¢ : . : 

dyf e 
a yzarcsin(xz) dv  8y-—uxe’ 

d 1 
—y=2xx - 
dx e J£2)- 

£l 
:2x(1—x4) £  



     

  

   

         

        

     

    

  

   

    

   

  

   
St     
Using the chain rule, let =] - x’ H'MM 

An alternative approach to this question 
would be 1o rearrange first and then use 

   

    

   

       

  

    
    

     

%g f:(x)=—->< 7 implicit differentiation: 

% | y= Grccos(l- x7') 
B ==2XX| = " . g [~ = Cosy = |~ x? 

b 2x Differentiating implicitly gives 
= 2 

1—(l—xz) 

B i 2x* -x' 

2x 
E = 

g |x]v2-x" 
g 

Il NT i (OMMENT 

    
{would be @ simple error to cancel the 

¢ factor inside the square root with the x 
g in the numerator, but this ignores the fact 

: :,'thqyj‘.; equals 1 only for positive x, 
Eix 

I
R
 

and in fact is undefined for x = 0 and 
Ei_quols -1 for negative x. The undefined 

gradient i at x = O represents the fact 

    

   
ot the gradient curve is discontinuous 

gt that point; in other words, the curve of 

f{x) has a comner at x = 0. 
LY 

  

    

            
    
        

      

      
    

R
 

R
E
T
I
I
 

S
R
S
 

LT
 

R 
T
 

S 

A 

Differentiating 4x” +xy’ —3y" =56 
implicitly: 

fl}i_ 2g}i=0 

dx 
8x+y' +2xy = 9y 

fiz(%’2 ~2xy)=8x+y’ 
dx 

dy  8x+y’ 

dx 9y’ —2xy 

  

=40 EdaE=l 
At (=5, 2), the gradient is == 

( ) g 36+20 14 

So the normal has gradient -1.91 

318 Furthar difecatigt



  
4co 

dy 
dx 

The line through (-5, 2) ‘ 14 
with gradient — 

has equation 9 

()"2)=1?4(x+5) 

or 14x-9y+488= 

y =arctan(x2) 

    

d_yzi(xz)x 1 

dr  dx 1+(x2)2 

2x 

=1+x4 

=2x(1+x4)_l 

E 2(1+x4)_l +2x(—1)(1+x“)_:(4x“) 

=2(1+x") " ~8x*(14x*)” 

l+x4)-2(2(1+x")—8x“) 

i 2-6x" 

(l+x")2 

  

Differentiating 4 sinxcos y+sec’ y=5 
implicitly: 

sxcosy—4sinxsinij—y+2sec2ytany%=0 

(4sinxsiny— 2sec’ ytany)z 4cosxcosy 

2cosx 

dx = 2sinx tan y—sec” ytan y 

t 

s At x = 

O\
]:
l 

\/5 ol 
  

y=xe"“ 

-j—ize-u kxe ™ =(1-kx) % 

ixed inati f 8 

  

e 

7k 

-2 
5 

5 k== 
2 

B a f(x)=a(b+c “) J 

Using the chain rule; 
-2 

j"(x):—a(b+c ") (—vc " ) ace -~(h' 

Using the product rule with 
u=ace ", v:(h-t-c ) and the 

chain rule again: 
d 1y 

f”(x)=v—u+ui‘— 
b TGk 

=—ac’e™ (b+c "‘) " +ace 

o) Yo 
1 o 2 

=—ac‘e ™ (b+€‘ “) +2ac « 

aGe% 
  )( (bh ) F 2 ) 

iqcie ( —b) 

(b+e ) 

(b+e 

b f"(x)= 
(l%““‘\)‘ (s —b):() 

e =b=0 

e =b 

ln_b 

c 

Inb a a 

f( c) b+cl"' 2[; 

... the coordinates of the point where 

Inb aJ ) =0arelie s 2. f (X) ( c 2[) 

““ o & ‘l; 

  

(,.\)‘ 

.‘l(lj |—c“)‘



   
   

,At a point of inflexion, f”(x)=0 ang 

f ’(x) changes sign. 

For a small value 6 >0: 

cze'C(XiJ) > 0, b+e_‘(“16) S 0 

and e"(""s) —b>0>e )y, 

','f"(x—5)>0>f”(x+5) 

Hence this is a true point of inflexion. 

R
S
 

TS
R 

D,fferentlatmg( ) e =4x implicitly: 

B X e x d_y ro (},_2) e +2(y-2)e dx_4 

B
B
 

2 X 

gy 4-(=2)e 
B dx 2(y—2)e" 

Ata statlonary point, gradient equals zero 

T
R
 

Bt ~(y- ) e’ =0 
=?(}"‘2) ei=A 

K Comparing with the original equation of 

| thecurve gIves 

é 4x=4 

B nx=1 

ET ~ gubstituting x = 1 into the equation of the 

e 
E (y—z)’e=4 

o y=22v4e” 

-, coordinates of the stationary points are 

‘ (1 21£e™)) 

1% ng questions 
4 

} 8 a Vertical asymptote where denominator 

  

    equals zero: x = > 

     

   

g b By the quotient rule, 

&y 2x(1-20)-x’(2) 
dx (1-2x)’ 

__-2x +2x 

(=) 
_2x(1-x) 

C(1-2x) 

Bt 

    

    

    

    

    
    

      

    

   

      

        

   

    

     

        
      

Stationary points where Oy 0: 

2x(1-x) 

=5 

2x(l—x):0 

x=0 or 1 

. the stationary points are (0, 0) and 
(])_1) 

dy  2x—2x’ 

dx  (1-2x)’ 
By the quotient rule, 

d’y (2-4x)(1-2x) +4(2x-2x*)(1-2x) 
  

  

  

dx® (1-2x)" 
_(2-4x)(1-2x)+4(2x-2x°) 

B (1-2x) 
o 2 

¥ (1-2x)’ 

  

  (1)=-2<0 = local maximum 

So (0, 0) is a local minimum and 

(1,-1) is a local maximum. 

  

d y 
B 

y=-5 

e | N 

N S| 

ol oy 
| NS 

~ 

1, D= 
| 
|   

  

2 
Figure 18ML.1 Graph of y = : £ 

=2x



   

  

H 

8. 

! 

b i 

o 

  

     

         

    
       
   
       

   
    

    

     

     

   

    

    

   
   

    

~pp 

u 

=Uu= 

By the quotient rule, 
s 3N 2 A \ -. X X3 =X"X2"Ind Fix)e =2 “In 

:\\. 

_-x'In2 
3 

ii By the quotient rule, 

(x : 
\:\\‘ 

2 2 ~4xIn 2+x ‘(In2 )’ 
3\ 

f(x)=0 

2x-x"In2 
R ——— >:(‘ 

3 X 

2x-x"In2=0 

x(2=xIn2)=0 

Since x >0, the only solution is 
3 

X=— 
In2 

262\ S 

  

5 In2 

2—-8+4 
= — <0 

25 

  

p) 

soX= —'"—) gives a local maximum of 
n2 

f(x) 

¢ Points of inflexion where f”(x)=0: 

2—4xIn2+x*(In2)’ =0 

This is a quadratic in xIn2. 
Let u=xIn2; then 

—4u+2=0 

4+J16-8 - 
=212   

  

n f(x)=arccosV1=9x" for<y ! 

o
 

o (2-2xIn2)2" ~(2x- ' In2)2" In2 

2-4| = |2+ .jl:: 
2 )__ Llnl__-‘ : k\_lul)‘ () 

  

1 3 

a Let u=(l-Q\'“F:thcn 

du =-9x(1 ~9x?) 2 
d.\' 

du d 
(x)= =X =——(arccosu) 

(.\\' dx du(‘ R 

=-9x(1-9x7) * ‘ 
\ Ni- 

= 9x(1=9¢") x| -1 

  

—IS\. 

1 
For x € [0, =, the numerator and 

3 

denominator are both pos 

s f"(x)>0forxe 0, - 

¢ g(x)=arccos(kx) 

  

Comparing gives &* = 9 fron: the 
denominator and k = 3p from the 
numerator, 

Sok=3,p=lork=-3, p-



implicit differentiation: 

by o dy 
5;“*‘2)’5:0 (.) 

7 Sationary point where 22 =0: 
-0 dx 

Rx=)~ 

il 
. gubstituting into the original equation: 

,‘2_2,x2+4xZ =12 

3’ =12 
—x=%2 

., the stationary points are (2, 4) and 

e 2 
' p Applying implicit differentiation to (*) 

n(2,4)isa local maximum 

 At(-2,-4) 
% 2 

= (=2, -4) is a local minimum 

Domain of arcsec x is the range of secx 

ith domain restricted to [0, 71)): 

he graph of arcsecx is the graph of 

reflected through y = x 

<1 =3 

Figure 18ML.5 Groph of y = arcsecx 

C a(secx)=a;(cosx)“ 

Using the chain rule, let u = cosx 

=(—sinx)><(—— : ] 
Cos™ X 

B sinx 

" cos’x 

=secxtanx 

y =arcsecx = secy =x 

Differentiating sec y = x implicitly with 

respect to x: 

secytany 2l 
N i 

dy _ 1 

T dx  secytany 

tan’@+1=sec’ 0= tan@=++/sec’ 0—1 

From Figure 18ML.5, the graph 

of y=arcsecx clearly has positive 

gradient for all values of x in its 

domain, so choose the positive root. 

e 1 — 
Cdx secyqfsec’ y-1  



    

. Exercise 
. £0 Both are correct: their answers differ only 

_ in the (unknown) constant, 

: Marina has f(x) = ~l—ln|x| te 

Jack has : 
4 1 

g(x)= ;ln|3x|+c 

e | = ;( n3+Infx])+c 

F = lln|xl+ Lin3 ) : 3In3+c 

. = ~In|x|+d 
D 

: I 
i.e. the constants are related by d = 3 In3+¢ 

G J‘:U—x)" dx=0.4 

  

[~In(1=x)], =0.4 

In(1-a’)~In(1-a)=04 

b g 
ln(l 2 J=0.4 

k., e 
g In(l4+a)=0.4 

1+a=¢e" 

a=e" -1 

  

     

   

=0.492 (3SF) 

  

       

  

    

  

   

COMMENT 

Nofe that because O<a<1, @’ is the 

lower limit and @ is the upper limit. 

Further integratiop 

methods 
Exercise 
n |et fo' fx 1 then 

du 

dx 
w2x#41 

o du 

A (2x41) 

J“:(ZX f ')C"” b dx [ ( )¢ du 

[ 
ll 

{ 11 

| € ‘ | la 

" 

Let u=x"=1; then 

du 
e 8 )X 

dx 

du 
dx m = 

2X 

3 2x i 2x du e 
1 x° =] U 2x 

A=2 

3 | 

r Jll s 

= [Inu) 

:[ln(x’ I)] 

wIn2d4-In} 

5 ) 
“In8



   

  

   

   

u+4)u +c 

1l 

5 
(% x—2) +4)F+c 

( 
5 

-~ g et 4) Nx—2+c 

   
   

    

   
   
        

   
    

    

   

  

u k. f(x)= g 

F1)=1’-1=0 
50 by the factor theorem, (x-1)isa 

factor of f(x) 

2x2_x_1_(2x2—2x)+(x—1) 

x'-1 3 x’ -1 

_ (2x+1)(x-1) 

—(x—l)(x2+x+l) 

e 2xit] 

" tx+l 

  

Integrating by substitution, let 

u=x"+x+1; then 

du   

1 
; s =(2x+1)=>dx= 

2x+1 

2— — 2x°—x 1dx=J 2x+1 e 

x-1 x2+x+1 

  

  

2x+1 

=J'ldu 
u 

=In|u+c 

=ln|x"+x+l‘+c 

=‘[2x+1x 1 iz 

If you can recognise that the numerator 

of the integrand is the derivative of the 

denominator, you can move directly to 

the solution being the natural logarithm 
of the modulus of the denominator, as 

highlighted in Key Point 19.4; there is no 
need for formal substitution. 

    

    

   

@ Let u=Inx; then 

El—u—=l:>dx=xdu 
x 

J. SEcz(ln(xz)) _J’ Secz(zu)xdu 

2x = 2x 

=%J sec’ 2u du 

=%x%tan(2u)+c 

=itan(ln(x2))+c 

Using substitution, let u = sin x; then 

du   

du 
= coSK— A= 
dx CcOSX 

  
  

  

  

COSX COSX 1 
J. —— dx= =X du 

sin’ x u COSX 

=| u’ du 

=——u"+c 

1 
= 

4sin” x 

   
    

    

   
    

  

         
   



      

Letu=x*—3x+3; then 

du du 

—=2x-3=dx= 
dx (2x-3) 

J'-‘(2x—3)\/x2—3x+3dx_xI"(Zx—fi)\/;__f_’,‘_. 
: e u x*-3x+3 (2x~3) 

  

x=l 

x=) 1 

-_-.Iu-’ du 

xw| 

=|:2u;]’“J 

Ve 
=2/3-2 

Exercise 
All are correct: as in Exercise 15A question 5, the difference lies in the unkne 

105 
A(x)=—sin’ x+c¢ 

2 

1 2 

B(x)=—5cos'x+c 

e . 2 
——5(1—5111 x)+c 

Jod 1 
=—sin" x+c—— 

2 2 

1 
=—sin’x+d 

2 

1 
which is the same as A(x) with d = Copr= 

1 
C(x)=—zc052x+c 

1 iy 
=—-—(1——25m x)+c 

4 

1 1 
=EasinGxt o= 

2 4 

=lsinzx+k 
2 

1 
which is the same as A(x) with k=c—z 

constant. 

  

| 
| 
i 
| 
| 
| 

  

 



    

   

   

  

: ‘ a tan’ x=tanxXtan’ x 

=tanx(sec2x—-l) 

=tanxsec’ x—tanx 

b j tan’x dx=J. tanxsec’x —tanx dx 

1 
S Etan2 x+In|cosx|+c 

/12 /12 

BL tanzk.xdx=j sec’kx—1 dx 
0 

1 n/12 

=[—~tankx—-x} 
k 

    
      

      

    

    

Let A= B=x; then 

cos(2x)=cos’ x —sin’ x 

= cos’ x—(l—cos2 x) 

=2cos’x—1 

=J. 2cos’ xsinx —sinx dx    
2y o



  

M a sin’0=sinOxsin’6 

=sin9(1—c0520) 

=sinf@—sinfcos* O 

b r“sin}(i) dx 
0 3 

1l 
—
 

-
 

= 

A = 
e
 | 
= 

s 

I s 
- 

V
i
 

w
 | 
=
 

E
e
 

o o w
 
r
~
 

e
 

| 
R
 .
 

= 

_ Cosf-ising 
cos’ @+sin’ 0 

=cosf—isinf 

ii By De Moivre’s theorem, (cos+isin@)" = cosnf+isinnd 

2. (cosO+isin6) " = cos(—nf)+isin(—n@)= cosnf —isinnd 

2" =2 7" =(cosnB +isinnB)—(cosnd—isinnd)= 2isin(n6) 

5 
b i (z—z"')s =2°-52°+10z-10z"' +52° -z~ 

ii By (a)(ii) withn =1, 

z——1—=2isin9 
z 

~(2isin@)’ =(z—£)5 =(25 —z's')—S(z3 —z"’)+10(z—z'l) 

32isin” @ = 2isin50 ~10isin 30 +20isin@ by (a)(ii) with n=1,3,5 

16sin” 0 = sin50 —5sin 360 +10sin O 

==l eh==5Tc=i() 

¢ Using the result in (b)(ii) with 6= 2x: 

1 
j sin’ 2x dx = EI (sin10x—5sin6x+10sin2x) dx 

—i(——l-coswxi—écos&c 5c0s2 
sl z 082X |+c¢ 

1 5 5 
=———c0s10x+—cos6x —— T60 % 16cost+c 

Tk i s o b b S ok S j frigonometric iden inlegraion  



e i s 1 
. identify sin” 2x = 1-cos® 2x i : g sin” 2x using 

' = and infegrating that way; this will result o solution of @ different form, as follows: 

o 2x dx= [ sin2x(1-cos? 2x) gy 

—_—J. sin2x(l —2c0s’ 2x +cos® Zx) dx 

= I sin2x—2cos” 2xsin 2x+cos* 2xsin2x dx 

:——cos7x+lcos-"7r 1 54 
2 3 e IOCOS ZXTC 

COMMENT COMMENT 
sing the methods from Chapter 15, you should be able fo show that 
these fwo answers are equivalent: express cos*2x and cos52x in terms 
of cos2x, cosbx and cos10x. 

b2 3 

V}L nl+4xz 

ge you may feel confident enough fo jump straight to the 
form without using rearrangement or substitution. If you 
e things more slowly, recognise that the overall form of the  



  

    

  

B o 2 vanen=2(x e2)400 

  

=2((x+1)"-1)+11 

=2(x+1 )) +9 

; 

P b i . R o 

J"\ Fax+11 3 jQH(\H) 

Let =2 (x+1); then 

E du b U5 8l 
;} dx \/ = dx = ]-1 du 

94 2(x+1) 9+u’ fi 

u 
Tx an.tan( )H' 

= —};arcmn[ %-(.vr l))-b( 

a l+b.\'—3.\"=l-—3(.\"’—2.\') 

=1-3((x-1)'-1) 

=4-3(x-1)’ 

2* -3(x-1)’ 

b jl:—/;l——‘—“ dx=J:-T-——l-———;‘ dx 

V14+6x—3x" ' 2 -3(x-1) 

Let u=+/3(x—1); then 

 



     
    

    

   

     

       

     

   

     

  

  

  

  

      

  

2 24x+61=4(x*~6)+61 

=4((x-3)’ ~9)+61 

=4(x-3)"+25 

Let u=2(x—3); then 

B~ du 

55 10 55 10 r_ 

- 0 1 
3 4x°—24x+61 3 4(x—3) +25 1 

x=5.5 
i 

: 10 1 
= J. X— du A 

' e u +25 2 _:, 

i = [10 l u ) x=5.5 
" 

X—arctan| — Z 

.f‘;'-’ 2 5 5 x=3 o 

B [ - 3)]} » 
E arctan L 

| A 

= =arctan(1)-arctan(0) A 

S A 

§° Let u=e% then 

LYy —du 1 

B n3=InV3 
B2 
M x=In/3 
ks —In3 ] 1 1 i 

B dx= xX— du 
,%j : J'o e +e” s utu’ s 

       
         

u +1 

x=In\/3 

x=0 

= [ arctan (e" )]:‘fi 

= arctan( J3 ) —arctan(1) 

i) 

=[arctanu]



  

¥ Exercise 

n ; SR (x8) 5 (52) 

-2 x+3  (x=2)(x+3) 

2 4 1 X 
Io 244 dx:4|:5arctan(—5fl 

    

5 

x’+x—6 

1 1 

X2 RO 

=In|x—2|~In|x+3|+¢ 

x—2 

x+3 
=In 6 

  

  

2 

0 

= 2(arctan1—arctan0) 

Ep- . .° _(1+x)+2(2-x) 

b JIS—*x % 
024+x—x 

pEESvrt (2—x)(1+x) 

  

=[~In|2— x|+ 2In1+x]]; 

=(~In1+2In2)—(-In2+2Inl) 

=3In2 

=lnig 

 



;u:__l..xz; then 

1 
#ox— dx=———du 

2x 

+5 e 4x o 5 

2 j w/l—xz ‘/1-x2 dx 

j ( )du+5arcsmx+c 

=I—2u ? du+5arcsinx + ¢ 

1 

=—4u? +5arcsin x+c 

=—4+J1-x* +5arcsinx+¢ 

. ; ;.2x2_3x+17=2(x2—4x)+17 

=2((x—2)2-4)+17 

=2(x—2)*+9 

Derivative of the denominator is 4x ~8 = 2(2x —4) 

2x—4 2 P8l X L 12 

WENgL 117 2x°—8x+17 2x*-8x+17 

'Letu=\/—2_(x—2); then 

1 
= =J—2-=>dx=—J—§—du 

2x—4 : 2x+8 dx—J A ins 

2x*—8x+17 2x? —8A+z 
4;\7 i 

  

') (u) 

=—In|2x’—8x+17 ——x alctan +-c lnl 2 ! : 3 

V2 
= ~;—ln‘sz —8x+17|+ 2\/Earctan[ —\—/é:(x— 2)]+c  



| Exercise 
In the abstract, if you include an e 

unknown constant ¢ when integrating i 

you get the following: 

   

i Ju—:—: dx=u(v+c)—‘[ %(v+c)dx+k 

du 
=uv+cu—J %xliv dx-—J ac dx+k 

du 
=uv+cu—J. jx—uv dx—cj e dx+k 

=uv+cu—J gxzv dx—cu+k 

=uv-Jl %v dx+k 

As seen, the terms containing ¢ cancel 

out in the final answer, leaving only the 

standard unknown constant (called k here). 

5; 
R 

dv 5 
by ) o) Lt =%). y— = s N B Letu=2c—=e 

u=2x=>%=2 
dx 

e i il sl s o Sl 
ntegration by parts 

    

    

   

    

    

a Letu=cosx;then 

  

    

du 
éfl:—smx:dx--—~~—-~ 
dx sin x 

smx 
Jtanxdx j 

cosx 

sinx -1 e -, 
u Sin 

=J‘—-—1- du 
u 

=—In|ul+c 

=In|—{+¢ 
u 

=In|sec x|+ 

b Letu=x gy sec’ x Uu=x,—= ) 
7 dx 

du 
i —>———il 

dx 

v 2 
—=8ec x=>v=tanx 

ju—d.x uv_[ &   

9 { 

j xsec’x dx=xtanx— | tanx dx 

= x tan x - In|secx|+c 

   



=[xarccosx—\/l—x2 ] 
0 

=(karccosk-m)—(0~l) 

= karccosk—1-k* 4] 

x=3 1 

I —e"“X2udu 
2 

x=-1 

W gy = 

x=3 

ue" du 

x=-1 

v ; C 
ng integration by parts, let w =1, — = ¢" 

du 

Take care in this sort of circumstance: the usual generalised variables v and 
Y would cause confusion here, since v 
Is already involved in the subsfitution. 
Simply choose a different lefter and note 
that the integral is now being calculated with respect to v instead of x| 

X=3 
x=3 

x=3 B j ue" du:[ue“] = j e du 
X=~] o x==1 

x=3 =I:ueu_eu 

x=-1 

3 

:[Jx_flem—em] 

=(\/‘Ie‘fi —e‘fi)-—(O—e;) 

=e’+1 

Mixed examination practice 19 
Short questions 

0 [ cos’(3x) da= 
"l 

¢ E(l+cos(6x)) dx 

[5+lsm(6x)J 
D g 

2 
2 

o dv 
4 Letu=x,—=cos(2x L =cos(2x) 

du 
U=x=—=1 

dx 

%=cos(2x)=> V= %sin(Zx) 

ju% dx=uv—J v%;i dx 

f xcos(2x)dx = %x sin(2x)—J. %sin(Zx) dx 

= —;-xsin(Zx)+icos(2x)+c  



   

    
9 ‘-E(-} o 

II"’ - 
3t+1 

I:—ln|3x+1| ] = 
3 0 

l1n|3m+1|=1 
3 

sy 
{ y 

  

3m+1=+¢’ 

—1+¢? 

3 

=6.36 or —7.03 

  

Reject the negative value, since that would 

1 
take the integral across x = ——3—, where the 

integrand is not defined. 

  sm=-——=636 (3SF) 

  

E n/12 

h 08 
/12 

d ec’(4x)dx 
0 cos’x i -[0 5 ( ) 

= Btan(4x)]n/12 

8-     dx= —§1n|1—3x|+c 

1 - b | ———dx=|(2x+3)"dx 
f (2x+3)’ I ) 

—é(2x+3)_1+c 

dv 
Letu=Inx,—=1 G ~ 

        

Iu%dx uv - ng%dx 

'[ lnxdx=xlnx—f 1 dx 

=xlnx—x-+c 

  

  

COMMENT 

Although the simplest form of (a) hqs 4 
numerator of 1, the more useful form 
for integration is the one (in the secong 
line) that contains an exponeniial in bog, 
numerator and denominator, <o that 
the numerator remains a multiple of the 
derivative of the denominator. 

    

B Derivative of x2 + 4 is 2x 

6x+4 2 J : dx=3‘|‘2*x 
X" +4 x“+4 

S 3ln|x2 + 4! +4% larctan[flfi 
2 2) 

  

d_\ 1—1‘[ ’1 4(11 

Xt 

  

= 3111(x2 +4)+ JarctanLEJfl 
2 

 



   
PNy - ) 

:      

      

    

    
     

     
    

      

     
   

      

  

5x+2-3 

L 5 dx 

  

=j2 1—’%2 dx 

  

  

  

  

  

  

  

  

  

    

5 b x - =[x=3In[x+2|]’ 

e dx:f g =(5-3In7)~(2-3In4) 
.L (x—l)(x+2) X =18y 10 : 

:[21n|x—1l—]_n|x+2|]: =3+3ln(;) 

=(21n6—ln9)—(21n4_1n7) Letu=arctanx,3=1 ‘ 
=In36-In9-In16+1In7 dx A 

=ln(36><7) u=arctanx=>d—u= - ; ¥ 
9%16 14+x ¢ 

dv 
/ o —l=S = =In| — 

j ufl dx = uv—-[ 1’% dx ,_ 

m Let u=Inx; then dx dx 

§E=l=>dx=x du jarctanxd)c:xarctanx— —x—- dx 

o bl 

= xarctan \'-llnl'w \‘2|+c ' J dx= J—Xx du : R AR i xlnx 4 

S i |2 dlay B '[ ¢ ® 1~x? = (Lx) (1=x) 
=In|u|+c i ] g 

=In|lnx|+c e , ! 

m Letu:lx-—l; then x=2u+2 and J'" 2 s f _lfi,* b T 
X il AL Slsh 

i =dx=2du =[—ln]l—x]+ln|]+x§[a 

dx a 

2u+2 =[1nl+_x:' o a2 . 
2x =l lta =N fl 

2 L. l—a l1+a 
=I4u2+4u2du i 

=2In|— 
3 1 —a   

  

= —u? +8u? +c 
3 

Sl



¥ o v . AT R S S 
PR ST L TN Tyt .« o M S < g 1 = 

' o L P 5 y £ 

1+ _a{fl 
l1-a 

  

Require that 21n 
  

1 

..‘i“%ez 
1-a 

The integral ZlnIH—a' does not converge as a — *1, so we should not consider|q > 
l-a 

  

  

e 
= a=——=0245 (35F) 

el +1 

COMMENT 

Some functions can be integrated even fo a value at which the function 

itself is not defined. For example, = 1 is undefined at x = 0, but its 

integral over the interval [0, b] is nonetheless well-defined. Such an 
‘improper” infegral is calculated by determining the integral across the 
interval [a, b] and then taking the limit as a — 0. 
The situation in question 14 is different, however, because the limit as 

a—1(ora— -] for 2In H is not finite. Therefore we cannot consider 
=a 

values of |df equal to or greater than 1.    
   

Long questions 

n A" 1—Bx A(x2+1)+(1—Bx)(x+2) 
B a + = 

x+2 x°+1 (x+2)(x2+1) 
  

A(xz+l)+(l—Bx)(x+2)_ A3y 

(x+2)(x*+1) (x+2)(x*+1) 

s0 (A—B)x’+(1-2B)x+A+2=4-3x 

Require that   

Comparing coefficients: 

x*A-B=0=A=B 
x'i1-2B=-3=B=2 

x%; A+2=4is consistent with A=B=2 

i e e Sl ) amination pr i i s



      

   

   

4-3x QIR g 2 1oy 
(x+2)(x*+1) Ix+2+xz\fl dx 

-—21n|x+2|+j 2x 
X' 41 x2+1 

  

= 21n|x+2|+arctanx—ln|x2+1|+c 

BT 
1-x? 

:‘1 
B2 4-3x 

4 3x 
Io '[ 2_ < 

9 1~x* 
E 

Vi [ arcsinx + 3 1—,\-3] 
0 

T 

( ) ~(0+3) 
_4nm 3 

B &2 
; 

  

¢x+j s la I[+]= I 
’ sinx +cosx Sin X +cosx 

J' sinx +cos x 

  

sinx + cos x 

=j 1dx 

=x+c, 

S J‘COSX smxdx 

S X +cosx 

  

et = sinx+cosx; then      
—=COoSX—Ssinx 

du 

: cosx-—sinxx du 
u COSX —Sinx



    

sinx 

SINX +COoSX 

=%((I+])—(I—I)) 

:l(x+c1 —ln]s'mX+C03x|‘Cz) 
2 

=%(x—ln|sinx+cosx|)+6 

1 
=E(1+t2) 

b i sin(20)=2sinfcosf 

sin6@ 
=) X cos’ 6 

cos 

_ 2tan@ 

sec’ @ 

  

  

ii Take 6 =§ and recall that t = tan(%) from (a) 

sec’0=1+tan’0 =1+t 

2tanf 2t 

sec’® 1+t 
    -.sinx =sin(20)= 

    SRR s v Gl s R 
examination practice



    

x=1/2 

= e Al 
o Lot 

x=m/2 

2 dt 
(1+¢) 
  

x=0 

Il | 
o
 

—
 
—
 

“+ -
 

N
 

U 
(
e
 
ma
d]
 = I 2. S 

Il 

(
S
N
 N 

T
 

— 
N 

N
 

o a By De Moivre's theorem, z" = cos(18)+isin(n6) 

2" =cos(—nB)+isin(—nb) = cos(n6)—isin(nH) 

~z"+27" =2cos(n0) 

b (z+z'l)4 =z'+4z° +6+4z7 42" 

(2c0s0)" =(z* +27*)+4(2* +27)+6 

16cos” 8 =2cos(40)+8cos(26)+6 

cos49=%(cos(46)+4cos(29)+3) 

ci g(a)=joacos49 d9=%J.:cos(40)+4cos(29)+3d6 

1B ; § 
=§[Zsm(49)+25m(29)+36} 

0 

1 1 8 
=—sin(4a)+—sin(2a)+—a o (4a) 7 (2a) .     

: 1 1 3 
—1= —sin(4a)+—sin(2a)+—-a=1 gla)=1=5—sin(da) - sin(20) 5 

= =296 (3SF, from GDC) 

. 

i 

2 

24
k 

B



    
- Exercise 

(;A. n Let: 

A r = radius (cm) 

A = area (cm’) 

t = time (seconds) 

fl =1.5 
dt 

dA dA dr 
4 ‘-——_‘“X“_"‘ 

dtesedradt 

A=nr1=>g£=2nr 
dr 

f«, j‘f‘_ =27y %1.5=3nr 
b dt 

When r=12, %Ar— =36n =113 (3SF) 

So when the radius is 12 cm, the rate of 

change of the area is 113cm’s . 

Let: 

I = side length (¢cm) 

A = area (em’) 

t = time (seconds) 

dA_dA_dl_dl_dA dA 
1 o 5 e I, e —_— 

T BT T 
dA 

A== —=2| 
ey 

Further 

2 O applications 

y of calculus 

  

U AT N Y Y 

  

So when the side length is 12.5cm, the ry, 
of increase of the side length is 2cms™, 

Let: 

r = radius (cm) 

h = height (¢cm) 

A = surface area (cm’) 

t = time (seconds) 

A=2nr’+2nrh 

=) é—A— = 4nr£1—-r—+2nh _E!’j F2nr (-“l 
dt dt di dt 

dA dh dr 
— nr——=—~~(4m +21th) 
dt (el s ad 

drs | (d/\ s dlz) 
— .l 1 e 

dt Anr+21h\ dt B dt 

Substituting 

P o o, 
dt dt 

g_ 1 

dt 16m+2n 
  (20n+1()n): 2 

dA 
So when — =20m,r=4, h=1, 

and wris =2 the rate of change of the 

radius is 2cms . 

 



1 dV 

4n dt 

L a05mr= ‘1299 = 8.92 (3SF) 
dt n 

So when %'t:‘ -;-. the radius is 8,92 cm, 

' If the lighthouse is at L and the ship is 

at A, then the distance d (km) between 

54161 
b 
= J(5+16t) +(7+12t)" 

= /744328t + 400t 

8001 + 328 

74 + 328t + 4001’ 

When t = 0,91':1761-19 1 (3SF) 

them is d =|LA 

B T e » £ N e FE e A Ty e ot 
pa & T e NS I 

b J-Ivdt 

tItH'at df 

at’ 
B ul .‘, oavusiam 4 k 

2 

But 5(0) = 0 (by definition of 

displacement s being the displacement 

from the initial position at £ =0) 

L0=0404k 

= k=) 
| 

sl 4 —at’ 
2 

¢ v =(u+at) from(a) 

ey’ 4 2uat + a’t’ 

| 
=y’ 4 Zu(ut + zal’ J 

=y’ 4 2as from (b) 

n a By the quotient rule, 

dy (P 41)x1-tx2t 

CaT T () 

b s(5) ydt = J 5 : : dr 
1] ) { 

Let w=t"+1; then 

dw dw 
= = dt = 
dt 2t 

s 
'.S(S):j { d}y 

oW 2t 

{45 LT, 
2‘)0w 

l a5 
=E[lnw]:_.0 

=—;-[ln(tz+l)]: 

=-;-(ln26-lnl) 

=1n+/26 

=1.63 (3SF) 

(e R 
2 Fy. )  



  

   
.‘4“~ - S, 

N e 

E Distance travelled in the first 2 seconds is 

   
2 

x(2)= [ | de 

In {0, 2], v = 0 when 

1298t =0 
1260 
98 49 

* so velocity graph goes negative (below the 

E t-axis) for t » & 
19 

A : 60/49 3 

E ---V(Z):I vdt-J v dt 
b & 0 60/49 

' V 0/49 3 

3 =[ 12-98tdt- [ 12-9.8tds 
i v 60/49 

i =10.3m (3SF, from GDC) 

by, o 

: n a s(6)= j“ vdt 

E‘- 3 O r 

k- :J SC()s(v» ) dt 
3 0 3 

0O 

] 
L =15sin(2) 

=13.6m (3SF) 
O 

b x(()):I [v| dt 
. 

0 

- In [0, 6], v=0 when 

t 
5¢os| - ): 0 

‘4 

~x(6)= J‘;R/zvdt -r vdt 
in/2 

6 t 
= 5(6)—2.’.3“/25cos(—§)d1 

6 

t 
= s(6)—-2[l$sin(-—” 

3 in/2 

2 BT 
=13.6-30(sm2-sm5) 

=16.4m (35F) 

e : St 

Notice the importance of finding where 

v = 0; at such points the velocity graph 

crosses the taxis and so the integrafig, 

needs to be separated at these poings 

(as the ‘ared’ will be negative beloy, 

the taxis). 

  

V=9§=—t’+3r+4 
dt 

dt 5 
C 

Stationary value of v when : =0; 
( 

~2t+3=0 

=t=— 
2 

) 25 

2 2 2 4 

Check values at end points: 

v(o)=4<v(3) 
2 

v(5)=—6<v(§») 

. maximum velocity is v(1.5)=6.25 

m v=In(s+2) 

dv 15y 
= —=— 

dt s+2dt 

dv ds 
— —=Y 

dt dt 

v 
a=— 

s+2 

Whenv=4,In(s+2)=4=s+2=¢" 

a=4e ' =0.0733 (3SF) 

\4“’3‘1 ‘“ :‘wffl _,— ok v > A ,» A -‘ o e 

+  



b a=—— 

- 10(s=2) 
B e 

52 +4 

Maximum velocity occurs when fl A0 
dtis 

gy 10(s*+4)-25x10(s-2) 

:it" (52+4)2 

- 40+40s5—10s’ 

(s2 +4)2 

,c.l.!=0=$40+405—1052 =0 

dt 

=5 —45—4=0 

41.16+16 
S = )12 5 V2 

The negative value of s gives a negative 
v, so the maximum velocity is 

_10(2+2J5—2) 

Mot = (2+2J5)2+4 

_dv_40+40s-10s’ 

(s2 +4)2 

_ 40+120-90 

13° 

=1.04ms™" (3SF) 

dt 

dv 5 
: =0.414ms " (3SF) 

notation of a vertical bar with 

alve condifion on the lower right 

ften used when simpler notation 

be ambiguous. In this problem, 

pressed as a function of s, so 

hould mean v evaluated at s=b; 

er, we commonly use v (b) to mean 

vated at time t = b, and this is so 

ard that in other situations a more 

notation is useful for clarity. 

Exercise 

V=njlhy2dx 

2e 

= fljl (Inx)’dx 

=19.0 (from GDC) 

e ! : h 
G a i Line with gradient —— through 

; r 
point (0, /) has equation 

h 
y=——x+h 

r 

ii For points on the line, x=r— Zy 
} 7 

3 
. 

Vi— nj.:xl dy 

 



    

=T rx—— ; 9 _ ln(——) 

3 SH|E snlna =mn T 

3 3 
“ =TT ra_L =7l "‘r3+'r_ a9=_6i1. 

3 3 27 
b/ 4nr’ 4 " = a=— 

3 3 q ; - 

}’=2C08x=>x=arccos(5) =3 

3 Whentre oV, = L en x 0,}’ 2 my=e2x_lfix=_]n(y+|) 

z 2 V=TIJ x“dy 
0 i o3 2 

< 5 ) V=—J0x dy 
="_[0 arccosz(gjdy 2 

% b1 3 2 
i 

= — +1 d -/ =7.17 (3SF, from GDC) 8Io(ln(y ) & 
- A =1.02 (3SF, from GDC) 
k- B y=Nx=x=y 

vl 03xz 3 m a Intersections where 

! 2 4\/;=x+3 
- _7_-[_-[3 4 d 2 

j [T X —10x+9=0 
B A (x=1)(x=9)=0 

: m 243 x=1"or 9 
= —X—- 

R 2 5 . coordinates of the intc sections are =763 (35F) (1,4) and (9, 12) 

 



   
         

    
   

   

     
    

   
   

  

     

    

   

    

       
       

    

i 
b Volume of revolution of the enclosed 

b ) 4‘/;" el e 
region is the difference in the volumes 

i the two curves: 

x, t 3% =), 3 of revolution from 

  

  

Y2 
4 7 2 

. ST = —(x?+3) dx 
Between the intersection points, x, is to V. n.[o (4x:+3) (x +3) 

the right of X =an 16x2+24x+9-x4—6x2"9dx 

12 2 2 g 

=Tl xX,) —\X d 
5 

Vv .L ( 2) ( 1) Y :njq—x4+10x2+24)(dx 7 

A F T : E 
= L Y Tl =n[——x—-+19£~+12x2} - 

12 y' : . : b 
= 2_6y+9——=—d 
“L e e =n(———1024+5‘—49+192) 15 

: g 5 3 

=n[z——3}’2+9}’- Y } _ 30087 
3 1280 |, e 1 

7 =630 (3SF 
=n(576—432+108—9—53) S0 ¥ 

m The volume of revolution is the sum of the : 

—n(6—4—48+36—é) 
volumes of revolution generated by the 

two graphs. ¥ 

288 128 
=q| ——— y,=Inx, = x =€ 

D 15 1 

— e go iy ey 

138 154 (35F) s~ gttt R i) 
15 1 : ki ] 

m a Intersections where Vznjo (%) dy'H[.[] () dy e 

2+3=4x+3 
— : Y 5 -4 ! () — v V' Ay ‘ 

x2 3 nL (e ) dy+ "J‘, (e(2-y)) d; 

x —4x= 
1 2 

= 2y 2 Ad—4 v+ ,"' ) 

x(x—4)=0 flju Enciae JI (4 o }d/\ £35 

x=0 or 4 ; ; LAl g 
= T—T—[e“" ]] + e’ {4 y—-2y°+ ,};, J 

Substituting into y = 4x+3: 2 & 31, ) 

— P 

8 ) r'.'_ 

x=0=y=3 =%( 2—1)+ne2(8—8+§—4+2—lj v 

x=4= y=4x4+3=19 ' ¢ 4 
5 2 1 

;" 

. . . =N CETi T 
3 

. coordinates of the intersections are 6 2 3 

(0, 3) and (4, 19)



         
ubstituting into the expression . 

S= x2+4x( 32) 

    Exercise 
n a 'The base of the box is a square with 

    

  

side length 12 2., and the box sides =128 

E have height x e 

3 wV=x(12=2x) ds_, 128 
- 

—— x —— 

b Letu=x, v=(12--2x)l dx ot 

'."Z!' dV  du dv Stationary values of § occur when 95 =(; 
S ) e el ] 128 dx ; 

b Al e s 
) 

2 

=(12-2x)" ~4x(12-2x) 2 
1 128 

=(12- 2\)(12 2x—4x) 2 e 

=( )(12—6":) x3=64 

: =12(6-x)(2-x) S 

Ztationary values for V occur when Check that this is a local minimum: 

- vV 

o T 
i 12(6—x)(2-x)=0 : 

i) =x=6 or 2 fl-g(4)=6>0=>local minimum 

Clearly x = 6 represents a minimum, 128 

corresponding to zero volume, so x =2 ~.8(4)=4° g 16432 = 4% cm’ i the 

g ¢ must represent the maximum. minimum surface area. 

: Check using the second derivative: et ertexdiihave coordinates (x. 0) 

f / dzv 
y 

& — =-12(6-x)-12(2-x) where x > 0. Then: 

X dx Area of rectangle = 2x(4 - 
i ='-12(8"‘2x) 3 

ke o =8x—-2x 

4 ——(2)=-48<0, so volume is indeed d Area _ Gy 

maximal at x = 2. AiAres 
‘ Stationary value when = 

. Let each side of the base have length x, 8—6x2=0 dx 

: and let the height of the box be /. A 

k. The surface area is § = x’ +4uxh xt= 3 

. The volume is V = x’h 2 23 

g - e 
‘-jf x*h=32 It is clear that this is a maximum rather 

32 than a minimum, from the context. 
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0D Optimisation with constraints ...



     
i
 

R
 

N 
R
 

. vsihowing this rigorously: 

g:' 

e
 

fl,z,é?i ==12% 

dx 

d’Area _2_) <0 = local maxj e mum 
Hence the coordinates of A that give the 

3 

By symmetry, the coordinates of B 
are TS 0) 

maximum possible area are [&, 0] 

ii Area=(m—2x)sinx 

d Area 

  

=(m—2x)cosx—2sinx 

Area has a stationary value when 
dArea _ 0: 

dx 

(m—2x)cosx—2sinx =0 

  

2sinx =(m—2x)cosx 

2tanx =m—2x 

¢ From GDC: x=0.710 

Hence maximum area is 

(1—0.710)sin(0.710) =1.12 (3SF) 

Let the cylindrical can have radius r and 
height A. 

Volume V =nr’h 

Surface area S=2mnr’ +2nrh 

29=45) 

2mr® +2mrh = 450 

2nr(r+h)=450 
450 

Sh=——r 
2nr 

Substituting into the expression for volume: 

b 20, 
) 2mr 

=225r—mr’ 

_dv 
=225—3nr?     

Stationary values of V occur when fl/- =0z 

225-3nr = < 

3nr’ =225 

75 
Nri— g | 

Tl 

d*v 
?=—6nr 

d*’v( [75 
7| 1/— |<0=local maximum 
dr 1 

So largest possible capacity is 

75 75 v[ ?J: —(225-75)=733cm’ (3SF) 
Tt 

Let each side of the base have length x, 
and let the height be h. 

Volume V = x*h 

Surface area S=2x’ +4xh 

Eol=450 

= 2x” +4xh =450 

4x(§+h)=450 

T 450 x 
4w 

Substituting into the expression for volume: 
v_362(450 i) 

dores or) 

=%(225x—x3) 

dVv 1 : Ex—:g(zzs—_zx) 

Stationary values of V occur when dl =0: 
dx 1 

5(225-3%):0 

3x2 =225 

s x=+75 
d*v 

T 
d*v 

dx? 

—3x 

(\/% ) <0 = local maximum 

i "‘flle. :»':’l f al 

o



   So largest possible capacity is 

v(V75 )=‘/—7_5—(225—75) 2 
=75\75 

=650cm’ (3SF) 

& X+y=6 

2! = y = 6— G 

S=x*+y2 

S ei(cs) 
A =2x"-12x+36 
k- ds 
B —=4x-12 
K dx 

: ds Stationary values of S when — = 0: 
4x-12=0 & 

"; :2 6 —13 

i) FF 4>0 = local minimum 

a So x =3, y=3gives the minimum 
value of the sum of squares. 

{ 
b End-point values of 0 and 6 produce the 

maximum value of the sum of squares. 

k. m a Curved surface area of the cone is 

given by S=nry/r* +h’ 

Volume V =81n 

  

f; =>§Trr2h=81n 

E 243 

£ r 

Substituting into the expression for 
surface area: 

3 ey 
3 S=nryr'+— 
4 r 

= 54243 
- r 

. =2+ 243 
: r 
il 

  

™y 

  

b $=n(r' +243°17 )2 

= 9\_5‘. = -E(‘lf3 —2X2432r‘3 )(r"’ +2432r‘2 N 

dras?2 ) 2 

3 ds 
Stationary values of S when — - 0 

KL 

n(4r3—2x2432r"3) 

Wi+ 243%r™ 

Ar>—2x243%r2 =0 

  

  

2 
o 243 

2 

r=5.56 (3SF) 

Slii= Z_‘i:’i =7.86 
T4 

This pair of r and h values clearly 

produces a minimum value for the 

surface area rather than a maximum, 

since the surface area can be made 

arbitrarily large by taking suff ciently 

small or large values of . 

m a The triangle has side lengths 

b, IO—E,IO--E 
2 2 

  

b b 
2 2 

Figure 20D.11 

By Pythagoras’ Theorem, 
2 = 

=+/100-10b 

20D Optimisation with constraints 

 



Al’“ of trianglc is 

A;.—--——"Vloo 10 a—zxz —'0 

b Ja—x2 
_b(100-10b): a_zxz . 

Stationary values of P when %i—) —{iH 

dA _ 1(100 10b)2+b(100-10b)lz><(—-10) 
db 2 ; 

1 Ui (since x >0) 
= 100-10b~5b \f 

2 100—10b( ) 

] 
= 100~ 15b 
i 100—10b( ) 

Stationary value of A when %% &0 

1 
! 100=15b) =0 
23100—1017( ) 
100~15b=0 Hence x = y for the stationary point of P. 

i 

dips —4x(a—x2); +x(a—2x2)(a~x2)q 2 
  

~ Thatis, the base length is one third of 

the perimeter of the isosceles triangle, 

5o the triangle is equilateral. 

This clearly gives a maximum value 

rather than a minimum, since the area dx? 

can be made arbitrarily small by taking 

b small enough or close enough to 10. 

=—4 <0 = local maximum 

Hence P is at a maximum when x = y. 

the two numbers be x and y. 
1§ Y 

  

  
Figure 20D.13  



    

‘The distance d from point (a, a’) to (0,4)      is given by 
5 

&= +(1-a?) S 
2 1 oL 

=16-7a"+a 
g y=t'—6t"+8t 

——d’ =~14a+4a’ 5 
da d a 5(5):]{) vdt 

Stationary value of d* when -(-I--d2 =0 ; 5 
a 

~l4a+4a’ =0 =[%—2t3+4t2J 
2_ e 0 

2a(2a’~7)=0 o 
; =—~250+100 

2a=0 or a2=5 4 

=—2-§=6.25m 

= (oI g Z (sincea=0) 45 

2 b x(5)= jfl v dt 
2 

_d__dz =—14+124 Determine the boundaries of positiye 

daz2 and negative velocity: 

d 
Fd2(0)=—14 <0 = a=0represents a y=0=t(t—2)(t—4)=0 

a 
local maximum for d” v20in [0, 2]U[4, oo and v<0ip 

d’ 2( 7)_ e J, 0]02, 4] 
da \/_2- . \/; .'.x(S)—J‘zvdHstdt—J‘;: dt 

e J v =y 

e 

gy 

. 
7 

o 

BN ) 

. 

o 

i 

=, 

o8 
= 
i 

R~ 

= 

represents a local minimum for d* 0 

. the point closest to (0, 4) on the curve = Isvdt e 2_[4 vdt 
0 2 

for x>0is| |7 7 s R 4 

) BT ol ol s = 4—2: At ~2f ——2¢ 14¢ 

: B, : 25 “ 
~ Mixed examination practice 20 = 2((64-128+64)-(4-16+16) 

- Short questions 2ok 

B - ; 
=14.25m 

Rootsatx=0and x=a 

 



    
;t (i\‘ qwo positive numbers be xand y, 

. 3’*)’2 =32=2)= \J32—x“ 

sum of the values S=x 4y = x + Ve 

    yfaximum S at a stationary point on the 

"cut‘"-' ofS: 

&S o 
dy 

x=432-x2 

¢ 33832"-’52 

tx?=16 

e X = y = 4 

(choose positive rootas x, y > 0) 

2 0 

There is only one stationary point, and 

be a maximum. 

) Let: 

r = radius (cm) 

A = area (cm”) 

(= time (seconds) 

Rate of increase of radius is inversely 

proportional to square root of radius: 

an ik 

e Jr 
- dr 
Initial values are |, =4, A EREE) 

dtf,, 

St 
since Slxs},_4 =8 >S|M,.y. M= Sk it must 

Bl o 
dt 

:>8n\/}:=115 

52 

=>r=(—l—l-'—-) =20.9¢m (3SF) 

s=3¢ 'sint 

ds 
a v=— 

di 

=3¢ 'cost—3e 'sint 

=3¢ '(cost—sint) 

S v(3)=-0.169 from GDC 

b ? 

  

  
Figure 20MS.5 

€ « DE=AD=100-h 
| 

Area DBCE - )/1 X (1004100~ h) 

/ . 

= 100}~ 

dh l=_18 
[ 

-C%(Arca DBCE)=(100-h)- 
dh 18 
dt h-100 

¢ h=100-kt 

dh 1k 
= — 

dteain t 

   

    

     

    

    
   

        

     

   
    

     

      

    

        

    
     



    

But, from (b), 

dh H 18 18 

dt  h—100 —kt 

    
  

Sle B 
e 

k* =36 

k=6 

(select positive root since h < 100) 

COMMENT 

Alternatively, you could solve the 
differential equation directly using a 
rearrangement, as shown below. 

  

dh_ 18 _ dt_h-100 
dt h-100 dh 18 
Integrating with respect to h: 

h2 

t=—(———100h]+c 
18{ 2 

  

  

=i(h2—200h)+c 

Completing the square: 

=%((100—h)2—1002)+c 

(Note that we complete the square as 

(100—h)’ instead of (h— ~100)” because 

0<h<100.) 

Substituting the initial condition 

h=100 when t=0: 
100 

= 

36 

1 : =—(100~h g LO0) 

  

36t =(100—h)’ 

100—h =6t 

h=100—6t 

k=0 

T - / TR/ 4 ' r’ . 

" 

n Let P be the position of the plan & . 

n ley 

  

A be the point thatis 3km dire,, 

the observer O. Let AP=x. We kny 

NG =5 OPA =6. 

3 
By mgonometry —=tanf=s, - <3, 

oty 
d9 

gx.—.—-—ksc 0— 
dt dt 

T d O3] L e 
WEDIOREeaRe o = oo 

dx = 3(—E_JZXL=—
__LI( 

i J3 S 5o s 

So the plane is approaching the Poiny 

above the observer at Ekm sl 

1L 3600=240kmh " 
15 

6- P(d, k) lies on the curve x = y?, 

sok=~d 

The coordinates of P can also be 

written as (kz,k ) 

  
. SP=y(K-1) +K 

  and hence r = 

  

] 

b Maximum value of  will occur at the 

same value of k as the raximum of / 

  

7'2—'————"‘k4 

KK+l 
dr? 4K (k=K 1)K (4 -2 
= ; 

dk (k* 12 +1) 

- 2K +4k’ 

(k* =k +1) 

 



    
é’——=0=o4k"—2k‘=o 
dk 

=2k (2-k*)=0 

= k=0 or k=fi(sincck20) 

k =0 corresponds to minimum r = 

~ k=4/2 corresponds to maximum 

B X003 2 

ot U3 3 

2 

There are several approaches available. 

Here are a few suggesfions. 

| Method 1: Use the fact that %fi ] ,[fl{] 

(o rearrange the equation. dv 

Method 2: Try the proposed solution and 

show that it satisfies the initial condition 

and differential equation. This may 

seem like a cheat, but since there can 

onfz be one function which will salisfy a 

differential equation together with a point 

condition, it is sufficient. 

Method 3: Intuit a substitution - the 

solution gives a hint as to a suitable one. 

i ‘ - Method 1: rearrange the derivative and 

' change the variable of interest. 

Aty 
— T — 

dv v +4 

Integrating with respect to v: 

   

           
       

      

  

     
     

     
    

- t=lnfyi+4+c 

   
V! +4 is always positive, so the modulus 

signs can be discarded. 

(0)=3=>0=1In(13)+c 

= c=~In(13) 

  

  

2 

.‘.t:ln[v i 
13 

13¢' =v’ +4 

v =13¢' -4 

Method 2: validate the solution. 

Try v’ =13¢' -4 

Then v=+13¢' -4 

  

  

dv 1. 13¢ 
dt 2" J13¢' -4 

el v 44 

A 
_v2+4 

vy 

If v* =13¢" -4 then 
v(0)=y13¢’ -4 =/9=3 

Thus v = 13¢’ —4 satisfies both the first- 

order differential equation and the initial 

condition; therefore, by a uniqueness 

theorem for first-order differential 

equations, this must be the solution. 

Try the substitution v’ +4 = ¢" 

Implicit differentiation gives 

dv_ , du 
2y—=¢ 

dt dt 

Comparing this with the differential 

L T 
equation — = ————: 

dt 2v 

udu 2 u 
e'—=y +4=¢ 

dt 

du 
S—=1 

dt 

=Su=t+c 

eti=etf zef Xe' 

vi+4=eXxe' 

v(0)=3=9+4=¢ 

sV +4=13¢ 

and so v’ =13¢' -4 

   



    

  

Long questions 

n a i Perimeter of square = 4x 

ii Perimeter of circle =2mny 

b 4x+2ny=8 

"J :x:fg_%zz—n% 

- ¢ Total area A = x*+ ny? 
& 2 

; ~(2-2) 4y 
230 

T, 
4 
  =4-2ny+———+my’ 

=4—21ry+%(1t+4)y2 

d The formula for total area is a positive 

; quadratic, so its minimum value will lie 

D« at the stationary point: 

3 ) %=—2n+£(n+4)y=0 
7 dy 2 

: ) . =(m+4)=2 S (m+4) 

| T 
4 n+4 

Let c be the percentage of the wire that 

3 is used for the circle; then 

N — 2 100 
| 8 

=25my 

4 
=25tXx—— 

m+4 

=440 (3SF) 

.. 44.0% of the wire is used for the circle. 

  

   y,=x"—8x+12=(x—6)(x~2) 

y2=12+x—x2=—(x+3)(x_4) 

0<x<5 

a Intersections occur where M=y 

x—-8x+12=124+x-x’ 

2x°-9x=0 

x(2x-9)=0 

=0 or x—g 
S 2 
. the coordinates of the intersectio 

( P15 
D 

b Vertical distance between the curves 

lsl}’l }’2, 

Y=, =2x"—9x =x(2x-9) 

points are (0, 12) and 

The vertex of this quadratic lies halfway 4 
between the roots, at x = 1: 

ol % 
X=! 9/4 16 

The boundaries are at x =0 where 

there is an intersection, an x =5, 

    |7 -7, 

  A=l L= 

Hence the greatest vertical istance 
281 

between the curves is Yg 

COMMENT 

The full and correct solution is given 
below. Students may be forgiven for 
presenhng the standard simple answer 

V= njo 

a valve V = 787. In fact, because the 

—y? dx, which results in 

enclosed region crosses the x-axis, this 
does not give the correct volume, and the 
solution requires consideration of sach of 
four regions as the area rofates. 
Because of this issue, and the large 
amount of repetitive detail work required, it 
is unlikely that a question of this sort would 
be found in a real examination paper.   
 



   i The curves and the area they enclose 

are shown in the diagram below. 

e b)) 

  
Figure 20ML.2 

The volume of revolution is 

complicated; let a be the value such 

that y,(a)=-y,(a). 

Within the interval of intersection 

[0,4.5], y, hasaroot at 2 and y, has 

a root at 4. 

Therefore the volume of revolution 

consists of four parts: 

V=V, +V,+V;+V,, where 

Vl=flf:y§—yfdx 

v, =nj:yf_ dx 

V3=flj:yfdx 

V4=flf:‘5yf—y§dx 

(o —8x-+—12)2 

=x'—16x>+24x> +64x*—192x+144 

=x'—16x>+88x>—192x+144 

y=(124x-x) 

=x'—16x’+88x" —192x +144 

=x'—2x*—23x" +24x+144 

S yi—yi=14x"—111x" +216x 

ii 

  

      

Solving for a: 

y,(a)=a*-8a+12 

y,(a)=12+a—-a’ 

}’n(a)="'}’2(a)=>a2-8a+12=a2—a
—12 

=7a=24 

24 
=a=— 

. 

Substituting the expressions for 
yf ) yf and a into the formulae for 

the volume parts and using GDC to 

calculate the integrals: 
2 

V,=n [ 14%°-111x" +216x dx 
7 2 

= n[gx‘* -37x° +108x2:| 
0 

=192n 

47, 3 2 
VZ:HL x'—2x"=23x"+24x+144 dx 

  

5 4 2 3 . —1;1(7 | R S d 
S 3 b 

3952000 
50421 

4 A 
sznj x*—16x>+88x° —192x+144 dx 

3 24/7 

7 88 . 
=] ——4x'+———96x> +144x | 

5 3 3 
A2 

2182592 
=T 

252105 

9/2 

V,=n| -14x’+111x’-216xdx 
4 

7 % 5 : 9/2 

=7n|——x +37x —108x" 

2 4 

173 
=—m 

32 

V=V +V,+V,+V, =894 

(from GDC, to nearest integer) 

  

  

    



  

      COMMENT 

For completeness, shown below is what 

  

      
     

  

would be the standard working for such 
F a question if the enclosed area did not 
4 cross the axis about which it was to be 
: rotated| 

bl i 
‘i 912 ) E V=11J.0 yi=yidx 

= nj(w(12+x—x'))2—(x2—8x+]2)2dx 

( 144+24x~24x" +x* - 2x" +x) 

=(x" =16x" +24x 4 6437 ~ 1920+ 144) dx 
9/2 

=T : 216x-111x*+14x* dx 

  

9/2 
ii V=n{108x2—37x"+zx4] 

\. 2 b 

8019 

32 
1 =787 (from GDC, to nearest integer) 

E a Let ¢, be the elevation from the viewer’s 
eyes to the base of the painting. Then 

2-1.5 0.5 
¢, = arctan =arctan| —= 

X X 

  

Let ¢ be the elevation from the viewer’s 
eyes to the top of the painting. Then 

245 
¢ = arctan(——) 

' s X 

-‘ L 6 0 ¢1 S ¢b 

i ( 2.5 ) ( 0.5) 
" =arctan| — [—arctan| — 

3 X x 

S 

  

b To maximise 6, set its derivaj, o 
respect to x equal to zero, *ith 

de_( 2.5) 1 ( O.SJ l 
e S e | e T e ~ 

dx & l+(2'5) & H(O.s\,z 

! ) 0.5 25 x 
  

TX+025 X' +625 
_ 05(x* +625)-2.5(x" +0.25) 

(x*+025)(x* +625) 
2o 

~(x?+025)(x" +6.25) 

@-zo:x%l.zs:? 
dx 4 

= x=— 
2 

That this is a maximum is clear from 
the context: 

Setting x =0 reduces 6 to z¢ro, and 5 
x—00,0—0. 

60 is bounded (it cannot be greater than 
m, given the context). 

Hence there must be a maximum valye 
of @ for some x >0, and since there js 
only one stationary point, this must be 
the maximum. 

n a Integrating by parts, set 

dii ] 
u=lnx=—=— 

i 

dv 
—=l=y=x 
dx 

j u% dx=uv-J v% dx 

J. I1xXInx dx=xlnx—J. \ dx 

=xlnx-x+c¢ 

W S . e i - e g 2 ) il P T 
Ixed examination praciice « Ui S ud A 

 



    = j 3ln(t+1) dt 

Substitute u=t+1=dt =du 

& sl=J' 3lnu du 

=3(ulnu—u)+c 

=3(t+1)(In(t+1)-1)+c 

5,(0)=0=3(-1)+c=0 

=>c=3 

o5, (¢)=3(t+1)In(t+1)-3¢ 

iiiv,(0)=0,v,>0 for t>0 

So the distance travelled is the same 

as the displacement. 

  

Distance travelled in the first 

5 seconds is 

5,(5)=18In6-15=17.3m (3 SF) 
& 

¢ v2=8—t, 52(0)=0 

i ,(t)isincreasing and v, () is 

decreasing. 

If v,(t) 2 v,(t) for 0 < { < a, then 

v (a)=v,(a): 
3In(a+1)=8-a 

From GDC: a=3.49 

ii Speed of the second object is|v,|. 

- Since v, (¢) is linear, this is maximal 

at one end of the domain considered. 

I"z (OX =8 

|v,(20) =12    

    

Greatest speed in the first 

20 seconds is 12ms . 

  

       

  

    
5,(0)=0=c=0 

.'.sz(t)zét(m—t) 

v,(8)=0and v, <0 for ¢ >8. 

- distance travelled by the second 
object is 

Recall that distance travelled by the 

first object is 

x,(t)=s,(t)=3(¢t+1)In(t+1)-3t 

forallt>0 

Case 1: equal distance in the first 

8 seconds 

s,(t)=x,(t) for0<t <38 

:>3(t+1)1n(r+1)—3r=]51(16—:) 

From GDC: t =747 
Case 2: equal distance ata time { > 8 

s,(t)=x,(t) fort>8 

:>3(t+])ln(t+1)—31:64~%t(16—1) 

From GDC: t =254 

The objects have each travelled no 
distance (and are at the same point) 

att=0s. 

The objects have travelled the same 
distance (and are at the same point) 

att=747s. 

The objects have travelled the same 
distance (and are at different points) 

att=254s. 

      
      
      
        

        
         

  

        

      
     

   



   

Ty 

a. 

N e T 3 4 

Let A= A Prom the given 
information: 

x(0)m20, ¥ o3 
dt 

SO N =3 e 

and v (0) = 205 ¢ 20 

  

1 X 3420 

5 b From the given information: 

E h(0) = 30, dne 
3 dt 

S0 fiw= <214 k 
P and A(0) = 30 = k = 30 
E = 30-2t 

¢ Area ABC = ;xh 

dArea 1 : dh &) i dx 
2 dtieg dp 2 ey 

1 /) = 1(u+2())(—2)+— (30-21)(3) 

-;-,_ = 25~06t 

d x=h=26=t=2 

E Saui =25-12=13cm?’s™ 
i CICRNE! o 

- 0 ose 7 
e s dus2iny 

u=(lnx) =—=—— 
= il cloE 

S 1= y=x 
B dx 

. dv du , ( 
;. U=—dx=uv~- | v=—dx 
_: J' dyx ‘[ dx 

2 2 2x 
h .'.le(lnx)' dy=x(Inx) —-J. “~Inxdx 
4 x 

2 =x(Inx) -ZJ.lnxdx 

£ Now set; 

; Inx = drg : welny=—=— 
oh 

  

f wad—:;dx:wv—f "%de 

f 1><lnxdx=xlnx—J ldy 

=xlnx—x+c 

Hence 

I(lnx)zdx=x(lnx)') "2("Inx~x)+ 
¢ 

=x((lnx)') -21nx+2)+c 

Upper right vertex of the shageq 
rectangle is (1, e); the Y-intercept o 
curve is (0, 1). the 

Vo= TTJ.:XZ dy 

=1rJT(lny)2 dy 

= n[y(lny)z —2yln y+ 3};] 

=n(e—2e+2e)-m(0-0+2) 

e 

1 

1 3 02t Vo=—=t+3t+=, vy =e"" for 0<t<9 2 2 

a v, is anegative quadratic, so hasa 
single stationary point which is a 
maximum. 
d 
A R 
dt 

< maximum value of v, is v, (3)=6 

 



    

  

5.«:.[ vdt 

3 
=J'—ltz+3t+— dt 

2 2 

:-—lt3+itz+§t+c 
6 2 2 

SB . 

SA 

    
Figure 20ML.7 Graphs of 

]r3+3r2 
3 

5A="Z 5 +§f0nd SB=580'2, 

ii Solving s, =s, on the GDC: 

£=1.95,7.81 

    

. ‘; a By Pythagoras’ Theorem, the walked 
~ distance is 

d=\/(10-x)"+47 = [16+(10- x) 
The time it takes to cycle xkm at 

Okmh'is % hours. 
10 

The time it takes to walk d km at 

kmh is 4 hours. 
5 

  

   

      

   

     
     

   
    
   

   

   

   

   
      

  

           

      
    
    
    
    
     

      

         

-~ total time T'is given by 
id 1 T=B+g=%+g,/16+(1o—x)2 

b i Minimal T'will occur either when 
i 
e 0 or at the boundary values 

x=0orx=10 

1 
T(0)=E\/l 16 =2.15 hours 

1 T(10)=1.8 hours 

dT 1 711 =2(10=%) Lot T— 
de 10 5 2 16+(10-x) 

S Ui (105 

10 16+(10—x)’ 

dr = gyl 
dx 16+(10— x )’ 

=2(10~-x)=/16+(10—x)? 

= 4(10-x)’ =16+ (10— x)’ 

=3(10-x)’ =16 

=>1o—x=i\/E 
3 

:>x=10—i 
V3 

(choose this root because « < 10) 

4 e 
T(lO——):l——4 ~1—i [1vo+l—t 

V3 103 5V 3 
s 

1043 543 
2.3 

=1+Tf=1.69homs 

Therefore the minimal T occurs 
at the stationary point, when 
3(10—-x)’ =16. 

ii John should cycle 
4 

x=10-—=7.69km 
3



  

3 
;—g=c056=>XB=\/§sec0 

ii AB=AX+XB=9cscO+/3sech 

Minimum AB occurs when its 

derivative with respect to 6 is zero: 

dAB 
Te =—9cscOcotf++/3secOtanf=0 

cosf 5 sinf 

sin’ @ cos’ 6 

3/3=tan’6 

tanf=1/3 

  9 

=g=1 
3 

ABj =9x—\—7_§+ 3x2 

=8/3=139m 

b The longest possible ladder (assuming 
it is always carried horizontally) that 
can fit around the corner is 13.9 metres 
long, since it must be able to pass 
the tightest position, determined in 

part (a). 

shitd el 35 e 
examination pracnce.  



~ "Summarising data    EFxercise WA 

       
      
    
      

    
      

    

      
     
    
    
        

       

    

         
       

       

       

      

     
    
    

      
    
  

erclse 

  

a I)MCTN" |fl|((‘n “"('Hl'l Vsll”(',‘: ‘lll",’ fl i '”“‘“' are "/ (‘;1[_, ‘/;lll.l(f';. 

b Dlflt‘l’@l(‘ lnlwu vitlues from i (inife The median is 8 

liat O“ly Lower data set 5, 5, 7 has median 5, 

50) (), '; 

¢ Contlnuous < takes values inoan 

futerval Upper data set 9, x, 13 has median x, 

50 () X 

2 ous - takes values in d Continu { N an I0R=Q, ~Q, =7 

interval 

¢ Discrete - takes Integer values only 

   { Discrete - takes integer values only From GDC, for the data set 

n Restricted, self-selected population 5,5,7,9,12,13: 0 =292 

lnmplcd: only Nh()mu‘l'\ and 'A||u|x ' R0 
2454 XAy 

    

   

    

   

workers will be interviewed. 0 . 5 

b Restricted, sell-selected |><)p||’|.|tm|v| 14549+ x+y=25 

sampled; only non-truants will be in s 

clags to be interviewed, 7 ’ 

Restricted, self-selected population o2 2' 45 4 ‘)"tixf_‘ +y_i e 

sampled; only internet users will be o 5 B 

Anterviewed, 22 452 4 0% 442 4 },2 — (()+ 52): 155 

Cmnot sample two pchuplc from the s x? 9% =45 

same household, so it is not true that 

e selection of each individual is cox’ +(9-x) =45 

dependent of the selection of others il N ae 

he same household. Also, people : 

in small households will have a greater X =9x+18=0 

hance of being selected than those in (x=3)(x=6)=0 

rihouseholds. adiArlE 

s y=6 or3 

  

So xy =18 

Note: This result can also be obtained by 
observing that the product of the roots of 
x'=9x+18=0is 18.



     

  

7 
I 

Let x; be the score in test i. Then x, =32 

5 

éZx,. =23 
i=1 

5 

D x,=5%23=115 
i=1 

6 

Y x,=115+32=147 
i=1 

=1 

5 

D} =5(47+23%)=2725 
i=1 

6 

D x?=2725+32"=3749 
i=1 

3749 2 
WS, = ——(-l—g) =496 

6 6 

G iixi =600 
1543 

15 

=)' x, =15x600=9000 
i=1 

1 16 

— ) x,=600.25 
16 2 ! 

i=1 

16 

=) x,=600.25x16=9604 
i=1 

%, = 9604 —9000 = 604 

15 

%Zx,? ~600” =12° 
i=1 

ixf —15(12* +600° ) =5402160 
i=1 

16 

3 x7 =5402160+604° = 5766976 
i=1 

even ,/5—761%9—7—6—600.252 =147 

e g o S el 

1 C rrequel] Cy JADICS 

T g PSR T g 
A e e TN g 

\t. T Fibal e 10}    
The minimum variance is zero (if 4] th 

R 23 e 

values are equal). This is the case whep 

_1_5"-’)‘;_(1542)2=0 

DOF=mel 00 

20 22 

I 1542”1 188882 
< 20 

  

0 @ Range= X~ 
X, 2 X; for any i, by definition of the 
maximum. 

X< riisince 
m 

el 4 

Hence —x,,;, 2—X 

andisoX =X > X +(=X) 

b Both the range and s, arc non-negative, 

so squaring and taking square roots 

through inequalities is va!id in the 

working below. 

53=_1_2(xi_)_c)2 
U 

s;fslz:range2 by (a) 
e 

Sl : S nxrange 

2 s> <range 

s, Srange 

Exercise 

a There are 50 boxes, so the median will 

be the mean of the 25th and 26th boxes. 

Median = % =1.5 broken eggs 

 



   
   
             

      

    

    

      
    

    

     

     
       

    

F b Mean:(17><0)+(1><8)+(2x7)+(3><7)+(4><6)+(5x5)+(6><0). 
50 

=1.84 broken eggs 

, 20x12+40q+8p 

B aiges 
240+40q+8p=640+32¢g 

8(P+q)=400 

P+q=50 

q:SO—P 

    

2=202x12+402><q+p2><8 
n 124q+8 

4800+16009+8p* =1160(20+q) 

4409 +8p* =18400 

-32 =136 

. 440(50— p)+8p* =18400 

8p’—440p+3600=0 

p2-55p+450=0 

(p-15)(p-10)=0 
= p=45, =5 or p=10, g=40 

   

  

SR 

1 i 3057 (49 
bs,=|— xf—(x)zz ———(———) = 2.97 minutes 

e 12 12 

Total frequency is 22+18+x+ y =50 

Sox=10-y 

: /,’l—:620X22+660X18+700x+740y 6536 

50 

= 700x+740y =7160 
     



¥ 

  

b Estimate of variance: 

2 620" X 22+ 6602 2 2 
S W -653.6" =1367.04 

0 
<. estimate of variance is 1370nm? (3SF) 

¢ The specific data values are not known, so the estimate was obtained by assum data values in each group fall at the midpoint of the group interval. 
15 

%2‘: =02 
i=] 

ing that the 

15 

= t,=15%02=3 
i=1 

e =0.16 
16 

DLt =310,16=316 
i=] 

16 
] 3.16 Hence t = — t,=——=0.1975 16,;" 16 

The new mean is 0.1975 seconds. 
15 

1 2 2e — ) t7-0.27 =0.0025 
155 

15 

= 312 =15(0.0025+0.04) = 0.6375 
i=1 

16 

S0 Y t7 =0.6375+0.16> = 0.6631 
i=l 

o /0'?%1-—0.19752 =0.0494 (3SF) 

The new standard deviation is 0.0494 seconds. 

Let the two data items be x and y, with x < y. 

  

range = y—x 

2—k—x2+y2_(x_+yjz 
S, =K= > 5 

=i(2x2 +2y2—-x2—2xy—}/2) 

_—.-(xz—-2xy+y2) 

1 2 
. k=—Xrange 2 8 

= range = 2\//:  



4
    

b” ) 

   

    

y ng questions 

@, The median will be at cumulative frequency 15, which corresponds to 11 cm. 

p From the cumulative frequency diagram: 

TABLE 21ML.1 
  

  

  

  

  

        

  

  

- Height (h) Frequency 

4 P 

13-4= 9 : 

10<h<15 = 
..: 

15<h<20 26-21=5 
® 

20<h<25 30-26=4 
o 

¢ Estimate of the mean uses midpoint values of the intervals: 

Estimate of mean 
j" 

(25%4)+(7:5%9)+(12.5%8)+(17.5%5)+(22.5x4) _ 355 0 
i 30 Z="=118cm (3SF) 

30 
,‘ 

: e a The da‘ta is recorded to the nearest cm. The first bar therefore represents actual lengths ' 

: in the interval [39-5: 49-5[, since all such lengths will round to integers 40 through to 49. "s 

The histogram is correctly plotted to illustrate the distribution of the actual values, rather 

than the recorded data. 

b Reading off values from the histogram: 

    

AP
 

  

  

  

  

  

     
       

      
    
  

  

  

TABLE 21ML.2 f, 

" E&engfh (em) Frequency ‘ 

40-49 12 2 

& 50-59 18 

b 60-69 
B 70-79 

80-89         

  

¢ Toobtain estimates, use the central value in each group interval, 

e.g. centre of [39.5, 49.5[ is 44.5 

- Estimate of mean: 

s 44.5%12+54.5X18+64.5X6+74.5X0+84.5x1 

: 12+18+6+0+1 

=537 (3SF) 

— 2 s '— e ! f i R :'.‘{"lt"'“' n -



  

¥ — 
5 (7 “ 

Estimate of variance: 

5, ~ | 2457 X12454.57 X184 64,57 x 64 74.5 X 0+ 84,5 X1 _% =850 (35F) 
12+18+6+0+1 

The following are some reasons that the mean arm length for the whole populagj,, different from the estimated mean from this sample of 37 students: 

  

  

1 May b 

® 'The classroom is likely to contain children in a particular age bracket, while th, POpuly; 
0 will be balanced across all ages of children, with corresponding differences i growth, 

If there are geographic or social variations in growth across the country, the C]aserOmj 
likely to be biased according to its region or the socioeconomic status of its Catchme, 

* Even if both of the above (and equivalent) reasons can be discounted, natiir4] Variati, makes it very unlikely that a sample of 37 would exactly mirror the populztion. 

  

  

  

  

  

Mean:lxa+2Xb=a+2b= +L 
a+b a+b a+b 

52:12><a+22xb_(a+2b)2_(a+4b)(a+b)—(a+2b)2 
& a+b a+b ) (a+b)’ 

_ @ +5ab+4b' (2 +dab+4b)) g 
(a+b)’ ~ (a+b)’ 

If the mean equals the variance, then 
a+2b  ab 

a+b (a+b) 
(a+b)(a+2b)=ab 

a’+3ab+4b> =ab 

a’+2ab+4b* =0 

Solving for a in terms of b using the quadratic formula: 

_ —2b+J(2b)' —4x4b? 

2 

=N —3h% 

. there are no real values of @ and b that satisfy the condition for the mean : >qual the 
variance. 

a=3b 

5b 
—>mean=—=1.25 

4b 

[ __ N =——-0433 
" V(4b)? 4b 4 

 



    

  

   

   
      
       

       

      
      

   
   

    

  

   

: ! Probabilit 

& 

- ‘ExerCiSe PV This gives 10 cases out of the total 
s S ; 6" = 216 possible outcomes. 

# Fora fair six-sided die, P(Odd) = 0,5 and 0% 
i P(Pl’imc) =05 o P(score < 6) (¢ ]()H 

Z ) 

50 P(Odd) + P(Prime) = | ’ 

put Odd is not the complement of : : 
prime (3 and 5 are in both, 4 and 6 are Exercise 
in neither). | 

  

    
a Draw out the table of the event space: , | COMMENT 

A Venn diagram is sufficient working; 
| the caleulations needed to populate the 
y diagram are given first but do not need 

   

  

       
     

        
       

     

  

  

  

  

   
  

fo be explicitly shown in an examination 4 , F / 
s 4 answer, Below the diagram a stand-alone 

Latha] <1 ) § algebraic method is given, which could 
21112 L be used instead of a diagram. 

Jodalal 8 
s P(SeiL)=P(S)-P(SAL) 

s 60% ~ 50% gliifud 4nd i . 
Dbl 4t 4 = 10%         

P(LAS)=P(L)-P(LAS) 
= 85% — 50% 

= 35% 

   

~ So expected number of ‘1" scores in 180 P(L'S)=1=P(L)~P(S L") 

throws is = 100% — 60% ~ 35% 

= 5% 

  

L 

    

        

  

es for score less than 6 (i.c. 5 or less): 

otal 3: (1,1,1) 

4:(1,1,2),(1,2,1),(2,1,1) 

otal 5; (1,1,3),(1,2,2),(1,3,1),(2,1,2), 

(2,2,1),(3,1,1) Figure 228B.4 

   

2%          

   

 



B P A R s T P O 

  

P(L'S) l'((l,-fl,)') 

I=(P(L)+P(5)~P(5r3L)) 

F=PIL)=P(S)4P(5 1) 

VOO% ~ B5% ~ 60% + 50% 
5% 

  

    
  
Figure 228.5 

P(BAA ) =P(AUB)~P(A)=0,7~02=05 

P(B)=1-P(B)=1-(P(AnB)+P(A’ r B))=1-(0.140,5)= 04 

G B 7   

0.2     
  
Figure 22B.6 

P((A -JB)'): P(A'MB')=0.2 

P(AnB )=P(B')-P(A’nB')=1-P(B)-P(A'nB)=1-05-02=0.3 

1000 
a ——=1667 

6 

s0 there are 166 multiples of 6 among the first 1000 numbers, 

166 
/. P(multiple of 6)= I?;;}:) = 0,166 

v} 
o) b The numbers which are multiples of both 6 and 8 are multiples of LCM(6, 

24 

so there are 41 multiples of 24 among the first 1000 numbers 

4] 
<. P(multiple of 24) = - =0.041 

1000 

Combined events and Venn diagrams o  



  

    
    
      

    

    

   
    

      

   
n all these questions a free d_logrom, populated with relevant values 
is sufficient preliminary wqumg. The tree diagrams have been given’ in 
these QNSWers, together with full algebraic working such as would be 
needed for an answer if a tree diagram were nof drawn. 

14 

  

Figure 22C.2 

B:boy;G=girl 

PBB)—EX—S-—E—
OMSBSF 

s 5 oo ) 

    

    
    
    
    
     

       

    

' In a question like this, there is no need to draw a ‘full” tree, since only 
o few results are of interest. Thus, after blue in the first draw, all that is 

of interest is whether the second ball is green or nof, so G/ G’ branches 
are sufficient — there is no need for three branches B/G/R. Similarly, 

“after G in the first draw only B /8" branches are needed, and a first 

B draw of R need not be detailed further. 

First Second : 
G P(B,G)=2x 2 

DRATBRETD 

  

  

re 22C.3



  

:-.." 

f 

B = blue; () preeny R red 

e ud leeglianl 
P(Blue e =D W \ K b b ) oo o} 

( cand Green) = P(8,6) 4 P(G,B) X *()’(8 [HRSTEES 

o 
o 1 

| X "::r:: 2 I‘//// 
o "\‘.~«.“\~_N. 

/ | 1 ,I 
= ; Y/ PXNY)m g X § =gy <\\\ 

3 Y PX'AY)=§x § 4 }I \‘\ ":/,,, 

e 
W e — ’ it ’ 2 ¢ 12 

: ~Y' P(X'"Y') = § X =0 

Figure 22¢.4 

4 P(Y)=P(XAY')+P(X’ AY): P(Y/|X)P(X)+P(Y|X*)P(X) = =X =4 = x = 

b P(X"OY)=P(Y)4P(Y A X") = P(Y) 4 P(Y [X))P(X)- 
2/3=008na )Y 

Alternatively: 

P(X'UY')=1-P(X A Y)=1=P(Y|X)P(X)=1-2x b= 22 
QRS S/ 

COMMENT 

Normally this alternative of calculating the complement fo the union 
would be the faster calculation, but in this question we can with equal 
ease harness the answer 1o part (a) 

  

     

  

achine alit 
B Rlachat Q(lil,. Y R P(RAMl)=60% xB8 3.6% 

M1 
60% 

R’ 

R P(ROMI1)=40% x3%=1.2% 

40%     R’ 

Figure 22C.5 

M1 = machine 1; M2 = machine 2; R = rejected 

P(Reject) = P(RNM1)+P(RAM2)=P(R|M1)P(M1)+P(R|M2)P(M2) 

=60%X 6%+ 40%x 3% = 3.6%+1.2% = 4.8% 

  

pic 22C Tree diagrams and finding the infersection 

   



lose 

win Plownwin) = % x 70% = & 

Figure 22C.6 
2 

p(Win)= P(Win |Higher opp)P(Higher opp) +P( 

=30%X—2-+70%><2 
11 11 

Win [Lower opp)P(Lower opp) 

69 
=—=0.627 

110 e 

Second 

36— 36— W P(B, W) = # x 350 = 1050 

_—— B P(W,B)=i8zn,c a _n3en) 35 3536 

Figure 22C.7 

B =black; W = white 

Let the number of black disks be 1. 

If P(Same) = P(Different) then P(Same) = 1 
- 2 

- P(Same)= P(B,B)+P(W,W) 

Wl 6 35-n 1 
B 36 0 35 2 

~1)+(36-n)(35-n)=630  



  

R TR e T A 

b 

For independent events A and B, 

P(ANB)=P(A)xP(B) 

P(AUB)=P(A)+P(B)-P(ANB) 

~0.72=0.6+P(B)-0.6P(B) 

0.4P(B)=0.12 

=P(B)=0.3 

Using the complement: let p be 

pmlmhilily that he fails to get any 

gyroscopes or yo-yos; then 

| 
81 o] e = 0.316 

! 8 256 

“ one YTOSCope Or Yo-y 8] l’(;\llt‘ilhf one gyroscope IYO=y0) =]« 

256 

75 

256 

=().684 
b P(ANB)+P(A’NB)=P(AUB)-P(ANB) 

=0.72-0.6%0.3 a For independent events A and B, 

=0.54 o(5) P(ANB) 

P(A) P(TNS)=P(T)XP(S) 

=92%X68% 

=62.56% 

P(T'nS’)=P(T’)xP(S’) 

=8%x32% 

b 

- P(B) 
=2.56% 

The event ‘at least one working' is the 
complement of ‘neither working’: 

P(TuS)=1-P(T’'NS’) 

=97.44% 

ORI 
B a P(all dxtterem)zlxix-)x-‘— 

SiEng a8 

105 
=——=0410 

256 

COMMENT 

This calculation assumes that there is 

an effectively unlimited number of each 
type of toy, which is implicit in the way 
the question is phrased. If there were 
limited numbers, the probabilities would 
change to reflect this - after all, in the 
most extreme case, if there were only 

8 packets of crisps in the world and each 
had a different toy, David would have 
complete certainty that he would get a 
different toy each time. 

  
unting principles in probability 

s A 
RS g P e 
S af e 

  

P(STAR. RATS or ARTS) 

P(AUB)=P(A)+P(B)-P(ANB) 

p(A)=P(ANB)+P(ANB) 

~03406=09 

03 

s 
g ] 

Hence P(AUB)=09+—--0.3 
) 

28 14 

15 30 

=(0.933 

Exercise 

o Total number of possible orderings: 4!=24 

B Total possible choices of 4 letters from 7: 

7, 
=35 

4 

Possible choices containing ‘P (choose 

the other 3 letters from the remaining 6): 

0 

=20 
3 

20 
. P(contain P)= —g - 2 

35



   
      

         

       
             
        

         

            

     

E 18 
s Total possible choices: ( & ] =31824    possible choices including Captain anq 

16 
Vice Captain: [ 5 ]= 11440 

11440 
tand VC)= —— 

p(Captand VC) 31824 

5 
153 

=0.359 (3SF) 

p Total possible choices (choose 1 

of 2 goalkeepers, then 10 from the 
16 

remaining 16): ZX[IO} =16016 

Possible choices including Captain and 
14 

Vice Captain: 2 x[ " ]: 6006 

6006 3 
=) 375 dVC)= S 

P(Captand VC) 16016 8 

Choices that include history students 

6 
only: (5) =6 

6 1 
history students) = — = P(S istory s ) e s 

=0.0476 (3SF) 

  
   

b Ifall three philosophyrstudents are 
chosen, select the remaining 2 from the 

6 
6 history students: [2) =15 

E ISR X 
5521 Hist )= ——= —=0.119 (3SF) P(3 Ph ist) i    

Total arrangements: 6! =720 

    

Arrangements with the brothers at the 

ends: 2x4!=48 
485 b tends)=——=— (brothers at ends) S 

b For arrangements with the brothers 
adjacent, treat the brothers as a single 
unit, then multiply by the number of 
internal arrangements: 

SI%2 =240 

240 1 
P(brothers adjacent) = =50 = 

n Total arrangements: 20! 

a Forarrangements with all the 
8 forwards together, treat them as a 

single unit (so 13 units altogether), 

then multiply by the number of 
internal arrangements; 

13! x 8! 

= P(forwards all together) 

13! x8! 

20! 

=0.000103 (385) 

b To count the arrangements with no 

forwards adjacent: 

Line up the 8 forwards (8! arrangements), 

There are 7 spaces between forwards 

which must be filled to avoid forwards 

being adjacent, so choose 7 players from 

the remaining 12 to fill those spaces 
£ el 

=» P, = = arrangements. 
51 

Have each of these 7 take hold of 

the forward to his right; treat these as 

8 units set in order, 

There are a further 5 units to mix in. 

Consider the end arrangement as 
consisting of 13 ordered boxes. 
Into each of 5 of these boxes, one of the 
5 still-unattached non-forwards will 
be placed. 

y 13! . [here are " p = ~=* ways to arrange this, 
8! 

The remaining 8 boxes will be filled 
with the pre-ordered forward units; 
since they are already ordered, there is 
only one way to do this. 

%2 P bobi 

               
     

       

  

    

  

       

            
   



  

AT Ty 

In summary, the number of ways 0 

arrange the team so that no forwards 

are together is 

    

12! 13! 12!x13! 
8IX—X—= 

HUEES 5! 
12! x13! 

. P(all forwards apart) = 
5!x 20! 

=0.0102 (3SF) 

Exercise @43 

a i P(ANB)=P(A)+P(B)-P(AUB) 

=0.6+0.2-0.7 

=0.1 

ii P(A)xP(B)=0.12#P(ANB) 

. A and B are not independent. 

b P(B|A)=P—(:(—:f—) 

. A and B are not independent 

  

Rl e, 
  

B 
o 

  

P(A)+ P(B)-P(ANB) 

__])(A)+P(B)‘ P(A | B)/’(lf) 

Exercise 22G 

For the questions in this section, the focus 

should be on completing the diagram, 

ofter which subsequent values can be 

read off with little or no working shown. 

Preliminary calculations for completing 

the diagram are given in each question fo 

explain how the diagram is filled in, but 

usually you would not need to show these 

calculations in an examination 

n a F = football; B=badminton 

  

n(E only)=n(F)-n(FNB)=34-5=29 

n(B only):n(B)—n(Fr?il‘ =18-5=13 

n(F/nB’)=145-29-13-5=98 

F B 

98       
Figure 22G.1 

b From diagram: n(F'nB’)=98 

R 
145



O 

      

      

' P(BL) 
d P(BI")" (1) 

(Bl 

: n(l) 

= o ‘44 
B . 
g" 

A M = mathematics: I cconomicy 

,.{I‘ £ A(MUB)= 14572 %73 

p(MOE) = n(M) 4 n(l)-n(M o) 
= 5844773 

=32 

(M only)=n(M)-n(Mc1) 

2 5812 

=26 

n(Eonly):n(l-‘.) (ML) 

     

  

       
      

  

    

Figure 22G.2    
b From diagram: n(M 1) 32 

(M) 

P(M) 
_n(MnE) 

n(M) 

) 

¢ P(MNE M):l   

n n I spaghetti bologneses 
C o chilli con carney 
Voo vegetable carry 

nBCey) 

N(U!\V(y(,")-,. 

w2012 

8 

naCnHv) 

HBAC AV e n(B)=n(BrC) 

n(V B A 

H((,'( Ve |”’) 

I3 

  
Figure 22G.3 

%12 

e e A L AN AR A 

      

     

       

          

        

      

      

      

        

(B C) nl B V) 

3512 

23 

BV )=n(BriCriV) 

mCrV)-n(BrCnV) 

2412 

n(BevVmc’) 

43-35-8 

() 

n(V)y-n(Veily) 

nvVeiCn ) 

B0~ 2012 

48 

145=10=12~8-23 

32 

  

    
          

  

      

       
 



b From diagram: n(B~ ('~ V)=0 

¢ n(C)=32+23+12+12=79 

d P(1 meal only):.w 
145 

% 
145 

s 
29 

¢ P(V |1 meal only):_'m 

’1(1 meal only) 

48 

80 

f 

P(at least 2 meals)=1-P(0 meals)—P(1 meal) 

n(0 meals) 3 
S el G 

145 5 

10 80 

M Rdds s 

_u 
29 

o a B=Dblue eyes; D = dark hair 

P(BND’)=P(B)-P(BND)=04-02=0.2 

P(B'nD)=P(D)-P(BAD)=0.7-02=0.5 

P(B'fiD')=l—0.2—0.2—0.5=0.1 

  

Dark Hair Blue Eyes 

0.1       
Figure 22G.4 

b From diagram: P(B'nD’)=0.1 

1302 Topic 226 Further Venn diograms   =i g     

P(BND) 

P(D) 
0.2 

R0 
2 

57 
P(BND’) 

P(D’) 
0.2 

-0.7 

C P(BID): 

d P(B|D')= 

  

—
 

w
 

| 
o
 

e From (c) and (d), P(Bll))iP(B]D') 
so blue eyes and dark hair are oy " 
independent characteristics, 

B C = cold; R = raining 

P(CNR)=P(C)+P(R)-P(CUR) 

- P(C)+1:(R)—f | P((CuR)'V 
| 

| 

=0.6+0.45—(1 -0.25) 

  

=08 

b P(CnR’)=P(C)-P(CR) 

=0.6-03=03 

P(RNC’)=P(R)-P(CNR) 

=0.45-0.3=0.15 

Cold Raining        
0.25       

Figure 22G.5 

PRAC) cR(GHR= R 

5 

 



p(R)XP(C)=06X045=0.27 
P(RflC)V" P(R)xP(C). so the two events are not independent. 

| coMMENT 
| Atree diagram is supplied with each worked solution, together with full 

[ glgebraic caleulations; you should choose which approach you prefer 
~ J foragiven question. If you use a diagram, you may not need to show as 

| uch separate algebraic working to validate your result, unless answering 

a ‘show that’ question. However, filling in detail on a tree diagram can 

{g]so toke time; avoid calculating unnecessary values when populating a 

- |l tree diagrom. 

Figure 22H.1 

 



  

555 
X 

b P(B|R)=[)(B“R):p(R|B)p(B)=8 6_125_ 39 
P(R) P(R) s 

240 

  

Day Catch? A 
PIMNC)=ix2=2 

< 
. 

<% 

P(M'nC)= 

s
 l_
 

  

Figure 22H.2 

C=Robert catches the train; M = Monday 

DORIE oIS ie ) 18 64 a P(C)=P(ClM)xP(M)+P(C|M’)xP(M'):-?;xg+BXE=E+E=;3 =0.853 

2 
P(Mae)fs 

b P(M|C)=———Z=22-"—0.156 
(mic) P((G)T iEodi8e1) 

75 

Bag 1 Bag2 e 
i REP(RIR) =21 . 

5 R 
8 

L ERE(RAB) 85 s. 

co
le
n 

oy
 

:
/
\
;
\
q
 

o 
= 

2y
 

o = Il 

Figure 22H.3 

R =red; B = blue 

a P(same colour)=P(R,R)+P(B,B)= 10 7+10><3 £+1_5— 2 =0.45 
16 10 16 10 80 80 20 

H Bayes’ theorem 

    s - ~ e i



F P(R1Ndi E ; p(R1 |different)=m_ P(RINB2) P(different ) *P(RmBz)+p(BmR2) 

Umbrella? 
4 

D 

Figure 22H.4 

R=raining; U = bring umbrella 

a P(U)=P(UNR)+P(UNR")=P(U|R)P(R)+ P(U|R")P(R)== 

8 
, _P(RoU)_P(U|R)P(R) 15 4 b P(RIU)—-—I-)W—-__;.];(U,)_ =18 

3 
D 

Shop 1 Shop 2 

P(L1) =4 = £ 
25 

PeL2)= : X ], =4 
25 

1 L=vg 4 _ 16 
P(L)=§5%% =1  



- - — T N R RS Y PR T TT—y T T T T Y iy v . 
£ 4 

  

G Airline Lost luggage 
1 L PanLl=gxk=4=214 10 0.~ 65 ~ 1300 

ST 
) asaD dsnie o i 1 20 

L P(An L) = 65 % 4= 260 = 1200    L’ 

Figure 22H.6 

L =lost luggage; = Pi Air; A = Lambda Air 
Assuming that each flight has the same number of passengers, 

  

  

  

L 40 80 

P(TIIL)z“JLIL)P(n) = O GREE AE00 T 20 oo SF) P(L|n)p(n)+p(L|,1)p(/1) 1 40 1,257 205 g4 

10 65 4 65 1300 

Raining Late 
2 L PRNL=ix2=2-1 
3 S 

1 R 
4 

1 
3 L’ 

L PRnD=ixi=%=2 
3 
4 

Ll 

Figure 22H.7 

R = raining; L = late 
21 10 

i P(L|R)P(R) e e 0 
A R B 19 iy P(L|R)P(R)+P(L|R")P(R’) Colahil 19 

B A NS SR 60 

A 
= B P(AnB)=03xx=0.3x 

0.3 S 

1€ B’ 

0.4 B P(A'nB)=0.7x04= 028 

0.6 B’ 

Figure 22H.8 

ic 22H Bayes' theorem  



& Tisthe event of Lisa winning the tournament. 

. P(B|A)=x 
- p(B)=P(BIA)<P(A)+P(B| 4")xp( 4 A )=xX0.3+0.4x0.7=0.28+0.3x 

_P(BJA)xP(A) g3, 3 

,,;;,5,1;: =3(0.3x+0.28) 

.fix,f’_?'i_oz 
4.2 

First game Tournament 

60% > T PWNT)=50% x60% =30°% e 
40% T 
20% —T P(DAT)=30%x50% =15% D 

50% ~ T 
10% T P(Ln T)=20% x 10% = 2% 

T 

90% ~ T’ 
Figure 22H.9 

W, Land D are the events of Lisa winning, losing and drawing the first match, respectively. 

P(T|D)P(D) 
(T|w)p( W)+P(T|D)P(D)+P(T|L)P(L) 

i 50% % 30% 

~ 60%X50%+50% % 30%+ 10%x 20% 
s 

w7 
=31.9% (3SF) 

P(D|T)=P 

.'Transport Late 
! 50% F 

50% ' 
95% L P(BAL)= & x 

5ot g ; 
10% — L P(CAL)=$x 10%=L 

24 

‘ 90% 

22H.10  



  

W,B and Care the events of Omar walking, taking the bus and cycling to schoo| 

  

Lis the event of Omar being late, 
, respmi\'el)i 

] P(B|L)= . P(L|B)P(B) i GHas | (LIW)P(W)+P(LlB)P(B)+P(L|C)P(C) 50%x1+25%x!+10'>fx 573 4 3 0 > 

< 

B PAnB)=xrxi=ir 

  

B’ P(AnB)=xxi=1r= 1 
3 

1l-x 
A/ 

Figure 22H.11 

Let P(A):x 

P(B'nA)=P(B’| A)P(A) 
1502 e 
B35 

1RR200eS 
=2X=—+—=— 

BESORR6 

: SEo el ~P(ANB)=P(B|A)P(A)=2x2== 
DER6TED 

Disease state Test positive 
0.95 T P(DNT)=0.0003x0.95=0.000285 

0.0003 2 

0.05 T3 

0.01 T P(D'NT)=0.9997x0.01=0.009997 

0.9997 D’ 

0.99 T 

Figure 22H.12 

D is the event that a patient has the disease; 

T is the event that the patient tested positive for the disease. 

P(T|D)P(D) i 0.95%0.0003 
P(T|D)P(D)+P(T|D’)P(D’) 0.95x0.0003+0.01x0.9997 

=0.0277 P(D|T)=  



    

    
          
    
      
     

     
   

o very rgol phroblem in medical fests. For a condifion that is very ,a lest regime as fo be incredibly accurate fo be reliable, As shown 
 despite @ seemingly very predictive test. fhe probability of it , being a false positive is mych i sdelie 

e (esult being e p much more likely than it being a frue i, becaus'e.the mcnd‘ence of the disease (0.03%) is so much lower § fonthe probability of an incorrect test result from o healthy patient (1%). 

    

   

        

   

   

    

   

   
    

       
        

  

    

     

        

   

   

    

    

Coin Flip result 

0.5 H P(FAH)=05x005=0.25 

F 
0.5 

0.5 i 

0.5 
Fe— 5 P(F'nH)=05x 1= 0.5 

Figure 22H.13 

Fis the event of picking the fair coin; 

H is the event of flipping Heads. 

. P(H|F)P(F 

- P(FlH)zfi(HlF)%P%T)fiivm 
0.5%x0.5 

=0.5><0.5+1x0.5 

1 

ixed examination practice 27 

lort questions 

| P(same colour)=P(R,R)+P(B,B)+P(W,W) 

’ GRSl 8 8 7 
e e o 

[REH 1817 1817 

_ %8 
306



       

     

  

     
   

    

     

  

   
   
    

    

    
    
    

Y Y T TR I T S T T Y T U N T 

. ‘N’ o ¥ o 
x. } ¢ 

. 

  

D a S = first language Spanish; A = Argentine 

P(s]A)=2504)_n(SnA)_ 12 4 
P(A) nia) o s 

COMMENT 

A tree diagram is the clearest a case, but the fyl| algebraic wor 
nd fastest way to show working in this 
king is also given below. 

  

Rain Hot / Cold 
0.3 H P(RNH)=0.2x03=0.08 

R 
0.2 

& 

0.6 H P(R'nH)=0.8x0.6=0.48 
0.8 - RI 

G 

Figure 22Ms.3 

R =rain; H = hot (> 25°C); C = cold (< 25°C) 
P(RIH)ZP(RmH) 0.2X0.3 006 1 

P(H)  02x03+08x06 054 9 
n a There are 5/=120 possible arrangements in total. 

1 ++P(CHART)= — 
120 

b To count the number of arrangements containing the 
and arrange 3 units (C, HAT and R) in 3!=6 ways: 

6 1 
P(contains HAT)= — = 

120 20 
P(A’AB) P(A")=P(A’AB B r(x)5)- ( ) _ P(A%)=P( ) 

P(B) P(B) 

P(4)=1-P(4)=1--=— 

sequence HAT, treat HA'l as one unit 

P(A'mB')=P((AuB)’)=o



90=(4+n)(3+n) 
nt+7n-78=0 

(n-6)(n+13)=0 

=>n=6 

(asn=-13 is not a valid solution in this context) 

P(Large)= — and P(Small)= 

From (), P(R,R | Large) = (1)_4 
5 

From (b), P(R,R | Small) = —xiz 
109 15 

P(R,R)= (RRUATSC) (Large)* (R,R]|S malJ)xP(Small) 

Ri 2 2 
o5ia 15 3 

_18 
" 855 
=0.138 

P(Largen{R,R}) 

P(R,R) 

2 
'd P(Large|R,R)= 

2 

ol 
59 

=0.356 

ange of P(X) is [0, 1] 

(A)-P(ANB)=P(A)-P(B|A)P(A) 

=p(A)(1-P(B|A))  



    
  

    

    

¢ 0 P(AUB)=P(A)+P(B)-P(ANB) 
“L‘IIL'.(.'P(AUB)‘p(/‘f\n)‘ I’(A) |l(/\(\“)§l’(“) P(/‘Iu’” 

: From (b), P(A)- P(AB) - P(A)(' (B A,) 

and similarly, P(B)- (A B) = P(B)(1- P(A[ 1)) 

. SP(AUB)-P(AAB)= P(A)1-P(BI A))+ P(B)(1-P(A[B)) 

,_j’ i The right-hand side of the equation in (i) 1s the sum of two products of 
b non-negative values, 

SOP(AUR)-P(ANE) 20 

E and hence P(AUB) 2 P(AND) 

n o B = badminton; F = football 

3 P(BAF)=P(B)-P(BAF)=0.3-x 

P(FAB)=1-P(B)~P(FAB)=1-03-05=0.2 
  

  

    
  

  

  

      

, { Figure 22ML.3.1 

b P(FNB’)=0.2 
) P(BNF ¢ P(B|F)= PBOT) 

P(F) 

i e 
3 s 024y 

05x+0.1=x 
b = x=P(BNF)=0.2 

E . 

! 
* Figure 22ML.3.2 

P(BNF')=0.1 

__P(Bonly) 01 _1 8 R(Bonlyone sport) = o " b1+ 02 " 3 
" sl s R e 
ol e R e T e 

 



  

3 D.iscrete probability 
. distributions 5’1 
xercise CEIN : 

The sum of the probabilities s equal | E(X)= 2“' P(X = x) 
   
        

    

    

   

          
      

\ 1..-l+k+»l-| =h(2X343X4+4X5+5X6+6%7) 

. : 
110 

G 
25 k= %0 

2 

After two rolls the total score is 4 (1 

P E(V)= D v p(V=v) : fens 13 
‘} 

3 

] P(I.S)-}; 180 IX0242x0345%0.1+8%0.1+kx0.3 3 

21403k 

S 21403k =6.1 

4 40 

03453 

               

      

              

     

    
    

       

      

    

  

   Rt =k 

  

{31 s Median is the value m for which 3 i X,=4)=- + t (X 50k g P(X, X, =4) = T P(V <m)=0.8 . 
149 From the distribution, this could be any ~ 

value in the interval [2, 5], so the median ; 
is defined as the midpoint of this interval: b 
median = 3.5 

5 
¥T Y P(X = x)=1 

“ 720 
=007 

> k(3+4+5+6)=1 
    

k(344 +54647) 1 ko= = 

    

  

k= =001 b B(X)= Yx P(X =x) 
=0X3k+1X4k+2X5k+3x 6k 

=32k 

_16



   
A IDYEEOR 

p AR+ Ak k=1 

b G 
10 

3 bE(X)= Y x P(X = x) 

“’ o I X3k 2% Ak 4 3% 3k 

p = 20k 
p ) 

0 ()= x P(X=x) 

(141242 245)% : 
O 

et o l" 

: 0 
' 5‘. : 

B Var(X)= ) & P(X=x)=(E(X)) 
g ~ 
A = (1411427 2% 427 +5° )X . 
g [§ 

B! 30169 
] 6 36 

‘7’ _ 65 

'»_' 5 30 

L @ Sr(x=x)=1 

. 014 prgr02=1 

prq=07 

p=07-q 
a3 

. B(X)= Y x P(X=x)=15 E(X) 2\;\ (X=x)=1 

: = OX0I+H1X pt2g+3x02=1.5 

: pH2q=09 

E 5 07=q+29=09 
q=02 

and so p=0.5 

      

b (%Y 
Vnr(X)=Zx’ P(X = x)~(E(X)) 

X0 THO5HAX0249 (., P 

= 3,1 e 2'25 ; 

= 0.85 

n Let X be the number of counters the 

player recelves on a roll of the die, 
o 

To get an cxpcclcd profit of 3.25 couney, 

per roll when the player pays 5 counters 

per roll, require E(X) = >_~X P(x =X)=8) 

el ] 1233 
ia e G IS K = A e = e 
he AR o g 57 o 204 

n 
—=2 
20) 

n =40 

a Let a be the number that the player 

chooses. 

The player’s profit is equal to his 

winnings minus 71. 

P(Profit=3n)=P(a,a,a) 

P(Profit=2n)=P(a,a,a’)+P(a.a",a)+P(a’,a,a) 

£ 
64 

P(Profit=1-n)=P(a,a’,a’)+P(a’,a,a’)+P(ad 

 



    
     

  

    
   

   
   

  

     
     

   

    

total number of students in the school 

is large and the base probability of 
   

        

  

       

  

     
        

  

    

   

-——'h-_-\ 

Probability 15% is not too close to 0% or 100%, 
e — e . 

27 the probabilities will not change very 
il 64 much, and so a binomial distribution 

__\ s 2 3 v “ . 27 will be a good approximation. 

e odi e b Let X be the number of students in the 
£ sample travelling by bus. 

—\i\ We approximate X ~ B(Z(), ().15) 
1 

o4 P(X =5)=0.103 (from GDC)     
B ,\'~B(-mso.g) 

3 b Let X be the player’s profit. From the 

table in (), = E(X)=4050x i = 2700 

E(X)=§x ) b SD(X)= J&GE(KS 
=é(—27n+27— 27n+18n+ 3n) - \/-l(m:i o 

B0 v 
64 

; s Let X be the number of questions Sheila 
For the organiser to make a profit, 1 ) : . . answers correctly. 
require the player’s profit to be negative: 

        E(X)<0 %5 n(x. »';) 
27-33n<0 

—n>0.818 From GDC: P(X=5)=0.0231      
     

  

.. the minimum entrance fee is 82 cents. ) E(X)=8%x==2 

xercise EX1® c Var()=8x4x2 =15 

a Inatrue bi'nomial distribution, SD(X)= \/Q,T(‘\*) 

the probability of each ‘success’ is 5 
independent of the other results, as =15 
in the case of throwing a die multiple =1.22 

 times. However, within the school 

_population there is a fixed number 

‘ of students who travel by bus, so the &Zi‘ Let X be the number of people the doctor 
Xperiment is equivalent to drawing sees who have the virus. 
ounters without replacement: each 
tudent chosen for the sample has a 
robability of bus travel which does a From GDC: P(X =2)=0.108 

end on the previous students 
ed. Nevertheless, because the 

       
       

    

d From GDC: P(X 25)=0.0273 

     
      
     

  

   

X ~B(80,0.008) 
     

     
       b From GDC: P(X 23)=0.0267     

bility di



  

¢ Itis assumed that patients do or do 
not have the virus independently of 
cach other; in reality, if the prevalence 
nationwide is 0.8%, it is likely that 

there will be geographical pockets 
which have higher and lower rates than 
this, since a cold virus is contagious. 

Therefore, if the doctor sees one patient 
with the virus, it may be supposed that 
the virus is prevalent in the locality, so 

the probability of secing other patients 
with the virus will be higher than 0.8%. 

COMMEN'T 

It is also assumed that the country is 
large enough that the doctor will not be 
seeing a significant fraction of the whole 
population; an island nation of a few 
hundred, for example, would not allow 
for a binomial model to be used with a 
sample of 80, for the same reasons as 
outlined in Q5(a). However, given the 
context of the question, this would not 
be the answer the examiner would be 
looking for! 

) o E(Y)=12x04=48 ( 

b P(Y=4)=0.213 

P(Y =5)=0.227 

P(Y =6)=0.177 

The mode is 5. 

Let X be the number of sixes in 4 throws: 

1 eafs ) 
6 

— P(X =3)=0.0154 

Let Y be the number of fives or sixes in 

6 throws: Y ~B(6, —;—) 

= P(Y =5)=0.0165 

So rolling 5 fives or sixes in 6 throws is the 

more probable event. 

C The binomiol distribufion     

m The question has been amended y, 

state that Ava and Sven play i game, 

(ot X games). 

X - B(n, 04) 

a P(X=2) '(;J(u,/l)’(u.(.)” s 

i ,.‘ n 

, 2 ')('J =0,121 
() 4 

0y 

—sn =10 (from GDC) 

m X ~B(n, p) 

E(X)=np=19.5 

Var(X)=np(1-p)=6.825 

= p=0.65 

19.5 
= =3 

0.65 

lled in m Let X be the number of sixe: 

12 throws. 

X ~B(12,p) 

12 0 10 

P(X=2)=( ; ]p‘(l~-m 

=(.283 

From GDC: p = 0.14 or 0.20 (2DP)



   

    

   

  

    

   
   

   
     

      
   

   

  

    

        

.x=3)=(:)p’(l—p)=0.3087 

=p'=p'=0077175 

: rom GDC, p=0.560 or 0,89 

~B(4.p) 

one unit then the number of 
a space of n units will have a 

ipt to indicate the number of 
the distribution perfains. 

) then X, ~Po(nA) and the 
and inluitive. 

n Let X pe the number 

  

& S é Lt S 
23 Discrete probability disfi 

  

i X 
L R SR <o & 

' 
of shooting stars Seen in an hour; thep 

X~Po(12) 

P(X>20)=1—Po(xszo) 
=1-09884 
=0.0116 

Let X, be the number of white blood cells in 1 high power fields, 

X, ~Po(4n) 

a X, ~Po(4) 

P(X, =7)=0.0595 
b X, ~Po(24) 

P(X, =28)=0.0548 
kfl Let X be the number of seeds falling on 

an area of nem?, 

2m’= 20000¢cm? 

X0 ~ Po(50000) 

50000 = X, ~Po| === |=py(2.5) 
20000 

X, ~Po(2.5) 

= E(X,)=25 

P(X,=0)=¢"* =0.0821 

sy 
3 7 @ X, be the number of flaws in n metres 

of wire, 

X, ~Po(1.8) 

a P(X,=1)=18¢"*=0298 

b X, ~Po(3.6) 

P(X, 21)=1-P(X,=0) 

=]-¢7* 

=1-0.0273 

=0973 

T2 

  

   

    

    

   

  

   

  

   

  

      

      



  

B x-ro(s) 
3 From GDC: p(X < 5)=0616 
b P(3<k$5)=P(Xss)—P(.\’S3) 

=0.616-0.265 
=0.351 

< P(X¢4)=1_p(x=4) 

=1-0.175 

=0.825 

d PG<X<5]| x<5) 

P(X <5) 

_P(3<X<5) 

) 
_ 0351 

0.616 

=0.570 

g Let X, be the number of people arriving 
over the course of 7 minutes. 

« ~Po(14) 

(%)z Po(3.5) 

4)=0.189 

a X,.~Po 

P(XIS = 

b P(X,>12| X <15) 
P(12< X, <15) 

P(X,, <15) 

_ P(X,,<14)-P(X, <12) 
o P(X,, <14) 
_ 0.570-0.358 

0.570 

=0.372 

m Let X be the number of eagles observed in 

the forest in one day. 

X ~Po(14) 

a P(X>3)=1-P(X<3) 

=1-0.9463 

=0.0537   

=l-e " =04 

=e " =06 

~.m==In(0.6)=0.5111s the mean of th 
distribution. 

b P(X>2)=1-P(X<1) 

=1-0.9065 

=0.0935 

X ~Po(m) 

m’ 
i 

—m a P(X—3)= 

m m 
SR kS P(X<3)=| =t e 

m m’ 
e ] 

6 D 

=>m'-3m’—6m—-6=0 

From GDC: m=4.5914 (4D! 

b P(2<X <4)= (\s:‘-» P(X <1) 
27 1567 Il 0.3 

0. Il I\
) 

X ~Po(m) 

P(X>2)=1-P(X<2) 

=1- m—+m+l le™ =03 
2 J 

= [-mz—+m+l]e"” =0.7



. rom GDC, m=19138 

.p(x<2)=P(XSl)=
O.430 

ID’,PO(é), W ~Po(42) 

: P(D=6)=0.161 

p (P(D= 6)) =(0.161) =2.76x10™° 

2 Receiving exactly 6 emails each day 

is only one of many possible ways to 

receive 42 in total over the week, and 

so accounts for only a small fraction 

of the probability. For example, 

receiving 5 one day, 7 another day and 

6 on each of the other five days has 

probability P,xP(D=5)XxP(D=7) 

x (P(D= 6))° =0.0000993 which is 

36 times the probability of receiving 

exactly 6 every day. 

Let X be the number of mistakes the 

teacher makes in marking one piece of 

homework. 

X ~Po(1.6) 

a P(X>2)=1-P(X<1) 

=1-0.525 

=0.475 

JR6has 
b P(X=k)=—k'—e 

=l—l'(§P(X:k—l) fork>1 

1.6 
The ratio —— is greater than 1 until 

k 

k>1.6, so the probabilities P(X = k) 

increase until k=1 and then decrease. 

.-, the most likely result is X =1. 

c Let Y be the number of pupils in a class 
of 12 who have at least one error. 

Y~B(12,P(X 21)) 

COMMENT 

Be alert for questions which use the 
result of one distribution fo provide the 

probability for another distribution, most 

often binomial. Always clearly define 

your new distribution, using a different 

letter, to keep your working clear. 

P(X>1)=1-P(X=0) 

=1-0.202 
=0.798 

.Y ~B(12,0.798) 

P(Y <6)=P(Y £5)=0.00413 

Ki Let X be the number of requests received 

for one day. 

=1-0.857 

=(0.143 

- Let Y be the number of limousines in 

use each day. 

f 1aBLL 22010 
[ ”;”‘f e 
  

P(X=0)=0.273 

] . P(X=1)=0.354 e i 
2 P(X>2)=0.373       
  

Let p be the probability that a limousine is 
used on a particular day. 

1 
p=P(Y= 2)+5P(Y= 1)=0.550 

The expected number of days in use out of 
365 is 365p =200.9 = 201 

23 Discrete pro 
S e el St M  



"
 3 

  

: | Let X be the number of copies requested 
each week. 

X ~Po(3.2) 

a P(X>4)=1-P(X <4) 

=1-0.781 

=(.219 

b Let Y be the number of books sold 

each week. 

TABLE 23D.17 
  

P(Y=y) 
  

P(X =0)=0.0408 
  

P(X=1)=0.130 
  

P(X =2)=0.209 
  

P(X=3)=0.223 
  

P(X > 4)=0.397         
P(X >4)=1-P(X <3) 

=1-0.603 

=0.397 

From the table, the most likely number 

sold each week is 4. 

¢ E(Y)=0x0.0408+1x0.130+2x0.209+ 

3%0.223+4%0.397 

=2.81 

d Let n be the least number ordered by 

the shop each week. 

Require that P(X <1)>98% 

From calculator: 

P(X £5)=89.5% 

P(X £6)=95.5% 

P(X <7)=98.3% 

Therefore the shop should order 7 

copies each week in order to satisfy 

demand at least 98% of the time.     

Pio e TR 
e s bl PP 

‘ 

m X ~Po(4) 

2 

NX=H=%¢’ 

P(X=0)+P(X=1)=(1+4)e”’ 

) 

If these probabilities are equal, then 

12-21-2=0 

o/ 
2t 24+‘8—=]i\/§ 

  

Since 4> 0, it follows that 2 =1+/3 jg . 

only solution. 

(&) v~Po(2) 

  

b With A=6v2, 
P(Y=y+2)=P(Y=y) 

R 
(y+2)(y+1) 
i 
(y+2)(y+1) 

Y +3y-70=0 

(y+10)(y=7)=0 
. y="7 (reject negative solution) 

P Y:)’ = _)()":)7)



/"-_—_ 4 : is always wise fo define your random -gble clearly at the stort of o question, _<pecially in situations such as Q2 
\where you may want fo consider the oss 

r profit explicitly rather than just the 
of a die roll, or Q6 where yo, 

will use one distribution result to inform o 

" | pefining your variable ot the start of working makes the calculations clear 1o 
the reader, whether that is the examiner 
‘a’wrsefi, when checking your answer. 

Let X be the number of defective bottles 
in a sample of 20. 

~ x~B(20,0015) 

- p(x>1)=1-P(X=0) 
=1-0.985" 

=26.1% 
’ Let X be the expected loss on each play; 

then 

X =10—(value on die) 

E(X)=) x P(X=x) 

N ) i =10_(1xl+5x~1—+10xl+ 
2 5 > 5 10) 

1B N 

X ~B(12,0.4) 
a E(X)=12x0.4=4.8 balls 

b Var(X)=12x04x0.6=2.88 

P(X<288)=pP(X <2) 

=0.0834 

Let X'be the number of calls answered in 
a day. 

X ~Po(35) 

a P(X>40)=1-P(X <40) 

=1-0.825 

=0.175 

b P(X>35)=1-P(X £35) 
=1-0.545 

=0.455 

The probability of more than 
35 calls every day for 5 days is 

(P(X >35)) =0.455° =0.0195 

" Let X be the number of times Robyn hits 
the target in 8 attempts. 

X ~B(8,0.6) 

+ From GDC: P(X=4)=0.232 

P(Fails to qualify) = P(X <6) 

=0.894 (from GDC) 

¢ P(Miss, Miss,Hit)=0.4x 0.4 x0.6 

=0.096 

o Let X be the number of rainy days in 
August in Bangalore. 

Assuming independence between days, 
X ~Po(11) 

a From GDC: 

P(X <7)=P(X £6)=0.0786 

b Let Y be the number of years out of 10 
in which there are fewer than 7 rainy 
days in August.  



  

Again, assuming independence 
between years, Y ~ B(10, P(X < 7)) 
~P(Y =5)=0.000502 

Let X be the number of defective bulbs in 
a pack of 6. 

X ~B(6, 0.005) 
a P(le):l—P(X=0) 

=1-(0.995)" 
=0.0296 

b Let Y be the number of packs in a 
sample of 20 that contain at least one 
defective bulb. 

Y ~B(20,P(X 21)) 

= P(Y >4)=0.000244 = 0.02449% 
(from GDC) 

8- X ~Po(m) 

P(X=0)=e"=0.305 

=m=-In(0.305)=1.19 

b Y ~Po(k) 

P(Y=1)=ke* =02 
From GDC: k = 0.259 or 2.54 

¢ W~Po(A) 

P(W=w+1)=P(W=w) 
A-WH —Az/lw o 

    

T e 
AxA” i A" o 

(w+1)w! w! 

han 
w+l 

A=w+l1 

  

S>w=A-1 

a Let X be the number of sixes from » rolls; 

then 

1 
Bl X (n 6) 

  

  

  = ”(5()T9n~u') 
2x6 

=2 
D 

Require that 50497+ 4° 
q 2%6 ( L 

  

From GDC, n=15 

1 
b X~B(]S,—J 

6 

= POX=2)=0273 

m ‘More than five rolls needed to roj] two 
sixes’ is equivalent to ‘Fewer than two 
sixes in five rolls’ 

Let X be the number of sixes in five rojl 

1 
X ~ B(S, —] 

6 

~P(X<1)=0.804 

Long questions 

n Let Y be the number of yellow ribbons in 
the sample of 10. 

1 
Y~B(10,—j 

- 

1 
a E(Y)=10x—=25 

4 

b P(Y =6)=0.0162 (from GDC 

¢ P(Y 22)=0.756 (from GDC) 

d Expect the mode to be close to the 

mean for a binomial distribution. 

From GDC: 

 



(Y« 1)« 18.8% 
) Piy. 2)= 28.2% X, ~ l’u( 280)' X = P()(;T(:) 

P(Y = 3)= 25.0% 

p(Y = 4)= 14.6% 

prom the above, the mode is 2, 

P(X, =0)xP(X, >0)=P(X, =0)x(1-P(X, =0)) 

=0.0821x(1-0.435) 

=0.0464 

o Have assumed that P(yellow) = 0,25 i , 

constant., ' Xy, ~Po(140) 

Expected volume of water in a week 

COMMENT =12000%E(X,,,,) 

|n using @ binomial distribution, we =12000x 140 

¥ ossume that each choice is independent 
of the previous one - that is, the 
robability of drawing yellow is the same Probability of at least one eruption in 

(Mch time. Since we are told that the bag an hour: 

i % contains a very large number of ribbons P(X, >0)=1-P(X, =0) 

~ f thisis approximately true - P(yellow) does Vs Lalzs 

“not change much, because even after =1-0.435=0.565 
""f.moving several ribbons, the proportion 

§ of the remaining ribbons which are 
ellow stays approximately one-uarier. 

=1.68%10" litres 

Let Y be the number of hours in the 

8-hour period in which there is at least 

one eruption. 

Y ~B(8, 0.565) 

P(Y 26)=1-P(Y <5) 

=1-0.753 

=0.247 

P(X, =1nX, 21) 
P(X, =1]X, 21)= Hbsletl 

: P(X, 21) 

P(X, =1)=0.362 

& S P(X,, >22)=1-P(X £22) 

=1-0721 
=0.279 

,~Po(39-) 
48 

=0)= 0.659 a Let X be the number of students who 
’ forget to do homework. 

eruption of the day between a X ~B(12,0.05) 
m. and 4a.m. is equivalent to o> 

; P(X21)=1-P(X=0 
eruptions in 3 hours and then at ( ) ( ) 

t one eruption in one hour’ =1-0540 
=0.460  



  

  

  

" b‘ ] 7 

b X ~B(n,0.05) iii Anna wins on her nth throw if 4/ 

then B’ is repeated (n—1) timeg 
2l)=1- = and 

P(X21)=1-P(X =0) followed by A: 

=1-0.95" , I\ P(A,,)=(I’(A )% P(B ) ]'/-P(A) 

¢ Require 1-0.95" >0.8 R 
n =| — )~ 0.95" <02 ( 6 6 

o log0.2 g2n-2 

log0.95 o 6 

> =nz2314 b For Anna to win, either Anna wins 
The smallest number of students under immediately, or Anna fails then Brigid 

this requirement is 32. fails and then the game effectively 

starts again. 

COMMENT e g ) Remember that log0.95 <0, so the 6 6 
inequality is reversed when dividing 
through by it. =>p=l+§p 

6 36 

11 1 
n Let A be the event that Anna throws a < gl’ =z 

six and B be the event that Brigid throws 6 

a six. =P = 11 

Let A, be the event that Anna wins on her ‘ 5 

nth throw and B, be the event that Brigid ~P(B)=1-p= 11 
wins on her nth throw. 

d Let X be the number of times out of six 
a i Brigid wins on her first throw if A’ that Anna wins. 

then B: 
6 

, X ~B| 6, — P(B,)=P(A")xP(B) ( 11) 

Ao P(X>3)=1-P(X <£3) 

o5 =1-0.568 
=-35—6 =0.432 

e eond throw i B Let lX" be the number of accidents inn 

A’ then B’ then A: i 
X, ~Po(2) 

o ) / ’ P(A,)=P(A")xP(B')xP(A) - Polzn) 

— 5 2 1 . = N ai X,~Po(8) 

5 P(X,28)=1-P(X, <7) 
216 =1-0.453 

=0.547  



-- ber of fi g 
ii Let Y be the num our-week periods out of 13 in whi sast ei ious 

accidents occur. 
3 in which at least eight ser 

y ~B(13, P(X, >8)) 

p(Y>9)=1—P(Y <9) 

=1-0.9106 

=0.0894 

p P(X,21)>099 

—P(X, =0)<0.01 

X, ~Po (2n) 

e <001 

_on<In(0.01) 

n>—;—ln(100) 

n>2.30 

So the least such n is 3. 

TABLE 23ML.G.1 

  
  

o
 

  

  

i [ 
N
 

| 
o
 

1 | 

  

| 

  
  

O
 
|
 

®©
                 

t A be Aleric’s score. 

LE 23ML.6G.2 
  

  
  

                           



   BETED(A = oyia il 
36 9 

ii Let Bbe Bala’s score. 

The scores of Aleric and Bala are independent events with the same dist 
.-.P(A=9fiB=9)=(é)z=i 

81 

b1 P(A=B)=Y (p(x = x) 
X 

ributiop, 

S| 
¥ (12+22+32+42+52+62+52+42+32+22+12) 
146 

362 
73 

" 648 
=0.113 

ii By symmetry, P(A>B)=P(B> A) 

1 ~P(A>B)= 5(1 —P(A=B)) 

=0.444 

¢ i The number shown on each die has the same uniform distribution. 
P(X <x)=P(Roll < x four times) 

=(P(Roll < x))’ 

ii P(X=x)=P(X<x)-P(X<x-1) 

Lt (et 
6 6" 
  

  

X 
  

                
  

     



------- 

  

   

  

   

      

    

    
    
    
   

       

       

  

         

i B(X)= ) x P(X = x) 

= ié-()%(lx1+2><15+3x65-4 47175457369+ 6%671) 

6797 

]29() 

= 5,24 

a Let A be the number of mistakes Adele makes in a letter and B be the number of mistakes 
Bozena makes in a letter, 

A~Po(25), B~Po(4.1) 

P(A=3)=0.214 

i P(B 3)=0.190 

( b i P(3 mistakes) -l’(?mlstdkul/\ddc)l’(/\dLIL) +I’(3mxstakcs]Bn/cna)l’(Bwena) 

=0.214%80%40.190 % 20% 

=(.209 

l 
i P(Adele|3 mistakes ) = (3 nushku|7{\_df!g_)*}’(fi(1clc) 

P(3 mistakes ) 

() 2!4 % 80% 

0.209 

=0.818 

  

    TABLE 23ML.7 Cases for a total of three mistakes 
  

  

     

     

     

    

   

  

  

  

  

  

PA=n) |PB=3-n) |PlA=n)xPB=3-n) | 
0.0821 0.190 00156 il 

B 0205 0.139 0.0286 : 
B 0257 0.0679 0.0174 | 
B 0214 0.0166 0.00354 | 

I 0.0652           

_0.0174+0.00354 

0.0652 

=0.322



  

Continuous 

distributions 

  

Exercise K 1QR=b-ayhere ! 
- 1" “ = dx=— 

0o | f@dg=| ke'dg J_f(x)dx )i 
- {kg.‘j‘" Jm f(x)dx=_[:sec2xdx 

.!' ; 3 0 =[tanx]; 

= =tana= 

kn' ( 1 ) e ko] = g=arctan| — 
. 3 4 
,. on r/4 by 

i ;3.‘, =0),0968 (3SF) Ih f(x)dx = J.b sec” x dx 

g n 
Jy! /4 g s =[tanx]; 
k- b P((}<E)=L”'”782d8 : ] 
P 3 i =1-tanb=— 
g 3T 4 

[n’] =b= arctan(—j 
i 0 4 

i IQR arctan(s) rct ( : ) 0.399 
i o oh =t ¢ peel | ) d = 1=, 27 e 

Expected number out of 10000 is 

         
        

      
        

| . 
10000 x S 370 (to the nearest integer) COMMENT 

L@ o) [xy 
b et 

“o-(e) 
= c—o 

Note that you could express this value 
exactly, and are expected fo be able fo 
do so in a non-calculator question: 

3 1 
tan(IQR) = t — |- - an(IGR) on(orcton(‘i) arctan(A]]



  

    
       

      

   
    
   

   

  

   

      
    

    
"‘ Assuming b= Land b’ <¢, Exercise PZT 

b - 
F o ) 3 # p(bm\\b )flL : dx =k n a |t(«\)J’J A (v )dy 

?" S i 3 X 2“(‘ A =X 10X 

B Inb" ~Inb =k a4 
: J‘4\"~ vidx B Inb =k 2D 4077 it 

J b l,fi'-t“ 3 : '\\ 3 

X : 20 5 
b Assumingthat 2=a>1and 24 < ¢ : £ 

3 32 
‘-_:: 4a l I( 

s p(2-—a<X52+a):J da =k _)_()( ! 5 ) 
% 2ea X 

B o .44 
[Inx];* =k 

. b Foralocal max ln(2+a)-ln(2~u): A ‘m tm l\lml‘lll‘l’l ol 

2+ y==(dx'~x"), L w0; 
h'l[ )“‘ k 20 (l,\ 

a 3x 
, (B=3x)=0 
24a 20 

‘ =¢ 
D - 8 
«=a "X =0 or 

24a=(2-a)e! ) ' 

:vg ot s0 (the double root) x = 0 s a 
W Sa=2— - 8 . £ 4] minimum and x 18 4 maximuam., 

However, the latter is outside the 

interval |0, 2] where the pdf f(x) 

IS NON-Zero,     
     ‘Therefore the maximum of f(x) occurs 

at x = 2; that is, the mode 1s 2. 

e 12VEP44 1445 Q=] s 
etz 

      

       
             
      

  

    

2 2 = Jmub" db 
(choose positive root since ¢" >0) B 

110 

3k ak. z ;{l{f 
P(X>-£-)—Lme dx { 3 J‘ 

=[ex ]2" _1000a  27a 
3ki2 R 

gk Lk 3 3 
et 973 

2 32 = ":,:'“ 
(1445 _(1+~/§] 

=(.560       
   24 Continvous ¢ St -V   



b E(B)= " bf(b)db COMMENT 
e Lmalf db We can askiert that yh_rn()’e ky) =0, since 

T the ratio E;(—— tends to infinity as x — o, 

:[T] The formal proof can be accomplished 
3 using any one of several methods, some 

(10000 81 of which (such as I'Hopital’s rule) are 
¥ T_I)a covered in the Calculus option, and in 

9919 3 another context you may be expected to 
—GCro i offer such a proof. In this question that 
40 particular detail is not being explicitly 

_ 29757 tested, so you need not offer any furthe 
3892 reasoning. 

=7.65 (3SF)   
For fto be a pdf, require f(y)20 for e 

all y and that the integral across all real B a 1= _L,f()’) dy 

y equals 1. 

For k>0, it is true that ke ™ >0 for all - 

real y, since e >0 for all values of x. {a)fl ] 

—k J_sG)dy=] ke dy 
i ak’ ak’ 

= ='3——(—7] 
=0—(-1) 

  

=1 =—;1ak3 

. f(y) fulfils the criteria to be a pdf. e 3 
2k3 

> B 5 (G Y oo e, 2 E(Y)—J;J’f()’)d)’"jn kye ™ dy b Var(Y):J_myzf(y)d)'~ur){f(y)dy) 

Integrating by parts, set: 

  

  

dy 
5 

Jufldyzuv— v%dy RGN 
y dy 5 

E(Y)=[-ye™ | +] e¥dy Bk g3 
4 bk 

=[_ye kJ’_le—k}':l 
3k2 

o 9 
1 1 =(0-0)-| 0-— |=~ Tl  



      

  

COMMENT 

Your teacher may be concerned that the 
above is not rigorous, but at the level of 
mathematical knowledge required by the 
International Baccalaureate it is perfectly 
adequate. Properly, you should actually 
calculate one of the integrals, which you 

          
(Pick positive root only, since 
_k<y< k makes no sense as an interval 

for k < 0) 

  

      
      
       

First, note that since we are told f(x) s can do using a substitution t = 22—, and          

    

   
    

   
   

   

   
    

     

  

  

apdf, we know thatl v show that it is finite (the integral result 

jmf(x)dx=J‘_“-\—/~2—-;€ e ] 

Calculating E(X): 
) - 2 ~ 2 oA Var(X)=E(X?)~(2(0) 
© X —1; LU =_:\5 dx-0 

— J.—N——\/;e dx J-_m \/—Z—Tt c 

J‘“’ : e‘% 8 J“ : 7\; : Integrating by parts, set: 

= 3 T——C T dXx 
0 21 N2 ; u:x:>—c—l—bi:1 

Perform two substitutions. 
dx 

  In the first integral, take x = u, which just dv Luvghy JI' X el 

replaces the letter x with the letter u. dx 2m 21 

In the second integral, take x = —1, i = 
S 2 

so that dx = —du. Then 
S e 

) u _.£ x={) —U _l/l d v f jli 

=| —e %2 dut sadsesp 204 u—dx=yv—- | v—dx E(X): jo - e 2 du f‘:fl o e * du T J : 

2 x x 
?) 

X 
o Y Thaas u=0 Y —— . : ; : d,\' = ——p 

=| ——e 2 du+ ——e 2 du J‘w = L |, = e Iz J2n 
  

     

  

[ 5 gl e 2 dy [ e i 
jo Wiss o J on ,L,\/fi 

(since reversing the limits of an Ay Jm F(x)dx 

integral reverses its sign) % 

    
=0       

     

    

    

ey 3 

COMMENT 

As in question 5 of this exercise, you 
need to assert that x multiplied by a 
negative exponential of x tends to zero 
as x tends to infinity. 

  

   

   
   

   

Alternatively, this result can be argued 

- directly: 
y the symmetry of the function about 

=0, it follows that E(X)=0. 

   
    

   
   



  

n g 

Exercise 
n Let X be the life of 5 battery of this brand; 

  

thenX~N(16 52 ) x=102 

X1 6109 R =1.16 standard 
o 5 

deviations below the mean 

b P(X<102)= P(Z <-1.16) 
=0.123 (from GDC) 

B Let X be the length of one of Alf’s jumps; 
then X ~ N(5.2, 0.7%) 

4 P(5<X<55)=p(x <5.5)- P(X <5) 
=0.666—0.388 
=0.278 (from GDQC) 

b i P(X>6)=0.127 (from GDC) 

i P(Qualify)=1-P(Fail three times) 

=1-(P(X <6))’ 
=0.334 (from GDC) 

B Let X be the welght of a cat of this breed; 
then X ~N(16, 4 ) 
P(X >13)=0.773 (from GDC) 
~. expected number in a sample of 2000 
15 0.773X 2000 = 1547 

D ~N(250, 20?) 
a P(265<D<280)=P(D< 280)-P(D <265) 

=0.933-0.773 
=0.160 (from GDC) 

P(265 < D < 280) 
P(D <280) 

0.160 
0.933 

=0.171 

b P(D>265|D<280)= 

    

¢ P(D<2420UD>256) 

=1-P(242< D <256) 

=1-P(D<256)+ P(D <242) 
=1-0.618+0.345 

=727 

N(4, 160) 8 e- 
a P(|Q|>5)=1-P(-55Qx<s5) 

:1—P(QSS)+P(Q<‘5) 

=1-0.532+0.238 

=0.707 (from GDC) 

  

ESRY I (Q>5|1Ql>s) (QP((/ l@ 

P(Q>3 

P(Q>s) 
el 0532 

0707 
=0.663 (from GDC) 

Let X be the weight of an apple 
then X ~N(150, 25?) 

a P(120<X<170):P(X<170) 

—-P(X < 120) 

=0.788-0.115 

=0.673 (from GDC) 

b Let Y be the number of mec lium apples 
in a bag of 10; then Y ~ B(10, 0.673) 
From GDC: P(Y >8)=0314 

Let X be the w1ngspan of a pigeon; then 
X ~N(60, 6*) 

a From GDC: P(X >50)=0.952 

b P(X>55|x >50)= 2X>350X>50) S0, 
P(X >50) 

" P(X>55) 

= P(X >50) 

_ 0798 
0.952 

=0.838 (from GDC) 

 



   Let X be the width of a grain of sang: 

then X ~ N(Z 0. R-) 

o From GDC: P(X >1.5)=(84) 

5)=2L5<X <25) 
P(X<25) 

           p(X 

O 841‘() 159 

0. b‘il 

=0.811 (from GDC) 

  

Let X be the amount of paracetamol in a 

tablet; then X ~N(500, 160° ) 

P(X <300)=0.106 (from GDC) 

Let Y be the number of people in the samp 

of 20 who get a less than effective dose. 

y ~B(20, 0.106) 
>P(Y 2 2)=0.640 (from GDC) 

X~N(7o, 02) 

5 
P(X<50')=P(Z< 

lt 

  

P(X <x)=k 

By symmetry about £, 
P(X<u+a)=P(X>u-a) 

P(X <2u-x)=P(X <p+(p-x)) 

_—_P(XZ,U—(,u—x)) 

by the symmetry argument above 

=P(Xz2x)=1-k 

_P(X<25)-P(x <15) 
P(X < 7\5)\‘“ 

  

   
     

    
   
     

  

   
   

    

   
   

    

  

   
    

  

    
   

      
     
     
    
     

Exercise 
n Let X be the score in an 1QQ test; 

then X ~ N(lOO, 202) 

P(X - x) =20, 

=P(X<x)=098 

= x=141 (from GDC) 

B Let X be the mass of a rabbit; then 
X ~N(26,12?) 

P(X > x)=20% 

=P(X<x)=08 

= x=3.61kg (from GDC) 

3 LetX be the diameter of a bolt; then 
~N(p, 0.02*) 

P(X >2)=6% 

= P( X £2)=0.94 

—H L 

0.02 

= U=2-1.55%0.02=1.97cm 

="' (0.94)=1.55 (from GDC) 

- a Let G be the diameter of a grain of sand 

from Playa Gauss. 

G N(;U(; ) Gt?.,') 

P(G<1)=0.3 

A 
a,. 

G 

= U, =14+0.5240,. ...(1) 

P(G<2)=09 

2] =275 _p(p9)=128 
@) 

G 

'(0.3)=-0.524 

= U, =2-1280, ..(2) 

Substituting (2) into (1): 

2-1.280, =1+0.5240 

1810, =1 

= 0, =0.554 mm 

S UG =129 mm 

24 Contint ¥ e i 

B 

   



  

b Let Fbe the diameter of a grain of sand 
from Playa Fermat. 
F~N(y,,q?) 

- 

r 

P(1:<22)::(18 

2— U1, i 
=>G\-=(D (0.8)=0.842 

=H=2-08420, ...(1) 
P(F <1)=80%x40% =032 

1-p, 

O 

= U =14+04680,. ...(2) 

Substituting (2) into (1): 

— 

  

=d7(0.32)=-0.468 

1+0.4680, = 2-0.8420, 

1310, =1 

= 0;=0.764 mm 
My =136 mm 

a Let X be the voltage of a battery. 
X ~N(92-t,058?) 

P(X <7)=0.1 

7—(9.2—t :(\—Ldf‘(o.]):-l.zs 
0.8 

t—22=-128x08 
s t=1.17 

Estimated time of use of the batteries is 
1.17 hours, or 70.5 minutes. 

a Let X be the time a student takes to 
complete the test; then X ~ N(32, 62) 

a From GDC: P(X <35)=0.691 

b P(X<t)=09 

=t =39.7 minutes (39 minutes and 

41 seconds) 

P(X <30)=0.369 
Let Y be the number of the 8 students 
who completed the test in less than 
30 minutes, 

Y ~B(8,0.369) 
= P(Y =2)=0.240 

Ao i g sl s i s o Ky PR, rede M s S TONRAN g ) 

™ 

  

m If X ~N(,u,a’), then (from GDC) 

P(u-30<X <p+3o)=(b(3,,-‘q),\3}, 

= ("-99%3-0.-’;0j;- 
7 

C
 - 

COMMENT 

This assumes that the range s centred & 
the mean, which, while noi necessarily 
the case, is a valid approximation 

  

m Let X be the measured termoe: alure, 

X ~N(g, a’) 

P(X<pu-4)=036 

—4)- _ 
fi(fl—M:d)“(f).‘:é 0.358 

o 

-4 =-0358x0 

4 
S0=——=112 

0.358 

.. standard deviation is 11.2°C 

  

a Normal distribution is <vr metrical 
about the mean, so median = mean, 

. median 
i.e, =4 

mean 

b X~ N(u,oz) 

D7 (0.75)=0.674 

@ '(0.25)=~0.674 

~IQR =0.6740 - (-0.6740 ) =1.350 

1 
—=(.741 
1.35 

o 
Hence — = 

 



  

Z”’N 0 l 

Letd= 

Then P(Z >a)= = 

But P(Z> a)=P(Z< —a), by the 

symmetry about 0 as shown in the 

diagram: 

80 that P(Z <g)= 4 

Z ~N(0,1) 

        

  

Figure 24D.13 Symmelry of siandard 

normal distribution 

P(Z<-a)=1-x 

=@ ' (1- 

Sod ' (x)+ P (1-x)=a+(~ 

xX)=-a 

a)=0 

Let X be the breaking force for a chain 

link (kN). 
X ~N(20,0) 
a Let p be the probability of one link 

breaking under a force of 18 kN, 

so p=P(X <18) 

Then the probablhlynf a 4-link chain 
breaking is 1-(1-p)’ 

1-(1-p) =03 

(1-p)' =07 

1-p=0915 
p=0.0853 

T
 

| ~20 
b P(X<18)= d)(l—%—g—- ) =(.0853 

-»-%: d'(0.0853)=~1.37    
=146 kN 

     
     

     
    

      
     

  

      

    

    
   

     

     
    

@ If Uis a uniform continuous distribution 

over [0, 1], then it has pdf 

f(u): LIE[O,I] 

0 otherwise 

s0 that P(U <u)=u for 0Su<l. 

To transform U to a normal X ~ N(/I, 0'2)» 
take X = y+ o @' (U); then 

P(u+o®™'(U)<x) 

:p(q)—l(u)< l‘!l) 

o 

o< 
q,(zgxz) 

Mixed exa 

Short 

P(X (X): 

  

nination practice 24 

qué-.si.f”‘) 1S 

@ :1= f(x)dx 

ke 
= [k.x ~x? J:, 

= k-1 
k=2 

b 

var()= [ () ds~( [ af () 
! 5 ! ¢ 

_:.»J'jzx‘ —2x’dx-( 2x—2x2dx) 
( () 

L] 
2 
Sl 

6 9 
    

=L~ 0.0556 (35F) 
18 

     

    
    

        
      
     

       



  

Let X be the test score of a student. 
E(X)=[" xf (x)dx X ~N(62,12?) 

jj 
= | ax*+bxd A From GDC: P(X > 80)=0,0668 = 6.63% I i s 

5 b P(X>x)=50% {L’“J’fi] 
= x=62 S 
(since the normal distribution is = (Eéa.i_éb)_(f % b) Symmetrical about the mean) 

3 2 3 ZJ 
<. the lowest score achieved by a = l%a +12b student in the top 50% is 62. 

124 Let X be an estimate of the angle = esats(l 1) (in degrees). 
16 

X~N(u,02) 
=3+?a 

16 
16 1 BEXE<05)===1nn0 

=i —g=— 
( ) o E(X) 352 —a=— 
25— o 

3 1 ol =_ Sa=—andb=-—-33=_ = = (0.08)=-1.405 = A = 

e “"250 Y B Let X be the height of a dog of this breed p(X>35):2_00=0.21 
thenX~N(0.7, 0.05) 

From GDC: P(X >0.75)=0.412 = P(X <35)=0.79 

=2H_ 5(079)=0806 
O     

   
   

  

   
   

COMMENT 

= [=35=-0.806G: ...(2) 

Substituting (2) into (1): 

35—-0.8060 = 25+1.4050 

22oi=10 

.0 =4.52° 

and hence u=31.4° 

Remember to use the full value from your 
caleulator in further calculation rather 
than the 3SF value you may write in 
working. 

    

Let Y be the number of dogs in a sample 
of 6 with height greater than 0.75m; then 

  

1= f(x)dx Y ~B(6,0.412) 
5] 

=[[ax+bdx COMMENT 
ax’ § Always use a different letter for each 

m T+bx variable to keep your working clear. 
1 

25 a 

=(7a+5b)—(5+b) From GDC: P(Y = 4)=0.149 
=12a+4b 

1=12a 
  = 

 



   

    

-~ 

7~ N 0 l is symmetrical about the 

mean 0. 

;.P(Z<Z)=(D(Z)=P(Z>—z) 

=1-P(Z <—z) 

Ep(2<-2)=1-9(2) ...(*) 

p(Z|<k)=P(-k<Z<k) 

=P(Z<k)-P(Z<-k) 

=¢(k)"(1“¢(k)) by (*) 

=20(k)- 

Long questions 

1= () 
5 

=J05ax2—ax3dx 

5ax3_gfii : 

B | 
) 

5% 457 
=gl —— 

1212 
=>£1=-7=————00192 

Bich 2025 

Il 

  

TR e    

      

   

   

    

   
   

        

   

  

   

      

Var(X)z‘Exzf(x)dx--(E(X))2 
1 

  

    

113 
=——=0.1808 

625 

d LetY ~N(u,07) 

E(Y)=E(X)=p=3 
P(Y >4)=P(X >4)=0.1808 
. P(Y <4)=08192 

471 _ 91(0.8192) 

    
     
        



  

by . o5 T 
2 ; 

[‘ur E Jju =lexr ~xe¢ dx- —- 

(=) 20021) ¢ - 
e { ¢ 

e~¢ +1 =t o _ ~—if 

o ot oo g 
7L =@ 

. 

. .ec f 
k=] L L 

3 4 / 

b P[ < J’W ( Integrating by part 
x)dx £ £ 

4 Jlef } 3 C b 

L =X   

  

i &INg e rocilt | v 
C L(X)‘I ‘xf(x)dx (’_l";};iét. € Iesull | x€ 

l 
& > 

I CX“"XCI dx g Le & 

] a ) 

ex’ . 
- ~J xe" dx 

2 |, 79 
J 

e bos ] 
7 '”J‘ xe” dx d 6 months = — year 
2 90 9 

e ), N Integrating by parts, set: pl x>~ :J (e 

du ‘ 2) : 
U=x=p——=] 

dx :J" s 
dv b e 
-—-c —_— V= 

e e 

=lex—e 

Iu Y dx=uy- jv ~dx 

“xc’ dx=[xc’1,~‘f‘:c‘dx 2 

7 g f‘(: € 
2D - B e =e-[e'] Je—2 

=¢~(e~1) =0.290 (35F) 

=]  



   

  

S 
I Arf., 

o LetY be the number of batteries out of 
three which have failed at the end of 

six months. 

y ~B(3,1-0290)=B(3,0.710) 

p(Y =0)=0.0243 

P(X <m)=0.5: 

mt—16m>+24=0 g 
i 
fi‘ 

B 
e 

ii The above equation is a quadratic in 

m’, with solutions 
2 

m- = 

) 

Require m e[O, 2], o =8-2310 

and hence m = 8—2:/10 

  

    

    
   
   
   

    

      

   

  

   

  

    

      
   

      
     

        
      

Fpbe 

¢ The mode g is such that f(x)Sf(‘I) 
for all x. 
For stationary points of f(x): 

AR (x)==-=x*=0 
fx) 3 4A 

X = \/g (for x €0, 2]) 

Compare value of f at stationary point 

and end points: 

e 
f(0)=0 

(2)= 320667 
12 

( ]m the greatest, so mode is \/g 
3 

" Let X (Pesos) be the monthly salary in 

Argentina. 

X ~N(1500, 6°) 

a P(X >2000)=03 

= P(X <2000)= 

2000—15 
- 2000 30 =d7'(0.7)=0.524 

o 

500 
ag= =953 Pesos 

0.524 

  

  

b P(X >3000)=1-P(X <3000) 

30001500 -of ) a 

=0.0578



    

s 

d Let Ybe the number of | 
a month. 

Y ~B(3,07) 

P{X > 3000| X » 2000) AR 2 2] 
P(X > 2000) 

P(X > 3000) 

POX > 2000) 

I~ P(X < 3000) 

0.3 

0193 

P(Y 22)=1-p(y <) 
1-0216 

0.784 
¢ 

will be a sm 

low salaries. 

Moreover, if the norm 

Ihe distribution of salaries is likely to be skewed rather than sym: 
all proportion of workers with very high salaries, w 

P(X <0)= (1){; : 

negative salaries! 

a J 

  

,‘.“',h. inarandom \.llnplr of three who earn | 

al model is used. the data here would sSuggest t 
1500 \ K 

Y = |=3.78%, L.e. around 6% of the population woul 

 



  

gxercise 

o u, :2)(3"—l 

Proposition: S, = zur =3"-1 
r=1 

Base case 
Fornzl: Sl =u, =2=3] —1 

-, the proposition is true for n = 1. 

Inductive ste 

Assume the statement is true for n = k; 

/ k 
thatis, S, =3 —1 

Working towards: 5., = 3] 

sk+1 e Sk i Uiy 

=3 —1+2x3" 

(using the formulae for S, and u,,,) 

=3x3" -1 
o~ 3/\‘"’1 s 1 

So if the statement is true for n = k then it 

is also true forn=k+1. 

          

    
      
        
    
    
    

   

  
The proposition is true for n=1, and if 
true for n =k it is also true for n=k+1. 

Therefore the proposition is true for all 
neZ' by the principle of mathematical 
induction. 

n(n+1)(2n+1) 
Proposition: § = y Vi p i : 

r=1 

Mathematical 
Induction 

Working towards: S;,, = ~——= 

   
          

     

     

    
   
    

   

     

Base case 

1(2)3) 
6 

~. the proposition is true for n = 1. 

  Forn=1:§ =y, =1= 

Inductive step 

Assume the statement is true for n=k; 

that is, 

o _ k(k+1)(2k+1) 
6 

(o} 

(k+1)(k+2)(2k+3) 

6 

  
! 

J
\
 

il 73
 

b Opsy =9 Ty 

k(k+1)(2k+1 ) 
Bl )_(_- ) k1) 

0O 

(using the formulae for S, and u,,,) 

(2k" +3k" 4 k)+6(k"+ 2k+l) 

6 

2k’ +9k* +13k+6 

6 

_ (ke 1)(k+2)(2k+3) 
6 

So if the statement is true for n = k then it 

is also true for n=k+1, 

The proposition is true for n=1, and if 
true for n=k it is also true for n=k+1. 
Therefore the proposition is true for all 
ne " by the principle of mathematical 
induction. 

n’(n+1)° 
Proposition: § = Y u = p =B - 

r=1   



  

Base case 

  

2512 
Forn=1:8 =u e Y 

4 

<. the proposition is true for n = 1. 

  

Inductive step 

Assume the statement is true for n = k; 
that is, 

  

  

  

2 2 s, K ke1) 
4 

2 ) 

Working towards: S, = w 
4 

Sk+1 =Sk +u 

kZ k 2 

=M+(k+l)3 

4 

(K 42K+ )+ 4(k 43K 43k +1) 
4 

k' +6k> +13k% +12k+4 

4 

(K*+2k-+1)(k* +4k+4) 
i 4 
(k+1)(k+2) 

= 4 

So if the statement is true for n = k then it 

is also true for n=k+1. 

The proposition is true for n=1, and if 
true for n=Kk it is also true for n=k+1. 
Therefore the proposition is true for all 
neZ" by the principle of mathematical 
induction. 

  
1 

Tl 

" n(n+1) 

Proposition: S —iu oo 
P b D ntl 

Base case 

Gl e ool 
S e N 

.. the proposition is true for n = 1. 

    

8- 

  

Inductive step 

Assume the statement is true for y < . 

: k 
that is, S, = ey 

k 
Working towards: S, = i 

Sk+l = Sk +uk+| 

k 1 
=t 

k+1 (k+1)(k+2) 

k(k+2)+1 

(k+1)(k+2) 

k* +2k+1 

(k+1)(k+2) 

(k+1)* 
(k+1)(k+2) 

ol 

D 

So if the statement is true for 1=k thep jt 

is also true for n=k+1. 

The proposition is true for 11 =1, and if 
true for n=k it is also true for n=k+1. 
Therefore the proposition is true for all 
n e Z" by the principle of mathematical 
induction. 

o 1 

" (2n-1)(2n+1) 

; n " 

BropoSitionsS =)y = ——— 
h Z‘ " 2n+l 

Base case 

1 ] 
Forn=1:§ =y =—=- 

1353 

<. the proposition is true for n = 1. 

: 1 

2X1+1 

  

Inductive step 

Assume the statement is true for n=k; 

k 

2k+1



: ards: S o 
forking OWE S T ok 43 

= Sk +uk+l 

i 1 
(2k+1)(2k+3) 

k(2k+3)+1 e 
(zk+1)(2k+3) 

2k +3k+1 

= (2k+1)(2k+3) 

(2k+1)(k+1) 

= (2k+1)(2k+3) 

k+1 

= 2k+3 

§o if the statement is true for n =k then it 

;;_Sgol 

P 
2k+1 

is also true for 1= k+1. 

The proposition is true for n=1, and if 

true for = k it is also true for n=Fk+1. 

- Therefore the proposition is true for all 

L pel'by the principle of mathematical 

~ jpduction. 

Ay =nxn 

~ proposition: S, =Yy, =(n+1)!-1 

. 

r=l 

 Base case 

Bibrn=
1: 5 =u =1x1l=1=2!-

1 

-, the proposition is true for n=1. 

Inductive step 

~ Assume the statement is true for n=k; 

that is, S, = (k+1)! -1 

orking towards: S, = (k+2)!—1 

S+t 

| k+1)1 =14 (k+1)x(k+1) 

1 k+1)1(1+(k+1))— 

)(k+1)!-1 

)N-1 

So if the statement is true for n=k then it 

is also true for n=k+1. 

The proposition is true for n=1, and if 

true for n = k it is also true for n=k+1. 

Therefore the proposition is true for all 

ne ' by the principle of mathematical 

induction. 

) u, =(=1)""n’ 

=1 n(n+]) 

Proposition: S, = Y u, =(~1) 5 
r=1 

Base case 

1(2) 
For n = ]:Slzulzl_—_(_l)“x_z_ 

~. the proposition is true for n=1. 

Inductive step 

Assume the statement is true for n =k; 

that is, S, :(—I)H fi(izjl 

Working towards: Sy, = (- 

Sii1 = St 

-1y B (k) 

—]§-+k+l] =(-1)" (k+1 (-1)" (k 2 (k) - 

. -1)‘(k+1)(§—+1j 

:(_l)k(itl)éku) 

So if the statement is true for n= k then it 

is also true for n=k-+1. 

The proposition is true for n=1, and if 

true for n =k it is also true for n=k+1. 

Therefore the proposition is true for all 

neZ' by the principle of mathematical 

induction.  
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By, =nx2 
n 

Proposition: §, —§ - = 
y 

an 9y ';:‘,. p— 5”(3”‘*‘1) pl'OpOSitiOn: Sn ot Zur :(n‘])zm.l +2 

r=1 

3‘0”0'9” i 'fhe Opportunity to use a Selte O 0 2:(1‘1)22+2 irerence of two series 1o k 
toht oIS Ao eep a <. the proposition is true for j - 1 

  

Assume the statement is true for 
that is, S, =(k—1)2"" +2 

Base case 
n:k; 

l*‘()l’ n=il: S-“-SI :“3 =2:‘1‘X]X(3+]) 

2 Working towards: SPakofte o 
. the proposition is true for y = 1. 

Ser = S+, 
=(k=1)2"" 424 (k+1)x 2%+ 

=2 (k=1+k+1)+2 
— A ].Ak+] 

that is, S,y =S :1 k(3k+~|) =2k2"" 42 

2 ___k2k+2+2 

Inductive step 

Assume the statement is true for n = k; 

Working towards: o : So if the statement is true | 
| A ( "1 =k then it 

) ’ ' is also true for n=k+1. 
‘Sz(kal)—‘sl\u - “2(/\ +l)(3k+4) 

The proposition is true for = 1, ang if Sake2 =Sk =S = S 1y, FUs ks — U true for n=k it is also true {or 1 =k+1, | 
Therefore the proposition is e for all B k(3k+ 1)+(2k +1)+(2k + 2)=(k+1) neZ' by the principle of mathematica 

(using the formulae for S,, S, and induction. 

“kn"‘zkm”zkuz) 

QL : =i ok Exercuse 

:—-12-(3k3+7k'|'4) n Ll“”=3u“+2‘ UI:Z 

l 
Proposition: u, =3" —1 

=—(k+1)(3k+4) 

So if the statement is true for n = k then it Forn=1;u =2=3"-] 
is also true for n=k+1. 

=, the proposition is true for n = 1. 
‘The proposition is true for n =1, and if } . 
true for n= kit is also true for n=k+1. Inductive step 
Therefore the proposition is true for all 

ne Z' by the principle of mathematical 
induction, 

Assume the statement is true for n=k; 

that is, u, =3" -1 

C Induction and sequences  



  

rking towards: u;,; = 31 wo 

:3uk+2 

53X(3k —1)+2 

(using the recurrence relation and 

st 

P 310 

et ] 

soif the statement is true for n =k then it 

s also true for = ey 

The proposition is true for n=1, and if 

rrue for n=kitis also true forn=k+1. 

Therefore the proposition is true for all 

ne 2" by the principle of mathematical 

induction. 

Base case 
Forn=1:U, =4=5"—1 

- the proposition is true for n = 1. 

Inductive ste 

~ Assume the statement is true for n=k; 

thatis, U, =5" —1 

Working towards: U,,, =5 —1 

U, =5U, +4 

=5(5"~1)+4 

(using the recurrence relation and 

formula for U, ) 

=5 _5+4 
—okt 

) if the statement is true for n = k then it 

e principle of mathematical 

Un+l =5Un—-8, UI =3 

Proposition: U, =5""+2 

Base case 

Forn=1:U, =3=5"+2 

~. the proposition is true for n = 1. 

Inductive step 

Assume the statement is true for n = k; 
that is, U, =5 42 

Working towards: U,,, =5" +2 

Uy, =5U,-8 

=5(5""+2)-8 

(using the recurrence relation and 

formula for U, ) 

=5"+10-8 

=542 

So if the statement is true for n = k then it 

is also true forn=k+1. 

The proposition is true for n=1, and if 

true for n = k it is also true for n=k+1. 

Therefore the proposition is true for all 

neZ by the principle of mathematical 

induction. 

U =01 Al 

3” o s l 

Proposition: u, = —— 

Base case 

: 3 ~1 
Forn=1u=1=—— 

2 

.. the proposition is true for n = 1. 

Inductive step 

Assume the statement is true for n = k: 

that is, 

3]  



Al 

Working towards: U™ g 
. 

Moo =3u, +1 

(using the recurrence relation and 

formula for u, ) 

3349 
B S o— i ——— 

2 

2 

So if the statement is true for n = k then it 

is also true forn=k+1, 

The proposition is true for n =1, and if 

true for n= k it is also true for n=k+1. 
‘Therefore the proposition is true for all 

ne 7" by the principle of mathematical 

induction. 

U,y = SU et ~OU, 1y =1, 1y =5 

Proposition: u, = 3" - 2" 

Base cases 

Forn=1:y =1=3"-2' 

Forn=2:y,=5=3"-2 

2 the proposition is true for n = 1 and for 
n=2, 

Inductive step 

Assume the statement is true for n = k and 

for n = k+1; that is, 

A k+1 k+l st w2t g =3t -0t 

Working towards: i, ,, =3""* = 2"" 

  

gy = Sty ~OU 

=5%(3" ~2")-6x(3'~2") 

(using the recurrence relation apg 

formulae for u,,, and u,) 

5)((3"” __zk-ol)_2x3bl +3% Zk"l 

=(5-2)%3"" =(5-3)x2" 
_3&92 _2‘02 

So if the statement is true for n = k and 

n=k+1, then it is also true for n =k 4.2 

The proposition is true for n=1and = 
and if true for n=k and n=Kk+1 it is alsq 

true forn=k+2. 

Therefore the proposition is true for al| 
neZ* by the principle of mathematica] 

induction. 

U, =6l =9, =3, u,=36 

Proposition: u, =(3n-2)3" 

Base cases 

Forn=1:u, =3=(3-2)3' 

For n=2:u,=36=(6-2)3’ 

». the proposition is true for » = 1 and for 

n=2, 

In ive ste 

Assume the statement is true for # =k and 

for n=k+1; that is, 

U, =(8k=2)3F . . =(3k+])3" 

Working towards: u,,, =(3k+4)3"" 

U =6U,, —9u, 

=6(3k+1)3"" -9(3k-2)3' 

(using the recurrence relation and 

formulae for u,,, and u, ) 

=32 (2(3k+1)-(3k-2)) 

=32 (3k+4) 

So if the statement is true for y = k and 

n=k+1, then it is also true for n=k+2. 

 



ition is true for n=1 and 5~ 2 
ftrueforn=kand n=k+1 it is o1, 
forn=k=+2. 

: ore the proposition is true for 5] 
: : Eg by the principle of mathematic,] 

he proPo” e 

- the proposition is true for 7 = ( and for 

b1 

Inductive step 

Assume the statement is true for n = 4, 
for n=k+1; that is, 

k+l 

h= =3"-2 ukfl:?’kfl_ 

Working towards: u,_, = 3" 

gy =5ty — 61, 
_5(3k+1 1«2)_6(3; _ ok | 

(using the recurrence relation and 

formulae for 4, , and 4, ) 

=3 (5-2)-2"*(5-3) 
k+ =3k4'2_2 +3 

Soif the statement is true for 7 = k and 
n=k+1, then it is also true for n=k+ 2. 

proposition is true for n=0 and n =1, 
iftrueforn=kandn=k-+1itisalso 

forn=k+2. 
efore the proposition is true for all 

Base case 

". the proposition is true for n = 1. 

Inductive step 

Assume the statement is true forn=k; 

. 1 
that is, u, = — 

Working towards: u,,, = i 
- 

ke using the recurrence relation 
1 +1 and formula for u, ) 

So if the statement is true for n = k then it 
is also true forn=k+1. 

The proposition is true for n=1, and if 
true for n=k it is also true for n=k+1. 
Therefore the proposition is true for all 
n €7 by the principle of mathematical 
induction, 

U”.3 :Ll“‘l +H“, ”1 :]’ U, =1 

Proposition: 

] (1+\/§J"_(11/'§_ 
B 2 
Let a and b be the roots of the equation 
x*~x-1=0: 

1++/5 1-45 
a= ; 

2 2  



  

3 o > i 

S, i 1 (a"—b") But a and b are solutions of x? _ ) e Sl —— - 2 2 T B proposiuon becomes U, 55 “ . soa+l=a and b+1=b". Hence ) 

Not rh— e 1 « 2 k 23} ’ efhatafl-b 1, a—b=1/5 and hence UL-:'—'—/E(‘Z (a )—b‘(b ” 

@’ —b’ =(a+b)(a-b)=5 it | 
1 ks2 k<2 

= ~laei b COMMENT 2 
If you are facing a question where a So if the statement is true for n= | and 
complicated value is likely to occur n=k+1, then itis also true for ,, - ki 
repeatedly, consider assigning the value e i as a constant for speed and clarity of The proposition is true for =1 ap4 n=) 
working. If you can find a relationship and if trueforn=kand n=k+) i, ~ which may be useful later, note it. true for n=k+2. o 

  

Therefore the proposition is trye for 4] 

neZ’" by the principle of mathematicy 

induction. 

. 1 2 2 
Forn=2:u, =1=—(a'—b‘) 

Exercise 
5 

1 
. the proposition is true for n =1 and for o 4 Iy 

Base cases 

Forn=1:y =1=L(a—b) 
V5 

  

  

    

n=2. % 

. 
Inductive step e e e 

Assume the statement is true for n =k and Base case 

for n=k+1; that is, . 
1 0 

For n=0: y:;—:s 

Lo C o o ol =g sbelEe g b 
: \/5( ) 7 \[5( ) .. the proposition is true for n =, 

1 , : 
Working towards: 1, ,, = fi(ak*2 —b"’z) Inductive step 

Assume the statement is true for n=k; 
Upy =y +uk ; 

1 i that is, 
k+1 K+l =—(a" -b" J+—(a b 

\/g( ) \/5( ) dky o k! 

(using the recurrence relation and dys(i)te 

formulae foru,,, and u,) v ‘ 

1 Working towards: Ceuy (k#1) 
—*———-(ak (a+l)—bk (b+1)) & LSRNy (1— I)“-: 

5 

4 
AP o Gt b pis 0 ré‘ 2 . Sl B B R S S B S e )  



   K 
(using the formula for %) 

d 1y —k-1 
=a—x—(k.(1 ) 

—— k! (~k-1)(1-x) " 
k!(k+1) 

= (1-—x)k+2 

(k+1)! 
= (l_x)k+2 

    

go if the statement is true for 71=k then it 
is also true for n=k+1. 

The proposition is true for n=0, and if 

true for n=k it is also true for n=k+1. 

Therefore the proposition is true for all 

neN by the principle of mathematical 

induction. 

fl i 3x 

  

  

  

B dYy 3"n! 
Proposition: " =W 

Base case 

Forn=0: y= 1 =—3"00—!— 
1-3x  (1-3x) 

. the proposition is true for n = 0. 

Inductive step 

Assume the statement is true for 1= F; 

   

  

   

  

    

   
   

  

    

   

   

   

       
   
   

    

k 

(using the formula for d—{—l) 
dx 

2%(3*1(! (1-3x)™) 

=3"k!(—k-1)(1-3x) "7 (-3) 

_3x3"ki(k+1) 4 
(1-3x) f 

_37 (k1) 

(I—?vc)k’2 

So if the statement is true for n = k then it 

is also true forn=k+1. 

The proposition is true for 1 = 0, and if 

true for n=k it is also true for n=k+1. 

Therefore the proposition is true for all 

n € N by the principle of mathematical 

induction. 

    ZX 

= X€     e
 

n 
1) 
5 

Proposition: —={2"x+n2"" )ez‘ 
d};'. \ 

  

        
     Base case 

  

     Forn=0: y=xe’* ={2°x+0}e’* 

  

        

  

.. the proposition is true for n = 0. 

       

  

Inductive step     

  

    
Assume the statement is true for n = k; 

       
that is, 

A7 
dx* 

    
\ =(2"x+h2 e 

        

    

   
    

Working towards: 
dk+1 ‘ 3 

dx"*y‘ = (2 x+(k+1)2¢) e     



  

  

d™y_dfdy 
dx*™  dx| dx* 

=£((?_k.’c+k2"’1 )ez") 

k 

(using the formula for d—}k’) 
dx 

=§(2kxeh +k2k—1€zx) 

=2%e™ +2* xx2e%* + k25! x 2¢>* 

=(2k +2k”x+k2")e2‘ 

= (2% x+(k+1)2")e> 

So if the statement is true for 7 = k then it 

is also true for n=k+1. 

The proposition is true for 7 =0, and if 

true for n=k it is also true forn=k+1. 

Therefore the proposition is true for all 

n € N by the principle of mathematical 

induction. 

y=xsinx 

2n 

  Proposition: ) _ (—1)"(xsinx—2ncosx) I 

Base case 

For n=0: y=xsinx=(-1)’ (xsinx—0) 

. the proposition is true for n=0. 

Inductive step 

Assume the statement is true for n=k; 

that is, 

=(=1)"(xsinx—2kcosx) 

  

Working towards: 

2k+1) 

imT); =(-1)""(x sinx—2(k+1)cosx) 
d_x + 

¥ DR e e 
i e 

L (? 
>4 . v 

  

  
  

dk 

%) dxk 

(using the formula for 

ko 
(-1) (smx+xcosx+2ksinx ‘ 

) 

COSx) 

—xsinx+(2J+ 2)C05x) 

k(cosx—xsinx+(2k+l) 

i 

( 
((—l)k(xcosx+(2k+1)sinx)) 

) 

) 

) 

So if the statement is true for 1=k he, i 

is also true for n=k+1. 

The proposition is true for 1 =0, and jf 

true for n=k it is also true for =4+ 

Therefore the proposition is true for g 

n e N by the principle of mathematicg] 
induction. 

  

  

y:XZex 

d g 
Proposition: dx%’/ :(x‘ +2nx +n(n—1))e‘ 

forn=>2 

Base case 

For n=2: 

dzy dz 29K 

e () 

=i(2xe" +xze") 
dx 

—2e* +2xe* +2xe" +x’e 

:(x2+4x+2)e" 

=(x2+2(2)x+2(1))¢’ 

. the proposition is true for 7 =2. 

g



    
      

  

    

    

   
   

   

  

    

  

      
       

| gsume the statement is true for n = k; that o 

djzg(,f +2kx+k(k=1))e’ 
i 

- Working towards: 

d"y = («? +2(k+1)x +k(k+1))er 
a/k'_r 

= ([ +2kx+k(k-1))e") 

(using the formula for jx) ') 

-_-f;(xze" +2kxe” +k(k—1)e” ) 

=2xe* +x’e" +2ke* +2kxe* + k(k—1)e" 

', =(x? +(2+2k) x +k(k-1+2))e’ 

=(x* +2(k+1)x+k(k+1))e* 

So if the statement is true for n = k then it is also true for = k+1. 

- The proposition is true for n =2, and if true for n =k it is also true for n=k+1 

~ Therefore .the Propos.ltlon is true for all integers n > 2 by the principle of 

‘mathematical induction. 

  

        

            

   

i 
  

  

dy _$(n) du s 
Proposition: , 

P dxn = k dxk dxn—\' 

       
           

  

    

jzll-‘orn'=l:bythe product rule, 

y_ dv. du_<(1)dud™v 
=u—+v—= 

A dx 2 k)t dx 

    

he proposition is true for n=1. 

ive step 

he statement is true for n=r; that is, 

<t N . ' - v 

- £0 vdinemarc



  

Working towards: 

'.j‘:{j, d'*'y i /(H-l}] d*u dm—kv 

; Shyn Tk r+l-k 

“i dx"™ k=0 \ k dx” dx 

  

    

dr-'rly _q—(dry 

dx 

  
1 dxH-l \dxr 

k- _ifi r\dud™y 
k- dx| S\ k) dx* dx™ 

k d 
(using the formula for Ex%) 

rE - " e k dx dxk dxr—k 

(derivative of a sum is the sum of the derivatives, 

dk+lu d- k dku dr—k+lv 

—Z dxk+1 dxr-k dxk dxr—k+l 

(by the product rule) 
’ —2( ][dk-flu dr k )_*_i(r)(dku dH—l-kv] 

:;i;‘. dxk+l dxr k = k dxk dxr+l—k 

_i( r )[dku dr—k+lv]+i[r](dku d'H-kVJ 

e k—1 dxk dxr—k+l o k dxk dxr+l—k 

(replacing the dummy variable k with k—1 in the first sum and adjusting the substituted 

  

SO d can be taken inside the SUMmMatio, 
dx ) 
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e
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3l
 

values up by 1 to compensate) 

r+1 dku dr+1 k r+l (o dku dr+1—kv e 
r 5 

(changing the limits of the summations, allowing that (_1 J =0= [ J ) 

e 
. (merging the two summations over the same substituted values) 

r+l (r.*-lJ(dku dr-H—ka 

— k dxk dxr+l—k 

n n n+l 
(by the property that (k]+(k-l]=( v )) 

i TR i e = S S 
ana air L:‘.(_.:,U!v".lm“f;'!».,_' 3 b5  



    

  

,;o if the statement is true for n = k thep jy 
also true for n=ke+1. 
The Propositi(m is true forn =1, and if 

& eforns kitis also true for n =k 
o (herefore the proposition is true for 4l 

el bythe principle of mathematical 

{nduction. 

fl‘ ,;ExerCiSe 

:n proposition: 5" =1 is divisible by 4 for 4l 

; neN 

Pase case 

Forn=0:5"~1=0=4x0 

., the proposition is true for n = (), 

e 

Assume the statement is true for n = k; 

that is, 5* =1=4 A for some A€ 7, 

Working towards: 5°*' =1 =48 for some 

BeZ, 

54 -1=5%(5" ~1)+4 

=5x4A+4 

(using the formula for 5" 1) 

=4x(5A+1) 

=4B where B=5A+1¢ 7. 
   

~ Soif the statement is true for n = k then it 

also true for n=k+1. 
   

e proposition is true for n = 0, and if 
e for n=k it is also true for n=k+1. 
refore the proposition is true for all 

R o TR e L " M themeo (RS Y o 

AL Mamemaiical ind 

   
    

   

    
    

   
   

  

   
   
   

    

Inductive step 

Assume the statement is true for n = k: 
that is, 

4 ~1=34 for some Ae?Z 

Working towards: 4"*' 1= 3B for some 
BeZ 

4" ~1=4x(4"~1)+3 

=4X3A+3 

(using the formula for 4" 1) 

=3%(4A+1) 

=3B where B=4A+1e Z 

So if the statement is true for n= k then it 

is also true forn=k+1. 

The proposition is true for n = 1, and if 

true for n=k it is also true forn=k+1. 

Therefore the proposition is true for 

all integers n > 1 by the principle of 
mathematical induction. 

Proposition: 7" - 3" is divisible by 4 for all 

nell 

Base case 

Forn=0:7"-3"=0=4x0 

.. the proposition is true for n = 0. 

Inductive step 

Assume the statement is true for n=k; 

that is, 7 —3* =4 A for some AeZ 

Working towards: 7*"' —3"*! = 4B for 
some B e Z 

74 =35 =7 (7" - 3")+-4x3" 

=7X4A+4x3" 

(using the formula for 7 —3*) 

=4x(7A+3") 

=4B where B=7A+3" ¢ Z 

So if the statement is true for n =k then it 

is also true for n=k+1. 

3 

     

       

       
      

       

       

    

     
    

      

  

     
    
       
  

     
    



  

The proposition is true for n = 0, and if 
true for n=k it is also true for n=k+1. 
Therefore the proposition is true for all 
n € N by the principle of mathematical 
induction. 

Proposition: 30" -6 is divisible by 12 for 
all integers n >0 

Base case 

Forn=0:30"-6"=0=12x0 

". the proposition is true for n = 0. 

Inductive step 

Assume the statement is true for n= k; 

that is, 

30" —6" =12A for some AcZ 

Working towards: 30** —6""' =12B for 
some BeZ 

30" —6"" =30x(30° -6’ J+24x6" 

=30x12A+24x%6" 

(using the formula for 30" -6") 

=12(30A+2x6" ) 

=12B where B=30A+2x6" € Z 

So if the statement is true for 1=k then it 

is also true forn=k+1. 

The proposition is true for n =0, and if 

true for n=k it is also true forn=k+1. 

Therefore the proposition is true for 

all integers n > 0 by the principle of 

mathematical induction. 

Proposition: n” —n is divisible by 6 for all 
nzl 

Base case 

Forn=1:1’-1=0=6x0 

. the proposition is true for n = 1. 

    
3 NAUCHC “ N 

i v "fl% ;i 5 ; R   

COMMENT 

Although you could siart at n = 0 oy i, 
previous examples, the question specif: 3 

that the proof is needed only for > | 
it is best fo take this as the base cose 

v 

Inductive step 

Assume the statement is true for 5, g 

that is, K’ ~k=6A for some Ac 7, 

Working towards: (k+1) ~(k+1)=¢p for 
some BeZ 

(k+1)’ = (k+1)=K +3k* +3k +1- 
=k’ —k+(3k" + 3} 

=6A+3k(k 

(using th dafork’ -y 

Sinceoneof kor k+1n 

product is even, so k(k+ | 

CeZ 

en, their 

:'1," ')l‘mi‘ 

o (k+1) ~(k+1)=6 
:6;‘ v 

o
 

t 
™
\
 

n 

So if the statement is tru 

isalsotrue forn=k+1. 

The proposition is true for s and if 

true for n=k it is also true 1= k+1. 

Therefore the proposition is for 

all integers 11 2 1 by the principle of 

mathematical induction. 

B Proposition: n” +5n is divi 6 for all 
nzl 

Base case 

Forn=1:1"+5x1=6=6> 

.. the proposition is true fos L. 

Inductive step 

Assume the statement is true for n=k; 

thatis, k’ +5k =6A for some Ac? 

   



      

    

    
L ’ g I . lg[owafdst (k+1)3+5(1\1-l):68 7**1 _4lvl _3kq 

. 7(7‘—4‘—3‘)+3x4‘+4x3 
Be: 

for SOM© =12A+12x4"  +12x3Y!      

       

  

    

    
    

    
    

    

    

  

(t+!)s+5(k+1): k*+3k™+3k+1+5k+5 (using the tormula 
=k’ +5k+3k* +3k+6 7°—4* -3 =124) 
=6A+3k(k+1)+6 =12(A+4""+3%) 

using the formula for k* +51 <l b Using k" +5k) =12B where B=4""+3""¢ Z 

- one of k or k+1 must be even, their So if the statement is true for n =& then it 
uct is even, sO is also true for n =k +1. 

k(k+1)= 2C forsome CeZ 
The proposition is true for n = 1, and if 

. (k+1)’+5(k+1)=6A+6C+6 true fqr n=kitis also true for n =.k+l. 
: 2 —6B Therefore the proposition is true for all 

ne€ Z" by the principle of mathematical 
where B=A+C+1e 7 induction. 

 Soifthe smtementI:S tlrue for n=k then it m Proposition: 3°"** —8n -9 is divisible by 
jsalso true for n=x+1. 64 forallneZ 
-meproposition is true forn=1, and if 

I qeforn=kitisalso true forn=k+1. 

Therefore the proposition is true for 

Jll integers n 2 1 by the principle of 

mathematical induction. Base case 

Since 377" =330 = GRY 

equivalent to the statement that 

9" —8n—9 is divisible by 64 for all ne ' 

, this 18 

           

  

Proposition: 7" —4" 3" is divisible by 12 Forn=1:9"~8x1-9=64=64xI 
: forallneZ .. the proposition is true for n = 1. 

B Jlase casc Inductive step 

V Forn=1:7'-4'-3'=0=12x0 

       

     
      Assume the statement is true for n = k; 

that is,      -, the proposition is true for n = 1. 

    

9**! —8k—-9=64A for some AcZ 

      Working towards: 9'** —8(k+1)-9= 648 

for some Be Z     
9k*l_8(k+l)_9:9x(9k” —8’\—9)+64k+64 

  

    
    

  

   

: =9X64A+64k+6 Gt towards: 7k+] _4k+l a5 3‘*1 o IZB 4 

b m BeZ (using the formula 

9! —8k—9=644) 

=64(9A+k+1) 

    

=064B where B=9A+k+le Z 

    

So if the statement is true for n= k then it 
is also true forn=k+1,      

____ 

0 it Awisr)y- 

“Mathemahcal induch



  

The proposition is true for n=1,and if true for n =k it is also true for n=k+1. 
Therefore the Proposition is true for all 
n€Z" by the principle of mathematical 
induction, 

a Pr0position; (n_1)3 +13 +(n+1)3 s 

divisible by9forallne? 

COMMENT 

Note that the statement in the question 
is for all integers, but o proof for non- 
negative n can easily be converted into a 
proof for negative n using symmetry. 

Start by proving the proposition for n e . 

Base case 

For n=0:(~1)’+0°+1=0=9x0 

. the proposition is true for n = 0. 

Inductive step 

Assume the statement is true for n = k; 

that is, (k—1)’ + k> +(k+1)’ =94 for some 
AeZ 

Working towards: 

Kk’ +(k+1)" +(k+2)’ =9B for some Be Z 

K +(k+1)" +(k+2)” 

=k’ +(k+1)" +k>+6k* +12k+8 

=k +(k+1)’ +k° =3k +3k—1+9K* +9k+9 

=k’ +(k+1)"+(k—1)" +9k> +9k+9 

=9A+9k*+9k+9 

(using the formula (k—1)" +k*+(k+1)’ =9A) 

=9(A+k2+k+1) 

—9B where B=A+k*+k+1e Z 

So if the statement is true for n =k then it 

is also true forn=k+1. 

  Topic 25F Induction and inequalities i 

(71—1)3+;13+(r1+1)3 =—(1-n)’ -(~n)3~( 

  

The proposition is true for » = 
true for n = k it is also true for 
Therefore the proposition s tr 
n e N by the principle of math 
induction. 

0, and if 

h= k+l 

ue for al| 

ematiCal 

To extend the prooftoall ne 7. 

forn<0letn=-m for meZ*; they, 

; Bl 
=~(1+m) “ml*(md)] 

=_((’”“)?+m3+(m+1)3) 
Since m >0, it has already been Proved 
that (m—1)" +m* +(m+1) i 4 multip|e 
of 9. 

w(n=1) +n° +(n+1) is also 2 multiple 
of 9. 

Therefore the proposition is true for all 
nez. 

Exercise 

n Clearly for n=3, 3" =’ 

Proposition: 3" >n’ for all 11 > 4 

Base case 

Forn=4:3'=81>4=¢4 

. the proposition is true fo: Il -
 

Inductive ste 

Assume the statement is true for n=k 

where k > 4; that is, 3" > 

Working towards: 3" > (k+ 1)’ 

3 =3x3 >3k (using 3 > k%) 

3k =K +k+k° 

For k>3, k' >3k >3k+1 

2310 > K 43k2 43k +1=(k+1) fork>3 

Hence 3**' > (k+1)’ for k>3 

   



  

          
' |f the statement is true for n=k then it 

jsalso true for n=k+1. 

The .Pmposition 18 t‘nfe for n=4, .and 
frue forn= k:z 4 itis also true for 

. e +1. Therefore the proposition is trye 

for all integers n24 tfy the principle of 

mathematical induction. 

   

  

& 
J 

  

. the proposition is true for n = 2. 

[nductive step 

Assume the statement is true for y = & 

where k 2 2; thatis, 2° > k+1 

Working towards: 2" > k+2 

oM =2x2* >2(k+1) (using 2° > k+1) 

2™ >2k+2>k+2fork>2 

   

   

~ goif the statement is true for 7=k then it 
* jsalsotrue for n=k+1. 
o 

   The proposition is true for n =2, and 

~ iftrue forn=k =2 it is also true for 

'~ n=k+1. Therefore the proposition is true 

 for all integers n > 1 by the principle of 

mathematical induction. 
   

Proposition: 2" >n” for all n >4 

BForn=5:2°=32>5"=25 

the proposition is true for 7 = 5. 

% 

k2—2k—1=0hasr00tslifi, 
$0 k*~2k=1>0 for k>5 
i.e. k*>2k+1for k>5 

Hence 2k’ = k* + k2 

>k*+2k+1=(k+1)" fork=5 

- 2k+1 >(k+l)2 

So if the statement is true for n = k then it 

is also true for n=k+1. 

The proposition is true for # = 5, and 
if true for n=k 25 it is also true for 
n=k+1. Therefore the proposition is true 
for all integers n > 4 by the principle of 
mathematical induction. 

Proposition: n!>2" for all n> 4 

Base case 

Forn=4:41=2452" =16 

L e proposition is true for n = 4. 

Yo' BN A el e 
inducive step 

AP L b v e S R T Assurnie the statement is true for n=k% 
L S NSy s Y e ) 

Wilere K = 4; that is, k!> 2 

RAT A Sl it i sl 1) 
YYOI :\'L;UT‘ LOWArQs: ‘\ Nt LA > A 

  

   

  

L (k+1)1> 2 for k>4 

So if the statement is true for n =k then it 

is also true forn=%k+1.     

     

       
     

     

   

     

    

    

    
      
     

        

    
     

     

  

           

    

The proposition is true for 7 =4, and if 

true for n=k >4 it is also true for 

n=k-+1. Therefore the proposition is true 

for all integers 7 > 4 by the principle of 

mathematical induction. 

  

        

  

   

' > 2k (using 2" >K*) 

   



  

e = 1 L 
B Proposition: —>n foralln>1 Proposition: i>2 

;xfi 0 pror Z,‘\/; (\/;1?1\1) forg . 
Base case Base case A 

For =2 ——+ ~1.707 >1.414 = o \/~ \/— 4 \/5 I-orn—l.\/i—1>2(\/§-1);,0_828 

<. the propos = 2 
proposition is true for 1= 2. <. the proposition is true for 5 = | 

Inductive st inductive step Inductive step 

Assume the statement is true for n = k Assume the statement is true for n=j 

where k > 2; that 15,ZT>J_ that is, z-—>2( k+1 —l) 
=] 

k+1 k4] 

Working towards: Z \/_ > Working towards: Z \[ =12 x[m 1) 

  

kil k+(f 1] 
VT \/7(—+—k+] 

k k 
—_.>—. 

k+1 k+1 

Hence 

k 1 k 1 
Vk+1 ’———+— Jk+1[— — 

k+1 k+1 2 k+1+k+1 

=+ k+1 

So if the statement is true for n = k then it 

is also true forn=k+1. 

The proposition is true for n =2, and if 
true for n =k it is also true for n=k+1. 
Therefore the proposition is true for 
all integers n > 1 by the principle of 
mathematical induction.   

e  



v s-o e statement is true for n = k thep it 

galso true for n= ol 
The proposition is true for n=1,and if 

cue for 1= kit is alsc') Fruc for n=k+1. 

Therefore the proposition is true for 

Il integers 1 2 1 by the principle of 

mathematical induction, 

’ 2 =1=0!=0! 

B o=l 
3#=9>21=2 

3 =27>3!=6 

20 =81>4!=24 

37 =243>5!=120 

36 =729 > 6! =720 

37 =2187<7!=5040 

WN=7 

Proposition: 3" <n! forall =7 

Base case 

Forn=7:3" =2187 <7!=5040 

.+, the proposition is true for n = 7, 

Inductive step 

Assume the statement is true for n = k 

where k > 7; that is, 3" < k! 

~ Working towards: 3" < (k+1)! 

3" =3x 3% <3k! (using 3" < k) 

;} k27=k+1>3 

=3kl <(k+1)k!=(k+1)! 

23 < (k1)) 

So if the statement is true for 1 = k then it 

also true for n=k+1. 

Th proposition is true for n = 7, and 

efor n=k =7 it is also true for 

n=k+1. Therefore the proposition is true 
forall integers n > 7 by the principle of 

] atical induction. 

€3 Proposition: (1+x)" = 14 nx for all ne 
and x e 

Base case 

Forn=0: (14 x)" =]=]140x 

“ the proposition is true for n = 0, 
irrespective of the value of x, 

Inductive step 

Assume the statement is true for n = k; 
: k . 1 thatis, (14 x)" 214 kx for all x e % 

Working towards: (1+x)""" 214(k+1)x 
forall x e [ 

(142)"" = (1 x)(1 4 %) 2 (14 x)(1 4 kx) 

(using (14 t’)x 21+ kx) 

(12 )1t k)= 14 (ko 1) x4 ke 

21+(k+1)x 

(sincex’ 20 and k = 0) 

S04 x) " 2 14 (k4 ) x forall xe R 

So if the statement is true for n = k then it 
is also true for n=k+1, 

The proposition is true for all values of x 
when n = 0, and if true for n = k it is also 
true for n = k+1, for all values of x. 
Therefore the proposition is true for 

all ne N and x € R by the principle of 
mathematical induction. 

Mixed examination 
practice 25 

Short questions 

£l u, =n(n+l1) 
: . | 

Proposition: S, = 214,, = gn(n +1)(n+2) 
re| 

\e A0 

Forn=1:§ =y =1x2= -;(1)(2)(3) 

.. the proposition is true for n = 1,  



  

o “"‘Tj;‘.‘v%"‘ H{gaig) 

7 

Inductive step 

Assume the statement is true for n=k; 

: 1 thMJ&Sk=§kMHJXk+2) 

Working towards: 

S =§(k+1)(k+2)(k+3) 

ST Sy gu 

1 
=5k(k+1)(k+2)+(k+1)(k+2) 

(using the formulae for Sy and u,,,) 

:(k+1)(k+2)(§+1) 

=%(k+1)(k+2)(k+3) 

So if the statement is true for n = k then it 
is also true forn=k+1, 

The proposition is true for = 1, and if 
true for n=k it is also true for n = k+1. 
Therefore the proposition is true for all 
n € 7" by the principle of mathematical 
induction. 

Proposition: 3*" +7 is divisible by 8 for all 
neN 

Base case 

Forn=0:3"+7=8=8x1 

. the proposition is true for n = 0, 

Inductive ste 

Assume the statement is true for n = k; 
that is, 3** +7=8A4 for some AeZ 

Working towards: 3***2 +7 =8B for some 
BeZ 

32"*2+7=9x(32"+7)—56 

—9x8A—56 

(using the formula 3* +7=84) 

=8x%(9A-7) 

=8B where B=9A-7¢7Z 

xaminuti,oq practice 25 
   

    

So if the statement is true for , — 
is also true for n=k+1. 

K thep 

The proposition is true for ; = () 
e »and jf 

true for n=k it is also true for 5, 

  

Therefore the proposition is trye for a]i 
n e N by the principle of mathematka] 
induction. 

n 
1= 

" (n+1)! 

A . Ty Proposition: §, = Zur = (iu 
o (n+1)! 

Base case 

el 9l Forn=1:§ =yy=—=-—=-2""1 
k09 2! 

. the proposition is true for ; i 

Inductive step 

Assume the statement is try,e for n=k: 

k+1)! -1 
that is, S, = ) 

(k+1)! 

; Lk+2)1— Working towards: S, ==/ 71 
Lk+2)! 

Sk+] = Sk +uk+l 

5 (k+1)!—1+ k+1 
(k+1)!  (k+2)! 

(using the formulae for S¢ anduy, ) 

(et 2)(k 41! = (k-+2) + (k1) 
(k+2)! 

(k+2)1—1 

(k+2)! 

  

So if the statement is trye for n=k then it 
is also true forn=Fk+1 

The proposition is true for 1 = 1, and if 
true for n=k it is also true for 5= k+1. 
Therefore the proposition is true forall 
n€Z" by the principle of mathematical 
induction, 

v



s 
o' 

o proposition: 1172 41221 : is divisib]e by 
133 forallne 

se case i B},———" 

 porn=0:11+12'=133=133x 
.. the proposition is true for » = () 

Pl 

[nductive step 

Assume the statement is true for ;, — k; fats, SEEC12 1334 £ some 
A€l 
Working towards: 117 41924+ _ 133B for 
some BeZ 

127 = 11117 + 127 ) (12 [)x12%1 
=11x133A+133 %22+ 

(using the formula 11*2 4 1»2 

-1334) 

=133(11A+122"”) 

=133B where B=11A+12*" ¢ 7 / = 
S 4L 

So if the statement is true for s = /: then it 
isalso true forn=k+1, 

The proposition is true for 1 = 0, and if 
true for n=k it is also true for n =/ + | 
Therefore the proposition is true for al] 
n€N by the principle of mathematica] 
‘induction. 

e 

roposition: 

Zu,=2—(—) (n+2) forneN 
r=0 2 

Inductive stepy 

Assume the statement is true for n = k 

k 
that 1, Sk :2_(%) (k+2) 

0 
) 

k+1 
Working towards: =2 —(%) (k+3) 

Sk+l o Sk T uku 

D k+1 —2‘-(5) (k+2)+‘2“m 

(using the formulae for S, and u,,) 

-]') (~2(k+2)-+~(k+l)) 

So if the staterent is true tor n=k then it 
is also true for p = k- [ 

Ihe proposition is true for 5 = 0, and if 
true for n=k it is also true for y =k +1. 
Therefore the proposition is true for all 
i€ N by the principle ot mathematical 
induction. 

u, =sin((2n~ 1)6) 

Proposition: 

n a2 3 e sin“(n@) 
SH:LN,-—~ : 2] forneZ 

e sin@ 

Base case 

. ) 

: s~ @ 
For el Sl :”1 =sinf = —— 

sinf 

. the proposition is true for n= 1.  



  

Inductive step 

Assume the statement is true for 1= k; 

that is, S, =M 
: sin® 

sin’ ((k+1)0 
Working towards: §,,, = EEL)“) 

sinf 

Sea =S +Hu 

_sin” (1\6) 
—_ 2k+1)6 

sin@ sm(( ) ) 

(using the formulae for §, and u,,) 

in* (k6)+sinOsin((2k + 1)6) 

sin@ 
  

To proceed further, we will use the formula 

sin(A+ B)sin(A—B)=sin* A—sin’ B 

Proof of this result: 

sin(A+ B)sin(A—-B) 

=(sin Acos B+sin Bcos A) 

(sin Acos B—sin Bcos A) 

=sin’ Acos’ B—sin® Bcos® A 

=sin® A(1-sin’ B)—sin® B(1-sin’ A) 

=sin’ A—sin’ B 

Taking A =(k+1)6 and B= k8, so that 
A+B=(2k+1)0 and A—-B=0, the 
formula gives 

in® (k6)-+(sin® (k+1)6 - sin® (k6)) 
sin@ 
  

k+1 R 

sin’((k+1)6) 

sin@ 

So if the statement is true for n = k then it 

is also true for n=k+1. 

The proposition is true for n =1, and if 
true for n=k it is also true forn=k+1. 
Therefore the proposition is true for all 

neZ" by the principle of mathematical 
induction. 

    

   

  ixed rqu»n‘“ ath gpchchS Gl 
i e e R SRR 

= A e e AT T   

..n)' 
Proposition: P, = U, =-—L 

; H n! fOr”‘57/4' 

COMMENT 

The large Pi notation represents o 
product of terms, in the same way fhqy 
the large Sigma notation indicates 
the sum of terms. This notation is yse 
here to keep the working easy to 
read, but you would not be required 
fo use it in an examination; any cleqy 
notation, including use of ... o indicgte 
continuation of a pattern, is acceptable. 

  

Base case 

Forn=1:P=uy =2= (—»)‘\)\ ”} 

. the proposition is true for =1 

Inductive step 

Assume the statement is true for n = k. 
) 

1 (2K 
thatis, P, = (—)— 

. ! H.‘.‘;\ i2 ! 

Working towards: P =~ »)— 
(k+1) 

S
—
 

Pk+l = Pk X “AH 

  

2k ) = (“:')' X(4k-+2) 
(using the formulae for P, and TH 

_ (2K)!x2%(2k+1) 
k! 

_(2k+1)1x2 
k! 

_ (2k+1)!Ix2x(k+1) 

(k+1)! 
_(2k+1)1x(2k+2) 
= e 

_(2k+2) 

 



oif the statement is true for n =k then it is also true for n = k+ 1. 

rOPC’SitiO“ 1S tn.w' for'n =], afnd if true for n = k it is also true for n= k1. 

Therefore the proposition is true for all n e 2, by the principle of " sthematical induction, 

4’ _cos(2" x) 

cosxxcost><cos4,\'><cos8x><.
..><cos(?_" Le)= 

proposition: 

n sin(z"x\) o 

p=]]14= "5 forne? 
n- AL 2sinx 

r= 

Base cas€ 

Forn=1: 

p=t= cos(Zox) =CO0SX 

2sinxcosx  sin(2x) 
e 

— s 

2sinx 2sinx 

-, the proposition is true forn=1. 

Inductive step 

Assume the statement is true for 7 = k; 

) sin(ka) 

that is, B, = e 

: sin(z“',\-) 

Working towards: P, ,, = o 

Py = B Xt 

sin(z"x) . : : : 

= —————zk e XCOS(2 x)(usmg the formulae for B, and u, ) 

2sin(2"x)cos(2"'x) 

TR 
sin(2>< 2"x) 

T 
. Sill(2k+lx) 

e 2" sinx 

fthe statement is true for n =k then it is also true for n=k+1. 

roposition is true for n =1, and if true for n = k it is also true for n=k+1. 

fore the proposition is true for all n € Z' by the principle of mathematical induction.  



Long questions 

n a2 Proposition: 

  

(cos8+isin6)" = cos(nB)+isin(nd)for ne Z* 

Base case 

Forn=1- 

(cosB+isinf) =cosf+isin@ = cos(18)+isin(18) 

. the proposition is true for n=1. 

Inductive step 

Assume the statement is true for n=k; 

that is, (cos@+isin6)" = cos(kB)+isin(kB) 

Working towards: 

(cos@+isin8) " = cos((k+1)6)+isin((k+1)8) 

(cosB+isin@) =(cosO+isinB) (cos@+isin6) 

=(cos(k8)+isin(k8))(cos6+isin6) 

(using the inductive assumption) 

= cos(kB)cosB—sin(kB)sinO 

+i(sin@cos(kB)+cosBsin(k6)) 

=cos(k6+8)+isin(k6+6) 

=cos((k+1)9)+isin((k+l)9) 

So if the statement is true for 7= k then it is also true for n=k+1. 

The proposition is true for n= 1, and if true for n=k it is also true for n =%+ 

  

Therefore the proposition is true for all n € Z" by the principle of mathematica! induction, 

b Proposition: (cos@+isin8) " =cos(nb)—isin(nd) forne Z° 

  

Base case 

Forn=1: 

(cosO+isinf)” =__f_______(c059+isin9)’ 
f(c059+isin9)|" 

- cosf@—isinf 

2 1 

— cos(16)—isin(16) 

-, the proposition is true forn=1. 

' . - - e - 

exa anon praci 

s T et e 

    

= A e ke i 
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350 
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mlg_mg_flgp 

Assume the statement is true for , — k; that is 

(Coso+isin9)_k =cos(k§)~isin(kp) 

Working towards: 

(c_050+isin9)—k—l = COS((k+1)6)—isin((k+1)9) 

(ms,()-i-isine)—k_1 =(Cos(9+isin9)—k(c059+isint9)'1 
= (cos(k@)—isin(kG))x(COSG—isinG) 

(using the inductive assumption and the base case) 
= cos(kB)cos6 —sin(kQ)sing 

—i(si116c05(k9)+cos€ sin(k6)) 

=cos(k6+0)—isin(kg +6) 

=cos((k+1)9)— isin((k+1)6) 

So if the statement is true for 11 =k then it is also true for n=k+1. 

The proposition is true forn=1, and if true for n=k it is also true for n=k+1 
Therefore the proposition is true for all ne 7 Z by the principle of mathematical induction. 

¢ |2i- 2|=\/22 +2* =22 

2 371 
2i—2)=arctan| — |=—" arg(2i ) arcan( 2) T 

  

      

  

(argument in second quadrant as Re(z)<0,1m(z)>0) 
   

d 2’=2i-2     Let z =rcisO; then the equation becomes     
rcis(30) =22 cis(%n)     

3 
."r3=2\/-2_, 39=~i}')       

  

nn 1lm 19n 

oD 
    
  



T T T SR - . 7 N 

    

  

Cos(u\n)z_fiwz) sin(lmJ V62 
12 4 

co~(19") V6-v2  (19n) —V2-6 S| =/ |=———=, sin B et 12 4 

So the solutions are 

2cis(3)=1+i 
4 

__“ —_— - 
  

COMMENT 

There is no requirement that you know the sine and cosine of all multiples of 75+ though 
it can be useful. A calculated answer to 3SF would be acceptable for z, ond Zs. 
If you were asked for the exact form, always remember that you can use the double 
angle formula to split the cosine and sine of 2. which you should know. This gives 
exact values, albeit in a slightly different form. 

  

    
r(n—1)! S (n=r)(n-1)!  



      

   

    

u,=ar 

"21 Mlo2"—2 forn>2 . " 

=l b Proposition: S Z“e s a(r Il) 
e o 

: E Base case H 24dS€ case 
2 g 

Forn‘:Z: 1 =2=2~—2 

  

FOT”:I:Sl:ulzaza(rl-l) 

  

- - theproposition is true for n = 2. 
(r=1) . . 

- the proposition is true for = 1. - nductive step 
B 

Inductive step  Assume the statement is true for ;; — ks % i 
Assume the statement is true for =ik e k S kY 

h 
i thatlS,Z . =2s 0 

: a(r"—-l) | r=1 fhatas Sy —Eass e 
£ (k+1) o working towards: 2 = 2k+l 

k+1 
S 

; a(r 1) Working towards: S, , = 
k+1) [ k) (k 

o = Z - using (a) Sii1 = Si r Tl 
. 

a(r ) ) k k ) [k ) = “tar B + ra 3\ (using the formulae for S, and Ui 
k-1 k k k-1 }\ 

a : = + |+ =——(rf — 1+ (r=1 
r=0 rJ (k] r= [ ) 

hal (’ ( )) k) (k) (k k a(r-1) =1 |t + |+ W 0 = k o r 
r—l 

k k k=1 [ So if the statement is true for n= k then SR 1D : it is also true for n=k+1. 0 k r=1 ! 

=1+1+2(2k _2) The proposition is true for n = 1, and if 
true for n =k it is also true for n=k+1. 
Therefore the proposition is true for all 
neZ" by the principle of mathematical 

; induction. if the statement is true for 1 = k then it 

(using the inductive assumption) 
=2k+1 _2 

  

   
     
    

    

    
   

   
   

  

       

         

      



b 

(k+ 

8     

  

a=] 2, r= 0.5 

Require S, >2.399 

1.2(0.5" ~1) 
S 91800 055 
24x(1-05")>2.399 

2.399 

2.4 

0.001 

24 

nln(0.5)< 1{%) 
2.4 

1-0.5" > 

050 < 

0.001 
n>ln(% P ¥ ) In(0.5) 

n>i1i%. 

.. the least such 1 is 12 

Proposition: n” —n is divisible by 5 for 
allnez” 

Base case 

Forn=1:1"-1=0=5x0 

. the proposition is true for n =1. 

Inductive step 

Assume the statement is true for n=k; 

that is, k> —k=5A for some AeZ 

Working towards: (k+1)" —(k+1)=5B 

for some Be 7Z 

1) —(k+1)=k° +5k" +10k* +10k* +5k 
ol 

=k —k+5(K* +2Kk* +2 +k) 

_5A+5(K +2k> +2K +) 

(using the formula for k* = k) 

=5(A+k“+2k3+2k2+k) 

_5B where B= A+k*+2k’ 

+ok:+keZ 

Mixed examination practice 25 
b-‘ . i 5 £ b 

So if the statement is true fo; ,, 
it is also true for n=k+1, RS the, 

The proposition is true for 5 — 

true for n=Kk it is also true f,, n’j‘fd if 

Therefore the proposition i try 
neZ" by the principle of 
induction. 

¢ for ali 
athematical 

n —n=n(n4 —1) 

n(n-— 1)(113 +n’ +n+1) 

:n(n—l)(n-i-l)(n2 +1) 

One of n, n—1and n+1 must be , 

multiple of 3, since these are thyee 
consecutive numbers, 

One of n and n+1 must be evep since 

these are two consecutive numbers 

Hence the product (n—1)n(n+1) 
be a multiple of 6, and so n’ —p i 

divisible by 6. 

Mmust 

From (a) and (b), since : 

by 5 and 6, it is a multiple of 30, 

If n is even, then (11}, (n+1)and 
(n2 +1) are all odd and their product 

will be odd. 

Therefore, unless 7 is 2 multiple of 4 

or odd, n(n—1)(n+1){»" + l) will not 
be a multiple of 4 and {hierefore nota 

multiple of 60. 

Using this reasoning, we expect that 

n°> —n will not be a multiple of 60 for 

n=6. 

As expected, 6" —6=7770 is nota 
multiple of 60. 

Therefore the proposition is not true 

for all n 23. 

  



   
        

   

cofmplete the proof, then the o n could provide o counte 

E n Tt 
He cos(x+5)—cosxcos(z)-sinxsin(fl) 

2 
=C0oSx X0~ sinxx1 

at valye 

           
            

         

    

       

      
      
    
      

   

r-example, 
   

  

o =—sinx 

b Proposition: 

: (cosx)=cos| x nm 3 

B Base case 

  

Forn=1: 

e (o Ex—(cosx) =—sinx = cos( X+ ~2— ) by the result from (a) 

.. the proposition is true for 7 = 1. 

Inductive step 

Assume the statement is true for n =k 
) 

  

bad T 
B thatis, (—j—x-,;(cosx) = COS \ X+ h’)—j 

bt 4 

Working towards: 

(cosx)= cos(x+ (—A—%}—}—Ti) 
dk+l 

dxk+1 

dk+l 

dx k+1 

  

o 

G 
(a—xT(cosx)J 

= (cos( x+ -]gj) (using the inductive assumption) 
dx 2 

(45 =—sin| x+— 
2 

- cos(x + —k—fl— + g—) (using the result from (a)again) 

2 

(k+1)n] 

  

  

d 
(cosx)—a 

£ 

      

= + cos(x B 

   
 



T P T A P 
   

  

   

  

So if the statement is true for n = k then it is also true for n=k+1. 

, The proposition is true for n = 1, and if true for n =k it is also true for n=k+1. 

- Therefore the proposition is true for all n e 2" by the principle of mathematical inductio, 

3 For nlines in the plane subject to the conditions given, let 1, be the number of intersection 
b points and R, the number of regions formed. 

Proposition 1: = g(__n;_l) 
o D 

For n=1:asingle line produces no intersections, so 

. the proposition is true for n = 1. 

Inductive step 

Assume the statement is true for n= k; 

_ k(k-1) 
thatis, I, Y 

  3 Working towards: I, = (k+1)k 
> 

;_1' The (k+1)th line is not parallel to any of the preceding k lines, so it must have a single 

intersection with each of them. Since no three lines pass through any single point, exch of 

these k intersections occurs at a different point. 

  

  

ol =1tk 

= k(k—l)-f k (using the inductive assumption) 

/ 
e 1 j =§(k—1+2)=k(k+ ) 

So if the statement is true for n =k then it is also true for n=k+1. 

The proposition is true for n =1, and if true for n =k it is also true for n=k+1. 

Therefore the proposition is true for all n € Z" by the principle of mathematical induction. 

n(n+1) 
  Proposition 2: R, = +1 

Base case 

For n = 1: a single line divides the plane into two regions, 

1(1+])+1 

  

£ SOR =2= 

. the proposition is true for n = 1. 

nination pracfi  



_ (k1) 
2 

(ke 1)k +2) 

2 Fl working towards: R, ¢ 

Thc(k+l)th line s not parallel to any of the preceding k lines, so it must have a single 

ntersection with cach of them, 

he k intersection points divide the (k- 1)th e into k4 1 line segiments 

Fach line segment divides a region which was previously undivided into two parts, 

The (k+l)th line must therefore increase the number of regions by k+ 1. 

" R =R, +k+] 

: k(k+1) 
e e e ] o (o4 I)Cusing the inductive assumption) 

Soifthe statement is true for n =k then it is also true for n = k41, 

The PIOPOSition igitroe for n= 1, and if true for rm k it is also trite (or s Kt 

'Iherefore the Pmposilmu
 istrue forallne 7' l’y the Prine lM.o of mathematica

l induction, 

 



    

26 
Short questions 

n lhe number of possible outcomes is 36, 

An average of 3 is equivalent to a sum of 6, 

and the outcomes that give this result are 

1+5 

244 

3+3 

4+2 

  

541 

Each has probability -, 50 the total 
5 3¢ 

probability is —— : 
36 

a The first two terms are: 

S, 

3(1)+2(1)" 

=S, 

(2)+2(2)° - 
4~5 

9 

sd=u,—u =4 

II
 

e
 

5 

S 

3 

] 

COMMENT 

We can also find d by comparing the given 

expression for S, to the general formula 

5= 5(20+(n-1d) 

=(u ——]—d)n+-]—dn2 

Comparing the coefficient of n? in the 

general formula with that in S, = 3n+ 2n?, 

weget%d=2=>d_4. 

  

Questions Crossing 

chapters 
J x for xz20 

B e l ~x for x<0 

The graph is composed of two straighy 

lines, one for positive x with gradiens 

and one for negative x witl 

which meet at the origin 

Therefore the graph of /7 s follow 

  
Figure 265.3 

o Modeatx=4=> f'(4)= 

f(x)=abx—ax’ = f'(x 

=ab-8a=0 

b=8 

(a#0, otherwise f(x)w 

f(x)isapdf, so [ f(x 

x Y 

J.u 8ax—ax dx=1 

=% 

yoi) ‘J 
dax” ——ax =1 

256 
  a=1 

 



v
 
e
 

i
 R 

Ay
 

S
R
 

R
 

X
 

uv 

. 
L N’ 

e 

=x’+x” 

=x T2 

J“,vdx:-[ x' +2x dx 

I 
=—x"+x"+¢ 

3 

il llr/ l’,:1/ 

Equating coefficients: 

x'ia' =16 1) 

W 2a(b-1)=~-16 ...(2) 

x":(b-—l)2+3=7 =:(3) 

From (1),a=4 or —4 

From (2), if a =4 then 

8(b-1)=-16 

If a=~4 then 
~8(b—1)=~16 

=3 

~ Check these values in (3): 

(-1-1Y +3=7 and (3~1) +3=7 

Both are valid, 

a=4,b=-1 or a=-4,b=3 

€3 trom G, 

i = |1y 

      - 

Figure 268.8 Graph of y !l i fanZx 

Yy I ‘//'l' I 

1,57 e x 9,14 ;It.) X < 

I X B(10, p) then Var(X )= 10p(i= p) 

( l‘filr“ of Var( ) Versus s a negative 

qu.,rlmlu with roots al /l () und | 

Y 

f 

  T B 
(.5 

Figure 268.9 Craph of y = 10p(1- p) 

From the symmetry of the graph, the 
maximum s at = 0.5  



    " | 10 Varianccsz=l£(X2)—E(X)2 

a7t (3+7+x)’ 
  

3 3 

_58+x’  100+20x+x" 

3 9 

_ 2 =20x474 
9 

9 

  

2 a8 
= - x_s 22 

. minimum value of s* is 3 =2.67 (3SF) 
3 

o z P(X=x)=1 

Ink+In2k+In3k+Indk=1 

ln(24k4)=1 

24k" =e 

n(n—1) 

2 

n*—n-2k=0 

b 1+/1+8k 
2 

(Take the positive sign because 1 > 0.) 

The graph of y=1-cosx is obtained from the 

graph of y =cosx by reflection in the x-axis 

followed by translation one unit up: 

=k 

  

Compared with y=sinx, this graph is 

translated = units to the right and 1 unit up, 

50 the single transformation is the translation 

z 
with vector | 2 |. 

1 

£ 
L » P 

SE TR - R " v Nters _ e & 

i ,»-.Lfi‘—f-‘,‘!,_: '“":75:? 2 L_: i1 4 ‘7,21%9:;. 
el NE A ol v 

  

  

BN Ty e 

Y 
{ 

y=1-C0S2 

7 

:5_'4’, - 

\/”/’ 

Yy = siit 

Figure 265.13 

X 

 



    

      

   

  

    

        

    

    

   

      
   

    

    
      

    
      

      

  

S 

Using the binomial expansion: a 

  

(cos()-kisin())h =o' 0+ 5¢0s" O(isin0) +10cos' 0(isin @)’ 

+10¢os’ ()(isin())‘ F5casO(ising)' +isin®)’ 

=08  0+5i cos' Osin® -~ 10cos' Osin’ 0 

~10i cos’ Osin' @ +5cosOsin' @ +1sin" 0 

b By De Moivre: (cns() 1 isin())‘ = Cosh041sin50 

Comparing imaginary parts: 

sin50 =5¢cos" Bsin@ ~10cos” Osin' 0 +sin* 0 

=5(|——sin"())'sinl) I()(l sin‘(?)sin‘() Fsin' @ 

=58in@-10sin" O+5sin" 0 -10sin’ @+ 10sin”" 0 +sin" @ 

=58in6@—20sin’ O+ 16sin’ 0 

: ; ol 
m a The horizontal stretch scale factor is ‘ 

b y=Inkx 

=Ink+Inx 

So the vertical translation is by Ink units up. 

a 'This is a geometric series with first term 0.5" = I and common ratio 0.5. 

There are 11 terms in the sum. So 

_1(1-08") 
R o0 

_1—2111_2”-1 

= 1 = 2m 

2 

_ 2047 
1024 

b Inu, =1n0.5' 

=rIn0.5 
10 10 

D In(u,)=1n05" 
r=0 re0 

=1n0.5(0+1++...+10) 
=55In0.5 

=551n2"" 

=-55In2



R v 

: 
A 

  

Iny —ln( ‘"“) 

Iny=sinxInx 

Using implicit differentiation with 
respect to x: 

1dy 1 
=cosxInx+—sinx 

y d.\ X 

dy 1 
—=y| cosxInx+—sinx 
d.\ X 

A 157 
e (cosxlnx+—smx 

X 

m When n=1: (a~\‘)l =a° =alx 

*. the statement is true for n = 1. 

Assume that the statement is true for 
K = 

n=k: (a") =q™ 

Then for n=k+1: 

()" =(e") (@) 
L ak.\'a.x‘ 

iy ak.\'+.\' 

= a(kH)x 

Thus the statement is true for n=k+1. 

The statement is true for n = 1, and if true 

for n =k then it is also true for n=k+1. 

Therefore the statement is true for all 

neZ' by the principle of mathematical 

induction. 

d}’ Ax 
1 =2 — Ae , 

d2 Ax 

T 

estions crossing € o o TR R S 
DUt S A R «é\q“ sl R A 

b Substituting y=e" into 
2 

QDS 
v’ dx 

Aze“ +5/’leh—6€)‘x =0 

el"'(/12+51—6)= 

A2 +5A—6=0 (ase #0) 

(A-1)(A+6)= 

A= orEa6 

-m,_k e "m B p(x-k)= - 
P(X=7)=P(X=8)+P(X=9) 

e—mfl,? e—mmS e—-m"l‘) 

. e . 
7! 8! 9! 

  

  

  

m m’ 7! 
ST (multiplying by —'1—) 

m* +9m-72=0 

_ —9+/81+4x72 
7 2 

m=5.10 (reject negative valuc) 

&7 flg(x))= (x —x+5)+] 

=3ax’—-3x+16 

  

f(g(x))=0is a quadratic equation and 
has equal roots when A = 0: 

(-3)’—4x3ax16=0 

  

9-192a=0 

o 
64 

& a /< 

o 

€ 

b 

Figure 26S5.23 

  

  

 



  

     

     

  

i prom the diagram: 

a (.’E-Y)=9 
mnx=5' tan 2 5 a 

      

1( 1 

..tan(g‘x)zg}; 

( p From (a), 
1 1 1 

B ut)aeelit) s 
The roots of ax’ +bx +c¢= 0 satisfy 

tana+ta",3=’g 

¢ 
tanc tan ff = = 

Then 
1 1 _tana+tanf 
—t 
@no. tanf  tanctanf 

() 
c c 

a 

o P 
tana tan B tanotan 3 

1 a 

C@ i 
: 3 | 

Therefore an equation with roots ——— 
tano 

  

      

    

    

    

        
       

       

  

and is 
tan f3 

e g 
X +—x+—=0 

e iic 

or cx’+bx+a=0 

“a Substituting y = ax’ +bx into 
- yi-2y-24=0: 

| ‘_‘(axz +ch)2 —2(ax2 +bx)-— 24=0 

- a'x' +2abx’ +b*x* - 2ax* - 2bx-24=0    

Comparing coefficients with 

x'+10x’ +23x* =10x-24=0: 

x:a'=] el 

x': 2ab=10 2 

xt: b ~2a=23 ..(3) 

x':=2b=-10 ...(4) 

From(1),a=1or~-1 

From (2), whena= 1; 

2b=10 

When a = -1 

-2b=10 

= b=-5 

But from (4), b=5 

- b=-5,a=~11is not a solution. 

Checka=1,b=5in (3): 

5 -9 =123 

ca=1land b=5 

x"4+10x"+23x" ~10x-24=01is 
equivalent to 

y —-2y—24=0 

(y=6){y+4)=0 

y=6 or =4 

X 4+5x~6=0 

(x~1)(x+6)=0 

1 or -6 

or x' +5x=—4 

x‘+5x+4=0 

(x+1)(x+4)=0 

x=-1 or —~4 

Therefore the solutions are x = -6, -4, 

-1, 1 

" 

< 

i§ 
3 

   



jn\ X ldaw g 
COMMEN'Y 

‘ I v l!l | Wa can also solva the problenm 

P algebraically, using [v|™ v v 
| ? 
‘\.‘I Y= m () |U vl (" v) (v v) 

? ‘ 
juov vl From G Ve 86 

m Lhis is a geometric NeTies w 
ratio poe g 
l.\"' \l <l 

(th common 
A ltconverpes when   

Y 
U= jad = m Let S, = u, 4.4, where y, = 2,41 

Whenn o 1 
\ ) o) =Y - 

  e 2(1=r' 
yel and S, « ( ,) 

      
  

    

| = ¢ 

0.618 [ | (2 o So the statement is true for ;| 

Assume that the statement 15 (e for 

: 2(1-r") 
Figure 265.26 Graphs of y ‘x' x‘ and ne ks S, : 
y = | 

| = 

. : , Then for e k41 
From the hgurc,..\" A< 1 for \ \ , Opat B O kU 
0,618 <x <1,62, : 

2.(1 r ) . 
v =0 = uand vare perpendicular, e k2r 

The vector u—v is the diagonal of the 2=2r" 4 2r% ~ 2" 
rectangle, as shown in Figure 268,27, 1} 

) )’_I\il 

|=r 

Z(I 'r“'\) 

| =1 
v L | 

Flence the statement is true for n=k+1, 

The statement is true for n - 1, and if true 

for n =k then it is also true for 1= k+1, 

Therefore it is true for all ne ' by the 
= principle of mathematical induction. 

Figure 265.27 

2 GRS _ =y =l ]y = 2" 43" =13 
i : 

)7 stions crossi aplers finiidd 
     



      
   

    

   
    

     

    

    

     
        
      
     
    

      

  
    

e 
= —Xl:E_ 

6686 015 
b Toget the first six on the rth roll, he rolls r -1 non-sixes followed b we 

  

;;é:"fl:‘ pr o=\ 5e s o | _r— 

g 6 6 6 

B B e 15 
2 == 

This is a geometric series with first term = and common ratio E s0 

1 8 6 
5.=—2% 

1—— 

E _1/6 

| i 

@ m The sum is a gfometric series with first term 1 and common ratio x (which converges because 
' 1 

PERE)SSOB). X[ = —— 
Z‘ JEeX 

12, 17225 

Hence jo ;x dx= L T dx 

1/2 

= [—ln(l—x)]0 

m( : j+1 (1) =—In| — |+In 
2 

=In2 

) o sin[(A+B)x]-sin[(A-B)x] 

= sin(Ax + Bx)—sin(Ax— Bx) 

=(sinAxcosBx+siancosAx)—(sinAxcosBx—siancosAx) 

= 2sin Bx cos Ax 

b Let A=5and B=3 in part (a); then 

1 : 
sin3xcosSx=-2—(sin8x—sm2x) 

: 157 ] 
I sm3xcosSxdx=J'—sm8x——sm2xdx 

: 2 2 

1 1 
— ——_cos8x+—cos2x+c 

6 4 

3 § g s Gl el Tahd 

- 26 Questions crossing Cht



    

a2 m Need 1o express the volume V of the cone in terms of 6. 
s , e ' is [sin@. From the diagram, the height is h = lcos@ and the radius of the base 

| y 
"V . n(lsinQ) (lcos0) 

L 
f ‘rrl sin” Ocosl 

TR\ 
: 

5 | ' : : i 385, so the From GDC, the maximum value of y = sin’ Ocosl for 6 € (0, 5 ) is 0.38 ety possible volume is 

1 
VmM-4>3X(1385nl‘r(L4o3P 

COMMENT 
Although the maximum value can be found directly using a GDC, 
differentiation can also be used: local maximum of V occurs where P 0: 
T, 
3 I !“ (?. sing cos? 0~ sin3 ()) =0 

sin ()(2 cos? 0 - sin2 ()) =0 

sinf =0 or 2cos? 6 - sin? 0=0 

5 2¢0s8% 0 -sin? 0 = 0 [cs sin0#0for0 <@ < —g] 

9 
sin® 0 
ity 

cos'2 0 2 

tan? @ = 2 

s tan@ = 2 (ton6)>0 for 0<9<-T21) 

Hence, using a 1,v2, V3 right-angled triangle, cos = L 
: 3 At this value of 6, 

V---%TTI3 tan® 0 cos® 0 

=—]—n13x2x—]-— 
3 3J3   

a y=arcsinx = x=siny 

b -d'—\‘-:-cosy 
dy 

fions crossing chapters



      

1 
= s 

1-sin” y 

1 
= ) 

1—x" 

1 
NGX = m 2 sin.x 

dirinia e B oo, =——[(smx) j| (esex)=— 
. =2 =—(sinx) " cosx 

COSX 

sin” x 

1588COS X 

sinx sinx 

=—cscxcotx 

d b 2.3 

s.—cscxcotx =2./3 

i coszx s 
sin” x 

_cosx:Z\/g(l—COSZX) 

243 cos’ x—cosx—2/3 =0 

1441148 

R 
_ by 

  

COSX 

As|cos x| <1, only one solution is valid: 

J3 
COSX =——— 

  

= =) e (Sn) 
. SIn| — 

| 6 
; 51t .. the coordinates are (—6-, 2) 

@ 2 disan interior an 

  

COMMENT 
tis possible to cancel the fraction since 
x # =3 for the function to be defined. 2 

     
gle of o Parallelogram 0=n-20 

b a+bis the longer diagonal of he Parallelogram 

Using the cosine ryl 
with sides a’and]b 
between them, 

¢ in the triangle 
and angle ¢   

  

l““’r =‘“|1 +|b|2 —-ZIa“b[cosq) 
=1+1-2cos(n-26) 
=2-2(~cos20) 

= 2+2(2c0538—1) 

=4c0s°@ 

4 

Il 5 
e
 

D
 

re
— 

3 
R 

= 
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2 
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o
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Ry TP T A o T e D ' 
' g e o 4. ¥ 5 3 § ud b : & 

| a Let z=x+iy and w=a+ib; then 

(zw)" =((x+iy)(a+ib))" 

= (xa+ixb+iya~ yb)" 

= Xd~ yb—ixb~iya 

=(x~iy)(a-ib) 
- Z L w A 

A 

b Whenn=1: (z') =2*=(z*) 

So the statement is true for n = 1. 
# % ¥ 

Assume that the statement is true for n = k: (z") =(z*). 

Then for n=k+1: 

() =) 
-___(Z*)kz,‘. 

=(Z*)k+] 

So the statement is true for n=k+1. 

a p=P(X=1)+P(X=2) 

e 'y’ 

1 2 
Livad\ iy 

= + — (Il 2# )e 

. dp 
b Maximum of p occurs when 5 =0: 

(1+u)e‘”—(u+%u2)e'“ =0 

o\ e =0 
( 2”)8 

1—%#2 =0 (ase™™#0) 

  

  

<. ll=~/2 (choose positive root) 

The statement is true when n = 1, and if true for n =k then it is also true for n =+~ 

Therefore it is true for all integers n 21 by the principle of mathematical indu: 

 



        
       

      

   
   
    

           
      

     

     
      

    
      

     

       

    ‘ A : 

ke gy w0 b 
A 

A j" K 
“"m ‘1(‘\(““” 

h ¢ 

o' (cosdn isin W) 

\ h“(‘xk“ N ) l‘\ S“\ .‘\ 

Ic‘ sin v dy j |m((\w \”‘]d\ 

Im U Qi \l\) 

lm : A ) b 
1+ 3 

¢' (cosdn Hisiniy) 
lm : ¢ 

[+ .0 

er(cosdx Hisin3n)(1- 3i) 
lmL « \ )s. 

10 

¢! (sindx 3cos3y) 

10 
t ¢ 

b 
. s 

. % 

m a ln(,\"‘)-‘-z 2n ., so the transtormation is a vertical streteh with scale factor 2 

Inx 4 _ 
b log,,x= _so the transformation is a vertical stretch with scale factor : 

In10 
10 

d 1 dy 
m a —(In) ) = 

dy v dy 
'l 

b y=——— 
(2+5 .\)\/\ +1 

lny=ln(.\:*)-ln(.2+5.\")- ln(\/.\" e l) 

=4lnx-In(245x)- ln( 'y 1) 

d 4 5 X 
¢ B it wen 

d},(ll‘y) 
2 .*.l 

% 2+S5x X 

Y x 245x x"+1 

.d__y(i 5 X ) 

| dx X 2+Sx \+l 

  

  

x' (4 b ] 

(2+5x)\[:\ +1\x 2+5x x'+l   



  

‘ .'.ln(l+i)=ln[\/5e" J 

P =Inv2 +Ine? 

. =ln\/§+i—47E 

® 2P(X=x)=1 

e o LRI 

R
 

A
 

AT 
1
 

TV
 

s 
A
 

4 

gl e A 4 
} This is a geometric series with u, = = andr=p,s0S5_ = 1—5—; 

   



   
g the binomial expansion: 

| ’a ?E"}P'(PP)"' =(p+(1-p)) =1"= 
r 

s =0 

w y Setting X 

(1+1) =Z(':Jll 
re0 

(1) 
ra 

=1in(1+x)" gives 

" 
. 
. b Setting x=—1in (14x) 

r=3n 
r=0 

g 
m The length of an arc is [ =6, so need o 

find the radii OB, OB, OB, etc. 

OA=0B=1 

OA, = 0B, 

= A cosbt 

=1xcosf 

=cos0 

OA, =0B, 

=0A, cost 

= cosfx cos6 

=cos’ 0 

        

           

      

        

Hence the radii form a geometric 

sequence with first term 1 and common 

ratio cos6). 

AB+A B, +A,B, + ... 

= 1x0-+(cos0)0+(cos’ 0)0+ ... 

#(1+cose+cosz 0+ )6 

   

   
5 (......_..__1 - close je (using formula for S..) 

0 
< 

"i»l-cose 

  

0 1)=45 

{ commnt 
o Note that this says that reflecting the 

N . 15 o 
8 line y = i the x-axis is the same as 

- translating it up by one unit. 

  

      

    

gy (E) = (\/32)' =3 
3 

Using the binomial expansion: 
e 157) .. (o n(n 

rz(;(r)tan (;):Z]‘(rJy 

—(14+3) 
= 4" 

)y fx)=d 
S| f(x+1)-1=d "- 

ey 
(sincef(x)=d= f(x+1)=d) ? 

) =d+1 ] 

L 
i
t
 

A 
o
 

d cannot be positive, as this would 
mean thatd=d+1, > 

a0 A 

and so |d|=—d ‘ 

Hence —d=d +1 

2d=-1 3 
| 

d=-—— : > | 
5 
i 

Iy 'The equation f(x)=|f(x+1)|—-l says 

that translation by one unit to the left, 

followed by reflecting the negative part 

in the x-axis, followed by translation of 

one unit down, returns the graph to the 

original function.



   

   
   

    

   

    

    

     
   

          
    

By the same argument as in (a), the 
centre line must be at y= —l, SO 
e B The translation to the left must 
be by half a period, so b = 1. Finally, to 
retain the same shape after reflection in 
the x-axis, the original graph must not 
cross the x-axis, hence|d| < 4 

2 @ a y=e"+Lx 
e 

=e " -y +1=0 

This is a quadratic equation in e’; using 
the quadratic formula, 

exzyi\/y‘—‘i 
2 

| 2E e J}*‘*] 
2 

b Summing these two roots, 

o[ By k] S oty \/y e (Y__Y_‘*_] 
2 

yHyy -4 y— yl—4) | 
i ) 
i 

  

I E 
Il =%
 

»
M
»
h
 

a Let z=a+ib; then 

z* =(a+ib)’ =a’ +2iab—b’ 

- a’+2iab—b’ =i-1 

Comparing real and imaginary parts: 

Re:a’-b’=-1 ...(1) 

Im: 2ab=1 2) 

From (2), b=— 

Substituting int((l) (1): 

i ks ;-;" gl i 

stions crossing ch: 

     

     

      

  

  ol 
b w +2iw—i=0 

 —2itJ4+4i 

  
  

a Reflection in the line y = x exchanges x 

and y, so the coordinates become (y, x). 

The reflection in the y-axis makes 

the x-coordinate negative, so the new 

coordinates are (—y, x). 

Reflection in the line y = x followed by 
reflection in the y-axis results in 90° 
anticlockwise rotation about the origin. 

This maps (x, y) to (-, x), so the new 

equation is



       

      

    

[ commrN! : w/fgc;h:' (x) is one-to-one is needed 
The inverse function to exist. " er for the i 

    

To obtain the graph of y =||x|~1], the 

@ : =|x| is translated down b raph of y =|x| is . y 

ine unit and then the negative part is 

reflected in the x-axis: 

  

Figure 265.53.1 

  1 \/l] 

oW 1 1 1A 

Figure 26S5.53.2 

From the graph: 
2 1x1 

j_2||x|—1| dx 24(7): 2 

a |z—i|=|x+iy—il 

=‘x+i(y—1)| 

b |z-i|=|z+1] 

2 +(y=1) =y(x+1)7 +5 

X4y =2y +l=x +2x+1+ ) 
—2y=2x 

=X 

| COMMENT 
o We can also think about this problem 
- geometrically by noting that |z-1 is the 
- distance between the points representing 

- complex numbers z and i in the Argand 
" diagram, and |z +1 is the distance 
* between zand -1. So the points satisfying 
~ the equation are those which are at the 
| same distance from points i and -1, 

  . 26Questions 

   
     

  

    

     

        

   

     

   
    

   

   

  

   

    
      
       
   

    
  

Figure 26S.54 Points in the Argand 
plane that satisfy |z~ =|z+1, i.e. the 
line y = —x 

  

      

Figure 265.55 

This is the same volume as when the 
region between the graph of y =e* -1, the 
x-axis and the line x =1 is rotated around 
the x-axis. (The whole picture is just 
translated vertically by one unit.)



     

  

     

     

    

    

  

-%(x2—14x+38)S1 

Yy 

by=1la2- 14, +38) 

  

  

    3.58 10.3 

18152, 

  
Figure 26S.56 

From the graph on the GDC, the inequality is satisfied for 
2.76< x<3.68and 10.3<x <112, 

Hence the possible integer values of x are 3 and 11. 

a Thisisa geometric series with first term x” =1 and common ratio x. 
There are n+1 terms in the sum. 

1 n 5 l_er- 

o ZX o Sn+l = 
= l—x 

  

 



o
 

   

   

» Notice that the required expression is the derivative of the sum from (a). So 
e 

{42x 437+ X l:?‘;(1+x+x2+...+x") 

  

  

difil—a2 

Tdx| 1-x 

=—(n+1)x"(l—x)—(_1)(1__xn+1) 

(1) 
_ —(n+1)x" +(n+1)x" 41— " 

¢ (1-x) 

Slbnxt —(rz%-]li” 

| (1—x) 

150 eny 
  

(1-%)"  (1-x) 
Tt it 

(l—x)2 =% 

@ This is a geometric series with first term | and common ratio @. The sum of the first n terms is 

] 
S ) i a) ¢ 1 

n w_l 

Since the @ is the solution of z" =1, we know that ®" =1=0 and hence S, =0. 

A . 1 > £ Ry 

But @ =1 is also a solution of z" =1, and in that case S, =n. 

So the possible values of the sum are 0 and 7, 

a (2+i)(3+1)=6+2i+3i-1=5+5i 

b By considering the position of 5+5i in the Argand diagram, 

tanf=—=1 
5     

    

    

    
   

c.arg(5+5i)=arctan(l) = 

A
 | 
A 

1 3 ] 
¢ arg(2+i)=arctan—, arg(3+i)=arctan— 

argz, +argz, =arg(z,z,) 

1 i LT 
arctan(%)+arctan(§) =arg(2+1)(3+i)= = 

      
      

COMMENT 

As all the complex numbers in this question are in the first quadrant of the Argand plane, 
rawing a diagram isn't really necessary. However, do beware! When numbers are not in the 
irst quadrant, it is always worth drawing a diagram as the argument won't be as obvious.  
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5 

  

B a 1t  1+cos20+isin2g 
QY e ek e 1-c0s20—isin20 

:(1+c0529+is'm29)(1—c0529+isin20) 
(1—cosZG—isinZG)(l—cos20+isin29) 
(1+isin26): —(cos26)* el 1E 015 (€05 20 ) 8 
(1~cos26)’ +sin?20 

_ (1=c0s*20—sin? 20} +i(25in20) 
& 1-2¢0526+cos’ 20 +sin* 26 
_(I=1)+i(2sin20) 
 1-2c0s2041 

sin 20 

1—-cos260 
1+ 2i0 2i0 : 

Re[ eZie =0, Im G - :ane_ 
l—e e 1—cos26 

  

—_— 
—_ 

=0+i 

      

b Using double angle formulae: 
e i(2sin6cosB) icosd 
[ESeeio 

m When n=1. 

sin20 _ 2sinfcosO 

2sinf 2sin@ 

  

1—(1—2sin29) sin@ atd 

  

=cos@ 

So the statement is trye forn=1. 

Suppose that the statement is true for some 7= k: cos8+cos30+ ... +cos(2k 16 = % 
Then for n=k+1: 2sin@ 
cos0+cos36+ ... +cos(2k~1)0+cos(2(k+1)-1)@ 
_ sin(2k6) 
~ 2sin6 

_ sin(2k6)+2sinBOcos(2k+1)6 
7 2sinf 

sin(2k6)+25in6(c052k9c059—sin2k93in9) 
B 2sin0 

sin(ZkB)(l—Zsin2 6)+c032k9(2sin6c039) 
% 2sin@ 

sin 2k6 cos 260+ cos2kO sin 20 

i 2sinf 

_ sin(2k0+20) 
~ 2sinf 

sin(2(k+1)0) 
iEouno 

+cos(2k+1)6 
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sothe statement is true forn=k+1. 

e statement is true for n=1,and if true for n=k then it js also testor el 

: 'IherefOfe it is true for all n€Z" by the principle of mathe ‘ 

! not have been clear af first how 1o proceed in the 
=1 ou want fo get fo: in this case sin(2k +2)6 in the n 

| packwards should then show you the way chead| 

matical induction,        

    

proof, 5o it is worth thinking about 
umerator. Expanding this and working 

            

    

  

a Convert to modulus~argument form in order to raise to a power: 

i 
o 

A 
et 
a
0
 

S 
S 

g
t
 

S
R
S
 
W
 
i
l
 

- 
i
 

VX
 

|2+il=\/§, ai’g(2+i)=arctan(~;J 

S0, by De Moivre, 

(2+i) =(J§)” CiS(narctan( 12 J) 

L 
s b

l 
s 

    

     

- Re ((2.,.{)")::(\/5)" cos(narcmn( l/ JJ }i 

,i b 2+i=+/5¢is @ and 2~i = /5 cis(- 6), where 6 ;?,.(.1;}11(£J { 

} By De Moivre, 

* (2-i) =(V/5) cis (~n0) 

g So (241)" +(2-1) :(‘/g)n(c"”‘() #isinnd)+( '~/'i)”(m'm(l»-isin no) 

= 2( \/5 )n cosnt     
which is always real. 

         
COMMENT 

In general, (z*)' 

ons crossing chap!



   

  

  

  

¢ Differentiating from first principles: 

der e kb X 
dx(x )_Efl h 

x"+( ]x" lh+(;]x"_2h‘+ +h"—x" 
_m » ; 

n 2 n nx" 'h+(2Jx"°‘h2+ +h 

=lim 
h—0 h 

@ Usinga-a=|a|2,b-b=]b|2and]a|:|b|=x: 

(a+b)-(a+b)=6x 

a-a+b-b+2a-b=6x 

2x°+2a-b=6x 

a-b=3x-x’ 

Then, using a-bzfa“blcosO, 

3x—x* =|a”b‘c056 

= x X xcos6 

=x" cosf 

Since —1<cos@ <1, —x* < x’cosf < x° 

and so —x> <3x—x*<x’ 

yy=2 

  

      Ao s 

Figure 265.64.1 

From the graph on the GDC, y =3x—x" is between y=~x"and y = x’ for x > 
smallest possible value of x is 1.5. 

- ]5, SO the 

8
o
 
W
 

uestions crossi bfiPffi‘&T oo du v dd oy gl 2  



      

        

      

        
      
      
       

       

       

       
      
    

     
       

     
    
     

      

   

    

       

     

    
   

  

       
    
     
    

Then for n= k41 

F4 )= 0 
   MMENT 

C(’/’_:_c'sible to solve these inequalities      isalso pcglculotor: df_, 
};‘_"" wilhoui a : . = [) [)CI X (I)(x+].)+k)+Pk_]C’,x (p) 

B =P (p(x+1)+k+1) 
- 2 

P 
g :‘ o320 adi2sdx R0 . gi; 

1 _3x>0 and x(2x-3)20 50 the statement is true for y= k+1. 
@ g’ 

, 

50 and x< Olorix 2% 'lhc slal:cmcnt is true for n =1, and b ‘f‘ i 
lrfll'UL' for n =k then it is also true B or =t e 
Therefore it is true for allnez’ 

o x 2% (as x # O is given) by the principle of mathematical - 
induction. 1 Nonetheless, it is still advisable to o e consult @ graph when solving a quadratic Minimum point when f'(x)=0: 

inequality (such as 2;2 F-::]x > O);dwithout e ( px+] . l): ) 3 
tch or the quadratic is ‘ g o calculator, a ske L px+p+l=0 - needed. 

s 
If it is unclear where the solutions to L TR e 
two inequalities both hold (such as p : 
x20 and x<0 oer%), highlight them J3+1 

on a number line and look for the region 3 
where they overlap: Point of inflexion when f"(x)=0: 
z< 0 

  

  

[>(""(;)(.x+l)+2)=0 

e 3 
p+2 

x=—i= o p 3 
J3+2 ?: 

Figure 265.64.2 
& 

¢ The graph of y =e? (x+1) crosses ';, 
the x-axis at x=~1. It is negative for '_ : ey ng questions : 3 

-l X 2 x “ @ i By the product rule, Area=~j_762 (x+1)dx+_[_le2 (x+1)dx 

f(x)= pe” (x+1)+e" (1) Using integration by parts: 
=e™(p(x+1)+1 

(p( ) ) u=x+l=>d—u=1   

art (i) shows that the statement is dy it > 
forn=1 a:.gzzwzzei 

ssume that it is true for some n = k: 
(x)=p""e” (p(x+1)+k)



1 4 X 
=1 A “a ; 2 .:. 

+J e d.\'+[2e: (x+l)] —LZe- dx 

-1 

Area = [—Zes (x+ l)] 
b 

1
9
 

| 
=
 

5 [0+ 2e” (—1)]+[4e% ]’ +[2e(3)—0]—[4e } 

1 ol 
=—2¢ +[4e 2 —4e"j+6e—(4e—4e 3] 

COMMENT 

!t is always a good idea to sketch the function to be integrated on the GDC to check whether 
it goes below the x-axis, rather than just integrating between the limits blindly. If the function is 
negative for part of the interval, then the integration needs to be split up as shown here. 

  

a a P(Daniel gets heads)zé 

b P(Daniel gets tails, then Theo gets heads) 

qats] iend 
=—X—=— 

5SS 

¢ P(D gets tails, then T gets tails, then D gets heads) 

45417716 
=—X—-X—=— 

HED RS ] 25 

d The probabilities of Daniel winning on a particular throw are: 

P(first throw )= —;- 

P(second throw) = G) (l) 
5 

aNe 
P(thirdthrow)=(g (g) 

. 

. 

. 

  

R ; : 1 B 
This is a geometric sequence with first term = and common ratio (_) 

5 
The probability of Daniel winning is S_, which is 

1 

5 5 5 
Sm — Fty 5= =— 

1 4 ) 25116589 

5    



  

    
   

_1-P(Daniel wins) 

5 
=1-- 

9 

P 

P(Theo me) 

      
4      

       

          

        

   

      

   

    

    

    

   

     
   

e are assuming that the game eventually ends, so that there is no possibility of a draw. 

ere w 

M 

_This s the case because the probability of no one winning after n throws is P(n tails) = (EJ : 

hich ends to zero as n— <. 

   

  

    

Using the same argument as above, P(Daniel wins)=——"—— 
1-(1-p)° 

1fP(D wins)=2P(T wins), then since the two probabilitics must add up to 1, P(D wins )=~ 
3 

  

p 2 
i 
= 

o8 

3p=2—2(1—2p+p2) 

2p’—p=0 

p(2p-1)=0 

So p=-12- (asp#0) 

  

   

   

P a If f(x)isa continuous function on a single domain interval, then f(x)is not one-to-one 

because the gradient changes from positive to negative and back. A one-to-one function 

must be either increasing or decreasing throughout its domain. 

o = 4)= 6 

: 

f(£3)=f(4) 
o 

Translation by ; results in the function f(x—2)+3, and reflection in the x-axis gives 

 g(x)=-f(x-2)-3 

g (W)=-f(-2) 
and so ¢’(2)=—1"(0)=-7 

(cost9+isin9)" = cos(n@)+isin(n0) 
   

De Moivre’s theorem:    
oof by induction: 

     
ven n = 1: 
s@-+ising)' = cos(6)+isin(6)= cos(10)+isin(16)



  

Yo 
e
 

o
 

T
 

g
 

Assume that the statement is true for some n = k: 
(cosO+ isin 9)‘ = cos(k@)+isin(kO) 

Then for n=k+1; 

(cosO+ising)"" = (cos(kO)+isin(k0))(cosO+i sinQ) 

= cos(k0)cosO— sin(kO)sinO+isin(k@)cosO+i cos(kO)sin6 

=cos(kO+0)+isin(kO+0) 

=cos(k+1)0+isin(k+1)6 

Hence the statement is true for n =k +1. 

The statement is true for 1= 1, and if true for n = k then it is also true for n=k+1. 
Therefore it is true for all n e %' by the principle of mathematical induction. 
i, 

2 
] 10 1 r==le’l==<1 -3l 

1 
u=1,r= —Ee”), and the sum to infinity exists since |r| <1. 

: e k2 
= 1—(—!‘3")) 2+ei() 

D 

The required expression is the real part of the series from (b): 

| 
l——c050+lc0520—lcos36+ 

2 4 8 

  

A 

(2+cosO+isin9J 

2(2+cosO—isin0) 
= Re e et 

(2+cosB) +sin* O 

( 4+ 2cosO—2isinf J 

444cosO+cos’O+sin’6 

e(4+2cos€—2isin9) 

5+4+4cosé 

  

_4+2cos0 

544 cos6 

 



e. there are two stationary points, 

he series converges because the common ratio is r = cos x, so I <1. (Note that oo 

  
  

2 
/2 

: (1+cosx+coszx+cos3x+...)dxz"”t lcsc2 2l /3 ni3 ) 2 

/2 
X 

=|:—cot(—fl 

2 n/3 

(3)re(3) =—cot| — |+cot| — 

4 6 

=31 

o 1020 1028 57 ] 
EEp R o P o Sl 

Y o S 

e eyl 
=2" =52 +10z—-—+ - — 

zn 

{ - S5 S Rl 

stions crossing chapte  



  
  

b Let z=cosO+isin® 
1 5 PR oy Then ;—z =CosO—isin@ 

S 2= =cos0+isinf—(cosO—isin@)= 2isin0 
~ 

Similarly, 2" = cosk@ +isin k0 

and — = cosk@ —isin kO 
< 

. k l ey S 2" ——=2isink@ 
Z 

Regrouping the terms from (a): 

A ] 5 
(z——) =z —7—52“+7+102—}2 

2 Z Z < 

SRR 
Then, substituting in the above expressions for z"* — -l[ 

(2isin@)’ = 2isin560 —5(2isin30)+10(2isin0) : 

32isin’ O = 2isin 50 —10isin 30 +20isin 6 

32sin’ @ = 25in50 —10sin 36 + 205in 6 

; Jmsinsedgzj"’*_‘-(sinse—5511139+10sine)d9 
( o 16 ) 

  

  

n/2 

:__]_l:_cossg+5C0539—10c050] 
16 5 3 0 

WA ab s o “] 1 = — | ——cos—+—cos——10cos— [—— 

16|: BetifoiiBieaty 2180 
| 1 (—3+25-150 

- Lo T [ERRaG 2 
12 
240 

0 
15 

¥ 
: P e frossing OPIORSLY . i i = 

_l+§-10} 
B 

   



d Setx = 0.0 in (¢): 

Ofll‘flmfl 00001 

3 4 
101 

. ioa peomelric series with first 
| 

is li ?n‘?d common ratio d. (0,14 0.00033., )~ (0,005 4 0.000025) 

term 1 ¢ 
=0.10033,,. - 0005025 

% (),0953, ., 

0,095 (3DP) 

‘b. |—x+x%=x"+ ... is a geometric series 

with first term 1 and common ratio —x. 

Using the formula for S,_, 

1 ] 

1=(=x) 1l+x 
i ie dy il 

The series converges for |=x| <1, i.e. i 
) 

dx X 
<l . 

lxl Equation of the tangent at x = p is 

k=1 | 
),. lz\l) (\_' /!) 

[1 

Given that this tangent passes 
1 . “‘i \ ( g 

+x)____J' Hx through (0, 0); 
1+x I 

Inp=~(0-p) 
=j(1—x+x2—x3+...)dx from (b) P 

Inp=1 
1 2 1 3 1 4 . =x_5x +§x —Zx e C SLp=e 

iy ;,,'1-’-X+xz"'x3+---= Figum 260.92.1 G '\)[)’1 n[ y [y 

d 
—In(l1+x 
dx n( ) —1+x 

When x =0, 

In(l)=c 

weo=0 

Hence In(1+x)= 

  

be integrated term by term, which is true 
n this case, although the formal proof 
requires techniques of mathematical y=lnzx   

Figure 26L.9.2 Graph of y =Inx and 

the tangent line y = i X 
e 

- 26 Questions cro 
% 1 : 

S nag ¢ gleje D911 1M Wil 
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The line y = kv intersects the graph 
of y=Inx twice when its gradient k 
is smaller than the gradient ! of the : e tangent from (b); but the gradient 
needs to be positive, otherwise there 
will be only one intersection. 

1 
SO0<k<— 

e 

Dividing f(x) by (x~a)’ gives a 
polynomial g(x)and the remainder 
which cannot be divided. If the 
remainder is linear, R = mx+c, then 

(’;‘IE‘:;))I = g(‘\‘)+ 

mx+c 

(x~a)’ 
S f(x)=g(x)(x—a)’ +mx+c 

    

Using the product rule, 

f(x)=g'(x)(x—a) +2(x—a)g(x)+m 

Substituting x = a into the equations 
from (a) and (b): 

fla)=ma+c ..(1) 

f'(a)=m 2(2) 

Substituting (2) into (1): 

fla)=af"(a)+c¢ 

c=f(a)-af'(a) 

So the remainder is 

mx+c= f'(a)x+ f(a)—af’(a) 

= f'(a)(x~a)+f"(a) 

If(x—a)2 is a factor of f(x), then the 

remainder mx + ¢ equals zero for all x. 

This means that m=¢=0 

- f'(a)=0and f(a)=af"(a)=0 

For independent events, 

P(AmB)= P(A)P(B). But 

P(A)xP(B)=0.85x0.60=0.51 

P(ANB)=0.55 

so A and B are not independent events. 

Questions crossing'_cbgprf?fém‘ B A A   

b Require the probability that the 
building will not be completed on tim, 
(B’) given that the materials arrive on 

time (A): 

P(B’|A)=1-P(B|A) 

P(ANB) 
P(A) 

=0.353 (3SF) 

The total number of possible selections 
10 

is[ J=252. 
5 

The number of selections with two 

electricians, one plumber and two 

ol 
The required probability is 

2 o2 
D528 ] 

Let X be the number of hours worked 
by a random team member; then 

X ~N(42,0%) 

First we need to find G. 
X—42 

Let Z= ~N(0,1)   

P(X >48)=10% 
—42 

:P(Z>48 )zO.l 
o 

  

5 12816 (from GDC) 
O 

.0 =4.682 

Then 

P(both plumbers work more than 40 hours) 

=P(X >40)xP(X >40) 

=0.665" (from GDC) 

=0.443 

   



Setting n = 3 in the result of (b): 

sin 66 = T : cos8+cos36 +cos50 = .yme that time is a continuous 2sinf 
,wfiablel'hso "r*r:ore than ;g Zc])urs’ sin60 

er than, say, X 2> ST 
>40ra Y o 2sinf 

sin68=0 for0<66<67 

60=mn,2n, 3n, 40,57 

COMMENT 

Note that the result from (b} applies only 
when sin8 = 0, which is the case for all 
five solutions above, so they are all valid. 

c0s8+c0s30+cos30+ ... +cos(2n-1)8 

' (eia(l_ezuie) 

TR a Using several times the fact that 

\ k!(k+1)=(k+1)5 
( 216 
B n) (n n! ! 
e—io_e|9 + — e 

\ r) \r+l) rl(n—r)! (r+1)Y(n—r—1)! 

i 1—cos2n@—isin2n6 

  

nl(r+1)+n!(n-r) 

 (cos@—isin8)—(cos@+isinb) :_(Y_H—)W 

e(l—cosZnG—isinZnB) 
) 

g ~ (r+1)(n—r)! 

_Re(i(l—c052n0)+sin2n9) 
ey 

; 2y ~(r+1)(n—r)! 

206 
gl 

~ (r+1)(n—r)! 

n+l 

7 r+l 

‘. ning results in a nicer expression in b Whenn=1: 

nominator fo work with. 4 ) dv - du by theprodic nil 

dx dx dx 

    
—_— 

lfil)d_u 
Uik v 

0) dx (1)dx 

so the statement is true for n = 1.  



Assume that the statement is true for some n = k: 
dk k k di dk—i 

Q(UV)= ‘ZO‘( i )E(u)ak—_'(v) 

Then, for n=k+1, use the product rule for each term in the sum to differentiate this 

expression with respect to x: 

dk+l k dk I+1 dHl dk—l 

dx"+l 204[ J( dx‘ ] (V)+m(u)a‘xfl(") 

=[k ufl_{_dud Y . k F“,’E',f" dud“l J 

0\ dx*!  dx dx! 1)\ dx dx! dx dx* 

e o) s TN R e k| 2\ dx*® dx dx? dxk? 

A Y Gy k k\\du d'v k k) |d%u d™ ' —_—F.. 
o) R T o)t Jae e Tl L1 )T 2 ) ant 

k\ (k+1 
Now, using the result from (a) and noticing that ( 0] = ( 0 j = 

db o k+1 udk+lv+ k+1 d_”fli‘g, k+1 éz_udk"'v+ 

dx*! 0 G R 2 el ql 

which is of the required form with n=k+1. 

  

  

Hence, if the statement is true for n = k then it is also true for n=k+1. 

As it is true for n = 1, it follows that it is true for all integers n 21 by the principle of 

mathematical induction. 

X 
m Ifiti= tan? then 

  

  

  

  

  

ey 
sin” = 

1_ 

o e TN A =~ XeRn o 

laific 2 _ 2 2 e 
2 e X Rian X 

1550 sin?~  cos’ =+sin’ = 
1+ 9 2 2 

cos* = 

and 
T 

sin — 
2 2 

COS— 2sin—Ccos— 2 sinx 
2t2= Jetes 22 = ; =sinx 

1+t sin’ c +sin : 

1+ 

cos’ = 

  scrossing chapters . . .  



dt   

_J‘ 2t 2dt _I 2t 

1+t2 Tt VR g 

vchange the limits: 

~ when x=0,t=tan0=0 
n T 

nx=——,t=tan-—=l whe 5 1 

Wsinx o (! = o - or——dt [In(1+¢*)] =In2-In1=1In2 

Given that X =4, Z=5is equivalent to Y =1 

~P(Z=5|X=4)=P(Y=1]|X=4) 

But X and Y are independent, so 
-n_.1 

p(y=1|X=4)=P(Y=1)= el‘" ik 

1f Z = k, there are the following possibilities: 

=0, Y=k 
orX=1, Y=k-1 
or X=2, Y=k-2 

ek V=0 

'fl'hese are mutually exclusive outcomes, so their probabilities can be added; 

“and since X and Y are independent, the probabilities in each term can be multiplied. 

RP(Z=k)= ( =0)P(Y =k)+P(X=1)P(Y =k-1)+ 

-ZP )P(Y =k~-r) 
r=0  



  

e 

rl (k=r)! 
e~(m+u)mrnk-r 

T l(k—r) 
“-" : The faCtOI‘ e—(m+n) 

  

1s common to all terms in the sum from (b), so 
r. k-r P(Z:k —e (m+n)2 mn 

% 
r=0 r 

B 
e ~(m+n) & 

= k! e e AR A S 

K ri(k=r)! 
~(m+n) &k ke : 

mn oy ! il el {r 
e—(m+n) 

k! 

  

Il /(
b 

T 

  

(m+n)" 

This is the correct expression for P(Z = k) if Z ~ Po(m+n). 
   

  

     'l‘ 

In this kind of proof, 

COMMEN 

     

   

itis worth keeping in mind what we are working 
k . k kY = towards. We need to get an expression involving (m+n)" = Z(r]m Dt 

r=0 

l S, and since[’:J=L i issi » We were just missing a k!, which is why we . r!(k—r)! 

  

multiplied numerator and denominator by k!. 
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