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Introduction

This book contains worked solutions for all the exam-style questions that, in the Higher Level coursebook,
are colour-coded green, blue, red or gold. As a reminder:

Green questions should be accessible to students on the way to achieving a grade 3 or 4.
Blue questions are aimed at students hoping to attain a grade 5 or 6.

Red questions are the most difficult, and success with a good number of these would suggest a student is on
course for a grade 7.

Gold questions are of a type not typically seen in the exam but are designed to provoke thinking and
discussion in order to develop a better understanding of the topic.

Of course, these are just guidelines. If you are aiming for a grade 6, do not be surprised if occasionally you
find a green question you cannot do; people are rarely equally good at all areas of the syllabus. Similarly,
even if you are able to do all the red questions, that does not guarantee you will get a grade 7 — after all,

in the examination you will have to deal with time pressure and exam stress! It is also worth remembering
that these questions are graded according to our experience of the final examination. When you first start
the course, you may well find the questions harder than you would do by the end of the course, so try not
to get discouraged!

The solutions are generally written in the format of a ‘model answer’ that students should aim to produce in
the exam, but sometimes extra lines of working are included (which wouldn’t be absolutely necessary in the
exam) in order to make the solution easier to follow and to aid understanding.

In many cases the approach shown is not the only option, and neither do we claim it to always be categorically
the best or the approach that we would advise every student to take; this is clearly subjective, and different
students will have different strengths and therefore preferences. Alternative methods are sometimes given,
either in the form of a full worked solution or by way of a comment after the given worked solution.

Where the question has a calculator symbol next to it (indicating that it is for the calculator paper), the
approach taken is intentionally designed to utilise the calculator and thereby to minimise work. Students
should make sure they are familiar with all the calculator techniques used and, if not, the calculator skills
sheets on the CD-ROM accompanying the coursebook should be consulted.

When there is no symbol (indicating that the question could appear on either the calculator or the non-
calculator paper), the solution given usually assumes that a calculator is not available. Students should make
sure they can cope in this situation but also that they can adapt and use features of the calculator to speed up
the process. Perhaps the most common example of this is to use the calculator’s equation solver rather than
solving simultaneous or quadratic equations manually.

We strongly advise that these solutions be consulted only after having spent a good deal of time and effort
working on a question. The process of thinking about the problems encountered, even if a full solution
cannot ultimately be found, is really important in developing the skills and knowledge needed to succeed in
the future.

We hope you find these solutions useful and that, when used wisely in conjunction with the coursebook,
they lead to success in the IB exam.

Stephen Ward, Paul Fannon, Vesna Kadelburg, Ben Woolley
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'I Counting principles

Exercise
[ 12x4=48

a2 5%X6x3=90
b 6x(5+3)=48

¢ 5X6+5X3+6%x3=63

(7 5x3=15

a 58X68X61X65=15637960
12
b 15637 960x—=10104528

(0 26°x9=115316136

a There are 4 options for the journey to the
middle, then two possible directions (left
or right), and then a single choice of path
upwards. So the total number of possible
routes is 4X2x1=8

() a 15x4x12=720

b There are two cases:

« shirt is not pink = no constraints
on tie or waistcoat: 15X 4 X9 =540

« shirt is pink = tie not red, waistcoat
not red: 12x3x3=108

Total number of possible outfits is

540+108 =648

(1] a 5x4x3=60
b 5 =125

a 3'=81

b 5° =125

Exercise
(0 a 71=5040

b Number of arrangements with largest
book at one end: 2x6!=1440

So number of arrangements with
largest not at either end:
5040—-1440= 3600

a 51=120

b Require the final digit to be 5, so there
are 4! =24 such numbers.
(1 a 17!=35568 742809 600

b 16!=20922789 888 000

5!x4!=2880

(0 a 6l=720

b Require the first digit to be 1 or 2, so
there are 2! x5! =240 such numbers.

©0 301=265x10" (3SF)

m Because there are an odd number of red
toys, the one in the middle must be red;
then, on the left arrange two red and two
blue, to be matched on the right. The
following colour patterns are possible
on the left:

RRBB
RBRB
RBBR
BRRB
BRBR
BBRR
There are

T 6 colour patterns
Ix2!

available.

1 Counting principles
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Within each pattern, there are 5! x 4!
arrangements of the individual toys.

So total number of possible arrangements
is 5!x4!x6=17280

Exercise

0 L —u(n-1)=20

(n=2)!
n*-n—20=0
(n—5)(n+4)=0

=n=>5 (asn is a positive integer)

(n+1)! (n+1)(n)(n—1)=990

(n—2)!
=n’-n-990=0
From GDC, n=10

(0 nl—(n-1)1=16(n-2)!
Dividing through by (n—2)L:
n(n-1)—(n—1)=16
n’—2n—-15=0
(n=5)(n+3)=0
=n=>5 (forneN)

Exercise

n Choose 9 from 15:

15
( ]=5005
9

a Choose 3 from 7:

i

b Choose 2 from 6:

(b

2 Topic 1D Cou?ﬁngk’s?Jtecﬁogg %
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39
(6] (7j=15380937

Choose 3 boys from 16 and 2 girls from 12:

16 12
(3 jx(z )=560X66=36960

B Choose 1 goalkeeper from 3, 4 defenders
from 8, 4 midfielders from 6, and 2
forwards from 5:

3 8 6 5
X X X
1 4 4 2
=3X70x15x10=31500

a Choose 12 from 140, then 10 from 128,
then 10 from the remaining 118:

140) (128) (118
X X
12 10 10
=1.61x10* (3SF)

m a Choose 3 boys from 14 and 2 girls
from 16:

14) (16
(3 ]X(2j=364><120:43 680

b Choose 3 boys from 14, and for the
girls choose 2 from 15 (the 2 places not
taken by Roberta or Priya) and choose
1 from 2 (Roberta or Priya):

14 15
(3 jx[z ]x2=364><105><2=76440

m a Exactly 6¢ is spent if you choose 3 of
the 2¢ sweets from 7:

i

b Exactly 7¢ is spent if you choose 1 of
the 2¢ sweets from 7 and 1 of the 5¢
sweets from 5:

K
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¢ Exactly 10¢ is spent if you choose
5 of the 2¢ sweets from 7 or 2 of the 5¢
sweets from 5:

7\ (5
+ - |=21+10=31

d At most 5¢ is spent if you choose
1 or 2 of the 2¢ sweets from 7 or 1 of
the 5¢ sweets from 5:

Q[ )rrvaresess

9
a Choose 4 from 9: (4) =126

b Exclude the possibilities where all
questions are from the same section.
All questions from A: choose 4 from 5:

(-

All questions from B: choose 4 from 4:

B

- number of ways of choosing
at least one from each section is
126 —-5-1=120

To deliberately double-count: each point
connects to 14 other points
~.2n=15X%14
=n=15Xx7=105 lines

COMMENT

It is assumed that vertices of the triangles/

quadrilaterals can only be at the original
fen points and not at any intersections
created by lines joining these ten points.

-~

a Each triangle is defined by three points.
Number of different sets of 3 points =

10
7)o
3

b Each quadrilateral is defined by four
points.
Number of different sets of 4 points =

(10]
=210
4

With n people, each shakes hands with
n—1 others. This double-counts the total
number of handshakes.
~n(n—-1)=2x276
n*—n-552=0
(n—24)(n+23)=0
=>n=24

m Once the rows are determined, there is
only one arrangement for each row.

Choose 15 from 45 for the first row and
15 from 30 for the second row:

45 30 I 0
X =345%x10" x1.55%10
15 15

=5.35%x10" (3SF)

Exercise

o Numbers divisible by 5 range from 21 x 5
to 160 x 5: 140 multiples of 5
So there are 700—140 = 560 numbers not
divisible by 5.

COMMENT

Alternatively, 4 out of every 5 of the
numbers between 101 and 800 are not

divisible by 5, so there are %x 700 = 560
of them.

1 Counting principles 3
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P( There are 6 different letters.
Total number of permutations: 6!=720
f Number of permutations beginning with
‘ T:5!=120
. total number not beginning with T
720—-120=600

a Choose 3 from 10:
=120
3

) b Choose 3 from 22, then exclude the
choices of all chocolates: 3 from 12

u 22 12
| 5 =1540-220=1320

3

n There are 7 different letters.

a Total permutations: 7! =5040

Permutations beginning with KI”:
5!=120
.. total not beginning with ‘KI”:
5040-120=4920

b Permutations beginning with KI’ or
TK’: 2x5!=240
.. total not beginning KT’ or IK’:
5040—240=4800

Total committee possibilities:

| [ 21
=20349
5
Total all-male committees possible:
n 12
A 5 =792

... total committees that are not all male:
20349—-792=19557

n Total possible selections of 7 tiles:

26
( 7 ]= 657800

Total possible selections with no vowels:

(21)
=116280
7

Topic ]EEXC'L;SIOH \ngC|p|g_ '

/
n(

R
4

20

n

a

N -+ rl s

Total possible selections with one vowel:

21
[6 )X5=271320

.. total possible selections with at least

two vowels:
657800—-116280—271320=270200

22
Total possibilities: ( 6 ] =74613

Total possibilities with no women:
10

=210
6
Total possibilities with no men:
12
=924
6

Total possibilities with exactly one man:

12) (10
x| |=7920

.. total possibilities with at least 2 men

and 1 woman:
74613—-210—-924—-7920=65559

Among the integers 1-19, there are
10 odd numbers and 9 even numbers.

a No even numbers = choose 7 from 10:

(10]
=120
7

One even number = choose 6 from 10

10 9
and 1 from 9: ( 6}(( 1}:1890

Two even numbers = Choose 5 from
10 and 2 from 9:

B

.. choices with at most two even
numbers: 120+1890+9072=11082

b Total possibilities = choose 7 from 19:

19
( ]=50388
7

.. choices with at least two even
numbers: 50388 —-120—1890=48378



Total permutations: 6! =720

Total beginning with ‘D’ and ending with

T:4!=24
. total not beginning with ‘D’ or not
ending with ‘L: 720—24 =696

Exercise

6
0
®

m There are 7 different letters, consisting of

PP, =77519922 480
*p, =255024

°P, =504

P, =336

*p,x P, =3276000

n! n!
nP - ==
" (n-(n-1)) 1
Y n! n! n! |
" (n-n)l 00 1
'.'nPn—lznpn

3 vowels and 4 consonants.

Total number of permutations: ' P, = 210

Total number of permutations with no
vowels: ‘P, =24

. total permutations with at least one
vowel: 210—-24 =186

Other than James, choose 2 runners

7
from 7: ( j=21
2

Arrange 3 runners in medal positions:
3!1=6

In two-thirds of these arrangements,
James is in first or second.

2
Total valid arrangements: 21X 6x 3° 84

Case 1: Rajid not selected.

Choose 3 students from 17 and permute

17
them: ( 3 Jx3! =4080

Case 2: Rajid is selected.

Choose 2 students from 17, select one
post from two for Rajid, then permute
the other two candidates in the two

17
remaining posts: ( 5 jx 2x21=544

Total valid arrangements:
4080+544 = 4624

m 2nP3:6Pn

=2n(2n-1)(2n-2)= ¢!

(6—n)!

Since 6Pn isareal value,n <6

Since 2”P3 is a real value, n>2
Trying all possible values:
n=2: ‘P,=4#°P, =30

n=3: °P,=120="P,
n=4: *P,=336#360="°P,
n=5: "P,=720="P,
n=6: P, =1320%720="°P,

Son=3or5

Exercise

n Treating Joshua and Jolene as one unit,

permute 13 units, then internally permute

Joshua and Jolene:
13!x2=12454041600

Arrange the three blocks in 3!=6 ways.
Internally permute the members of each
class in 6! x 4! x 4! ways.

Total arrangements:
6X6!x4!x4!=2488320

Treating the physics books as one unit,
permute 7 units; then internally permute
the 3 physics books:

7!x3!1=30240

1 Counting principles
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i) R
P/( n The 13 Grays and Greens can be arranged
in13!=6227020800 ways.

There are 14 spaces in the line-up
(including the ends), and one Brown must
stand in each of 4 of these spaces.

14
There are ( A ] =1001 possible space

7 selections.

Then permute the Browns: 4! =24
Total possible arrangements:

) 131x1001x4!=1.50x10" (3SF)

a "P,=32432400
b

There are 9 possible spaces for the
leftmost friend to sit.

Total arrangements: 9x 7! = 45360

Treating the men as one unit, permute
6 units, then internally permute the
4 men:

6!x4!=17280

Treating all the men as one unit and
all the women as one unit, permute
the 2 units, then internally permute
the 4 men and internally permute the
5 women:

2IX4!x5!=5760

Permute the 5 women: 5! =120

Into 4 of the 6 spaces, insert one man,
and then permute the men: °P, =360

Total possible arrangements:
120x360=43200

23

Require a WMWMWMWMW
arrangement.

Permute the 5 women and the 4 men:
5!x4!=2880

n

a

4+ rl s

Mixed examination practice 1
Short questions
Choose 3 from 7 and permute them:

7 7
x3!="P, =210
3

Permute 5 units: 5!'=120

Permute 3 and permute 7: 3! X 7!=30240

00 9*=729
Total possible choices without restriction -
8
choose 4 from 8: (4} =70

Choices which contain the two oldest —
choose 2 from the remaining 6:

B

. choices not containing both of the
oldest: 70—15=55

(0 (n+1)1=30(n-1)!
(n+1)(n)(n-1)!=30(n-1)!
n(n+1)=30
n*+n—30=0
(n=5)(n+6)=0

~.n=5 (reject the negative solution n=—6)

There are 8 different letters, consisting of
4 vowels and 4 consonants.
Choose 1 of the 4 consonants to be the
first letter, 1 of the other 3 consonants
to be the last letter, and permute the
remaining 6 letters for the centre:

4 3
X|  [X6!=28640
1 1
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n*-n-210=0
(n—15)(n+14)=0
=n=15

(reject the negative solution n=—14)

Total possible choices without restriction:

15
choose 5 from 15: L s j =3003

Choices which are all girls: choose 5

8
from 8: ( j=56
5

. choices which contain at least one boy:

3003—56=2947

Total permutations without restriction:
6!=720

Permutations containing BE or EB:
permute 5 units and then internally
permute B and E: 5! x2!=240

.. permutations without B and E next to
each other: 720—240=480

Total possible choices without restriction:

12
choose 5 from 12: ( s ]: 792

Choices which contain the two youngest:
choose 3 from the remaining 10:

10
7)o

3
. choices not containing both of the
youngest: 792—120=672

Choose and permute 3 letters from 26:

26 26
31x| " |=*P,=15600
3

Choose 5 digits with repeats allowed:
9° =59049

. total possible registration numbers:
15600x59 049 =921164 400

Choose 1 from 5 to be the driver and

The drivers can be arranged in 2 ways;

Long questions
a Choose 1 of 2 places for Anya, then

permute the remaining 7:
5
[1]X7! =25200

COMMENT

Notice that the exact arrangement of
people in each row of the other seats is

irrelevant, since each seat is uniquely
identified. The answer would be the
same for a van with seats in a 2-2-2-2
arrangement, for example.

then choose 3 from 8 to go in the car:

y
2X =112
3

COMMENT

The specific people to go in the van need
not be considered, since after choosing
those to go in the car, the rest will go in

the van. Because [2] = [ij, it makes no

difference which vehicle is considered to
have the first pick of passengers when
making the calculation.

permute the other 4: 2x4!=48

b Total possible permutations: 5! =120
Permutations with Anya not at an end:
120-48=72

¢ With Anya at the left, permute the
other 4: 4!=24

With Elena on the right, permute the
other 4: 4!=24

1 Counting principles Zi
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Mixed examination practice 1
&, R

n y n
a ! : R

If both conditions hold, permute the
other 3:3!=6

To find the total number of possible
permutations, remove the double-
counted cases: 24 +24—-6=42

Unrestricted ways of sharing: 2° =32
Cases with all sweets to one person: 2
Cases with at least one sweet to each
person: 32—2=30

2°=32

Choose 1 sweet from 5 to be

(5
split: . =5

Choose 2 sweets from 4 for the first

! 6
person:|  |=

(Then the second person gets the rest
of the sweets.)

Total possible choices: 5x6 =30

Choose 8 seats from 14 and permute

14
the 8 people: ( . ]XS! =121080 960

Consider the people of the same family
as a single unit.

Choose 6 seats from 12 and permute
the 6 units, then internally permute the
3 people of the same family:

12
6 X6!x3!1=3991680

The person with the cough can sit at an
end seat with one empty seat next to it
or in a non-end seat with an empty seat
on either side.

Case 1: Choose an end for the cougher,
choose 7 seats from the remaining 12
and permute the 7 people =

12
ZX[ 7)><7!=7983360

sV

Case 2: Choose 8 seats from 12
and permute the 8 =

12
[ 9 jXS!: 19958400

Alternatively, choose 1 seat from
12 non-end seats for the cougher,
choose 7 seats from the remaining
11 and permute the 7 people =

12 11
( { }{7 jx7!=19958400

Total possibilities:
7983360+19958400=27941760

If the four slots are labelled 1, 2, 3

and 4, choose two of these to be the
positions for the ‘R’s (then the other
two will automatically be the positions
for the ‘D’s); this is effectively choosing

4
2 slots from 4, which gives (zj

By the same logic as in (a), n ‘Rs and n

2n
‘D’s can be arranged in ( ] ways.
n

To get from top left to bottom right

in a 4 x 4 grid, the miner must make

3 moves to the right (R) and 3 moves
down (D), i.e. in some ordering of 3 ‘R’s
and 3 D.

6
By (b), there are (3} =20 ways.

By the same argument as in (a), (n—1)
‘Rs and (m—1) ‘D’s can be arranged in

(n+m—2]
ways.
n—1
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12
Choose 6 people from 12 for one team: ( . j ways.

However, this will double-count, because choosing 6 people for one team is equivalent to
choosing the other 6 people for the other team, since the two teams of equal size are not
specified as A and B. 12

The total number of possible teams is therefore E( )

Choose 1 from 12, 2 from 12, 3 from 12, 4 from 12, 5 from 12 or the previous answer:
12 12 12 12 12} 1(12
+ T T T T ] |=2047
1 2 3 4 5) 2\ 6
Choose 4 from 12, then 4 from 8. But this will over-count by the number of rearrangements
of the 3 groups, i.e. 3!, so

12 8
x| |+31=5775
4 4

31
Choose 3 from 31: ( 3 ]= 4495

n
Choose 3 from n: (3] =1540

n(n—-1)(n-2) _ 1540

n’=3n*+2n—-9240=0
From GDC; n=22

n
Choose 3 from n: (3) =100n

n(n—-1)(n-2) _ Loon

n(n*=3n+2)=600n
n*—3n-598=0 (reject n=0)
(n—26)(n+23)=0

~.n=26 (reject negative solution n=-23)

4= Y / (& U 5 \V U UA L .Itgym}ng p_R!nCika 9
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" Exercise

a n inputs are sorted in kxn'?
microseconds.
1 million=10° inputs are sorted in
0.5 seconds=0.5% 10° microseconds.

w kx(10°) 7 =05%10°
kx10°=0.5x10°
k=0.5%x10"

O: =5x107*

9 V=xy? and when x=2y, V=128.
L (2y)xy* =128
y’ =64
y=4
Hence x=2Xx4=8cm.
m a Substituting A=81 and V=243:
V=kA"
243=kx(81)}

N3
243=k><(815)

23

243=kx9’
243 =729k

k==
3

R

10 Topic 2A qug of exponents PV g

y

Exponents and
logarithms

2350 =(27)50 —128% >125% =(53)50 _ g

COMMENT

This question lends itself to a comparison
where either bases (not possible in this
case) or indices can be made to match.
Alternatively, some standard
approximations can be used which,

if known, allow a different approach.

You may find it useful to know that
21°=1024 = 10% and

510=9765625 = 107. Then the following

working gives a proof:
21021024108

35 35
- 2350 — (2]0) > (-I 03) =1 0105

5'0=9.77x10° <107
_, 5150 =(5lo)‘5 <(] 07)‘5 10105

. 2350 > 5150

A
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47=phx 8"
axlog 4=log,b + xlog,8
2ax=log b + 3x
_ log,b
T 2a-3
Multiple solutions for x means that this is
an undefined value, so 2a — 3=0=log,b.

3
sa=—,b=1
2

Exercise

At 09:00 on Tuesday, t=0 and y=10.
Substituting:
y=kx1.l'
10=kx1.1°
k=10

At 09:00 on Friday, t=3.
- y=10x1.1°=13.31 m’

T=A+B><2_%

a Background temperature is 25°C, so as
x —> oo, T — 25.

X

Since 2 ¥ —0, T— A.

Hence A=25.

Temperature on surface of light bulb
is 125°C, so when x=0, T=125.
Substituting:

125=25+Bx2’

= B=100

r’r N a4 VRYY A~ <P
Air temperature 3mm from surface D(
of light bulb is 75°C, so when x=3, A

T=75. Substituting:

>

3

75=25+100x2 k

e N |~
Il
l\)I
| w
-

)
Il
)

= &|w
I I
w —_

b At 2cm from the surface of the bulb,
x=20 (mm), so

20

T=25+100%2 3
=26.0°C

°C

125 4

75

25

> X

3

Figure 2B.3 Graph of T=25+100x2 3

Ja  dx Z_Expoygni q?d |ogarithms 11
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. |
(A) D + a VY &Va N\ r'e 3 ™
Do D h=2-02x16""

=M

Figure 2B.4 Graph of h=2-0.2x1.6%%"

b When there is no fruit, m=0, so
h=2-0.2%x1.6=1.8m

¢ When m=7.5,
h=2-0.2x1.6">75=1.60m (3SF)

d The model was derived from data
which, from (c), gave a height of 1.6 m
above the ground at the harvest-time
fruit load of 7.5kg. Extrapolating so
far beyond the model to reach h=0 is
unreliable and likely to be unrealistic;
for example, the branch might simply
break before being bent far enough to
touch the ground.

=14+167 =1+ ——
y 16X -1

1
As x —> oo, T
16"~

The maximum value for y must occur
at the minimum value of x* -1,
which is when x=0.

—0andsoy— 1.

1
When x=0, y=1+—+=17, so the
16

maximum point is (0, 17).

- I~ —7

17

Figure 2B.5 Graph of y =1+16"

COMMENT

Some justification of how this graph could

be constructed is given here, but you
could just draw it on a GDC.

b When y=3:
3=1+16""
2=16""

1
16 =16

1
—=1-x
4

=10.866 (3SF)

xziﬁ
2

a Temperature T of the soup decreases
exponentially with time towards 20
(room temperature):

T=20+Axm"

When the soup is served, =0 and T=55,

555=20+Axm’
A=35
SN ] [[J - - 9
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Every 5 minutes the term A Xm* must
decrease by 30%, so m=0.7 and

k===0.2.
5

= T=20+35%0.7"*
When t=7,
T =20+35x0.7"*=41.2°C (3SF)

v =40(1-3°")
a When t=0,
V=40(1-1)=0ms!

b Ast— o, 3% 5 0andso
V—40(1 -0)=40 ms™!

Exercise

This is a very close approximation to e
(with less than a 7.5x107% error).

COMMENT

It might at first seem that this is far too
unlikely to be a mere coincidence and
that there must be some underlying

relationship, but this is in fact not the
case. The so-called ‘Strong Law of Small
Numbers' gives some insight into the
surprisingly regular occurrence of this
type of coincidence.

Exercise

a log,,(9x+1)=3

9x+1=10

9x+1=1000
x=111

r? s

log, V1—x :§

J1-x=38
Vi—x =2

1-x=4

x=-3

W=

00 InGBx-1)=2
3x—1=¢’
e’ +1

3

X =

B (log,x)’ =4

log, x =12

1
x=3%=9 or —

m log, x+log, y=6 ...(1)
log,x—log. y=2 ...(2)

(1) +(2):
2log,x =8
log,x=4
x=3"=81
Substituting into (1):
4+log,y=6
log, y=2
y=5"=25
Le. x=81, y=25

3(1+logx)=6+logx
3+3logx=6+logx
2logx=3

lo x—g
5 2

o lw

x=10
=10v/10 =31.6 (3SF)

2_Exporl1dent;s oV?d logarithms
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D ( log, 4=9

4=x°
fi x=4°=1.17 (3SF)

Let r be the Richter-scale value and s the
strength of an earthquake.

Since an increase of one unit in r
corresponds to an increase by a factor
of 10ins,

s=Cx10" for some constant C.

Let t be the strength of an earthquake
of Richter level 5.2:

t=Cx10*...(1)

For an earthquake twice as strong:

ok 2t=Cx10"...(2)

2t Cx10
(2)=(1): T X107
- 2 — 107‘—5.2
r—52=log2
r=log2+5.2=5.50
An earthquake twice as strong as a

level-5.2 quake would measure 5.5 on the
Richter scale.

COMMENT

The constant C is needed here as the
precise relationship between rand s is

Q/ not given, but it is not necessary fo find
the value of C to answer this particular
question.

14  Topic ZBlntro,dqu’gJogorLtbms /

A)p+ a !’ N ( YD O+ v

~ ™7 AN

Exercise

n 2lnx+1n9=3
3—-1n9

lnx=

a In50=1n2+In25

=In2+In5?
=In2+2In5
=a+2b

b ln0.16=ln(i)
25

22
+[)

=In2*-In5
=2In2-2In5
=2a-2b
n log, x=log, 2
log, x = log,2
log, x
(log, x)2 =1
log, x ==1
x=2"=2 or &
2

D +

w



a* =(ab)”

xlna=xylnab

x(Ina— ylnab)=0
Ina  Ina
Inab Ina+Inb

=x=0 or y=

b’ =(ab)”

ylnb=xylnab
y(Inb—xInab)=0

Inb Inb
Inab - Ina+1Inb

=y=0 or x=

x=0=a"=1,s0b” =1
and hence y =0
(since a,b>1)

~.either x=y=0 or x+y=1 b
na+In

B lo l+lo z+lo g+ +lo §+lo i
6, T8I0 T T I08 T8

=-1

o log b=log, a
Using change of base:
loga logb
(logb)2 = (loga)2
logb=t*loga
logh= log(ail)

b_ail

Reject b=a

b=a'=l

Inb+1na 1

r? s N\ ( ) m -+ /
<

Exercise

The domains are different; y=2log x
has domain x > 0 whereas y=log(x2)

has domain x # 0 and is equivalent to
y =2log|x|.

COMMENT

The rule of logarithms that log x” = plog x
only applies to positive x.

Exercise

N=100e"*
a When =0,
N=100e"=100
b When t=6,
N=100e%x°=48300 (3SF)

¢ N=1000 when
1000 =100e"**
e =10
1.03t=1Inl10
t= ﬁlnlo

=2.24 hours (3SF)

The population will reach 1000 cells
after approximately 2 hours and
14 minutes.

COMMENT

0.24 hours is 0.24x60=14.4 minutes.

Let N be the number of people who know
the rumour ¢ minutes after 9 a.m. Then
N can be modelled by the exponential
function N=Ae

2 Exponents. q?d logarithms 15




n y
D + a Vol V4 N\ ' 3 ™ 1

(4)

P(

At 9 a.m. 18 people know the rumour, so
when t=0, N=18:

18=Ae’
= A=18

At 10 a.m. 42 people know the rumour, so
when t=60, N=42:

1 42=18¢""
o8k — E
18
7
60k=1In—
3

k=ilnZ
60 3

=0.0141216=0.0141 (3SF)

Therefore N=18e%014!,
a At 10:30 a.m., =90,
y\ . N — 18690><0.0141 — 642

So 64 people know the rumour at
10:30 a.m.

b If 1200 people know the rumour, then
1200 — 18e0.0141t

e0.0141t — 1200
18
200
0.0141t=In—
b 3
1 200
= In—=2974
0.0141 3
Q/ So after 297.4 minutes (4.96 hours), i.e.

at 13:58, the whole school population
will know the rumour.

a P=32(e"012 1)
a 2 minutes=120 seconds
P(120)=4.96 units per second
(from GDC)

) —
16 Topic 2G So|v,ing %(Bgnenﬁvg«l‘equglions

2 B

="

Y &4
b £+1:e0.0012t
1 P
-.t:_ln(H_)
0.0012 32
1 7%x10°
P=7x10"=t= In| 1+
0.0012 32

=8327.6

So the experiment can be run for
8328 seconds, equivalent to 2 hours,
18 minutes and 48 seconds.

w

>t
Figure 2G.5 Graph of W = ke 0"

k
b 25% of the initial mass means W = Z
k

R k00
4

1
001
e ¢ =

S

e =4
0.01t=In4
t=100In4
=138.6 seconds

The block will be at 25% of its original
weight after 2.31 minutes.

COMMENT

138.6 seconds is 138.6 + 60=

2.31 minutes.

X L 1% / U U s
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4
In36* =Iln—
5

xln36:1né
5

COMMENT

The answer in the back of the coursebook,

i
1

fully simplified, form.

X =

7%: 3x49°7*
77 =3x (7))
7—x - 3)( 710—2x
7—x

710—2x

=3

7x—lO=3
x—10=log,3
x=10+log, 3

1~ =1 o

, is an equivalent, though not

“

r’s

\ ( YD+ v

—

B Let K (°C) be the temperature after
t seconds; then
K-22=Ae"
K(0)=98 = A=76

K(120)=94 = 72=76¢"120¢

-.b:—iln(ﬁjzo.ooma (3SF)
120 76

Hencet=—%ln(K_22)

A

1
50 K=78 = 1=—-t_in[ 2]
0.000451 \76
=678 (3SF)

It takes 678 seconds, equivalent to

11 minutes and 18 seconds, for the tea

to cool to 78°C.

a a y=>3"is always increasing and y=3 — x

is always decreasing, so their two
graphs can intersect at most once.

<

Since 3°< 3 - 0and 3' > 3 - 1, there

must be an intersection in [0, 1].

b From GDC, the intersection occurs at

x=0.742(3SF)

Mixed examination practice 2

Short questions
logS(\/x2 +49): 2

x*+49 =25
x*+49=625
x* =576
x =124
xﬂ/}

a log=Y*=logx’+log,[y —logz
z

1

=logx’ +log y* —logz

=210gx+%logy—logz
=2a+é—c
2

2__Exp029nLS aV?d logarithms

vV U -

17
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P(

J:

A) p+ a 7N (.-

b log+/0.1x =log(0.1x)*

=—log0.1x
(log0.1+logx)

( 1+logx)

1
& l\.)lv— NSRSl

_a-1
2

logZ

1
© B0 T lgIOO

_logy—logz
~ logl00
b—c

2

Inx+Iny’ =8
Inx’+lny=6

Inx+2lny=8 ...(1)
2lnx+lny=6 ...(2)
2%(2) = (1):

3Inx=4

Inx=—
3
4
e?

x=e*=3.79 (3SF)

Substituting in (2):

18  Mixed a(amir;oﬁoQ practice 2

D+ v —~ ~ -

p+ d

D7 AN

a y=lnx—ln(x+2)+1n(4—x2)
=ln(x(4—x2)]
x+2
( )(2+x) )

et =2x—x"

x*=2x+¢e’ =0

2%(-2)’ —4x1xe’
N 2
 244-4e’

- 2
242y1-¢
2

1-¢’

=1t

COMMENT

To approach this type of question, try to
rewrite it so that all terms involving the
unknown x have either a common base
or a common exponent.

23x—2 X 32x—3 — 36x—1

27x(2°) x37%(3?) =36 x36"

l><8"><i><9" :ix36"
4 36
(8><9)x_4><27
36 36

2*=3

In3
xX=—0

In2

X L _|1J / (¥ U

VAN

[



) Changing log, and log, into In: Long questions
log, b’ =c a Ast—o0,e* -0 andsoV — 42
= 2log,b=c When £ =0, V =42(1-¢°)=0
Inb
=2—=c ...(1) v
Ina L V=42
log,a=c-1
Ina
=>—=c-1...(2
Inb ‘ @)
(1) - (2 .,
b Ina_
Ina Inb Figure 2ML.1 Graph of V = 42(1-¢ %)
2 2
2(Inb) ~(Ina) =Inalnb b Whent=0, V=42(1-¢')=0ms
(Ina)’ +Inb(Ina)-2(Inb)* =0 ¢ Asi—ses, 02 50,
X -1
Treating this as a quadratic in Ina and Vo dZms
factorising: d When V=22,
(Ina—Inb)(lna+21lnb)=0
2 Ina=Inb or Ina=-2Inb 22=42(1—64'2t)
ie.a=b or a=e 2 =t —p2 = e 02 = 22
Y
Eut we arz gziven thata < b, so a # b and o 11 10
=h e =]—-——=—
encea=b"> 1 o1
10
9log, x=25log 5 -0.2t=In—
Using change-of-base formula: 21
9logx 25log5 O.Zt:—lnE:lng
= 21 10

log5  logx

21
t=5ln—=3.71s (3SF
(logx)2=§(log5)2 "o 5 (35F)
5 i%
logx=iglog5=log(5 )

. COMMENT
i, —
Sox=57

The graph in (a) can be drawn

immediately with a GDC; the answers to
9 Inx=4log e (b) and (c) can then simply be deduced

Inx =4 Ine from the graph without first calculating V
T when t=0 and the limiting value of V as
(lnx)2 =4 P eo.
Inx==%2
x:eiZ

: J
2_Exporl1dent;s oV?d logarithms 19
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20  Mixed a(qmir;a’rioQ’ practice 2

A) p + a r’s N ( 3
D ( a T=ka"

37000 tigers in 1970, i.e. when n=0,
T=37000.

. 37000 = ka’
k=37000

22000 tigers in 1980, i.e. when n=10,
T=22000.

. 22000=237000a"
alO — Q
37

22
a= 1,0/— =0.949 (3SF)
37

Hence T=37000x%0.949".
In 2020, n=50:
T=37000x%0.949"=2750

When T=1000:

1000 =37000x%0.949"

0.949" = L
37

1n0.949" = lni
37

nln0.949 = lni
37

lni
_ 37

" 1n0.949

so tigers will reach ‘near extinction’
in 2039.

Under the initial model, in 2000
(n=30) the number of tigers is
T=37000%0.949°=7778

The new model, T=kb™, has T=7778
when m=0, so k=7778.

Under this model (T=7778b™), there
are 10000 tigers in 2010, i.e.

when m=10, T=10000.

~AJ y

XY A

o TS AN D + a s

- 10000 =7778b"
§o - 10000

7778

f 10000
b=1 =1.025
7778

Therefore the new model is
T=7778x%1.025m.

The growth factor each year is 1.025,
equivalent to a 2.5% growth rate.
Iny=2Inx+In3=In(3x")

= y=3x"

(Note that x > 0 for the original
relationship to hold.)

Iny=4Inx+6
=ln(x4)+ln(e6)
=In(x"e’)
= y=e’x"

Iny—-2=3(x-1)

Iny=3x-1

= y=e*"

e’ =4x’

:>y:ln(4x2)=ln4+21nx

So the graph of y against In x is a
straight line with gradient 2.

A ﬁj_/ / u (¥

A\
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3 Polynomials

Exercise

a Factorised form is more useful for
finding roots; expanded form is more
useful for evaluating the y-intercept and
for comparing, adding or subtracting
polynomials.

a Yes; the term in x" is unaffected by
adding a lower-order polynomial.

b No; if the lead coefficients have a zero
sum, then the sum of the polynomials
will not have a term in x", so the
resultant will be of lower order.

For example, the sum of the third-
order polynomials f(x)=x"—2x and
g(x)=3+x-x"is f(x)+g(x)=3-x,a
polynomial of order 1.

Exercise

COMMENT

It can be helpful in questions to label a

function as f(x) or g(x), so that evaluating
at particular values of x can be clearly

described.

n f(x)=6x"+ax’+bx+8
By the factor theorem:
f(-2)=0=-48+4a-2b+8
4a-2b=40
=b=2a-20 ...(1)

By the remainder theorem:
f(1)=-3=6+a+b+8
=a+b=-17 ...(2)

Substituting (1) into (2):
3a—-20=-17

sa=1,b=-18

f(x)=x"+8x"+ax+b

By the factor theorem:
f(2)=0=8+32+2a+b
—=b=-2a-40 ...(1)

By the remainder theorem:
f(3)=15=27+72+3a+b
=3a+b=-84 ...(2)
Substituting (1) into (2):
a—40=-384

sa=—44, b=48

(D fx)=x"+kx—8k

By the factor theorem:
f(k)=0=k>+k* -8k
2k* -8k=0
k(k—4)=0

k=0 or k=4

3 Polynomials
v - L —1 A —

<2
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n y n

L a ., - -
(A\ R
Pl f(x)=x*—(k+1)x-3
f By the factor theorem:

f(k=1)=0=(k-1)" =(k+1)(k-1)-3
k*—2k+1-k*+1-3=0
—-2k—-1=0

] akz—z

X) 00 f(x)=x"—ax*~bx+168

a By the factor theorem:

L f(7)=0=343—-49a—7b+168
=>b=-7a+73

Also,
f(3)=0=27-9a—3b+168
=9a+3b=195
~.9a+3(-7a+73)=195
—12a=-24
=a=2,b=59

b f(x)=(x=3)(x=7)(x~k)

Expanding:
P f(x)=x"-(10+k)x*+(21+10k)x— 21k
Comparing coefficients:
x*:10+k=a=2=k=-8
x':21+10k = —b =—59, consistent
with k=-8

x": =21k =168, consistent with k = —8
So the remaining factor is (x+8).

COMMENT

Only one of the coefficient comparisons
was needed to find the final factor;

however, it is good practice to quickly

L verify — whether written down in an exam
L solution or not — that the other comparisons
are valid, to check for errors in working.

B

22  Topic 3B Remainder and factor theorems
e emaInagy &) 2N D) V(¢
‘ 1

O0 f(x)=x+ax*+9x+b
a By the factor theorem:
f(11)=0=1331+121a+99+b
=b=-1430-121a

By the remainder theorem:
f(-2)=-52=-8+4a—18+b
= 4a+b=-26

.~ 4a—-1430-121a=-26
—117a=1404

=>a=-12, b=22

b By the remainder theorem, the
remainder when divided by (x—2) is

f2)

f(2)=8+4a+18+b
=8-48+18+22=0

That is, (x—2) is a factor of f(x).

() f(x)=x+ax’+3x+b
By the remainder theorem,
f(-1)=6=—1+a-3+b
=a+b=10
The remainder when divided by
(x—1)is f(1):
f()=1+a+3+b=1+3+10=14

COMMENT

There are two sensible approaches here.
You may recognise that the given
quadratic factorises readily into
(x-2)(x-3), so it would be possible to
apply the factor theorem to the cubic and

solve f(2)=f(3)=0 to find a and b.
Alternatively, propose a final factor
(2x — k), chosen to ensure that the lead
coefficient will be correct, and then
expand and compare coefficients. Both
methods are shown below.

A o e




Sl
f(x)=2x"-15x*+ax+b Exercise
Method 1: Repeated root at x =2, single root at
x =3; y-intercept at 24.
x"=5x+6=(x=3)(x~2), so both (x~2) Negative cubic shape.
and (x—3) are factors of f(x).
Y
By the factor theorem: )
f(2)=0=16—60+2a+b
=b=44-2a
24
Also,
f(3)=0=54-135+3a+b
= 3a+b=81 - S ez
~.3a+44—2a=81 -
=a=37, b=-30
Method 2:
f(x)= (Zx—k)(x2 —5x+6)
=2x+(~k-10)x* +(5k+12) x — 6k Figure 3C.7 Graph of y = 2(x +2)%(3- x)
Comparing coefficients: B a Repeated root at x =3 = factor of
2
x*:2=2 (x-3)
Single root at x = -2 = factor of (x+2)
x*: —15=-10-k=k=5 sy =k(x=3) (x+2)
_ 3 2
x': a=5k+12=37 =k(x" =42 -3x+1)

y(0)=36=18k= k=2
x": b=-6k=-30
sy=2x"—8x—6x+36

COMMENT

Although the two methods are of similar
difficulty, the first requires that you spot b
the factors of the quadratic quickly, which

ie.p=2,q=-8, r=—6, s=36

Repeated root at x =0 = factor of x’

is not needed for the second method. The Single root at x = 3 = factor of (x —3)
second method also produces the final

factor, which may be useful in a multi-part sy =kx*(x-3)

question.

y(2)=4=-4k=k=-1
Ly=—x"+3x"

Le.p=-1,q9=3, r=5=0

3 Polynomials
oL Py L 2 A AN T . L Y G Polypomigls 23
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o e xog' = (A g ) (¥ -1 Exercise

f = (x2 +q’ )(x tq )(x -9 ) Equal roots when discriminant is zero:
[ b Roots at x = +q only; A=b*—4ac=0
y-intercept at—q". (—4)* —4xmx2m=0
Positive quartic shape. Even function )
(reflective symmetry about the y-axis). 16—-8m"=0
Y m2 =2
‘ m=12

a Tangent to the x-axis implies equal roots,
so discriminant is zero:

A=b"—4ac=0
- q = 2
1 (2k+1)" —4x(=3)x(~4k)=0
-¢' 4k +4k+1-48k=0
4k* —44k+1=0
. 44144 —4x 4x1
Figure 3C.9 Graph ofy = x* - ¢* B 2% 4
44++/1920
m a Repeated root at x = p, single root at L
X = g; y-intercept at —p’q.
Positive cubic shape. eI J30
2

Yy

A

For a quadratic to be non-negative (> 0)
for all x, it must have at most one root,
so A<0 and a>0.

b’ —4ac<0
(-3)° —4x2x(2¢-1)<0
9-16¢+8<0

17

c=>—
16

Figure 3C.10 Graph of y = (x — p)?(x — q]

b From the graph, there will be only one
solution for y=k when k>0.

24  Topic 3D The ;quq({gqﬂc formula and the ?_i;(ﬂnaij\ontx VA —p d _a .,



COMMENT

Note that A<O is not sufficient in general
for a quadratic to be non-negative. The
condition a>0 is also necessary to ensure
that the quadratic has a positive shape
(opening upward) rather than a negative
shape (opening downward), so that the
curve remains above the x-axis and never
goes below it, as would be the case if
a<O0. In this question a was given as
positive (2), so we did not need to use
this condition at all.

B No real solutions when A<O0:

(—2k)’ —4x1x6k <0
4k* -24k <0
k(k-6)<0

0<k<6

a No real roots when A<O0:
(k+3)" —4xkx(-1)<0
k* +10k+9<0

(k+9)(k+1)<0
—9<k<-1

m At least one root when A>0:
m* —4xmx(=2)>0
m(m+8)>0

m<—8 or m=0

m For a quadratic to be negative for all x,
it must have no real roots, so A < 0 and

a<0.
b* —4ac<0
32 —4xmx(-4)<0
9+16m<0
9
m<——
16
A — 1

COMMENT

The condition a < O ensures that the

function is negative shaped and therefore

remains below the x-axis. In this case

a=m, and it followed from the condition

on A that a < 0, as seen in the answer.

The two zeros of ax” +bx +c are

—b++b*—4ac nd —b—+/b*—4ac
2a '

2a
The positive difference between these

Zeros is

—b++b*—4ac _ —b—+/b*—4ac
2a

2a

2Jb* —4ac
2a

Jb* —4ac

a

So, in this case,

2_

k*—12=69
k* =81
k=49

COMMENT

Note that modulus signs were used in
the general expression for the positive

distance, as a could be negative.
Here a=1 and so the modulus was
not required in the specific case in this
question.

3 Polynomials
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P/ Mixed examination practice 3~ 8 f(x)=(ax+b)’

Short questions By the remainder theorem:
f Roots at x=k and x=k+4 = line of f(2)=8=(2a+b)’
symmetry is x=k+2 (midway between —2a+b=2
the roots). oo
So the x-coordinate of the turning point —0=smaa
is k+2. Also,
[
3
« Negative quadratic = a is negative f(=3)=-27=(b=3a)
) « Negative y-intercept = c is negative =b-3a=-3
. 2 _
« Single (repeated) root :>bb —4ac=0 2 2a-3a=-3
l’l « Line of symmetry x =— 2 is positive -5a=-5
= b is positive (as a is negative) =a=1,b=0

f(x)=x’-4x*+x+6

- — - a f(2)=8-16+2+6=0, so by the factor
Expression | Positive | Negative theorem, ( x—2) is a factor of f( x).

v b f(x)=(x- )(x +ax+b)
d =x"+(a-2)x*+(b—2a)x-2b

TABLE 3MS.2

Comparing coefficients:
x*:ia-2=-4=a=-2

p x':b-2a=1=b=-3
Repeatzed root at x = -3 = factor of x’: —2b=6 is consistent with the value
(x+3) found above.
| 's Single root at x =1 = factor of (x—1)
COMMENT
X, Single root at x = 3 = factor of (x~3) The final coefficient comparison is useful
- 2 for checking the validity of the solution.
X ry=k(e+3) (x=1)(x-3) Always be thorough and compare all
- k(x4 +2x° —12x2 —18x+27) coefficients, even if you do not write

down the check as part of your answer.

y(0)=27=k=1

Ly=xt42x’-12x7 —18x+27

Soa=1, b=2, c=-12, d=-18, e=27 =(x=2)(x=3)(x+1)

D

26  Mixed examination practice 3
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¢ Roots at x =-1, 2, 3; y-intercept at 6. B Equal roots when A=0:
Positive cubic shape.

b’ —4ac=0

(k+1)* —4x2kx1=0

k> —6k+1=0

/32
a _S V32 =3+22
2
a No real roots when A<0:

k*—4x2X6<0
Figure 3MS 5 Graph of k2 <48
f(x)=x S _4x®+x+6

= 43 <k<43

a f(x ax+b
By the remainder theorem: m At least one real root when A>0:
f(2)=16=(2a+b)" (2k+1)" —4x1x520
2a+b=12 (2k+1)">20
=>b=12-2a
Al o 2k+12245 or 2k+1<-245
s0,

1 1
f(-1)=81=(b-a)’ :>k£—5—\/§ or k2—5+\/§
=b-—a=13

_ .3 2
~12-3a=3 or 12-3a=-3 m f(x)=x"+ax*+27x+b
18 5 4 =(x+k)(x*—4x+3
Hence (a,b):(——,—), (——,—), (x )(x * )
33033 = +(k—4)x> +(3- 4k)x +3k
5 4 1 8
(—,——), (—,——) Comparing coefficients:
3 3 3 3 3
x :1=1
Repeated root at x = a, single roots at ,
x=b and x = ¢; y-intercept at a’bc <0. xra=k-4
Positive quartic shape. x':27=3-4k=k=-6
y 0
x :b=3k=-18
sa=-10, b=-18
a
abe See Exercise 3B question 11 for an
alternative method using the factor
theorem.

Flgure 3MS 7 Graph of

= (x—a)?(x = b)(x - c) forb<O<a<c

PV 313 Po|womi1|s
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D ( a Roots of x> —kx+(k—1)=0 are

7 ktyki-4(k-1) k+k>—ak+4
A =

Long questions
a y(0)=-a, so y-intercept is (0, —)

2 2 b Completing the square:
2 =T 4
ki(k-2) | |
=, . axis of symmetry is x==
=k-1 or 1 ¢ By the remainder theorem, the
remainder is
no=k-1, B=1
2 2
1= 2]+ 2 ]-a=%>0
b ol+p =17 o)) )
(k=1 +1=17
K —2k+2=17 d By the remainder theorem,
k*=2k—15=0 y(a)=-9=a’+ab-a
(k=5)(k+3)=0 @ +(b-1)a+9=0
k=5 ork=-3 This quadratic must have at least one
Discriminant is real solution for 4, so discriminant
A=>0:
A=(k=2)" —4xkx(-2) i
= k* —4k+4+8k (b-1)"~3620
=k +4k+4 (b-1)" 236
b—1<-6 or b—126
=(k+2)’ of
sb<-50r b27
A >0 for all values of k

= q(x) has at least one real root for any

value of k.
Require x° —kx +2 >0 for all x, i.e. the

quadratic x* —kx+2=0 has at most one
real root

~A=k*-8<0
k*<8

22<k<22

28  Mixed a(amir;oﬁoQ/ practice 3 pNg x L —p d _a
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For exactly two roots, there is either (A
COMMENT a repeated root at 2 and a single root {
As an alternative, more direct method, elsewhere or a single rootat 2 and a

rearrange the equation in a and b to find repeated root elsewhere.
b in terms of a: Let g(x)=x"+px+5

9=0"+ab-a If g(2)=0then 9+2p =0, so p=—% 1

If g(x) has a repeated root then the ~

Plot the graph of this rational function on discriminant is zero: d

the GDC: p=20=0 1
= p=125

- f(x)has exactly two roots when

p=—§ or +24/5

¢ 'The middle value of p found in (b) is
—24/5. In this case,

f(x)=(x—2)(x2—2\/§x+5)

2
. =(x-2)(x=5)
Figure 3 ML.T Groph ofb =1-a- a Repeated root at x = /5, single root at

Then the range of b can be read from the X =2; y-intercept at ~10.
graph. Positive cubic shape.

9

It would be appropriate to include a sketch y
in your solution fo justify this method. |

/—\T/' X j
2 5
a f(2)=8+4(p-2)+2(5-2p)-10=0
So by the factor theorem, (x—2)is a
factor of f(x), irrespective of the value

of p.
b f(x):(x—Z)(x2+ax+b) _10]
=x"+(a-2)x*+(b-2a)x-2b
Comparing coefficients: Figure 3ML.2 Gropg of n
x:1=1 f(x)=(x—2)(x—\/§)

*ipm2mam2=anp a x’+4x+5=(x+2)"+1>0 forall
x':5-2p=b-2a=b=5 values of x,

The numerator of the rational function
is never equal to zero, hence y # 0.

x': —10=-2b is consistent with the
value of b found above.

o f(x)=(x=2)(x*+ px+5)

: J
3 Polynomials 29
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P/ b Vertical asymptote where denominator
is zero: x =—2

f ¢ (x+2)y=x"+4x+5
x2+(4—y)x+(5—2y):0

(y-4)£(4-y) -4(5-2y)
2

Z _ytr-4

2

X =

d For real solutions of x, require
y —420
ie y’>4
SLyS=2ory22

e Vertical asymptote at x =—2
Range excludes the interval -2, 2[
(

3 C(x42) 41

1
| = =(x+2)+——
4 x+2 ( ) x+2

As x — oo, y = x+2, so the line
y=x+2 is an oblique asymptote.

n
\/ lx=-2

x2+4x+5

Figure 3ML.3 Graph of y = 10

COMMENT

Finding oblique asymptotes is not

expected within the syllabus; plotting
/ rational functions is covered in depth in
Section 5F.

30 Mixed a(qmir;a’rior\ll practice 3

N
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00 flx)=x'+x7+x7 +x+1
a f(1)=1+1+1+1+1=5
b (x—l)f(x)=(x—1)(x4+x3+x2+x+1)
=x"+x" +x0+x7 +x
—(x4+x3+x2+x+1)
=x" -1
¢ Rootat x =1, y-intercept at —1.

Quintic shape: graph of y = x°
translated down one unit.

Y

>
1

Figure 3ML.4 Graph of y = x° -1

d From Figure 3ML.4, y = x° —1 has
a single real root at x =1, and so
(x—1) f(x) has a single factor (x—1).

Therefore f(x) has no linear factors
and hence, by the factor theorem,
f(x)#0 for any value x.

X L I / U U s
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4Algebraic structures

Exercise
0 (x-1)""=1

3x—1=1
or 3x—1=—1 and x*—4iseven

or x’=4=0 and 3x-1#£0

2
i.e.x=§ or x=0 or x=%2

x|x| =4x
x(|x-4)=0
=x=0 or |x]=4

Sx=0 or x=14

Exercise

9(1+9")=10x3"
9°+9-10x3" =
(3*)?=10(3*)+9=0
Let u=3~
u’—10u+9=0
(u-1)(u—9)=0
u=1 or u=9
~3'=1 or 3'=9

x=0 or x=2

(@*)—6a"+5=0
Letu=a":
u—6u+5=0

(u-1)(u—5)=0

u=1 or u=5

sa'=1 or a =5

x=0 or x=log,5

log, x=6-5log, 2
log2x=6—5£§—ji
(log, x)* —6log, x+5=0
Let u=log, x:

u'—6u+5=0
(u—-1)(u—=5)=0

u=1 or u=5

s log,x=1 or log,x=5

x=2"'=2 or x=2°=32

COMMENT

Instead of changing log, into log,, the

opposite could have been done, or both
log, and log, could have been changed
to log (base 10).

4 tAl@bﬂrcic structures
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f y=xlnx

In x ceases to be defined at x =0; as

x = 0, xIn x = 0, so there is no vertical
asymptote, but there is an empty circle at
the origin and no graph for x < 0.

As x gets large, both x and Inx continue
to increase, so there is no horizontal

asymptote.
) xIn x=0 when x =0 or In x=0. The first
root has already been eliminated, so the
I’t only root is x = 1.
Y
)
o)
Q L > T
(0.368, -0.368)

Figure 4C.2
y — e_
Inx

Inx =0 at x=1, so there is a vertical
asymptote at x = 1.

Inx ceases to be defined at x =0, and as
| E x — 0 from above, Inx — —oo, so the

graph terminates with an empty circle at
the origin.

For large x, e* increases more rapidly than
In x, so their ratio increases and there is
no horizontal asymptote.

23

y =0 when e* =0, which has no solutions,
so there are no roots.

The exact value of the minimum is best

found using a GDC, but from the above

Z we can be confident that there must be a
single minimum at some x > 1.

D <, .
32 Topic 4C FeaI;Jres QI -graphs

20

Yy

)
I
I
. (1.76,10.3)
| =
I
|[x=1

Figure 4C.3

X X

e e
e* #0, so there is no vertical asymptote.

O P ) BE R €A (o)

For large positive x, e" increases more
rapidly than any polynomial in x; so as
X —o0, ¥y —0.

For large negative x, " — 0 and the
numerator is positive, so y — .

y =0 when x=0 (double root) or x ==+3.

Exact values for local minima and
maxima are best found using a GDC, but
from the above we can be confident that
there must be a minimum in |-3, 0[ and
one in ]0, 3[, and maxima at the origin
and in |3, oo|.

Y

Y
(5.07, 2.70)

T~ .

-3 (1.42, -3.40)

(not to scale)

(—2.50,|—209)

Figure 4C.4



Exercise

xInx=3-x"

The graphs of y=xInx and y=3—x’
intersect at one point.

From GDC: x =1.53 (3SF)

For Inx = kx to have exactly one solution,
the graph of y = kx must be tangent to the
graph of y=1In x.

Y
)

y=2kx

Figure 4D.3 Graphs of y=kxand y = Inx

a Inx’=2Inx, so Inx* = kx is equivalent
k
tolnx= Ex, which will have two
k
solutions since the line y = Ex has a

smaller gradient than y = kx.

X

b ln[lj =Inx"'==Inx, so

ln[ l] = kx is equivalent to Inx =—kx,
X

which will have one solution, since
there will be an intersection in the
lower right quadrant.

C lnﬁzlnx% =%lnx, s0 In/x = kx

is equivalent to Inx = 2kx, which will
have no solutions since the line y =2kx
has a greater gradient than y =kx.

/P(

Exercise

Substitute y =8—x into the circle
equation to find the intersections:

x?—6x+(8—x) —2(8—x)+2=0
2x°—=20x+50=0

x*=10x4+25=0
(x=5)*=0
Sox=5

There is a single solution (5, 3), so the line
is a tangent to the circle.

COMMENT

Instead of solving the equation, it
would be reasonable to show that the
discriminant is zero and hence conclude

that there is only one solution. In this
case, it is easy enough to show that the
quadratic is a perfect square, so solving
the equation is just as efficient.

n Substitute the equation of the line into the
quadratic equation to find the equation
governing intersections:

3x2—x+5=mx+3
=3x’—(m+1)x+2=0

For the line to be tangent to the curve,
this equation must have a single solution,
so discriminant A=0:

(m+1)° =24=0
m+1=+26
m=-1+26

From the equation of the line,
3y=k-2x,509y" =(k—2x)’

Substitute this into the ellipse equation to
find the equation governing intersections:

4x* +(k-2x)* =36
8x’—4kx+k*-36=0

4 Algebraic structures 33
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(A) R+

For the line to be tangent to the ellipse,
this equation must have a single solution,
so discriminant A = 0:

(4k)* =32(k* - 36)=0
~16k*+32x36=0
k*=2x36

k=162

COMMENT

When calculating values partway through
solving an equation, it is often needless
work to multiply out products if you are

subsequently going fo divide through by

a common factor. In this case, rather than
evaluating 32 x 36 it is more convenient
to leave it in product form, ready to

divide through by 16.

a Intersections when
kx+5=x>+2
x’—kx—3=0
Discriminant A = k? + 12 > 0 for all values
of k,
so the quadratic has two roots,

i.e. there are always two intersection
points, for any value of k.

Substituting y = 4 — x from the second
equation into the first equation:

254247 =10

27 -10x2"+2* =0

This is a hidden quadratic. Let u = 2 then
u?—10u+16=0

(u—2)(u—8)=0

u=2 oru=3§8

ie.2"=2 or 2"=8

=>x=1 or 3

s(x,9)=(1,3) or (3,1)

<
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a Substitute y = x into log, x +log, y =3:

log3x+log3(x5)=3
6log,x=3

1
2
x=3"=43
(x, y)=(\/§, 9\/5)

log, x=

w

Exercise

00 2x+ y=2z=0 ...(1)

x=2y—z=2 ...(2)
3x+4y-3z=c ...(3)

Eliminate y from (2) and (3):

(1) 2x+y-2z=0 ...Q1)
(2)+2x(1)  5x  =5z=2 ...(2)
(3)-4x(1) —5x +5z=c ...(3)

For (4) and (5) to be consistent, require
c=-2.

x=2y+2z=0 ...(1)

2x+ky — z=3  ...(2)
x— y+3z=-5 ...(3)

Eliminate x from (2) and (3):

(1) x =2y+2z=0 ...Q1)

(2)-2x(1) (k+4)y-5z=3 ...(4)
(3)-(1) y+ z=-5 ...(5)
Eliminate z from (4):
(1) x =2y+2z=0  ..(1)
(4)+5x(5) (k+9)y  =-22 ...(6)
(5) y+ z=-5 ...(5)

From (6), y = —kz—_fg, so there is no valid

unique solution when k =-9.



GZx

X
2x

+ y—z=2 ...()

...(2)
+ y—4z=a ...(3)

—2y+2z=1

Eliminate y from (2) and (3):

(1) 2x+y— z=2  ..(1)
(2)+2x(1) 5x =5 ..(4)
(3)-(1) -3z=a-2 ...(5)
The solution is
x=1, z=ﬁandy:2—2x+z:ﬂ
3 3
. 2—a 2-a
L. > Vo = 1)_)_
Le. (x,y,2) [ PR ]
a x=2y+z=1 ..(])
2x+ y— z=a ...(2)
4x+7y-5z=a" ...(3)
Eliminate x from (2) and (3):

(1) x=2y+ z=1 (1)
(2)-2x(1) 5y-3z=a-2 ...(4)
(3)-4x(1) 15y-9z=a’-4 ...(5)
Eliminate y from (5):

(1) x=2y+ z=1 ..(D
(4) 5y-3z=a-2 ...(4)
(5)-3x%(4) 0=a’-4-3(a-2) ...(6)

L —1

For a consistent solution, require
a’—3a+2=0
(a—1)(a—2)=0
a=1 or 2
With a =2:
x=2y+z=1
5y-3z=0

Let z =5t; then

y=3t and x=1+2y—z=1+t
. general solution is

(x, y,2)=(1+1,3t,5¢)

[ S -|[J L A A

COMMENT

When parameterising, it can be
convenient to use judgement to avoid
fractions in the end solution. If we

parameterise as z = k then the solution

would be [H%,%,k} which is equally

valid but less tidy.

a a x-2y+ z=7 ...(1)
2x+ y=3z=b ...(2)
x+ y+kz=4 ...(3)

Eliminate x from (2) and (3):

(1) x=2y+ z=7
(2)-2x(1)  5y—  5z=b-14
(3)-(1) 3y+(k-1)z=-3
Eliminate y from (5):
(1) x—=2y+ z=7
(4) 57—  5z=b-14
5x(5)—3x(4) (5k+10)z=27-3b ...
From (6), z= 30-0) ,s0 for k=-2
5(k+2)

there is no unique solution.

..(4)
..(5)

~..(1)
~..(4)

b For k =-2 the system will be consistent

if27-3b=0,1.e. b=9.

¢ Withk=-2and b=9:
X=2y+ z=7
5y—5z=-5
Let z=t;theny=t—1and
X=7+2y—z=1t+5
o (x s z)=(t+5,t-1,1)

4 Algebraic structures
r — 1 4 e
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[ Exercise Exercise

f~ a vy 0 K4 px+q=(x—a) (x-b)

I l =7 =(x2—2ax+a2)(x—b)
y=5Inx =x’+(-2a-b)x’

+(2ab+a2)x—a2b

Comparing coefficients:
x*h1=1

x%0=—2a-b=b=-2a

. - X x" p=2ab+a’=-3a’
I1.3 12.7 0 2 3

Figure 4G.2.1 Graphs of y = x and x:q=-a’b=-2a

y = 5lnx '_.q2=4a6=_ip3
From the graph on GDC, x >5Inx for 27
0<x<130 or x>127 ie.4p’+274° =0
b . .. .

y Mixed examination practice 4

A x

y:lnx

Short questions

o a y=2"axis intercept at (0, 1),
exponential shape.
y=1- x’: axis intercepts at (0, 1) and
(£1, 0), negative quadratic.

Yy
y=2*
Figure 4G.2.2 Graphs of y=5 and
- X
" inx -

From the graph on GDC, li >5 for
nx

1<x<1.30 or x>12.7

The answers are different because
for x €]0,1[, Inx <0, so for x <1 the y=1-x2
conditions (a) and (b) are opposite,
whereas for x >1 the conditions are
equivalent.

Figure 4MS.1

b Two intersection points = two
solutions of 2* =1-x°.

36 Mixed examination practice 4 pNYg x L —p a d
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Sketching the graph on GDC:
Yy

(2, 0.541)

y=x€"

Figure 4MS.2
Maximum value of y is 0.541 (3SF)

Sketch the graphs y, =x’ —4x and y, ="
on GDC:

Yy =a%—4x Yy
1 1 X
-1.12 -0.38 2.02
Yyp=e*
Figure 4MS.3

The intersections are at
x=-1.12, —-0.379, 2.02 (3SF)

y1 >y, for
x€]-1.12,-0.379[ U ]2.02, o

00 3x— y+2z=2 .1

e o

x=2y+ z=3 ...(2)
x— y+3z=-5 ...(3)

ﬁf_/ I (¥ (&4

r’y

(- o 1T D + v ~ ~ <

Eliminate x from (1) and (3):
(1)-3x(2) 5y— z==7 ...(4)
(2) x=2y+ z=3 ...(2)

(3)-(2) y+2z=-8 ...(5)

Eliminate y from (4):

(4)-5x (5) -11z=33 ...(6)
(2) x=2y+ z=3 ...(2)
(5) y+2z=-8 ...(5)

So the solution is

z=-3

y=—8-2z=-2

x=3+2y—-z=2

ie. (x,7,2)=(2,-2,-3)

e’ Inx =3e"
e*(Inx-3)=0
e’ =0 (no solutions) or Inx=3

=x=e

(0 a x'+36=13x

(x*)?=13x*+36=0
Substitute u=x":
u’—13u+36=0
(u—9)(u—4)=0
u=9 or u=4
~x*=4 or 9
x=32, £3

b y=x"—13x*+36 is a positive quartic
with four roots, so y <0 between the
first and second roots and between the
third and fourth roots.

That is, x* + 36 < 13x? for

x€[-3,-2]u[2, 3]

dx Z Afélg,eb%cic structures 37)
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D ( a Vertical asymptote where n
e"=2=x=In2

f As x — oo, denominator gets very large
and positive, so y =0
As x — —co, denominator tends to —2

1
SOy ———
’ 2

Numerator is never zero, so y #0
Atx=0, y=-1

Yy

A

I

|

|

} > I
I

I

|x=1n2

Figure 4MS.7

b x=In2

8 a 2x+2y—-z=1 ...(1)
x+ y—z=—4 ...(2)
4x+4y-3z=p ...(3)

Eliminate x from (1) and (3):

(1)-2x%(2) z=9 ..(4)
(2) x+y-z=—-4  ..(2)

(3)-4x(2) z=p+16 ...(5)

For this to be a consistent system, need

p+16=9

p=—7

b With p =7, the system reduces to
z=9
X+y-z=—4
Let y=t;then x=2z—-4—-y=5-t

(x, Vs z):(S—t, t 9)

38  Mixed a(qmir;aﬁoQ’ practice 4 PG X
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Substitute y =2x—k into the circle
equation to find intersections:

x*+(2x—k) =5
5x° —4kx+k*=5=0
If the line is tangent to the circle, then

there is a single solution to this quadratic
equation, so the discriminant A = 0:

(—4k)’ =20(k*~5)=0
—4k*+100=0

k* =25

k=15

On GDGC, sketch graphs y, = = and
y,=4: Inx

Y
4
Ys=4 _—
Q = I
1.43 8.61
Yi1=1
Figure 4MS.10

The intersections are at x =1.43, 8.61

The graph of y, = 2~ hasa vertical
Inx

asymptote at x =1

¥, <y, for x€]0,1[U]1.43,8.61]

A —|1_/ / u u D)

\
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m xlnx+4lnx=0
(x+4)lnx=0

x=—4 or Inx=0

Sox=1

(as Inx has no real value for x = —4)

COMMENT

Always check the validity of algebraic
solutions, especially in functions with

restricted domains, such as rational
functions and those containing
logarithms.

Long questions

0

ii

L —1

Expanding:

(x—a)’ —b=x*-3ax’ +3a’x—a’—b
Comparing coefficients:

x’:1=1

x*: —9=-3a=a=3
x'ik=3a’=27

x': —28=—a’-b=b=1
k=27

With k = 27, the equation
x*—9x> +kx—28=0 is
equivalent to

(x-3)’=1

sox=3=1

=>x=4

Vertical asymptote at x =4.

For values close to x =3, y is very

close to —1.

As x — oo, denominator gets large

and positive so y — 0 from above.

As x = —oo, denominator gets large

and negative so y — 0 from below.
1

At x:0, }/:—%.

AN ( ) N + — < P
Numerator is never zero so y # 0. ) (
Yy A
3
o
4 x ’
I
n
Ix = 4
1
I ~
)
! -
| |
W
y= (@-1°-1
Figure 4ML.1.1

ii Vertical asymptote x =4, horizontal
asymptote y = 0.

¢ Yy

\»

y=(x-3)°Inx

< O

(1.44,-1.38)
Figure 4ML.1.2

From GDC graph, the minimum
point is (x, y)=(1.44, —1.38). Xy

a Let u=x’; then equation becomes
u+u—6=0
(u=2)(u+3)=0
u=2 or u=-3 n
xt=2 (reject x?=-3)

SO x=i\/§

4 Algebraic struct
A %VII'GIC structures 39
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A) D+ a AN ( Y P O+

P( bi x'—4x’+7x*—6x-4

= f(x+k)

=(x+k)' +(x+k)’ =6

=x" +4kx’ +6k°x* + 4K x + k*
+x°+2kx+k* -6

=x" +4kc’ +(6k” +1)x’
+(4K>+2k)x+(k* +k” - 6)

COMMENT

To expand (x +k)* quickly, use the
binomial theorem; see Chapter 8.

Comparing coefficients:
x*1=1

x* —4=4k= k=-1

x* 7=6k”+1 is consistent with

k=-1

x': —6=4k’+2k is consistent with
k=-1

x" —4=k"+k* -6 is consistent
with k=-1

So for k=—1 the two equations are
equivalent.

ii From (b)(i), x* +7x* =4x” +6x+4
is equivalent to f(x—1)=0.
From (a), f(x—1)=0=x-1=%2

.'.x=1i«/§

¢ x'+7x* >4x’ +6x+4 is equivalent to
f(x=1)>0.
y=f(x—1) is a positive quartic with
two roots at x = li\/z ; it 1s positive on
either side of those two roots, i.e. for
x<1—«/§ or x>1+x/§.

40 u\ixed a(qmir;a’rile practice 4 PNV
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a x+ y+z=3 ...(1)

A

x+ky+2z=4 ...(2)
x— y+3z=b ...(3)

Eliminate x from (2) and (3):

(1) x+  y+ z=3  ...(1)
(2)-(1)  (k-)y =1 ..(4)
(3)-(1) —2y+2z=b-3 ...(5)

Eliminate z from (5):

(1) x+ y+ z=3 ...
(4) (k-1)y =1 ..(4)
(5)-2x(4) —2ky =b-5 ...(6)

From (6), if k =0 then there is no
unique solution.

If b =5 then equation (6) is valid as
0 =0 and the system is consistent.

With k=0 and b =5, the system

reduces to
X+y+z=3

-y+z=1
Letz=t;
Theny=—1x=3-y-z=4-t
So (x, ¥ z)=(4—t,t—1,t)

e ![_/ 7 (%72 U ’
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The theory of

functions

Exercise

f(x)=4/In(x—4)

Square root can have only non-negative
values in its domain, so require
In(x—4)>0:

x—4>¢°

=x25

B g(x)=In(x*+3x+2)

Inx can have only positive values in its
domain, so require x*+3x4+2>0:

x> +3x+2>0
(x+1)(x+2)>0

x<=2 or x>-1

Domain of g(x)is x <=2 or x > -1

Domain of f(x)isx>5

e COMMENT

x-1

n fx)= S 1 +x2+1 It may be helpful to draw a graph of
x+2 (x=-3)(x-2) y = x?+3x+2 to solve the quadratic

inequality x?+3x+2>0.

Cannot have division by zero, so x # -2, 2, 3

Square root can only have non-negative
values in its domain, so require x — 1 >0, g f(x)= Sx—4
ie.x>1 x—12

Cannot have division by zero = x #12

Domain of f(x)isx>1,x#2,x#3

Square root can have only non-negative
values in its domain, so require either
COMMENT 8x—4>0and x—12>0 or 8x—4<0 and
Note that the restriction x # -2 is not x—12<0.

needed in the final answer as it is already 8x—4>0 and x—12>0
covered by the restriction x > 1.

1
:>x25 and x>12

Require that the boundary at x =2 be Sa>12
consistent in the two parts of the function: 8x—4<0 and x—12<0
3x2*—1=a-2 |
< —
11=a-4 ﬁx_z and x <12
.'.a:].S ...xsl
2

1
So domain off(x)isxSE or x>12

- 5The theor] of functions 41 7/
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D ( f(x)=vx—a+In(b-x)

a Square root can have only non-negative
f; values in its domain, so require x 2a

Inx can have only positive values in its
domain, so require x <b

i a<b=domainisa<x<b
ii a>b = function has empty domain

Ja—a+In(b—-a)

undefined

ifa<b
ifa>b

b f(a)={

ifa<b

undefined ifa>b

={ In(b—a)

Exercise
fe(x)=(3x+2)" +1
=9x’ +12x+5
gf(x)z?a(x2 +1)+2
=3x"45
fe(x)=gf(x)
9x* +12x+5=3x"+5
6x*+12x=0
6x(x+2)=0

x=0 or x=-2

0 gf(x)=0
3x+1
(3x+1) +25

3x+1=0

4

N

Topic 5D Com,pom{? functions

A)p+ a r’s N ( \r\

XYY A &=

8- y

2x -3

x+1

Figure 5D.5.1 Graph of h(x) =

Horizontal asymptote is y = 2, so range
isy=2
b h(x)=0
2x-3
x+1
2x-3=0

0

X =

ro | W

¢ To define goh, the range of h must be
a subset of the domain of g. Domain
of g(x)is x 20, so need to restrict the
domain of & so that the range of h(x) is
y 20. (Without restriction, the domain
of hisx#-1.)

Yy

} A=z

FbmeS&&2Gmwthh2tf
X
with domain restricted so that the range

isy>0

“f/ /J “ (%% 2 9



L —1

a

Hence the domain, D, of goh(x) is

3
x<-lorxz=-—
2

Range of h over domain Dis y 20,
y#2

Range of g over domain x > 0, x # 2 is
y20,y# V2

. range of goh over domain Dis y 20,
y#\2

fg(x)=2x+3
[g(x)]=2x+3

— g(x)=3573
gf(x)=2x+3
g(x3)=2x+3
= g(x)=2Yx +3

fo(x)=y(3x+4) —2(3x+4)

f g is undefined for x € |a,b],

so require (3x+4)° —2(3x+4)<0
(since square root is undefined for
negative values).
(3x+4%)-2(3x+4)<0
(3x+4)[(3x+4)-2]<0
(3x+4)(3x+2)<0

1
XE |-—,——
3 3

Over the domain x & |a, b],
(3x+4)" —2(3x+4) takes all
non-negative values and so

fo(x)=+/(3x+4)* —2(3x+4) takes all
non-negative values, i.e. the range of
feogisy=20.

The range of fis y > 2; this lies within
the domain of g, so go f is a valid
composition.

—~

-

The range of g is y > 0; values from

[0, 3] lie within the range of g but not
within the domain of f, so f o g is not

a valid composition for the full domain
of g.

For fog to be defined, we require the
range of g to be limited to |3, e[, so

restrict the domain to x ¢ [—\/5 , \/§ ]

a By observation,

X X
Z_3|=212-3+5
g(z j (2 )
=x—6+5

=x-1

f(x—1)=fg(§—3)

X342
2

Alternatively, given that fg(x)= xT-I-Z

and g(x)=2x+5, we have

+2
f@x+5y:f§—.
Let2x+5=u—1,s0 thatx=u—_6=E—3.
Then 22
%—3+2 .
u—1)= Sl
flu-l)=f——=—
x 1
o flx=1)==—=
fla—l)=2—2
Exercise
a For x>0, f(x)=x and is therefore an
identity function.
However, this is not the case for x <0,
where f(x)=—x.
\ /5 Thlg HEOII of functions 43
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A) R+ a . N v.
o B a f(2)=f(0)=1

b f()=3s0 f(3)=1
) y=v3-2x

3-2x=y’

2

=
Pl
=
N—
I
=
w | R

flisx>0.

0 fe(x)= 2(x3)+ 3

y=2x"+3

O _3x—3
=~ (fg) (x)—,/ :

a a To find the inverse function of
f(x)=e*
y — er

2x=Iny

=>x—lln
) Y

(‘ f‘l(x)zélnlen\/;

@ - . .
44 Topic SEtInver,se ﬁ{)ﬂons dx [/

YT D+ vw —~ ~ -

The range of fis y > 0, so the domain of

LY

/A DT+ a

To find the inverse function of

g(x)=x+1:

y=x+1

=>x=y-1

sg i (x)=x-1

So

F3)xg™(3)=(InV3)x(3-1)
=2In+/3
=In3

b (fo) (x)=g'f(x)=Invx -1
~(fg)"(3)=Inv3-1

fH(x)=x> (x20)
f_log(x)=(2")2 =4"

4" =025=x=-1

y=x2—4

x*+9
(x2+9)y=x2—4

X’y+9y=x"—4
x’y—x*=-4-9y
x*(y=1)=-4-9y
e __4+9y
y—1
449y
1=y

x=— /41+9y (as domain of fis x <0)
-y
Hence f'l(x):—‘f4+9x
1-x

The graph of fhas a horizontal asymptote
aty =1 (as x = —o) and is decreasing for

all x <0, so the range of fis ye[—%, 1[.

L7/

J

A
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x2-4

Figure 5E.11 Graph of f(x) =

real x

for

X2+

4
Hence the domain of f"isx € [_5’ 1[ i

a f(x)=x’,x<k
Taking k=0,

y=x'=x= —\/; (choose the negative
root since the domain of fis x <0)

s (x)==x

b f(x)=(x+1)+2, x>k
Taking k=1,
y=(x+1)"+2
(x+1) =y-2

x+1=/y-2

(take positive root since domain of f
isx=>-1)

=>x=y-2-1

o (x)=x—2-1

c f(x)=|«], x<k
Taking k=0,
y=|x|=—x (since x <0)

y=—x=x=-y

s (x)=—x

yYxy & —p I 4 U

r’r N (-

1D+ v ~ ~ < D)
a y=In(x-1)+In3 35
=In(3x-3)

3x—-3=¢’

>

-

X

_ e
s (x)= ?+1
The range of fis R, so the domain of
flisalso R.
b f(x)=In(x-1)+In(3)
=In[3(x-1)]
=In(3x-3)

gf(x) — eln(3x—3)
=3x-3

)= 2+(x—1)z

k—(x-1)", x21

, x<1

—

a Range for x <11is ]2,co].

For f to be one-to-one, require that for
x21, f(x)<L2.

Maximum value of f(x) for x >1is k
k=2
b i When k=0, range of fis
]=e0,0] U200

ii In the upper part of the range,

12, 00[:

y=2+(x-1)
(x-1)=y-2
x=1=—y-2

(choose the negative root since this
part of the range comes from x <1)

sx=1-y=-2

Ja  dx /5 Thﬁ,thioq of _fxnctiqﬂs 45



n
PR
P/ In the lower part of the range,
] = 0] :

J- y==(x-1)

x=1=-y

(choose the positive root since this
part of the range comes from x >1)

sx=1+-y
1+v-x, x<0
1-x=2, x>2

a Finding the inverse of f(x)= L
X

1
y==
x
O! 1
Sx=—
y
_ 1
fx)=—
x
So f_l(x)zl:f(x), ie. fis
x
self-inverse.
o . 3x=5
b Finding the inverse of g(x)= :
x+k
_3x-5
5 4 x+k
y(x+k)=3x-5
xy+ky=3x-5
Q/ 3x—xy=5+ky
x(3—y)=5+ky
L2ty
3-y
- 5+kx
g (x)=7
—x
n(
" Q . . .
46  Topic 5f4Rc|ho,nq| f\tlmé:’honsw' L _DV(g
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Require that g(x)= g™ (x) for all x:

3x—5  5+kx

x+k 3—-x

3x-5 —kx-5
= =

x+k x—3

Comparing these, it is evident that k =—3.

COMMENT

If it is difficult to see that multiplying the
numerator and denominator as above
enables a straightforward comparison
to determine k, then the following (more
lengthy!) process can be undertaken
instead:

3x-5 5tk

x+k 3-x
(3x—5)(3—x)=(5+kx)(x+k)

Ox —3x%2—15+5x = 5x + 5k + kx% + k’x
—3x2+]4x—15:kx2+(k2+5)x+5k

Comparing coefficients of the two sides:

These three equations consistently give
the unique solution k = -3.

Exercise
y= 3x—1

" 4-5x

Vertical asymptote where denominator

4
equals zero: x = 5

. 3
Horizontal asymptote as x — too: y = s

0 flx)=——

xX+3
a Cannot have division by zero, so
domain is x #-3

A [ = !t_/ L A i 9



Y ax+3
: nf(x)=2x_8,x¢4
! a Horizontal asymptote as x gets large:
I 2 3
=_1 y ) i
Yy x+3 : — 7 ]
e
I 4
| a 3
l X = _3 y :_7 | ‘C ‘
Figure 5F.6 o f 1
I J
Range is y #0 | 3
L, | 1
s =4 1
y(x+3)=1 Figure 5F.8 Graph of f(x)= ;x+g for + 4
xy=1-3y positive a L2 -
a “
s : e {
S 3y Range of fis ye R, y;tz
Y A 3
e T
o )= i
% y(2x-8)=ax+3
2xy—8y=ax+3
y=3x_1 2xy—ax=8y+3
263
x(2y—a)=8y+3 j
Vertical asymptote where denominator 3
8y+3 W
equals zero: x =5 x= 1
2y—a -
Horizontal asymptote as x gets large: y = 3 8x 43 2 }
1 1 ByE)=—— x#= '
Axis intercepts: (0, —) and (—, 0) Ll 7
5 3 (The domain of f™ is the range of f)) 4
{{ ¢ For fto be self-inverse, require that
i £ (x)= f(x) forall x. 4
.
: The vertical asymptote of fis x = 4; 1
| this must be the same as the vertical 5
| asymptote of f~', which is x = %:
T il |
5 I 2
I > L
1
: |

Figure 5F.7




~ Mixed examination practice 5
~ Short questions

B y=lon(x+d)

B —tx+3

=3 —3

B8 (d)=0"-3

(Range of fis R, so domain of f"is
alsoR.)

b y= qes s

Z_=ex3—l
35

e
-resl3)]
g (x)=(1+‘“(§))3

(Range of gis y > 0, so domain of g™ is
x>0.)

| a Reflection of f(x)iu the line y = x gives
the graph of f~'(x), so Cis y=log, x.

b C cuts the x-axis where y = 0:

log,x=0

=211

i.e. intersection at (1, 0).

b a Vertical asymptote where denominator
) equals zero: x=5

Horizontal asymptote for large x:

= E =t

__—1__

v B i e

b

n

4x—3

D
(5-x)y=4x-3
Sy—xy=4x-3

y:

4x+xy=5y+3
x(4+y)=5y+3
x=5y+3
y+4

= 5x 43
X )=
f ( ) x+4

f(x)=x*-6x+10
=(x-3)"-9+10
=(x-3)"+1

y=(x-3)"+1

x—3=Jy—1

s (‘

(the positive square root is needed as x >3 )

x=3+\/ﬁ
SN () =3+ x=1

The minimum point of fis (3, 1), so
the range of fis y > 1 and hence the

domain of f™isx> 1.

h(x)=x"—6x+2
=(x—3)"-9+2
= (=)= 7

Y

ﬁ
\y=(:v—3)2—7

il

Figure 5MS.5

ST et § ) S | L4



The domain of h is x > 3, 50 the range

: < P
ofhis y>-7 ) x+1
¢ h(x)=(x-3)'-7, x>k (x+1)y=3-x
+y=3-
For the function to be one-to-one, Sk ’
take k= 3. i es )
y=(x=3)2-7 AP
S5y
—3)t = Sx=—=
(x=3Y=y+7 T
X=3=y+7 £ )=—x+3
(choose the positive root since the Sid

domain is x > 3) Domain and range of fare

x#—1and y # -1, so domain and range
=x=3+,/y+7

of f'arex#—1landy#—1.
S he () =3+ x 17

S oo agoct<: ()
a a Horizontal asymptote is y = —1, so the DexPs >0
range is y # —1.
< a i Withp=3:
b Vertical asymptote: x = —1 lower part has range ]5, =
Axis intercepts: (3, 0) and (0, 3) upper part has range ]0, 3]
Y v f(x) has range 10,31 U |5, 00
[
a:=—1: ! 3 ii For x<0:
| y=5-x=>x=5-y
| 3 i (00) =528
| S e
—————— _ - - - For x 20:
I =-1
| y=3e"
I
e
I 3
I g3
3-x R ;
Figure 5MS.6 Graph of f(x) = T

)
=x=In| —
)7

f"(x)=ln(%)w

-~ e~ .
- s QI Y OL |
~ 9 Ihe theory ot
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For continuous f, the value at the
undary x =0 must be consistent:

=Jx-2,g(x)=x"+x
)=vxi+x-2

_gative values):
2 4x-2<0
 (x+2)(x-1)<0
el 21

e =—2.b=1

=TT

-2 1

Figure 5MS.8 Graph of

j fg(x) = Vx® +x -2

it

"

Long questions
a f(3)=32+1=10
b gf(x)=g(x’+1)
=5—(x2+1)
=4-—x°

¢ The graphs of a function and its jy,,

. er
are reflections of each other in t},; linse
¢
y=X.
di y=x’+1
x'=y-1

x=,y-1

(the positive square root is needeq

asx>3)
s (o) =~/ x =1
ii Domain of fis x >3, so range of IS
is y>3. '
iii Range of fis y>10, so domain of f
is x >10. '
e fx)=g(3x)
x*+1=5-3x
x*+3x—4=0

(x+4)(x-1)=0
ge==4l @r s=

However, the domain of fis x>3 5o
there are no solutions to this equation,

a i f(7)=2x7+1=15
ii Range of fis R
i fe)= 1{ 52

=

+3
=2(x—)+1
se=il

2x+6 x-1
— +__
x—-1 x-1




iv ff(x)=2(2x+1)4] Y
=4x+3

b The value f(0)=11is in the range of f
but not in the domain of g, s0 g £(0) is

not defined. (-2, 5)
c i y:fi'.% : srmae
x=1 Figure 5ML.3
(x=1)y=x+3 ¢ Rangeof f(x)is |5,
= Range of g(x)="is10,
x(y—l)=y+3 d h(x)=fog(x)

Range of h(x) is the range of f(x) with
restricted domain |0, oo

- range of h(x)is ]9, oo

a (2x+3)(4-y)=12

COMMENT 8x+12— y(2x+3)=12
Note that g(x) is self-inverse. y(2x+3)=8x
8x
=l
i g(x)is self-inverse, so the domain 2x+3
and range of g(x) and the domain b Vertical asymptote where denominator
and range of g~ (x) must all be 3
equals zero: x =——
the same. 2
; 8
- domain of g™ (x)isx # 1. Horizontal asymptote: y = - 4
iii Range of g™ (x)is y # 1. Single axis intercept at (0, 0)
=) Yy
a f(x)=x"+4x+9
!
=(x+2)" -4+9 |
=(x+2)"+5 I
I
b Symmetry line at x =2, vertex i o
AR(EIRS ) oo 0 e R e e S e TR Pir ===
Positive quadratic shape; y-intercept |
at (0, 9). I
I Ll
z=-3|

Figﬁre 5ML.4 Graph of y = 28:‘_ g
X




»»»»

asymptote where b f(x)+2f(%)=2x+1 SE(1)

minator equals zero: .
) Replacing x with —:
x

: :
ymptote:y=lz—=4 f(-l—)+2f(x)=z+l 2)
] X x

¢ (1)-2%(2):

—3f(x)=2x—§——1
x
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Transformations
of graphs

Enxerase (6D | 8261416
y

2
: _-81445
2

=25 - 4 (discard negative root)

Intersection of y = x* —4 and y = 8x in the

Y1 =32 + 1 ot interval [2, oo [:
.’/'_' 2 x2_4=8x
x*—8x—4=0
 8+/64+16
2
Figure 6D.6 Graphs of y =|3x +1/ and 8+44/5
y =2x = 5
From the graph, y, > y, for all x, so the =2J5-4 (discard negative root)
DL AER, . the solutions are x = 2+/5 +4 = 0.472
y and 8.47

Y1 = |x? -4

B |x* -7x+10|==(x* - 7x+10)
=x’-7x+10<0
=(x—5)(x-2)<0

A positive quadratic is negative between
its two roots

. x€[2,5]

B xlx=4x

Figure 6D.7 Graphs ofy = ‘Xz = 4‘ and

y =8x x(|x|—4)=0
Intersection of y=4—x"and y =8xin the x=0 or |x=4
interval [0, 2]: ) (ofe !
4-x*=8x
x*+8x-4=0 i
Mg A N & Transformations of graphs 53
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o N

|x+q1|=|x_2qz| m y:f(x)+|f(x)|
ff‘ y=0wherevcrf(x)£0undy 2”1}
COMMENT wherever f (x)20
This question can be solved either vsing Therefore, the graph of y= [ (x)+| on
a graph and algebra by intervals or y
by direct algebraic calculation. Both )
methods are given here, and either wou
be acceptable in an examinaion. (p, 24)
Graphically:
= |2-2¢" 4 = |t ¢l /\
| o
Figure 6D.11
|
_ql q" 2q2 e
o Exercise ({2
M a filx)= ax+b

Translation b : replace x wit]
Figure 6D.10 Graphs ofy:‘x+q2|and ¢ Y(ZJ P g

y:\x_zqzl (x—l),add2=5f2(x)=a(x 1)+b+)

g :

; : , Reflection in y = 0: multiply though by
Intersection of;zz=x-;r “and y=2q’ —xin 1= f(x)=a(-x+1)-b-2 -
the interval[-q , 29" |
xbgt =20~ Horizontal 'stretch with scale factor "-

; replace x with 3x = "
=>x=%— fi(x)=a(-3x+1)-b-2

2/ [ Algebraically: R 02

1 2 2 .'.g(x)=4—15x=a—b—2~m,\

' 4= 4 = =7 2 .

(x+a’) (x=2¢") Comparing coefficients of x -

L K +2xg’ +q = x* —4xq’ +4q" -3a=-15=> a=5

NN
6xq” =3q Comparing coefficients of x":
q2 a=-b=2=4 = b=-1
=>x=—2—' .
b f(x)=ax’+bx+c

Reflection in x = 0: replace x wil
fo(x)=ax’—bx+c

E



g
]

=1
Translation by ( ; J: replace
xwith (x+1),add 3 =
fi(x)=a(x+1)" —b(x+1)+c+3

Horizontal stretch with scale factor 2:
replace x with % =

f4(x)=a(§+1)2 —b(§+1)+c+3

e b
=—Xx"t+ax+a——x—-b+c+3
4 2

a b
=—x'+(a——)x+a—b+c+3
4 2
s g(x)=4x*+ax—6

a b

=—x’ +(a——)x+a—b+c+3

4 2

Comparing coefficients of x*:

E=4:> a=16
4

Comparing coefficients of x':

a-—=a = b=0
2

Comparing coefficients of x"
a—ibtet3=—6/= c=-25

m if(x) =27+

Vertical stretch with scale factor 8:
multiply through by 8 =

)= 8(2" + x)
1
Translation by (4): replace x with (x—1),

add 4 =>f3(x)=8(2”"l +x-1)+4

1
Horizontal stretch with scale factor E:
replace x with 2x =

fi(x)=8(2""+2x-1)+4
=2'x2"" +16x -4

=2"*+16x -4

)" +16x -4

4" +16x—-4

Soh(x)=4""+16x—4

m a Graph of y=Inx:
vertical asymptote x = 0; intercept (1, 0)

Figure 6E.12.1

b Graph of y=3In(x+2)is obtained
from the graph of y = Inx by:

-2
translation [ 0 j and vertical stretch

with scale factor 3 = vertical
asymptote x =—2; intercept (-1, 0)

Y

iy o y=3In(x+2)

/

1

Figure 6E.12.2

)3




{8 . |
1 i
I i

eciprocal transformai,




T Reciprocal graph followed by

0
translation [ 2}

« no vertical asymptotes as g(x)# 0
o maximum at (1, -1)

1
o roots of —— atasym
s ymptotes of
g(x),i.e at (0,0) and (2, 0), so new
curve passes through (0, —2) and
(2’ _2)

Y

4
X ~

(V&)

[SV)

=

(Vo]

>

Figure 6F.5

G Vertical asymptotes where denominator
equals zero:

eer —4x2=0
xz(ech —4)=0
x=0 or e* =4

ERd=0fortx = t\/In4

Roots of f(x) are at roots of f(x): (1.5, 0)

g(x)
Asymptotes of J(x)
g(x)

e iand x=5

are at roots of g(x):

As x — oo, f(x)is negative and g(x)
gets large and negative, so M — 0from
above. g(x)

Y
A
3 =2
: \
» T
-2 -1 I =4 3 6
\\\l \J
/5 \GHaRY
\
_3 '
/ S |

Figure 6F.7

Exercise

. a The graph of an odd function has two-
fold rotational symmetry about the
origin.

b i Even function = reflective
symmetry aboutx =0

Figure 6G.2.1
ii Odd function = two-fold rotational
symmetry about the origin

Y
)

Figure 6G.2.2

6 Transformations of graphs




nition of an even function, f (x) is even.

7

/ . .

or an even function, f(~x)= f(x), soit cannot be one-to-one as each value in the range h
ing values in the domain. i

=

at least two correspond

) Suppose that f(x)and g(x)are both even functions, and leth(x)= f(x)+ g(x)for
~ xeDom, = Dom ; NDom,. Then

 hen)= fox)ee()
= f(x)+g(x) because f and g areeven
_h(x)

h(=x)= h(x) for all x in its domain, so by definition h(x)is even.

Suppose that f(x)and g(x)are both odd functions, and leth(x)= f(x)x g(x)for
" xeDom, =Domy A Dom,. Then

)= frxa()
(-f(x ))X(—g (x)) because f and g are odd

=h(x

)
h(~x)=h(x)for all xinits domain, so by definition i(x)is even.

For f(x)to be odd, require that f(-x)=—f(x)forallxe Dom .

[ ‘f'(x)=ax” is odd, then a(—x)" e

ne solution isa =0, but this gives a trivial function f(x)= 0, which is not of interest.

)ﬁ = _xn
valued f, it must be the case that ris an integer.



S e

Suppose that f (x)is an odd function b By similar SRR

~and g(x)is an even function, and let h(x)= ._( £(x)4+ f(~x))is an even
h(x)=g f(x)
‘Then for all x € Dom,, f““c“‘m
|
(=)= (/) o)=L (24 £ (0) = h(x)
=g(=f(x)) sincef isodd ¢ Forany function /,
=g ce ¢ is eve : I
S(/(x)) sinceg iseven f(x)= E(I(x)_f(_x))
=h(x) l
Sh(=x)=h(x) for all ¥ in its domain, so + "Z‘(f (x)+ f(~x))
by definition i x) is even, =z (%) h ()
o a f(x)=x+6x+7 i.e. f(x)can be written as the sum
Ly of an odd function g(x)and an even
=(x+3)"-2 function h(x).

has line of symmetry x = -3

e
l i i lu eA i e‘ X
d i g(x)=2(e"-¢)
2 Axis intercept at (0, 0) only.
translation by (0 : y

b f(x-a) is the function f(x)aftera

Require a symmetry line at x = 0 for
f(x—a) tobe even.

sa=3 0 rrdZs

The graph has line of symmetry x =5
since f(5+a)= f(10-(5+a))= f(5-a)

Figure 6G.12.1
m If a function f(x) is symmetrical in y=x, i hix _1fc
then f(x)= f'(x) since the graph 1 hte) 2(e +)
of £~ (x)is the graph of f(x) reflected Axis intercept at (0, 1) only.
through y=x. y
fi(x)=xforall x {
and hence ff(4)=4
a Letg(x):%(f(x) — f(=x)). Then 1 Ing
1
e()=2(7-0)- )
Figure 6G.12.2
=—¢(x)

. g(=x)=-g(x) for all x in its domain,
so by definition g(x)is odd.

0

e s e i S

i

”

O o R T

b

b Q'_rmns&)rmgﬁ?ns oj‘gmms . ; 3 3



COMMENT
These are the hyperbolic sine and cosine
1 ‘-‘-Iuhé}tons, g(x) = sinhx and h(x) = coshx,

~ which you can find on your calculator.

£8) 1/is an odd function, then
o f(-x)= -f(x) for all x in its domain.

If fis also a polynomial, then since any
polynomial is defined at all real values of
x, it must be defined at x =0.

f(-=0)=-f (0) because fis odd,

but also f(~0)= f(0)

So f(0)=~/(0)and hence f(0)=
which means that the graph of / (x
passes through the origin.

0

i

This must always be the case when 0 is
within the domain of f(x).

An example of an odd function not

defined at 0 would be f(x)= x ' or
indeed f (x)=x"for any positive odd

integer 1.

f(x)=cotx and f (x)=cscx are other
examples encountered in this course.

~ Mixed examination practice 6

~ Short questions
n a Graphofy=3f(x=2)is obtained from
the graph of y = f(x) by:

symptote becomes x = 0;
cintercepts become (2,0) and (6,0)

(2,0)

60)"

|

Figure 6MS.1.1

1
b Asymptotes of ) at roots of f(x).
x=0andx=4.

— 0 from below as x = —eoand
y =0 from above as x — co.

Maximum value where f(x) has
minimum.

I
- X

AN

Figure 6MS.1.2

B f(x)=x"-1

2
Translation by (0 J: replace x with

(x=2)= f,(x)=(x-2)' -1

Vertical stretch with scale factor 2:
multiply by 2 = f;(x) = 2[(x— 2)' -1 \

So new graph is

y=2[(x—2)3—1]
=2[x3—6x2+12x—8—1]
=2x>—12x* +24x-18



ol
DO

=T

Figure 6MS5.3 Grophs of y =|2x - 1| and
7=

Intersection of y = | 2% — 1| and y=x in
interval x < —:

; 2

1-2x=x

1
= x=-
3

Intersection of y = |2x - l| and y=x in

: 1
interval x > —:

2x—-1=x

= re=il |

.‘.|2x—1|<xfor5<x<1
—f(x), x<a

ay—]f(x)|— i) s>

Figure 6MS.4.1

by=fﬂﬂy4=ljmﬂ_h i
Y
4
—s I
(-a,-1) (a,-1)
y=fA)-1 N,_4
Figure 6MS5.4.2

8-

b

The graph of y = . is the reciprocal
x

graph of y = l, reflected through y=0
x

and vertically stretched by scale
factor 3.

Y

4

=0
Figure 6MS.5

Reflection through y =0 followed by a
vertical stretch with scale factor 3.

Alternatively, the reflection could be
through x =0 or the stretch could be
horizontal with scale factor 3.

. Gremfprmalons ofgrophs 61




e
: 3

()=

X

(The function is self-inverse.)

at roots of

1
a Asymptotes of y =
1 i 7)
f(x):x==5x=0 and x=5.

y—0 from above as x — £e°.

Maximum points where f (x) has

minimum points: x =13, at which
oL

s

8
1}
o))

r=-5

) :

Figure 6MS.6

e “ 1
f b Maximum points are(—3, —-S-J and

B
)
ol ) 5

F(3)=(-1)' g(3)=3(x+2)

= g

R P B T Sy op
- s - 1Y/ A f" rJ e - m
|

Note: there are alternative valid ay,,
. ‘ L‘ (
For instance, ¥

g(x)=(VBx+243) = f(Vaxr10a)
~'“2\/3]

representing a translation [
0

followed by a horizontal stretch wit}, |
dlp

factor e
G

Also,g(x)=(x/ngrZﬁ)2
=f(\/§x+2\/§+l)

=f(\/§(x+2+:/l,3 J

which represents a horizontal stretch iy,

scale factor—J—g followed by a translatioy,

1

)

0

COMMENT

In questions on transformations, it is often
the case with simple curves that several
possible transformations will lead to

the same effective change, as here. In
such cases, any single valid answer is
acceptable, but one is usually simpler
than the others.

X
B a =3 i
y f(z) |
Iny = f(x), xis replaced by —,
)
corresponding to a horizontal stretch

with scale factor 2.

Multiplication by 3 corresponds (o
vertical stretch with scale factor

b Graph of y = Inx has a vertical
asymptotex =0 and an axis intercep!
(1,0).



B A A he e g g
- b S S 4.\ D i £ R

New graph still has asymptote at x = 0,
but the intercept shifts to (2, 0).

(]
A

y=31n()

(2,0)

Figure 6MS.8.1

: x
¢ The transformation from y =3In| =

to y= 31n(§+1) = 3ln(x7+2) isa

translation by ol

New graph shows the answer in (b)
shifted 2 units to the left; the asymptote
is at x =—2 and the axis intercept is
(0,0).

Y

[}

y=3In(3 +1)

|
|
|
|
|
{ -
|
|
|
|
|

Figure 6MS.8.2

1
a a Asymptote of y = —— at root of f(x):
g a0
x=-2.

Horizontal asymptote at reciprocal of

1
horizontal asymptote of f(x): y = X

approached from below as x — ee.

f(x)appears fairly linear until close
to the maximum,; that line has equation
y=x+2, so for an equivalent domain

will closely approximate

1

y_x+2

ifilex

Minimum of — where f(x)hasa
x

maximum.

y-intercept at reciprocal of y-intercept

of f(x): (0%)

y

|

|

|

I A
_y=i S \—_zy’f@—

- T

|

|

|

|

|x=-2
Figure 6MS.9.1

b Roots of y=x f(x)at x=0and the root
of f(x): x=-2.

f(x) appears fairly linear until close to
the maximum; that line has equation

y=x+2, so for an equivalent domain

x f(x) will closely approximate
y=x"+2x.
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f(x)—>2asx—>o0soxf(x)—2x
as X — oo,

I communt
B This problem could be solved graphically,
8 by plotting for an arbitrary k the graphs
=[x +k|and y = [x| + k and looking
intervals of R over which the two
ncide. The question can, however,
be approached more swiftly by direct
Igebra. To eliminate modulus signs,

Yy
4
y = xf(x)
/
/
/
/i
2,0 e
/
y=2x,
Figure 6M5.9.2

oy |
Long questions
n a y=3x2_12x+12=3(x_2)z

Transformation from y= f(x)
to

y=3f(x~2): translation by (2 |.
”Jdnd

vertical stretch with scale factor 3

b y=x2+6x—1=(x+3)7'—1(,

Transformation from }/zf(x+7)) |

to y = f(x): translation by( : J
10 |

which is equivalent to transatiop, |

3 s 0
[ ] and translation by( :
0 10

)

COMMENT

It is usual to go from y = f(x)to
y =f(x+3)-10, in which case the
transformation would be a translation

-3
by(_]oJ' However, this question asks

for the transformation in the opposite
2

direction, hence the translation by‘ A

¢ Transformation of y=x”+6x—1to
9=3x"—12x+12 can be achieved by
the transformation in (b) followed by
the transformation in (a):

translation by ( : ] and then

10
X 2 : !
translation by ( J and vertical stretch
0
with scale factor 3, which is equivalent
: 5 -
to translation by [ J and vertical
10

stretch with scale factor 3.




COMMENT

COMMENT In both parts (a) and (d) the
By factorising the denominator of the transformation could also be categorised
function and applying knowledge of asx® - (Ji(x —2))2, which would be a
roots and asymptotes, this question could
be approached as though starting with
no prior working. However, having
determined a series of transformations
mapping x*103x% ~12x +12, it is faster to
use these same transformations to map

] ]

Ly
X2 3x2-12x+12

horizontal stretch with scale foctor—l-

J3
followed by a tronslotion[g). While this
appears more complicated, it means that

all the transformations are horizontal and
are therefore exactly the same for both

From (a), x” is mapped to 3x” —12x +12 by

; (2
a horizontal translatlon[ J and a vertical
0

.. horizontal asymptote is y =3
stretch with scale factor 3. s 4

. x— 1
'Iherefore;; is transformed to i 3(=2)+1 \-’)}
—2——1—— by a horizontal x—2 ,
x“—12x+12 _3(,(_2)+ 1 ’;.
translation (z) and a vertical stretch X208 Hix=2 :

| ‘
1 =3+ — ) '
with scale factor —. x—2 ;
: S p=3,q=1
Y 1 :
) ¢ Ifg(x)=—,then f(x)=3+g(x-2) !
| x B
| Transformation from gto fis a
| translation by[i]. 2 99
| N
3x=5
| L d y=
} = x—2
Y= | (x~2)y=3x-5
| xy—2y=3x-5
| xy—-3x=2y-5
| x(y—3):2y—5
|x=2 B 2y-5 Z
W=
2x=5

Figure 6ML.1
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: & ol M 4

- ~ ' ain :
Rangle off(x)i:)/¢ 3, 50 dom i g(x)has been translated by { 2)
of f(x)is x# 3. o)

. ; . and retlected in the -, .
€ The graPh 0fy=[ '(x)lts obtained h(.\‘) P )),‘ V-AX1S, 50
from the graph of y = f(x) by reflecting :
in the line y = x. h(x)=-g(x~-2)
((‘\‘ 2) 2(X=2)4 ,)

| s
(.\‘ OX“ +12x~8~2,

: -2
o Translation by( ; ]
4 4

pi y=In(x+2)is the graph of y = Inx B 10,

-2
after translation by ( 2 ) Lam=1, b=6, c=~10, d=-

ii y=———l———islhe reciprocal graph d Roots of y (A(.\))'.\u'(- tthe sam,
In(x +2) values as shown for y = k(x)
of y=In(x+2)
. vertical asymptote where
In(x+2)=0x=-1
. asx— -2, y— 0from below
. as x— o0, y— 0 fromabove y

k(x) appears linear close to the ro
so the square of the curve should |,

x]ll.ldmlic close to the roots

1 :
« y-intercept at ——, no x-intercept
4 3 In2

Y
)
xX= —2' l /
/
1% /
| I\|y=In@@+2) / \L
l I Y= Ko -
Pt l/ - x

y=(n@+2)"

Figure 6ML.3.2

COMMENT

If you recognise the given curve as

} ing point on the right
ifted from (1, 4) to (3, —4).

k(x) = 2sin % » you will have a shortcu!

to working out the shape of the result
(k(x))2 = 4sin® (-’-‘;] = 2-cosnx. This
material is covered in Chapter 12.
although recognising the curve is he'p
it is not necessary.

coordinate, so the



ik s L

' a flx)=x"-7x+10=(x-2)(x-5)

Positive quadratic with roots at 2 and 5:
y-intercept (0, 10).

4

y=r:-Txr+10

Figure 6ML.4.1
b f(*])=(x]) -7/x+10

=x"-7|x|+10
=g(x)
¢ The modulus transformation replaces
x by le, so the graph for negative x is
just the mirror image (reflection in the
y-axis) of the graph for positive x.
Y

g f e e

€

D SR A PSS
)

x’—?]x|+10=-2
x*=7|x|+12=0
(1x-3)(|x|-4)=0
x|=3 or 4
x=13,14

Line of symmetry atx =3 =
f(x)=a(x-3) +c

Expanding:
ax’ —6ax+9a+c=3x"+bx+10

Comparing coefficients:
Kion=3

x: —6a=b=b=-18
x% 9a+c=10=>¢c=-17
s.b=-18

f(x)is symmetrical about x =3, so

f(3+k)=f(3-k)

Replacing k with x —3 gives the other
form of the symmetry condition:

g(x)= f(x+p)+qis a quadratic; it is
even and goes through the origin, so its
vertex is at the origin.

g(x)has symmetry line at x =0 and
y-value of vertex raised from ¢ =~17
to 0, so it is obtained from f(x)by a

-3
translation ( )
17

= g(x)=f(x+3)+17
L p=3,q9=17

d Since g(x)is an even function, by

definition g(x)= g(|x|) for all x € R.

6 Transtormations ot graphs

e

UL MR A~ 2L

"



! v

o The graph of y=¢" ~2is the

0
graph of y = ¢ translated by ( _2] ;

~‘ Horizontal asymptote at y =—2 for

large negative x; intercepts at (0, -1)

and(In2, 0)-

15" y

A

gure 6ML.6.1

Vertical modulus transformation:

~ graph in (a) has its negative-y part

 reflected in the x-axis.

Y
[}
ity
_.rié‘h
B y=2
L T e 1
e >
- |m2
i i i
AR
bt £
B & i
T
;gltfr,f
§atid L
P::-oii'r' &
B

L p/\

il Horizontal mody]y
the graph for negat
image (reflection
the graph in (a)

S transfy,,,

. 3 d
Ve x s h an:

Iry

fOI' pOSitiVG X

Figure 6ML.6.3

¢ Require those values of x for which th,

graphs in (b)(i) and (b)(ii) coincide:

The graphs are the same for x > |, 5
They intersect for the negative value of
where e — 2 — e~ '
e¥—4e*+1=0

e£=213

x=In (2 +./3 )

Since this should be a negative va]ye
of x, the intersection is x = In (2 -3 )



7Sequences and series

Exercise
a u,=3(2)-2(1)=4

u;=3(4)-2(2)=8
u,=3(8)-2(4)=16

b i Itappears thatu =2"

ii Ifu,=2"thenu,_, =2""and

=R
3u,—2u, , =3(2")-2(2"")
=B XOE=)]
=2"(3-1)
=X
=l
= un+1

i.e. u, =2" satisfies the equation
un+l = 3un = 2un-l

COMMENT

This is an example of a method called
proof by induction, which in this case can

be used to establish that the result u, = 2"
is true for alln € Z . This method of proof
is covered in Chapter 25.

ExerCIse

a,=5a,=13

d=a2—a1
=13-5=8

a,=a+(n—1)d
=5+8(n-1)
=8n-3

b a, <400
8n—3 <400

03

So the first 50 terms are less than 400.

L u, =61

s +(10-1)d =61

= ust9d=61"% (1)

u,=79

s +(13-1)d=79

SULEI9d=—798%4(2)

@)-(1:

3d=18=d=6

Uy, =1y, +10d
=61+60=121

COMMENT

Here 10d has been added to the tenth
term to find the twentieth term, but this
could also be calculated by first finding

u; from equation (1) or (2) and then using
the usual formula for u,.

]

N o7y PP R

o
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’ ;&_*7x9=74 =y =11
I&tﬂ. =227, then
1+(n=1)9=227
on+2=227

i.e. the 25th term is 227.

Third rung is 70 cm above ground:

u,raz

el ¥y

!

fy =a=b

s 2+dma=b ()
tym2a+b+7

w2 2dm2atb+7 . (2)
ty=a=3b
n2+3d=a=-3b wi(3)
(3) = (1

2d = (l-lbm(d - I’)

Substituting d = =b in (1):
2-b=a=b
=a=2

(3) - (2):
d=a-3b-(2a+b+7)

s =b=-a-4b-7

n a First 9 pages are numbered with sing|e
digits for a total of 9 digits. ‘
10th and 1 1th pages are each
numbered with two digits.

Total number of digits for the first
11 pages is 9+2X2=13.

b First 9 pages: 9 pages at 1 digit per
page: total 9

Pages 10-99: 90 pages at 2 digits per

page: total 180

So the total number of digits on the

first 99 pages is 189.

Then, since pages 100-999 have 3 digis

per page, define an arithmetic scquenc



with first term 192 (189 plus the 3 digits
on page 100) and common difference 3.

Letting u, =1260:
192+(n—1)3=1260
189+3n=1260
n=357

So there are 99+357=456 pages
in total.

Exercise

Sned =7 ..(1)
B2

%(Zul +(4-1)d)=12

2(2u,+3d)=12
=2u,+3d=6 ...(2)

(2)=2%(1):
d=6-14=-8

Substituting in (1):
u =7-(-8)=15

w=2,d=3
n
a S,,=5(2u1+(n—1)d)
n
=-£(4+3(n—1))
=g(3n+1)
b S,=1365

%(3n+1)= 1365

3n +n=2730

3n* +n-2730=0
(3n+91)(n—30)=0
on=30 (asneZ")

B =8, d=—7

;_.‘_, 'v\‘/;).l,"1

u, <0
85+(n—1)(-7)<0
-7n+92<0

2
n>2—=13.14...
i/

So the last positive term is u,.

S =?[2x85+(13—1)(—7)]:559

N u,=6

Sistd=—670 (1)
Si=8

4
5(2u1+(4—1)d)=8
2(2u, +3d)=8
=2u,+3d=4 ...(2)
(2)—2%(1):
d=4-12=-8

Substituting in (1):
u, =6—(-8)=14

S, >10000
%[2(—6)+(n—1)x7]>10000
n

5(7n—19)>10000

7n* =19n—20000 > 0

n<-52.1 or n>54.8 (rootsfrom GDC)
So the smallest  such that S, >10000 is 55.

S,=3n"-2n

%(ul+un)=3n2—2n

=>u +u, =6n-4
u =3

=3-2=1
Sltu, =6n-4

=u,=6n->5

T




no Py

A

m We need to find 112 + 140 + 154
196 + ...+ 980 + 994

This can be considered as the gy, of

1827‘

COMMENT

Remember that if you are given a formula

E Snafhfnlybzcﬁcuga,e & 2 Sy =112+154+196+.. 4994, gerie.
| immediate a, =112, dy =42, n,; =22 vith
.L S, =140+182+224-+...+980, sy,
b d |
i equence, SO ay =140,d, =42,n, =21 '
ﬂ There are 12 angles in the seq Sv+s ] 2\5 [(2><11v2)+(22 1
4 q;lziztigle of the largest sector is twice the RSN 2 x4
3 le of the smallest sector, S0 th; =~ L 2 140) (21
glilngce the angles must add up to 3607, 2 { i X 4)
=12166+11760
¢ S0l = 23926
12 = Alternatively, the value can be 3]
B (u t1,)=360 Calculat
' 2 (4 ) as the difference of two series: .
bk u1+2u1 =60 SW=112+126+140+...+994, the
3u, = 60 64 three-digit multiples of 14
=20 S =126+.168+...+9§6,the 21 three-
| digit multiples of 42 (i.e. multiples of
E - smallest sector is 20°. both 21 and 14), which are excludeg
64
© e SW_SX=—2-[(2><112)+(64—1)><14]
B 4« B
4d 6 -1
w+4d _ =5 (2x126)+(21—1)><43}

ff‘ u,+11d_E
=35392—-11466

13(, +4d) = 6(1, +11d)

=23926
» 7u, =14d
,f —u =2d (1)
e s 2 :
Exercise @4s
= (u+2d)=32 ...(2) 3-
Substituting (1) into (2): =t
2d(2d+2d)=32 BN 60 =1 — 162
5 33
8d2 — ) Tet6ra =162
= 45) 7 =
From (1): =3
Uy =2(2) =44 tho = 1
As all terms are positive, must have a =4 =162x3’
‘andd=2. S0 =39366

*@:’_j‘%(zaw%)

=50(2x4+99x2)




‘‘‘‘‘‘‘‘

: = u3r ; a us = u3r2
g =7168=ur =7168 itk =48 = u,;r’ =48
ie.112r’' =7168 ie 12r’ =48
r’ =64 7 =]
=4 =it
u,r" =1835008 s =i
7168x 4" =1835008 = 48x(+2)’
45 =256 =1384
m=4 a u=a
1835008 =u,,, =1, e s
2 2 o g
Herew, =2,r=1 SOF
25 i Cira=98(a+0)
D = =gx(§) hencer =+3
: u,=a+l4
=(§ =04" soar=a+14
: t3a=a+14
Uy <10 2a=14 or —4a=14
O.4N <10—6 a=7r0r9a==35
Nlog0.4<-6
6
N (0.4)
og (0.
& COMMENT
N >15.08 Sl :
The least such N is 16, so the 16th term is Ic:n;ecrqm:ngﬁs End setrlesé ths |etters. a, d
s usually have standard meanings,
et to7|;e ek Ok so take extra care in questions like this
‘“4 —u3| i ?”1 one which use these lefters in other ways.
75
3 2N
ul(r 7 )— i?ul For the arithmetic progression:
7 u=a
= 8r’— 8r’ = £— (discounting the trivial w =1

case u, =0)

=a+d=1 ..(1)

Using GDC to find the roots of the two
possible cubics, there is one solution for
each:

r=2.50r —1.82 (2)-2x(1):
-a=b-2
= SRR (03)

U, =b
=a+2d=b ...(2)







e it .

By the formula for geometric series,

6
=
S=">
Xl
x6--l=(x-—1)S6
=(x—1)(1+x+x2+x3+x4+x5)

Exercise

u =-18, u, =12

12 2
i = e =
-18 3
§ =
=7
_-18
G
3
B 0ls
5
B =18
u =18, u, =——
A8ri=—
_2
Cop3 L
18 27
1
r=——
3
u (1—-r"
© = 1( )

- D/ AN D 4 :

COMMENT

In part (b) the result S, =S, (]—r") was
used, which enabled the answer to be

read off immediately from part (a).

(2)

Each term of the series is positive,

2
sor=—

b From (2):

Sl

wm,

1
u1=27)<§=9







40 " - - e i
b S.=40
35
=40
1-2°

1—2*'—ﬁ
40

=

8

x=-3

m f(x)=1+2x+(2x)* +(2x)’ +... isa

geometric series witha=1and r = 2x

1 2
a x=—=r==, with || <1
3 3
cR=elin
Sy
iz
i
3
2
b x=~:>r=£, with [r] >1
3 3

S.. =cosince every term of the series is
positive and it does not converge.

Exercise

COMMENT

Be careful to define the terms you use; in
finance questions it will often be critical
whether you consider u, to be the value

at the start of year n or at the end of year
n. If you are defining your own variables,
always state the definitions clearly at the
start of the question.

u Let u, represent the balance at the start of

year n.
u, follows a geometric sequence with

u, =1000, 7 =1.03

a 6thyear interest = u, —
=1000x(1.03°=1.03°)
=1000x1.03’ x0.03

=34.78
The interest for the sixth year is £34.78.

b The balance after six years is the balance
at the start of the seventh year, u,
u, =1000x1.03° =1194.05

Balance after six years is £1194.05.

Let u_be Lars’s salary in the nth year.
u, follows an arithmetic sequence with
u, =32000, d =1500
a Uy =u,+19d

=32000+19x1500

=60500

In the twentieth year his salary will be
$60500

b S, 1000000
%(2u1+(n—1)d)21000000

n(62500+15007) 2 2000 000
15n” +625n—20000 >0

3n* +125n—4000>0

Roots of this positive quadratic are
21.2 and —20.5 (from GDC)
LRnE=RIE)

He will have earned more than $1
million after 22 years.

Let u, be the balance at the start of year n.
u, follows a geometric sequence with
1, =5000, r =1.063

a After n full years the balance is the
same as at the start of year n+1:
U, =5000x1.063"

b Balance at the end of 5 years:
us =5000%1.063" = 6786.35




' ._./‘

arety s ﬂ‘.v‘. e

a6 , ’\_! ! » N h‘
¢ i 5000%1.063" >10000 ¢ log2.6533

005~ 236
i 5000x1.063" >10000 log(l+ 5 )
i 1.063" >2 It takes 235 months, eqUival,
. nlog1.063>log2 19 years and 7 months, Mo
¥
k- n> log2 =113 Let u, be the number of 1] Iy
i log1.063 day n. N o
H Balance will exceed $10000 after i thmetic <
i 12 full years. y : 1 CUC Sequen e Wit
b w=1a=~—
3 Let u, be the number of seats in row n. : 4
u, follows an arithmetic sequence with a §,226
=50, d =
| B 77200 2(2u1+(n—l)d)226
a2 S,28000
n(z+ﬁ) >52
'3 g(Zu, +(n-l)d)28000 Ahe)
*5
' 2
n(200n—100)>16000 n°+7n-20820

Roots of this positive quadraic ar
are

‘ 2
i 2n -n—16920 X , 11.3 and 7.8 (from GD()
Roots of this positive quadratic are e
E 93' a;ngdz—8.9 (from GDC) After'112 days the total distance Xl
F So 10 rows are required for there to be gpamLes.
at least 8000 seats. b u,>26
1 b Sw=lq(2x50+9x200)=9500 u+(n—1)d>26
: y B o6
5 3 s_,,=-2-(2x50+4x200)=2250 7
1 The percentage of seats in the front half n>4x26-3
250
(first 5 rows) is 20 23.7% n>101
9500 On the 102nd day he runs more thy,
a Balance at start of year n is 100x1.05"" 26 miles.
~V=100x1.05" = $265.33 Let h, be the height the ball rises on the
nth bounce, i.e. after hitting the groun
b Balance at the end of month m is imnies.
0.05\"
100% (1 £ —2) h, follows a geometric sequence with
;05 3 h=2x08=16,r=08
100"(”‘5‘) >265,33 a h,=16%0.8=0.8192 metre:
(1+9i(é) >2.6533
12

mlog(1+91'922) >log2.6533




b Total distance travelled at the end of
bounce n is

t,=2+2) h,
k=1

1.6(1—0.8")
1-0.8
=2+16(1—0.8")

=242

The ball hits the ground for the 9th
time at the end of bounce 8.
= 2+16(l—0.8”)= 15.3 metres

COMMEN'T :
Note that the sum th is doubled
k=1

because the ball goes up and down the
same distance before it hits the ground
again.

Let u, be the account balance at the

beginning of year n, where n = 11s 2010.

a 1, =1000
At the beginning of 2011,
u, =1000x1.04+1000
At the beginning of 2012,
u, = (1000%1.04+1000)x1.04+1000

=100041000%1.04+1000%1.04"

b The pattern in (a) shows thatu, is the
sum of a geometric sequence with
u, =1000, r =104
Hence
1000(1.04" ~1)
" 1.04-1
=25000(1.04" 1)

u

¢ u, 250000
25000(1.04" —1)>50000
1.04" 122
1.04" >3

nlog1.04 > log3

n>—%83 o801 “

log1.04 e
In the 29th year of saving, Samantha -
will have accumulated at least $50 000. ) i

Mixed examination practice 7
Short questions

n u, =9.6

—u+3d=96 ..(1) |
U, =15.6 OS]
—u +8d=156 ...(2) ¢
(2) - (1) :
5d=15.6-9.6 - 3
1955 "
5 .
Substituting in (1):
U =9.6-3x1.2=6 f
M= %(ul +u9) j

=%(6+15.6) 4

=97.2

S, =2n*—n

a Si=2 k=l =siia
SZ=2X22_2=6=S|+u2=>u2=5

§,=2x3'-3=15=8,+u, > u,=9 :



COMMENT

As an alternative approach,
recognise that if S, is a quadratic
with a zero constant term, then the
context is an arithmetic sequence.

State this and rewrite S, in the form
2

Soe -%(2a+d(n—1))=n(

compare coefficients to find d = 4 and
a=1, and then use these values to answer

(a) and (b) directly.

r=-

; 1
Geometric sequence with u, = et

—lx(l)n-l—i
gl 3

3" >10°
nlog3>log10°
n>-lo—6g—3=12.6
The least such n is 13.
Uy =, +4d andu, =u, +d
ﬁ5=3u2
u, +4d =3(u, +d)
2u,=d
d

i) =>—=2

": Arithmetic sequence { U, }has u =1
A Geometric sequence{v, } hasv, = 1.
Ha=bo

Sl o= pR (1)

U, =,

slt3d=r? ..(2)

J",\

) bl gl SN ST

Substituting (1) into (2).
1+3d =(1+2d)’

143d=1+4d+4d’
4d’ +d =0
d(4d+1)=0

Sod =0 (corresponding to , -

]and
J’ .
both {u, fand{, } being the Const,
sequence 1,1, 1,...) !
1
ord =_Z (corresponding to - | )
>)
B Th1‘s is the sum of two infinjte geomey,:
series: )
¥ D (el : :
U, __6_,__ 5 has sum to infinity
g 1 3
U, =2(”) Rl
§=0 3 1- 1 2
3
e infini
v’_6’ = 5 as sum tomfmnty
=) i 1
7= (—) R >
sy, 2
3
3

. the total value is 5 +3=45

This is an arithmetic series with
u,=301andd=7.
To find the number of terms:
u, <600

301+(n—1)x7 <600
7n—7 <299

n<——=437

Son=43
43 ;
S43=—2—-(2><301+(43—1)><7): 64



e

sl Y {f L

i
(53
a u, =In a_l =3lna—llnb
b ) 2
a’)
u, =In| — |=3lna-Inb
b
J
3
u, =In a_l =3lna—§lnb
b 2

from which it can be seen that
the sequence is arithmetic, with

u, :3lna—%lnband d:—%lnb.

BN 3231(211, +22d)

=?(61na—lnb—lllnb)

=69lna-138Inb

a69
(%)

Long questions
a Let A, be the amount in plan A after

n years; then {An} is an arithmetic
sequence with u, =10800, d =800:
A, =10000+ 800

b Let B, be the amount in plan B after
n years; then {Bn} is a geometric
sequence with u; =10500, r=1.05:
B, =10000X1.05"

¢ From GDC, intersection of the two
graphs occurs at n=18.8, so for the
first 19 years A, > B,, i.e. plan A is
better than plan B.

Let u, be the number of bricks in row n,

where row 1 is the top row.
Thenu, =1land u,,, =u_+2: this is an
arithmetic sequence with u, =1, d =2.

a un =1+(n-1)x2
=2n-1

== 11';' i (i L

n* =36
Nn—6
S, =4u, +4

§(2+(n—1)><2)=4(2n—1)+4

n* =8n
n*—8n=0
n(n—8)=0

s n=8 (rejectn=0)
Hence S, =n’ =64

3 a There are n integers on the nth line

TABLE 7ML.3

Line | Final integer

Equals

1

=1+2

2
3 =1+2+3
4 =1+2+3+4

From the table it can be seen that the
final integer on the nth line is the sum
of the first n integers, i.e. S, for an
arithmetic sequence with u, =1, d =1:

s, =§(2+(n—1))

n(n+1)
2

2
n +n

2
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c 'Ihe ﬁrsf t»c;ger‘on the nth line must be 1 — 1 less than the final integer:

n(n+1) =n2+n—2n+2=n2-n+2

2 2

~(n-1)
d The integers on the nth line form an arithmetic sequence of n consecutive valyg frop,

n-n+2 n’+n
5 to

2 2 2
g N —n+2+n tn)|_nf2n +2 =ft_(nz+1)
0\ 2 2\ 2

e %(n2+1)=16400

, so their sum is

From GDC, n=32

‘ a Consider the mortgage as held in one account (A) and the payments in a separatc ;.
The mortgage account just rises at its interest rate: A, =15000%1.06",

Ount (p
{A,}is a geometric sequence with A =15000 x 1.06 and r=1.06.
At the end of three years the mortgage account stands at A, =150000x1.06’

The payments account works as B,,, =10000+1.06B,, since each year interes i
the previous payments and then a new £10000 payment is made.

ded
Therefore B, is a geometric series of n terms with a=10 000 and r =1.06.

At the end of three years, the payments account stands at 10 000(1 +1.06+1.06" )

So, after three years, the balance is A, - B;;:

150000 1.06° —(10000x1.06’ +10000x1.06+10000)
=150000%1.06° —10000x1.06” — 10000%1.06 — 10000
b Continuing the pattern:
Balance after n years = A - B,
(106" 1)
1.06-1

=150000%1.06" ~10 000

(106" -1)
=150000x1.06" ~500000°——*

—
P

- NIXed examinarion pracince /

i
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¢ For the balance at the end of n years to be < 0, require

(1.06"-1)
150000x1.06" ~500000~——=<0

1.06" -1
150000 1.06" <500 000-(———3—-—)

0.9%1.06" 106" ~1
1.06" 210

ne =39.5

log1.06
S0 the mortgage will be paid off after 40 years.




Exercise

1' General term of (x—2 y)5 has the

5 o=, &
form (r]x (-2y)
5 r
Coefficient of this term is (TJ(—Z)

" S\
. a ( J(—z) =80

r

’:,-‘

=4

b
- term is (z)x‘ (~-2y)" =80xy"

b (f)(—z)’:—so

==
( 3 5 2 3 5,
4 Term is 3 % (—2y) =-80x"y

_"?? | a General term of (3x+2 yz)s has the form

(f](ax)5~f(2y2)'

Require coefficient of x°y°, so r=3.

-
- e (§J(3")z(2y’)3=10><9x2><8y6
= 720x%°

:‘ Coefficient is 720

L

88inomial expansion

ool i Rk

General term of (x2 —3x7! )7 has the ¢

()

Require 14—3r=5,s07r=3

7
Term is (3](—3)3 x° = —945,5

B General term of (2x—5x'2)]2 has the g,

(lf)(Zx)”” (-5x77)

12
b 22 (s 123
U (=5) x

Require12—3r=0,s0 r =4

Term independent of x is

12
[ A Jz“ (=5)" x° =79200000

a General form of a term in the expansi;
n
r

of (1+3x)" is( J(sx)'

(f)(sx)‘ =)

3n=42

Hi=l14




N

™
m General form of a term in the expansion

of (1+2x)" is n)(2x)'
r

(;)(u)z =264x’

n(n-1)

X4=264
n*—n-132=0
(n—12)(n+11)=0

n=12 (reject negative solution n = —1 1)

General form of a term in the expansion

of (1-5x)" is (:)(—Sx)'

L 3 3
£ : (=5x)" =-10500x

n(n-1)(n-2)
6

n’—3n>+2n—504=0

n=29 (from GDC)

x(-125)=-10500

@ General form of a term in the expansion

of (3+2x)" is (:J(3)"_'(2x)'

(HJ(3)"-2(2x)2 =20412x"

2
"(""1)x3—x4=20412
T,

n(n—1)x3" =91854
n=7 (from GDC)

ercise
A (r+3y°) =(y1+3y)) = y* (1+3y)’

General form of a term in the expansion

6
of y5(1+3y)’is ys(r](.’»y)'

sl d. . e SIB'I expansion 85

COMMENT

If @ common factor can be taken outside

the brackets, it is often simpler to do so
before finding the general term.

First four terms are:

6 6 6N A > B
Aor o) B

=y°(1+6(3y)+15(9y’—)+20(27y3)) »‘C._
= y°+18y +135y° +540y°
(6 (1-2)°(1+x)°=((1-x)(1+x)) "= (1-x2)"

General form of a term in the expansion

A is[lro)(—xz)'

COMMENT

If a product can be simplified before
expanding, this will generally lead fo o

more rapid solution than expanding and
then calculating the product. Always be
alert for this kind of shortcut.

First three terms are:

L (ORI S NP
. (—x)+[1J(—x)+[2J(—X)

=1-10x* +45x*

(1—2x+x2)10 =((1—x)2)lO =(1-x)¥
General form of a term in the expansion

of (1-x)"is [ZOJ(—x)'

x
First four terms are:

20) (20} 5 o
Gl Gl

=1-20x+190x*—1140x°
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pproximatior

ons this my




e TN RO VR THA PR

e

g o B ; ; : —

Rounding to 6SF: the truncated term will Hence, approximately,
be negative, so this estimate 2.3"=128+134.4+60.48 =322.88
should be rounded down:

2.995* =80,
80.4613 (6SF) ii Require2+3x=2.03,s0x=0.01

o=l = 128x° = 128
COMMENT 1 ;
=0. 1344 = 13.44 ‘
Although a value like 80.46135 would T - ~ 4
normally be rounded up, when using an x*=00001 = 6048x" = 0.6048

expansion for approximation you should
consider the next term in determining

whether to round up or down if the value
is exactly on the boundary. =142.0448

Hence, approximately, i
2.03" =128+13.44+0.6048

b Approximation (ii) will be more 1

: accurate, on both an absolute and
a General form of a term in the : Y Y
a relative basis, since the discarded

7 :
expansion of (2+5x)’ is ( J(Z)H (5x) terms (higher powers of x) reduce
4 more rapidly in this case and are less
The first 3 terms are significant to the total.
7 7 7 O
(oJerers (] )« Jere |
0 1 2 : B . |
Mixed examination practice 8 v
=128+7(64)(5x)+21(32)(25x°) :
: Short questions 3
ki a R "0 General term of (2—x)"* has the form
b Require(2+5x) =2.005", s0x =0.001 (IZJTZ"(—x)’ |
7 =] = Rk =K £ "
. 5. s
x'=0001 = 2240x' = 224 DR
¥*=0.000001 =>16800x = 0.0168 [5 )(2)’(—::)5 =792x128(~x")=-101376x°
. 7k oiu o
-.2.005” ~128+2.24+0.0168 =130.2568 e L T
Rounding to 6SF: 2.005" ~130.257
7 7
738 7 6 1 4 (05 5
coomr(fer-orer o
7 5 2
ct (2)(3x) +... > G L e 3) 2 3
(2] +15 @ (V2) +{ [ |2 (+2)
=128+1344x+6048x" +... 5 Sl )
1
b i Require 2+3x=23,50 x=0.1. +(4)(2) (_\/5) 1 (5)(—‘/5)

V=1 = 128x° =128

=32+5(16)(-v2)+10(8)(2) :
+10(4)(-2v2)+5(2)(4)-4v2
=232-1642 o

=01 = 1344x'=1344
x2=001 = 6048x* = 60.48
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a General form of a term in the expansion
7

of x+—2 is
ax

(:J(x)H (ax2) = (:Ja-w-“

The term in x' corresponds to r =2

3
11
7B
a’=9

a—=3

General form of a term in the expansion
6
of (1+x)° is( Jx'
r
. expansion of (1+x)’ is
(1+x)° =1+6x+15x>+...

General form of a term in the expansion

of (1+mx )’ is (5 j(mx)r

r

. expansion of (1+mx )’ is
(1+mx) =1+5mx+10m*x* +...

T T

Comparing coefficients of the product
of these expansions with the given
expression:

x':1=1

x':64+5m=n

x*: 15+30m+10m* = 415
m’+3m—40=0

(m=5)(m+8)=0

som=5,n=31 or m=-8,n=-34

Long questions
a The graph of y =(x+2)’ is the graph of

= x” after a translation

=7
by( i ] Axis intercepts are at (-2, 0)

and (0, 8).

y

Figure 8ML.1 Graph ofy = (x +2)°

b (x+z)3=[§](x>3+@(x)2(z)

+[§](x)(z)2+(§]<zf

=x’+6x>+12x+8



ATATATATATAR EE
DOOO00 |

denominator 1s

1 where

—48 n/i/"%/f})'

40+ ru\g\l_ \




g 4

il As x — oo, the rational function
10x° +50x° +85x +49

x'+8x +24x* +32x 116

to zero, since the denominator has
higher order than the numerator.

L rpesatab i as
L0 g 1 AN IR
o R R
o sl SEhial k=t { 4'\
SNt G < el ] ., 1 !

tends

Thereforef( )—>x 37as x> +oo
g(x)
d Yy
=2 "4
|
|
| =
=)l -
| s <47
Ty=z-3
-~
e I
-~
/\ |
|

Figure 8ML.2 Graph of y = (1P
(2+x)*

¢ () g 1 Joz)+ o

o)y
=1+3v2+3x2+242
=7+5y2

b General form of a term in the

expansion of(l et \/E)n is (:J(ﬁ)r

; (1+xﬁ)":ﬁ[j](xﬁ)'

r=0

(w2 =3 o)

r=0

So (1+x\/5)n +(1—x\/5)n

Sy [Baseaal
g 2’1][2(x‘/5)2r]

v L R ;
Ty - 3 .

because the odd powers of x cancel
while the even powers double up.

w(14242) +{1-x42) g (2”,)(2"

Taking x =1:

1+ +(1-43) -

Mwlz
[§S)
R
=
N
e
S
S
<

2r

r=0

Since the sum of integer values
must be an integer, it follows that

(1+\/§)n +(1—\/§)n is always an

integer.

COMMENT

The above argument is more formal
than strictly necessary, but you should
be aware that talking about cancelling
‘terms’ in a sum lacking powers of x is
problematic because there is no obvious
ordering for the terms. By introducing

x and then evaluating at x=1 as shown
above, this problem can be completely
avoided.

d Since ‘1 - \/El < 0.5, the distance
between (1 i )n and the nearest

whole number must in fact be
(1-2) |=h-2]"

Require |1— \/5‘" <107
nlog(\ﬁ— 1) =
i
log(\/— )

So the least such n is 24.

=>nz2 =235



i R N A

form of a term in the
n
) is [ r (a)

T
AR

¥

a General
n—k xk

expansion of (a+X

The ratio of coefficients of the rth and

e r i

N T

ms is
E (r+1)th ter n o e
' r+1

“ n!
i )
ri(n—r)!

(r+1))(n—r=1)!
ri(n—r)!
(r+1)

(n=1)

b Ifa=1and nis odd, say n=2k+1, then

™| R

i.e. the ratio of consecutive coefficients
1SPlY

This means that two consecutive terms
have the same coefficient.

!
»
i
by
i

¢ Replacing r with r+1 in the answer
4 to (a):
G
: y (n-r-1)

e e sl G B AR S i |

d For three consecutive termg
same coefficient, require thato ey
a(r+1)=l=a(r+2) |

n—r n—r-1

ie. a(r+1)=n=r and q
~a(r+l)-1=a(r+2)
=a=-1

T+2)s

~ ”\'

But then —(r+1)=n-r, g, _
which is invalid since nepy
This proves that there Canno't b

consecutive terms with the g, € thr,

Me

coefficient in a binomial exp,
Slop

There are many ways to establish
from the equations set up in (b) qndls
There is no ‘best’ method in g qUesn(C'
this sort, so you should seek the qy; c;)(n o
way fo find a contradiction. g




Circular measure
and trigonometric :
functions "
Exercise (EX)) Exercise (EF) |

. cos(m+x)+cos(m—x) y = psin(gx) has amplitude p, i.e. y ranges Ll
= COSTICOS X — sin Tsin X from —p to p. L
+COS TTCOs X + sin 7rsin x From the graph, p = 5 ‘

27
=—cosx—0—cosx+0 = psin(gx) has period =, so the

=—2c0sX 5 q e F
second positive zero occurs at x = — !

; 1 = n - 3 3n o q -
&) sinx+sin| x+= |+sin(x-+7)+sin = e, B onmg=2 3

o R,

y=acos(x—b) has amplitude a, i.e. y
A o SRR R ey )¢ . T —
= ’s,mx'-}'-‘s_mx,cos-z-+ cosxsin— ranges from —a to a.

sl

From the graph, a =2

+sinxcosT+cos xsinm

SRS

y=acos(x—b) has a zero at x=90°+b

From the graph, the smallest positive
solution is 110°, so b= 20°

u a y=1+sin2x: amplitude 1; centre 1 ]
y 15 period 5 axis intercepts :




L o e il YA R n

(] .
Exercise
n y= acos(bt)+m: amplityde a
' centre y =m g
f the two curves in k

6§;e’ﬁeats every 2T. - From the graph:

: a_ré-z solutions in an amplitude = 2 .
2, there must be 2 ; )
period=12:>7"=12=>b_ 1

= —

6
3
A centre=—+—6=>m=2
T; ax1s intercepts 2 2

2 High tide will occur whep, dis
maximum, which occyrs When

. (nt)
sinj — (=1
12

nt_n
188D
t=6

Low tide will occur when ¢ js a
minimum, which occurs whep,

sin n_t =-1
12

m_3m
112
=18

At high tide, d=16+7=23 metres

At low tide, d=16—7=9 metres

b Require 16+7sin(%t) 219




b 3cm below the x-axis corresponds to

h=-3 COMMENT
Boh nt A The false idea being disproved by
i " counter-example here is that division
o 3 ‘passes through’ the inversion of a
sin(—;):—g function — that for a function h(x)= |
nt . r
5 = 379,564 (35F, from GDC) i should follow that ' (x) =75
g 4

- £=6.02,8.98 generally not the case!

The point is 3 cm below the x-axis 6.02
seconds and 8.98 seconds after starting.

(T
b cosf= sm(—— 9)
h=120-10cos400¢: amplitude 10, centre 2

h=120, period 2m IT) Let 6 = arccosx, so x = cosb; then
400 200 e
a Greatest height is 120 — (=10) = 130 cm; x= sm(;—e)
least height is 120 — 10 =110cm 2 >3
b The time required to complete one full A ) T R -0

oscillation is the period, ;?[O =0.0157

SRS COMMENT
¢ Greatest height occurs when This is easily verified using a compound
cos400t =—1 angle identity, as seen in Section 12B.
400t = |
U [
t= Ll 0.00785 (3SF) ¢ From (b), arcsinx +arccosx = Bk
: so the given equation becomes A%
i.e. 0.00785 seconds after release. P -
2arctanx = — 3
2 |
Exercise Bl€ arctanx :g g
£ 2 For example: x =1 gives ( nj 2
Tt Sx=tan| — [=1 1
arctanx = Z 4 k-
' 1t a a sinx+cosy=06 ...(1)
RICSIN =+ _ ]
2 cosx—siny=02 ...(2)
arccosx =0 : o) 3
arcsinx :
Clearly in this case arctan x # cos y=0.6—sinx \
arccosx >4
. y=arccos(0.6—sinx) F

From (2):
siny =cosx—0.2 4

= y=arcsin(cosx —0.2)




=y Need to solve

hence y = 0.927 (3SF)

-~ Short questions

n y=asinb(x+c)+d has amplitude a and

P [

- period/wavelength -zb—

a a=1.4,soamplitude is 1.4 metres

b Distance between consecutive peaks

AR
is the wavelength, which is - 2.09

metres (3SF)

arccos(0.6~ sin x) =arcsin(cos x ~0.2)
From GDC, the solution is x = 0, and

' Mixed examination practice 9

) lhe' amplitude jg equivak.
radius of the track, i o 6()”‘ O th,

I‘rack ]en!’th an(( m(lrs
=1207
= 377 mctrcs(
Distance
[ime
_ 1207
257
=48ms”!

3k |
¢ Speed =

4 e azsmb(x+c)hasamph[ud
period e

a b=2, 50 period is 2™ =7
2

b xe[O, ZnJ:Z(x—EJE \;zﬂ 107
3 3 ’?}

S(x)=0

4
(5.5} (5
3 6

¢ Graph 0fy=3sin2(x—g)
is maximum when
Tt
2(x——)=—+2kn,1e 7 b
3 2 i 1’
minimum when
n 13n

2(x—£)=-——+2kn 16 x=—,—;
3] 2 12 12

j NG
amplitude 3; y-intercept [ - TJ



M1 (5, 8) M2: (1E, 3)
m1: (fy, ~3) m2; (1%, -3)

Figure 9MS.4 Graph of y = 3sin2(x - —731]

y = asin(bx) has maximum point at

(5
2b’
From the graph, the maximum is at (2, 5)

.'.-1’:-=2=:»b=E and a =5.
2b 4

Long questions

n a i y=sin(x—k)+chas a maximum at

(£+k,c+1)
)

By symmetry, point A is midway
horizontally between the first two

; 271
Zeros, i.e. at x = T'

.'.-11+k=2—7t

2 3
= k=l
6

The graph goes through the origin,

n
% sin| 0—— |+¢c=0
' ( 6)

—-l—+c=0
2

H

21 3
So the coordinates of A are (? 3 J

1
c=—

n
ii From (i), k=—,
ii From (i) ; 5

b Period of y =sin(x - k)+c is 2, so the
zeros are those shown in the question
and the same at intervals of 2.

Within [—47, 0], these are

_4n,_.8_n.’_21'[, _E.J_T.’O
3 3
: ; m) 1
¢ i For the equation (x—g)+—2—=k,

as k < 0, the first pair of solutions
will be in the interval [4?“, 211}

and subsequent solutions will be at
multiples of 27 further on, i.e. in

0 1
the intervals [%An} [%,611}

and [-2%, Sn]- So there are only 8

solutions in [0, 97].

COMMEN'T

It is important to check that the next such

interval is not needed too: in this case
28m

[T' ]on] is wholly outside [0, 9x], so

all the relevant intervals have been found.

ii Given that the smallest positive
solution is o, the next solution, by

ST
symmetry about x = e must be

( 4n) 107t
2n—| o—— [=——q
3 3

The following solution, by
periodicity, must be 2rt+ .

So the next two solutions after o are

1
-g—nua and 2+ .

asure and trigonometric function

OSH
)
1
&
- 3
=X
ne
)
b
5
b
‘3
a



, . tand i sin(’E‘A)
1 Using GDC as necessary: i tan(z— AJ S, 2" )
Cos( & AJ
4 2
;. 4 _ 3n c
1 :wuﬂ T=5 oy from (j)
| By 10
;; s/c
4 1
2L 4 tan A
k iii Let tan A = ¢:
tanA+tan(£—A):i
i - 4
| i
4 £ 3
}l_r{ 4
3 t——t+1=0
1 Figure 9ML.2 Grophs of y = tan and N
ysT=X
(t—ﬁ)(t—J—):o
b i x+tanx=né& tanx=n-x, 5
50 solutions of x+tanx =1 are : :
‘ intersections of the graphs in . tanA=43 or 7
Figure 9ML.2,
Given that x, is the first positive ivIfAe ]0) i [
solution, by symmetry the other -
solutions in [0, 27t] must be wand s T
2%y 3
i Since cach period of y = tanx i S ]
- extends infinitely in the positive V3 6
s ,l ~and negative y directions, the line e . T
)/ = 1% must intersect each period B

a Minimum value of cosx is -1, and the
smallest positive value of x for which
this occurs is x = 7.

3 -nf p
| o= C_osA+sin(-—)sinA ,
: 2) 2 b i f(x) to zf(x'*‘gj: translation by

T

6 |and vertical stretch with scale
0
factor 2.




/i LI

it Applying the two transformations in
(i) to the minimum of cog x-
the minimum point of

y=2cos(x+%)is

n 51 |
M=, =1X%2 |= —=2' 1 i
( P ) ( g 2) 1.e. the

am B
minimum value is <2, and it occurs
51 3
at x=—,
6

¢ i Vertical asymptotes occur where the )
denominator is zero, '

‘The minimum value of the
i n .
denominator 2cos(x + E)+ 3is

~243=1, so0 there are no vertical
asymptotes.

ii The maximum denominator value
i8 243 =5, so the range of the
denominator is (1, 5]. Hence the

range of f(x)is E, %]:[1,5].

COMMENT

Given the denominator is always strictly
positive, the minimum of f(x) occurs when

the denominator is at a maximum, and 7
the maximum of f(x) occurs when the
denominator is at a minimum.




Trigonometric
equations and
identities

Exercise Exercise

‘ 2sinx+1=0 B 3cosx =tanx
| : 3cosx=—Sin—x—
sinx=--2- COSX

3cos’ x—sinx =0

x=-n f Tr=n 3—3sin’x—sinx =0
v |

gl ~ | 3sin*x+sinx—3=0

| el 136
It S i
! 6
I : sinx=0.847 or —1.18 (reject as <=1)
-5 |5
| | > x y

I i »
I y=0.847 |

y: —-21- I |
| |
I

I I
' : 1.01 2.13
Solutions fo sinx = =
as the 2 solutions o
' mn . ; :
andx, =m—x,=— Figure 10B.6 Solutions to sinx = 0.847
6 in [0, 2]

There are 2 solutions to sinx =0.847in
[0, 27]:

x,=arcsin 0.847=1.01
x,=m-101=2.13

ot —1001,2:13




a a 2sin’x—3sinx=2
2sin’ x—3sinx—2=0

(2sinx+1)(sinx—2)=0

, 1
slnx=—5 or 2 (rejectas >1)

: 1
A SIN X ———
2
b
Yy
‘r y=sinx =360
|
|
|
|
I
_30° 21 (s] (o}
\ ; 0° 330 / g
I
y=-1

l

|

|
Figure 10B.7 Solutions to sinx = ——;—
in 0, 360°(

1 .
sinx = —— has the 2 solutions

1
o4 =arcsin(—5) =-30°and
x, =180°—x, =210°

But x, is outside the interval ]0, 360°,
so add 360°: —30°+360° = 330°

.. the solutions are x = 210°, 330°
6 sinxtanx = sin’ x

Sl e .
=sin’x
cosx

sin’ x = sin” xcosx
sin® x(cosx—1)=0

sinx=0 or cosx=1

y=sinz |

|
i
|
!
|

Figure 10B.8.1 Solutions fo sinx =0
in [=m, 3
4
sinx =0 4
e
=x=-7,0,7 _-
Y V
r=-n r=n

Figure 10B.8.2 Solutions o cosx = 1

in [, 7]

cosx=1=x=0 1

. the solutions are x=—m, 0, 7t ;
=

ba1n LT e SRR L o LR ~NT
10 Trigonometric equations and identities 10

o e "



. xe] \/_ \/—-[:x G[O T[[ l Sinzx
+
m l+tan X cogzx
To solve sm( )—-2- first consider o P m
1 _€05”x +sin’ y
|
) S ol
y g (1-sin’ x)?
I 4 ol &
e Qo sin I cosf _sin 0+costg
o cosf sinf  cosBsing
| I =_\1\
! J | | sinfcosh
T T (using sin” 0+ cos’0 =1)
: | : | 1 1+sin@
| b ——+tanf=
| I cosf cos6
: | :(1+sin8)(1~3jn9J
| y=sinf | COSQ(I—sin())
1 1§ 0 _1-sin*g
: ; ol B esinto0
Figure 10B.9 Solutions fo sinf > in [ ,75[ cose(}_sme)
The first 2 solutions for =x" are 6, == b “coio;
cos@(1-sing
and 6 =1I—91=-5—ﬂ-, and these are the only . ( )
: o (using C0529:1~sin:0
solutions in [0, 7t[. ! ﬂ
o o1 (1-sing)
6 6
7 . [r Exercise
N, [

COMMENT

Always check solutions to ensure that thei
values lie within the required interval,
especially if the rearrangement has
involved any division or multiplication.
Sketching the graph is a good way of
finding out how many solufions you need

2sin’x
cos’ x
3cos’x—2sin’ x




G

5sin’@=4cos’ 0

2cos’t—sint—1=0
5sin’6=4(1-sin)

2(1—sin2t)-—sint—-1=0

faa ) Y3
T 2sin’t+sint—1=0
si1129=3 (2sint—1)(sint+1)=0
9
1
2 sinf=— or -1
sinf=+— 2
3
Y i
. = an
9_—'_1800 7 9:]3 o 4 y:SLnt I
' : | |
| U3 | y=1 I
| | | |
I | an I/
\—138° ~41.8° | ! <0
| i | s 73 é i e
| | l
| | I
| U A |
| y=sin6 | y==1 !
. ¢ 3 1
Figure 10D.6 Solufions fo sinf = i% . Lo ]'.°‘[’672f5"““°"5 sl isotond
==11In
[-180°, 180°] el :
: 2 Th tions i .
There are 2 solutions to each of sinf = 3 Saals 31801‘1 ions in total
2 I
and sinf = = (positive and negative): ponsin: "
2 sl Tl
0, =arcsin(i—) =+41.8° SO = =
3
6,=180°—6, =138.2°,221.8° e
But 221.8° is outside the interval 6
—180° <6 <180° so subtract 360°: For sint =—1:
221.8°-360°=-138.2° & : .
. the solutions are 8= +41.8%, +138° (35F) t, =arcsin(-1)= %
But this is outside the interval 0<¢ <2n,
so add 2m: —g+2n = ELd
.. the solutions are t = E, 5—, S
GES6 3500,
.‘».—'? oo g, 3 £ C




W fcost x—5sin x=5=0
4(1 =sin’ x)—5sin x=5=0
4sin’ X+ 5sin x+1=0

(dsin x+ D(sin x+1)=0

1
inx==—— or-1
N 1

y

n )

3 X =N
y=sinx

: y=-1

. y==l

’ 1
Figure 10D.8 Solutions fo sinx = =7 and
sinx=-1in [-1, 7]

There are 3 solutions in total.

5 1
For sinx = 7

1
X = arcsin(-z) =-0.253

X, =—T— X, = -2.89

For sin x=-1:

X, =arcsin(—1)=-——2—

5 n
.. the solutions are x =—2.89, —0.253, — 5

O -

b

S b LS NSALEUESSS S I S A

ia
6SIn" X+ cosx =4

6(1 = CO0s" x)+cosx~4 =0
6COS" X —cosx—2 =)

(2cosx+1)(3cosx-2)=

1
COSX ==-—— or _2.
2 3
Y
Y =CoSx L= 360

Figure 10D.10 Solutions 1o cogy . |
; .

and cos x = 3 in [0°, 360°]

There are 2 solutions to each

1
For cosx =——:
2

1
X = arccos(—z) =120°
x, =360°— x, = 240°

2
For cosx =—:
3

2
X, = arccos(g) =48.2°
%, =360°—x, =312°
.. the solutions are
X=4822"120°, 240°, 312°
2sin® x —3sin xcos x +cos> x =0

2sin’x  3sinxcosx + cos’ x i

cos’ x C0s X  cos' X

2tan’x—3tanx+1=0



e
b 2tan’ X =3tany 410

(2tany = D(tanx 1)« 0 ] :
Short questions

il

|
fanxX == or |
2 n ! () I’ )
: I‘ Y= tan v
g Rt y |
) ) ‘
| v '
I =31,8¢ 148°
y=3

y=~0.62

l |
I
I
| /
-

/:_2‘7311 E

0.46

T
I
I
I
I

]-90°, 270°(

There are 2 solutions:
x, =arctan(-0.62) = -31.8°
X, =X, +n=148°

I
I I
I I
I I
I |

Yy =tan

I
|
I
I
|
|
I
I
|

Mixed examination practice 10

£

Figure TOMS.1 Solutions to tanx = ~0.62 in

Figure 10D.11 Solutions to tan x = —;— S X =-31.8° 148°
and tanx = Lin =, 11| )
2 2 2 sin” x
i i ﬂ ——fan- x = -
There are 2 solutions to each. ot Ao i JeR
1 e
For tanx = — 4 2=sins%
g cos’ X
X, =arctan(-1—)=0.464 t 2—2sin’ x +sin’ x
2 s cos’ x
Xn = = TU= =2, e T
Al 2(l—sm‘x)+ sin’ x
For tanx = 1: oo
T ] ]
% =arctan(l)=— £ 2¢os x-f Sin” x
4 Cos™ X
3n ity
x2=x1—ﬂ=—T Lhi smlx
Cos” X

.. the solutions are d
=2+tan" x

s 2" 06, 2
4 5sin’ 0@ =4cos’ 0
5sin” 0= 4(1-sin’0)
9sin‘ 0 =4
sin29=i
sinf = :tE
3

ey | N T~ B g a e e ‘IA
1V Ingonomeiric equanons and 1aei




y 8=n
8 ”‘*‘I“" ) |
| |
R T =
; |
I |
< .73
\ 2|4l -Ol ‘ ' = 0
0.73 2.41 \
|
|
l |
G e
| Y=w3 |
| y=sin6 !

; 78
Figure 10MS.3 Solutions o sin6 =% = 1n [-m, 7]

There are 2 solutions to each (positive and
negative):
2
6, =arcsin (i’—s—) =10.730
g, =n—6,=241,3.87

But 3.87 is outside the interval —m < 6<m,
so subtract 2m: 3.87 —2n=-2.41
~0=20.730, £2.41

1 1 (1—cosx)+(1+cosx)
: 1+cosx+1—cosx— (1+cosx)(1—cosx)
£ 2
1-cos’x
S
3 ~sin’x
A (using sin’x =1-cos’ x)

Using sin’ 6 =1—cos” 6:
- cosf-2sin*0+2=0

? cos@—2(1—cos’0)+2=0
cos@—2+2cos’6+2=0
cos@(1+2cosf)=0

cos@=0 or —l
2

There are 2 solutions
interval [0°, 360°].
cosf=0

= 0=90°,270°

cose-—-—1
2

= 0=120°, 24¢0°

.~. the solutions are
6=90°,120°, 240°, 270°

Nz
a 6sin” x+cosx =4

6(1—coszx)+cosx = 4

6cos’ x—cosx—2=

(2cosx+1)(3cosx—2)=

1 2
coOsx=—— or -—
2 3

t() Qacr. i-

Figure T0MS.6 Solutions i cos x =

cOs X = % in [0, 360°]

There are 2 solutions to cach.

For cosx = —l:
2

1
X =arccos(-5 ) =120°

X, =360°—120° = 240°

L

n =5



2
For cosx = —:

X = arccos(%) =48.2°
x,=360°-48.2°=312°

- x=482°,120° 240°, 312°

LetA=2x+-g;then b
T 7n
xe[—n, n]aAeI:—?,—-]

3
2c0s(A)=+2

1
cos(A)=—+
(4)=—
n 7n 9n
A=i_,—)—
ey
sl 7N 0N
dosdie 4
yeo IR _1 17 23
BN D 12
il ZE el 237
BT D4 24
1 1 16
Be -

sin’x cos’x 3
cos’x+sin’x 16

sinx cos’x 3
AT

sin’x(1-sin’x) 3

Let s = sinx; then the equation becomes
165> (1-5") =3

165" ~16s” +3=0

(45*~1)(45* =3)=0

o 3
s=— or —
4 4

N

s SN = :I:-l- or +—
2 2

PRty

b Forxe]—l,i[,
282

sSiNX=t=——>x=1T

! T
.. the solutions are + E’ +

w |3

Long questions

o5 Yy

1.8
1.50
1.2

X

219 35 7.24 37

Figure TOML.1 Graph of y =1 .85in(§)

between x = O and the first positive zero

a The width of the river is the
x-coordinate of the first positive zero:
31t = 9.42 metres (3SF)

b The maximum width of the barge is the
distance between the first two positive

solutions of 1.8 sin(%) e

From GDC, the solutions are x=2.19
and x=7.24, so the maximum width of
the barge is 7.24 — 2.19 = 5.05 metres.

¢ The centre of the bridge is at

Tl
= ? =4.71 metres.

This barge of width 2.5 m, travelling
along the centre of the river course,
will be positioned in the interval
[4.71-175, 4.71+1.75]=[2.96, 6.46 ]

In this interval, y >1.8 sin(%) =1.50,

s0 the maximum height of the barge is
1.50 metres above water level.
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R T ])ﬂ‘v\ X 5 O™

a From GDC:

Yy
N,

~x)4 ]
2%
DY I N, in’x ZC()Sx"LlLOxz ]
Figure 10ML.2 Graph of =C(x) o
: :
Clx)= cosx+§cos2x for =21 < x <on 1 Usmg parts (e (i) and o
Since cos(a+2kn)=cosgq for any =C
integer k, ¥ (2n~x)

1
Clx+2m)=cos(x+2m)+~
( ) s(x ) 2C05(2(x+2”)) a Repeated root

k*-16=

= discriminanl

= cos(x+ 2n)+%cos(2x+4n) ;

1
_cosx+5cos 2x b 4sin29=5—kc058
=C(X)

4( 1-cos? 9)
So C(x) is periodic with period a factor e
6- S Al
of 21r. €08 0=kcosO+1=

From Figure 10ML.2 it is clear that the
period is no less than 2, so the period

=5-kcosp

¢ i ﬁ,(9)=4cosze-4cos(9+]

F a 20
equals 2m. rom (a), 4x%— .y 4 1=0 hys
Iepeated root, sq there s , sy
From GDC, C(x) has maximum points value of cosp Which Satisfieg et
at x=0, +m, +211 £i(6)=0.
i 0)=
d cosx+lcos2x=0 t Al 3 Y
2 4cos'9—4c050+1:0
1 ,
C08x+5(2Coszx—l)=0 (ZCUS(I“])):O
2 1 cosO = :
cos x+cosx—5=0 ‘5
( Y
= ~27
=10 —4(1)(_%) 4 Y =cosg =1
Cosx = \
2 I y:‘L
=-lii§. T
pto | |
e n | x 0
The smallest positive root is given by l‘s? 3|3 =
/3
X =arccos| ——+—— (=1.2 (2SF), I 1
g2 | |
I !

Figure 10ML.3.1 Solutions to
cos@ =% in [-2m, 2m)




There are 4 solutions. The first 2 are- |

1 ¢ 0=-2n y =2 | (
) 7'| I\ 3
I |
i
6,=-06, = e | I L
L P
Then, adding/subtracting 21 gives l = : 5
1 51 A Bl
—~—2n1=—— and —£+2n=5—n | L 9 >
3 3 3 3 l | e
~g=+Z 4" | | -
S | | 9!
iii Substituting x=1 into 4x* — kx +1=0: | | (1
4—k+1=0 | | ; i
k=5 Figure 10ML.3.2 Solutions to cos8 = —
and cos@ =1 in [-2m, 27] 1
i ith k=5,
A }Vztﬂh) From the graph, R
: . cosf = — has 4 solutions in [-2n, 27 -a
4cos"@—-5cos0+1=0 4
(4cos0—1)(cosf—1)=0 and cos@ =1 has 3 solutions. ,,;.
1 In total, there are 7 solutions in '
cos@=— or 1
4 [-2m, 27].
"

i




COMMENT

In quastions on goomairlc shapes, If no

o 11 1 wsually wise o
pievre” hgkv:lw!ch This reducas the

draw 0 qui
opportunity for arfors o

f interpratation

and makes if sasler fo ch heck for the s6n56

of an answer.
always

When checking for sense,
remember that In d iriangle, the wides!
angle lles opposite the longest side and

the narrowm angle lies opposito the
shortest side,

- Exercise
r: n

e

6 8
0
A &
Figure 11B.4
Jiy the sine rule:
sinCAB _ sin ACH
Be AB
| nC AB- BCsin ACH g Huin 35"
& AB 0O
. “Two solutions for CAB are
o
| 811:35 ) . 495°

Geometry of
triangles and circleg

1o find AC, use the sine rule,

dnACE  sinABC
AB AC
ABsin ABC

hhlA(J% 8in 357

Gsin AfiC

. two possible triangles exis;

ane W“l) S'IIHI('.'i .";l‘, 4‘),‘)", 95
AC=104¢m;

another with angles 35°, 130"

AC=2.69cm.
By sine rule in triangle ABD;
dnABD  sin ADB

AD AD

s A ‘urc.sin(
AB
R (essin’/5°
= Arcsin
6

= 53.,6°

By sine rule in triangle ABC:

mn/\( B sm/\H(

AB AC
= ACB = arcsin AHS'”AH(“
AC
—-arcsm( 68in53.6°
o)

=37.1°

Then BAC =180°=53,6° - 37.

ADsin ADB

l J ;1“(1

If]}()-t and

|

i

1°=89°



By sine rule in triangle ABC:
BC AC

sinBAC  sinABC
e sinl?AC
sin ABC
_ 8sin89.3°
" §in53.6°
=994 cm

By the sine rule:

sinACB _sinABC
BRI A C
ABsin ABC
AC
_ 12sin47°
g
=1.097

But since sinx <1 for any angle x in a
triangle, this is not possible.

Exercise
S

sin ACB =

-1
)

B By cosine rule in triangle ACD:
(AD)’ +(CD)* -(AC)

AﬁC = arccos(

S(62+72—102J
==V N | e
2(6)(7)

=100.3°
~.BDC=180°-ADC=79.7°

By sine rule in triangle BCD:

BC. #49DG
sinBDC  sin DBC
DCsinBDC

sinDBC

_ 7sin79.7°

~ sin60°

=795
CG=.95

G (¢

—BE=

2(AD)(CD)

8 ' 5
£ x+3 j‘.
1200
5 km /)
IANE-=S3 R H
Figure 11C.6 E:
B By the cosine rule, ,,
Figure 11C.4 BC® = AB’*+AC* - 2(AB)(AC)cosBAC :
BPS=130-15=115° (x+3)2=(x——3)2+82—2xs(x_3)x%
ine rule:
4 i COSllee s 2 S BPS x +6x+9=x"—6x+9+64—8x+24 i
BS = y/(BP)’ +(PS)’ ~(BP)(PS)cos P
= /52 +27 - 2(5)(2)cos115° o

=6.12km

Sl g | UGeomely ofriapgles ond circles 111



e i T

Figure 11C.7

By the cosine rule,

1
2 2 2 oAl
S 7 =4+ x"—2X4xX
7°=4"+x B

RIS 1
5 V2
X —42x-33=0
42 £\ [32-4x1x(-33)

BN X =

i 2

B =22+/41

Since the length must be positive,

KM =242 ++/41

Exercise

12 135° 7

L N
Figure 11D.3

By the cosine rule,

LN =/(LM)* +(MN)’ - 2(LM)(MN )cosLMN

e«

=P P22 7)cos135°
. =177em

4 1 Bolals
R ATea— E(LM)(MN )sinLMN
=-;—-X12-X7Sin135°

=297 cm’

e B T gt e s e

(LM) =(KL) +(KM)’ = 2(KL)(KM )cos LKM

8 7
60°
¥ R
Figure 11D.4
Let PR=y, By the cosine rule

2

(RQ) =(PQ)2+(PR)2~2(PQ)(p

TS0 i : R)C”W-fﬁ
/=8ty —2><8xcos60° i
49=64+x* -8y
x*—8x+15=0
(x-3)(x-5)=0
Xx=3or 5
Area of triangle = %(PQ)X sin RPQ

where x can take the two possih]

e
values above,

. 1 A
Area difference = E(PQ) SInRPQ) x ( X~y

/3
N
:—X8X7X(5—3)

COMMENT

There could be several possible ansyers
to this question, depending on which
cuboid edge (if any) is included in ABC
If the question had specified that no
cuboid edges are included in ABC, then
the solution narrows down o case (iv)
which is the answer given in the back of
the coursebook.




Case (i): If ABC includes a side of

length 12.5 (right triangle), then the
sides are 12.5,

\]102 +7.3' =124 and

V12504107473 =176

From trigonometry, the angles are 90°,

arcsin(l&ﬁ)—447° d 2

76 /7 and 45.3
1

Area=—2—x12.4x12.5=77.4cmz

Case (ii): If ABC includes a side of length
10 (right triangle), then the sides are 10,

\/12.52+7.32 =145 and

J1252 4102 +7.3* =176

From trigonometry, the angles are 90°,

10
csin| — |=34.6° 554°
ar (17.6) and 554

1 ;
Area= EX 10X145=724cm*

Case (iii): If ABC includes a side of

length 7.3 (right triangle), then the
sides are 7.3,

\/102+12.52 =16.0 and

J1252+10°+73% =176

From trigonometry, the angles are 90°,

arcsin(7—3) =24.5° and 65.5°
17.6
Area = %x 7.3%16.0=58.4 cm’

Case (iv): If ABC includes no sides of the
cuboid (oblique triangle), then the sides

are \10* +7.32 =124, V102 +12.5? =16.0

and V12,57 +7.3% =145

By applying the cosine rule repeatedly, the
angles are 47.6°,59.7°,72.7°

R, i

(For example, the angle between the sides
of lengths 12.4 and 16.0 is

2 2 2
oo 124" +16.0°-14.5 ~59.7°)
2(12.4)(16.0)

|
Area =—2-x12.4><14.5xcos( 727%)

=85.6 cm’

By trigonometry, the flagpole height BF is

A

12tan52°=154m

SAaAno= E
8

BF
6= arctan( —8—J =6755

it

Figure 11E.4.1

Let M be the midpoint of the base. If
one corner of the base is A and the apex

of the pyramid is T, then by Pythagoras’
Theorem,

&

G B

Figure 11E.4.2

A

05

a4 "(* : -

L




A AM=
2
4, 2
- 42
T
3 : 12
; ST A
f Figure 11E.4.3
B AT=\12°+(42)
o
=4/144+32
=4/176
=4J11
=13.3cm
ie. [=13.3cm
L (5 [P Pythagoras’ Theorem,
CM =4/17%-12
2 =+/145
=12.0cm

b~ CMB is an isosceles right triangle with
5 CMB =90° (the diagonals of a square
E - meet at a right angle).

f | ~.CB=/2(CM)’
=2 CcM
=\2145

{3 2 QP=AQtanQAP
=25tan37°

=18.8
S h=188 m

gen Qb
tan QI§P
_ 25tan 37°

"~ tan42°
=209
By the cosine rule,

AB=(QB)' +(QA)' - 2(QB)(QA)cos agy;
=/20.97 +25% - 2(20.9)(25)cos75°

=28.1m
a tana=L and tanB:i
RA RB
< RA= i and RB= f
tana tan 3
By Pythagoras’ Theorem,

(AB) =(RA): +(RB)

b a=45°=tano=1=——
tan" o

1

1
p=30°=>tanff=—=— -
P V3 7 tan? B ’

d2

1 1
2 b 2
tan“or  tan" f3

o
15ES
=169

=

S h=13m




=0.9375 radians

! 180"
b 0.9375 radians = 0.9376 % —.

n
=53.7°

Let @be the angle subtended by the major
arc; then

6=2
%

E
4
=3.75

+MCN=21—3.75
= 2.53 radians

X

~ Figure 11F.7 Length of major arc XY is 28cm

‘The angle subtended by the major arc 1
M=2.1,80
[

/s
0

28
2102,
“6,69cm

ED ‘The perimeter p is composed of three arcs

' ' S
with radius 5cm and angle 607 = .

i
):3(5%
p=3545)

s511=157¢m

£ Let!be the length of the arc; then
=10

=8x0.7

=56

s p=2(548)+5.6
=31.6cm

(0 The angle between the two 5cm sides is
0=180°=2x%15°

=150°= 2"

6

5 p=1045x2%
6

=(]0+-2~5—H~Jcm
6

12
Figure 11F.11

E el ‘ ” DMme! o ;sau S CINC ' ! 115
e 3% SRS, T e \,‘( LD G -", P Ml ?"': SR V.

oy S

7
ud
i 8

B

inet O



g, Y, ST

The perim
two radi and an arc:

p=2r+t9
12=r(2+04)

i (B On the cone, the slant height is

k. : 2

12’ +(3§-) =15, which is the
2

radius r of the sector.
The perimeter of the base is 187,

which is the arc length / of the sector.

g TR
e SRR

i ter of the sector is made up of

= \/% =949cm

n

a 162°=162X
180

2827 radiang

24
=

~’l
S

Sector area =

R Y

6° 1
S
=14.14cm?

z 1 ]
Triangle area = Ex 6X3=9¢m?
. shaded area=14.1-9=514 ¢

a The perimeter of the sector is made up s
two radii and an arc: '
p=2r+rf
28=r(2+16)
=r= §= 7.78cm

3.6

2

A=—== 6) (1.6)=484 cm’



)

Substituting (2) into (1):

r(2+-6-2-)=7

v

2w =Tr+6=0
(2r=3)(r-2)=0

r=15 or 2

So the radius is 1.5¢m or 2¢m.

m Let O be the minor sector angle. Then:
r’(2n-0)

2
2

: r
minor sector area A, = -3-

A-A, =15

major sector arca A, =

0 =1m~06= 254 radians

Exercise 2

n a Minorsegmentarea=£2-(9—sin0)

52
=2 (0~sinf
2( sind)

=12.5(0 - sin@)cm’

f‘ b 125(0~5in0) =15
. @-sinf=12
0= 2,08 radians (from GDC)

8-

(PQJ =(AP) +(AQ) —2(AP)(AQ)cos PAQ

, 1
PQ)Y =6"+6°—2%6X6%x—
(PQ) "

By cosine rule in triangle PAQ: J

- -

=36(2-+2)

PO= 6y

b

Shaded area = [lx62 X(E— sm(l)ﬂ
7 4 4

By cosine rule in triangle PBQ:
- (PB) +(QB)' —(PQ)’
TG
47 +47-36(2-2)
T 24
=0.341 ‘
PﬁQ =arccos0.341=70.1° %

Shaded area is the sum of two
segments, one of radius 6 and angle

45° =% radians and the other of radius

4 and angle 1.22 radians.

1
+[—><42 x(l.22—sin(1.22))]
g 7
=141+2.26
=367cm’

Mixed examination practice 11
Short questions

0-

il e e B £
- 11 Geometry ‘of Inangles and circies 7

2 ne g
COQ+=+=
2 2500

=1 (angles on a straight line)

=>C(3Q=§

s



b
: Total area = area COQ +area OABC +area OAP
. 1 ( e j 1 Tt
=—| 2" x— |+(2x7)+ = 72x—j
4 2 3 ( ) 2 6
57n
5 =——+14
=289cm’ (3SF)
8
k- Perimeter = QC+CB+BA+AP+PO+0Q
=2x£+7+2+7x3+7+2
A 5 6
o lln
+18=23.8cm (3SF)
3 p=2r+r0
36=2x10+100
13 =0=16
2 2
\} A 0 10 X1.6=80cm2
,\, ; 2
; A

6.2

i B, B @
Figure 11MS.3
‘, Using the sine rule,
o sinABC _sin ACB
AC AB
: = sinABC= aGsinat:d ath
;"'. AB
_ 8.75in37.5°
":;7 6.2
7 =0.854
. ABC=arcsin0.854

=58.7° or 180°—58.7°=121°(3SF)

40 yo e P m g BOUR AR, 1 B
non praciice 11

xaminal

BMA

AB= —% =809 m (3SF)

tan56°

b Triangle ABM is isosceles, with
BM = AB.

Using the cosine rule:

AM =+ AB* +BM’ —2(AB)(BM)cos ABM

_ J8.09° +8.09% —2X8.09” X c0s48°

=6.58m

1 )
) a Segmentarea= Erz(O— sin6)

=1X7

2
—=10.2cm’ (3SF)

*(1.4—sinl4)

b By cosine rule in triangle OPQ,
PQ= \[-P +0Q*—2(OP)(0Q)cos6
=\/'7'+7 o x7axcos14
=9.02
Perimeter = length of line PQ+length of arc PQ
=9.02+14X7
=18.8cm

10
150° b
B C

Figure 11MS.6

By the cosine rule,
BC? = AB?+ AC> - 2(AB)(AC)cos BAC

BC=1/(24/3)? +10% = 2(10)(2+/3)cos 150°
=\/12+100—40\/§[—3/5—3-'-)

=+112+60

172

=243




Rt b The semicircle with diameter BC has |} ‘

n2r+r@=34 ., (1) radius v/2, so area of the region BECD 1s
Area =52 area of semicircle —area of segment BDCP
1 ) 1
n=rl9=52 . (2) SR .z:
2 7) “ 1
@)=0=12 =n—(n-2) B
it =2em? ~ .
Substituting into (1); ) I
ol
2r+&1-=34 m a Angle of sector 2 is g—e B
3 R |
2 & £ )
rsl7r+52=0 . area of sector 2 =2—(£—0J=n—26 ) q
(r=13)(r-4)=0 N2 r |
r=13¢cm or 4cm b Total removed area is a semicircle with ! ' A
radius 2, 3 ;‘
a OTA =90° because AT is a tangent. ittt 9X12 mX %
So, by Pythagoras’ Theorem, 5 & TED) 2 AR
AT =v12% -6 =54 } iff
OSe
=+/108 = 6+/3cm =47.7cm’ j
IR o :
~. Area of triangle OTA = %xsﬁ X6 (1) By the sine rule, SIUEON - )
6.1 4.2 g
H
=183 cm’ \ 1sin42° :
V3em =1KM= arcsin(6—sm-£) =76.37° ¢
AOT—i—l 4.2 e =
Skl T or 180°-76.37°=103.63° .
f 5 T3V = O_AN0_TW )
B in ~ LMK =180°-42°~LKM $
3 =61.63° or 34.37° %43 Fl
Shaded area =area of OTA —area of sector Since the triangle is obtuse, E :
~18 \/g_% e LKM = 1103.63° and LMK =34.37° o} |
. Area=—(LM)(KM )sin LMK 3
=183 -6 2 B
1 ;
=123cm’ = 5(6.1)(4.2)sin34.37°

1 ) =7.23cm’ (3SF)
£} 2 Areaof segment BDCP= S 2 (%— sng (

=m—2 S '!'L

=1.14 cm?

A 10 B

Figure 11MS.12




T

0 SR AT o g o

e, i

4 By the cosine rule,
AB’+BC*-AC?

COs AfSC =

2(AB)(BC)
8 +10°-7*

2(8)(10)
_us

160
B
32

b sinABC= V1-cos’ ABC

&)
= [1—-| —
32

=£\/1024-529
1
=—/495
32
S
32
c Area=-12—(AB)(BC)sinAf3C
=L 10x8x=>-\55
2 3
=2 55 cm’
4

a Shaded area is the difference between
two sectors:
10°0 (10-x)'6
2

Area=

=-§-(100—100+20x—x2)
_ 6x(20-x)
2
b 6=12:
Area=54.6

1.2x(20-—x)_546

0.6x(20—x)=54.6
x°=20x+91=0
(x—-13)(x~7)=0

s x=7 (since x <10)

Long questions

g: .

5
o M
+
A x C

Figure 11ML.1
Using cosine rule in triangle AMB:

MB? = AM? + AB* —2(AM)(AB)cos MAR

- X
=(£) +5° —2(—)x5c059
2 2

2
=x71—+25—5xcos9

b Using cosine rule in triangle ABC:
BC? = AC? + AB> —2(AB)(BC)cosBAC
=x"+25-10xcos0

BC=MB = BC? = MB®
xZ
ie. xz+25—10xc059=~4—+25—5xc039

2

3
——’E—=ch059
4

3
- cosf="x (asx#0)
20

C x=5=>cosG=E=_3_
0 4

Prle)i= arccos(i)
4

= 41.4° (3SF)




Figure 11ML.2

ASBT is a rthombus as each side has the

same length r (the radius).

Since ASB= 90°, ASBT is a square, and

so SAT =90°,

AB is the diagonal of a square with
side r.

So, by Pythagoras’ Theorem,
NBS=Drs

AB=+/2r

Sector AST is a quarter circle.

nr?

.. Area AST=—
4

The overlap consists of two sectors
minus the square ASBT.

2
nr
Area=2x—4——r2

(o

Area of minor segment
=area of minor sector AOB
—area of triangle AOB

2
..I_ﬁ_lrz sme
2

2

r
=—(0-sinf
2( sinf)

o e e e Nk o S VI

n

b Areaof major sector =area of circle
—area of minor
sector
, ré
=mr —-—
2
rl
=—(2n-0)
2
2
r .
?(9— sin@) &

S e —
r

?(27'[—9) E
2(0-sinf)=(2n-0)
20-2sin0=2n-6

sin9=ﬁ—n
2
d From GDC, 6 =2.50 (3SF)
u a Areaz%absinc

1
2.21=E><xx3x>(sine

sin(9=4’—422
D%
b (x+3)2:x2+(3x)2—2(x)(3x)c039

x*+6x+9=x>+9x* —6x%cosd
9%’ —6x—9

6x°

_3x'-2x-3
iy

=C0S0 =

c i cos’@=1-sin’6

[3x2—2x—3J2 (4.42)2
= =2 | =1 ==
A B
ii Using GDC: x=1.24, 2.94 (3SF)
3x2—2x—3j

2x°

8= arccos[

=1.86, 0.172

90 AN R

G b ADLY S0 D L SRV LA PO

1 “ ]

. 11 Geometry of triangles and circles 121



Q- AP? =(8—x)’ +(6-10)°
—80—16x+x’

— AP=+/x*—16x+80

C 2 = B ii OP=+/x"+100
E Figure 11ML.5 b By the cosine rule:
F . OP +AP?-OA’
¥ a By the cosine rule: oSOk s 2(OP)(AP)
-'_) AB’ =CA? +BC2—2(CA)(BC)cos ACB (+100) (2165 +80) (5 .
: 5°=x*+10>—2xx10c0s8=0 = 2\/(;2 +100)(x2—16x+8())
25—x*—100+20xcosf =0 2x% —16%+80
x*—20xc0s0+75=0 i 2\/(72+100)(x2—16x+80)
b Real solutions = discriminantA= 0: x%—8x +40
j (—20c0s6)° —4x1x75>0 =\/(?+1oo)(x2—16x+80)
80 - (20cos0)* >300
20cos0<-10/3 or 20cosf>10/3 X x=8:0f’A=arccos( 40 ‘j
B NE) NE] V164 %16

.‘.—ISCOSGS—T or TSCOSGSI —38.7° (3SF)

A A 1
d OPA=60°= cosOPA = 5

COMMENT

x> —8x+40 1

Remember that -1< cos6 < 1always, so
in the absence of other bounds these will \/(xz +100)(x2 —16x+80) 2

still hold.
From GDC, x=5.63 (3SF)

e e i If f(x)=cosOPA=1then OPA=(
¢ =1 which happens when OAP is a
.:1 _ arccos( 5 ﬁ ] s straight line (so there is a solution),
5/ ii. When OAP forms a straight line, the
S, <_£ . 150°<0 <180° gradients of OA and OP are equal:
T T 2 6-0 10-0
arccos ﬁ =308 Sona i)
3 2 5_10
‘ arccos(1)=0° 8 x
ks 80 40
3 .-.§3coses1:>0°<es30° Sy

ie. 0°<0<30°0r150°<60<180°

Mixed examination prac




=-16x"+160x - .

y : x—256 a a OIAB=£, since AB is tangent to the 8 |
=—16(x —10x+16) circle ; |
=—16((x—5)* - . 22

((x 5) 25+16) b By the same reasoning, O,BA = L
=144-16(x-5)’ and hence BAPO, is a rectangle, L
Maximum value of y occurs at x = 5 SR e B! sidesin 2 |
. i rectangle have the same length).
ii Maximum value of y is 144 g
. ¢ Ore e s -
bi x+z+6=16 9 F
=z=10-x P B ) i
\ '. |
e B 2 : 4‘
BRZ8 =X 165 —2XXxX6c0sZ Figure 11ML.8 Ay 4
. i
=x"+36—12xcosZ PO —=8§-3=5 f/ |
2 S WS -
iii cos Z = %from (ii) 0,0, =25 E |
% -
. — ez _r2 3
_x2+36—(10—x)2f , g s 3
= e rom (i) - J600 '_
_ —64+20x =106
12 AB=PO, =106 = 24.5cm (3SF) 4
o 16 -
3x }
d sinf= £0)
A 1><6><xXSinZ % i

c A=— ]

2 _10V6
~3xsinZ B :
—SAE=OxtsintZ 1
0=arcsin[ 10\/3)2 1.369 (4SF) ) ‘."

d A*=9x*sin’Z 22
=9y’ (1—(:032 Z) e Length of chain=arc AD+2AB+arc BC
oAl (R s =8(2n-20)+2x10J6 48
& 3r Y +3(20) s
= 9x2 - 25x +160x — 256 =85.6¢m (3SE)
=—16x" +160x—256 1

3

e i From (a)(ii), the maximum value of
A?is 144, so the maximum area is 12.

ii From (a)(i), the maximum occurs
when x = 5, for which z=10-5=5.
Since x = z, the triangle is isosceles.

iangles and circles 123
G I B




Exercise @IPAA

Using cos26 = 2cos’ 6 —1, the equation
becomes
cos’0+2cos’0-1=0

1
cos’@=—

1
cos@=+—
NE)

Ge[-n, Tt], SO

cosf@ = b = 6=+10.955

J3

cost——1—=>9=i2.19

J3

$P80 =055 -ED3] 9

B 1—cos26 =2sin’@ and 1+ cos26 = 2cos’ 6,
1—cos26 2sin’0
SO — 2
14+cos26 2cos 6
=tan’ 6

2tano

a a Using tan20r = ————, the equation
1-tan" o

becomes
2tan’ ot —
1-tan’ &

2tan’ 0 =6—6tan’ &

8tan‘o =6

Further
trigonometry

b Asin (a), using tan2o = & t
equation becomes 1-tan? o the
2tan’ o -
1—tan’ &

2tan‘a=1-1tan’ &

3tan‘a =1

1
tan2a=—
B

1
tanaziﬁ

For o € ]O, T [ the solutions are

B¢ i E5)e
oa=—andn——=—
66

) a cos46=2cos’26-1
=2(2c0s?6-1) -1
=8cos'0—8cos’ 0 +1

b cos40=2cos 201
=2(1-2sin’) ~1

=8sin*0—8sin’H+1

m—

In this case it is as fast to start again
as to convert the answer from (a) using
cos?6=1-sin? 6.

COMMENT




b Hrom (a); |un‘(
(14 cosx)

J ;(Pumx)
I
2

l—cubx

] 1 COBX

(B} asindx = 2asin2xcos2x, so
sln Ax = b aln 2x
20 80 2x cos 2x = b sin 2x

b
CORZX m ==
2l

b
| =28in° x = —
2

) ﬁl(,’iJ
AN’ x ¢ ; | Y

20-b
o 23y
da

Exercise QP4E
" it
0 uln(x-l-;}iﬂsln(x-—g)
-(alnxcos(E)»bcosxuin(ﬁn
3 3
+(slnxcou(ﬂ)~cosxsin(E))
3 3

| |
=R X k= 8lnx
e

= 8ln .y

b

b

. ( n ( n
sin| x+— |+cos| x+—
c e =)
o))
=| sinxcos| — |+cosxsin| —
3 reossnl 7))
( (n R (ﬂ}\
+| cosxcos| — |-sinxsin| —
AJ 4 J

| 1
SiNX+—=cCosx
J5p 0
1 | 955
+—=COSX———=S8Inx
J2 J2
=\/Ecosx
(tanﬂ-tan(%))
mn(6—£)=
g l+tan6tan(EJ
4
_tanf-1
1+ tanf

tan(e——})=6tan9

tanf—1

1+tanf

6tan’ O +6tanf = tanf—1
6tan’@+5tanf+1=0
(2tan@+1)(3tan6+1)=

1
tanf=-— or -
2

=6tanf

For 96]0, n[,

1
tanBz—E =0=—0464+1=268

1
tan0=—§=>6=—0.322+n=2.82

g (TTJ (T
sinxcos| — |+cosxsin| —
3 reossan )
of 45
=sin| x+—
4

Maximum value is 1, and the smallest
positive x value at which this occurs is
m

X=-—.
4

: il
12 Fisi : T A P
- tcroriner irigonomeiry | £2




3

1

s 3

. OED

b 2cosxc0325°+2smxsin25°= 2cos(x —25°)
Maximum value is 2, and the sm

1 a sin(x+0)=sinx : i .
: :;y (the co)mpound angle formula, sin(x +0)=sinxcos0+cosxsin0

Assuming it is known that sin0="0,
sinx = sinxcos0+0

sinx(cosO- l) —( forall values of x
scos0=1

b sin20=sin(6+6)
. using the compoun

s v _T£ n6
¢ s'm(lzt--e)= sm(—z—)cose cos(z)sm

PRIaT R 3_9): 0
Sincesm(—z-)=landcos(2) O,sm(2 cos

) o cos3A= cos(A+24)
— cos Acos2A—sinAsin 2A

=cos A(2cos’ A= 1)—sinA(2$inAcosA)
—2cos’ A—cosA—2cos Asin® A

=2cos’ A—cosA— 2cosA(l —cos’ A)
=4cos’ A—3cosA

b sin3A= sin(A+2A)
=sinAcos2A+cosAsin2A

= sinA(l-—Zsinz A)+cosA(2sinAcosA)
=sin A—2sin’ A+2sin Acos’ A
= sin A—2sin’ A+ 2sin A(1-sin” A)
=3sinA—4sin’ A
=3sinA-3sin A(1-cos’ A)—sin’ A
=3sinAcos’ A—sin’ A

Similarly, from (a):

cos3A = cos’ A+3cosA(1 —sin’ A)—3cosA
=cos’ A—3cos Asin’ A

sin3A

cos3A

_ 3sinAcos’ A-sin’ A

cos’ A—3cos Asin® A

Therefore tan3A =

allest positive x value at which this oceurs i
X329

d angle formula: sin 26 =sinBcos6 +cosBsinf =2 SinBosg

Wt o |



Dividing through by cos® A

n

ARSI
and writing ——=tan" A:
cos A
3 = 3
S tanA—tan” A
1-3tan’ A

COMMENT

You can derive this formula from a direct
approach through tan(3A) = tcngA +2A),
but this potentially generates a large

and unwieldy nested fraction: finding
identities for sin3A and cos3A is more
standard, and you will encounter this
technique again in connection with

De Moivre’s Theorem in Chapter 15.

g a sin(A+B)+sin(A-B)
=(sin A cos B+cos Asin B)
+(sin A cos B—cos Asin B)

=2sinAcosB
b By (a), sin(x+%)+sin(x—%)

3 oI
=28InXCos—

: T
.. 281N X CoS g =GOS

243 .
= —2—smx =3cosx
tanti= \/5

x=§ for x G[O, T[]

m a tan(A-—B)=:)nSE%%

_ sinAcosB—cos Asin B

A cosAcosB+sin AsinB

Dividing through by cos Acos B gives
tanA—tanB
1+tanAtanB

tan(A—B)=

b Let ¢, be the angle of y=4x and ¢, the

angle of y=2x with the positive x-axis.

(0]
2

/

Figure 12B.10

Then 6=¢, -9,
Since the gradient of a line is equal to
the tangent of the angle under the line,
tang, =4, tang, =2
- tan6 = tan(¢, — ¢, )

42N

T 1+4%2 9

cos(x+ y)+cos(x—y)
=(cosxcosy—sinxsiny)
+(cosxcosy+sinxsin y)

=2cosxcos y

b cos3x+cosx =cos(2x+x)+cos(2x — x)

. cos(2x+x)+cos(2x—x)=3cos 2x
= 2¢0s2xcosx =3cos2x by (a)

cos2x(2cosx—3)=0

3
= ¢c0s2x=0" or cosx= 5 (no solutions)

For x e[O, 2n:[, ie 2x e[O, 411]:

COS2N=I0=20=

R
x_ES_nSn 77
(SRR ey

iR
W L

“ o ¢
o T s, PLTEEN
A

dagd o




(12405 Exercise (PA®

1-1.2x0.5 A Ssinx+lzcosx=RSin(x+6)

7
o = RcosOsinx + Rsing
- 425 R =5°+12" =13
=R=13
Rsin@ _12

! b tan(2arctan(;)]= 13 3 MY Reosd 5
)

12
=>6=arctan(—5—)= 1.18

(
- ®. tan(arctan1.2 +arctan0.5) =

~.5sinx+12cosx =13sin(x +1.1g)

=
Il

W o foofuw |

b f(x)— 13f(x+1.18)
The transformations are a verticg]
=0.75 stretch with scale factor 13 and 4

o |

) =1.18
horizontal translation ( | in
)) either order. I

1 A a a 3sinx—7cosx=Rsin(x—-6)
=—| 1+cos| 2X— & : N
= Rcos@sinx — Rsin gy,
‘ 1 R*=3"+7"=58
- =—(1+cosA
E 2 ’ = R=1/58
__Rsin6 7

b Let A=arccosx, so that cos A = x; then v 2
s,« ,[ arccosx ) 1 Rcosf 3

CcoSs =—(1+x) -

3 2 =>9=arctan(—)=1.l7

?.":i arccosx | |1 >
E \ cos 5 = 5(1+x) .'.3sinx—7cosx=\/-§sin(x—"17)

Note that arccos has range [0, ], so b Range of the function is [_\,«5{_ \TST‘
. AICCOSTN PN e e )
3 s |1 ) » within this domain a 4cosx—5sinx=Rcos(x+ )
B/ cosine is always non-negative, so there = Rcosa cos x — Rsinasinx
- is no need to consider the negative R=4*+52=4]
: square root in this case.
] =S R=N/A)
- s Rsine 5
3 COMMENT AT

Always ensure that when you take a
square root in a proof question, you
either include both positive and negative
roots or explicitly reject one option,
giving your reason. Without this, your
proof is incomplete.

=0= arctan(%) =0.896

~o4cosx —5sinx =+/41 cos(x+0.896)




b 4cosx—5s8inx =0 when

Periodic solutions A, + 2nn and
cos(x+0.896)= 0

A, + 2nm within the specified interval:

The smallest positive solution occurs s 7m 5n 9
where x+().896=~g- AT
n I RSN 3nion
S X=V, 2 e T e e i ) el ol
x=0.675 X 7 T TR
n a ﬁsinx+cosx=kcos(x—6) = x =1, —EE,O,—T—I,n
= RcosOcosx+ RsinBsin x s 4
R =(\3) +1P =45 R=2
o 2 Tin Exercise (D)
tan@ = Rsiné =_‘/_§ sin29+c0t295in29=sin29(l+cot29)
Rcosf 1 :
o = cos” 0
=>6=arctan(\/§)=; =sin 1+sin26
‘ in“0(sin”@+cos* 0
.'.\fisinx+cosx=2cos(x—lj =sm 6(sm o )
3 sin” @

S Ay 2
b Forxe[o, 2n]; =sin’ @+ cos’ 0

the maximum is at | -~ 2 | and the
3’ B tanx+secx =4, xe[O, 2n]

From GDC, x=1.08

Alternative algebraic solution, which
would be needed in a non-calculator
question specifying an exact solution:

; : 4
minimum is at ( Tn' —2)

sin2x +cos2x = Rsin(2x+a)

= Rcosasin2x + Rsinacos2x

tanx+secx =4
R*=1"+1’=2=R=+2

sinx+1
Rsina 1 =
tana=R a=I COSX
o8 i sinx+1=4cosx
::»a:arctan(l):Z 4cosx—sinx =1
; - e Let4cosx—sinx =R
.'.51n2x+c032x=\/§sm(2x+—) BN S, COS(X+C)
4 = Rcosccosx— Rsincsinx. Then

in2x+cos2x =1
> RZ=4%+12=17=R=A/17

ﬁsm(2x+g)=l Rl [1)

tanc= =—=pc=arctan
1 Rcosc

sm(2x+£~)=ﬁ .'.\/ﬁcos(xﬂrctan(%)J:l ()

7n 9
xe[—n, n]=¢A=2x+Ee{——E,—n] ( 1 ) (1)
4 Akl = X =arccos| ——— |—arctan| —
1 . V17 4
Primary solution for sinA = —J—E is A = Z =1.08 (3SF)

3n
Secondary solution is A, =n—A, = 5




The secondary solution

% 1 ol

X'= 21t~ arccos| —p |—arctan| = |is not
J17 {

a valid solution to the original

problem; from a right triangle with

sides 1, 4 and \/17 it is clear that

;\rccus(~ : )h\rclam(']-)=-n*»5“lhis
J17 4/

- ¢ 3n :
would be a false solution x = for which

both sec x and tanx are undefined.

COMMENT
In the absence of other insfructions, it
is clearly more efficient fo use the GDC

than fo write an algebraic solution af
great length.

Also, nofe that there is only a single

3 solution (clear if you plot the function),

but the algebraic working suggests there

) should be two, with the other arising
from the secondary solution to equation

(*). However, as noted, this is a false
k. solution, which arises from cosx =0 since
the rearrangement involved multiplying
through by cos x, and this would need to
be explicitly stated in an answer.

) » f(x)=tanx+cscx, xe[——g,jﬂ
‘\ From GDC: local maximum is at
(—0.715, —2.39), local minimum is at

i (0.715, 2.39)

SinNX COSX
+ .
cosx sinx
i sin’ x +cos’ x
$iN X COSX

2 |
SINXCOSX
| |

SINX  COSX
=Cscxsecx

.g b Range off(x)is]—oo, —2.39]u[2.39, oo[

sin9((l+cos())~(1§c%
(1—cos6)(1+ cosg) 9\)-:

2sinfcosO

= 1-cos’8

2sinfcost

sin’@
~ sinf
—2cotf

@ sino 520 -
] —cosO | +cos0

m a scc2x~3tanx+1=0
But sec2x=1+tan2x

1+ tan*x—3tanx+1=0
tan® x —3tanx+2=0

b (tanx—l)(tanx—z)':o
— tanx=1 or 2

c Forxe[O, 211]:

tanx=1:::>x=zr—,—5—71
4 4
tanx=2=x=1.11, 4.25
i 5

-+ solutions are x=—,1.11,—,4.25
4 4

1
m CSC2X =~
sin2x

]

28N X CcoSX

1 1 1
=—X - )(

DRI

COSX

1
=—CSCXSeCX
2

cot2x = S0

SIN2x
34 cos’ x—sin’ x

2sin X cosx
Dividing through by sin’ x gives
cot’x—1

ecopdad=
2cotx




A
o
o~

s/ cann 28

@ Let y=f(x)=secx
1

Then — = COsx

Y
5
;s X =arccos| —
)

andso f'(x)= arccos(_l_j

X

That is, the inverse function of sec x is the
arccosine of the reciprocal,

Mixed examination practice 12

Short questions

2tan’6—5sec0-10=0
2(sec26—1)-—55ec9—10=0
2sec’0—5secH—12=0
(2secO+3)(secO-4)=0

3
secf=—— or 4
2

For Oin the second quadrant, range of
sec@ is ] — 0, —1], so only the first solution
is valid.

sec9=—é
2

T i A UL
a cos x+§ =COS§COSJC—SIDESHIX

1 81
=—CO0SX———SsInx
2 2

b Similar to (a),

( n) 1 33y
cos| x—— |==cosx+—sinx
3 2 2

T n
cos| x+— |=cos| x——
( 3J ( 3)

1 3 1 ;
= —COSX———SinX =—COoSX+——sinx
2 2 2

J3sinx=0
- forx e[-2m, 2n),
x=-2n,-7n, 0, m, 27

! Attt G i gl s R

a C05(9+9)=cos()cosﬂ—sianinB

= cos’0~sin’0
=C0820—(1"C0529)
=2cos’ 0 ~1
e . 6 . . ‘ .
b Taking x = > in sin2x = 28N xXCO8X:
(e )
sinf = 2sin—cos—
)
(7]

Taking x = 5 in cos2x+1=2cos’ x:
cosB+l=2cosz(§J
ZSingcos6

2 2

sinf

= =tan—
1 +cos0

2

2cos’

Solving tan O 3cot—:
2 2

0
For 06]0, 21t[, EE]O, n[
(7]

220)]

2n
3

i
3)

and hence 9=2—n,4—n
) eeis

u tan@+cotf=3

Multiplying through by tan@:

tan’@—3tanf+1=0

3432 -4
2
_ 31\

2
6€[0° 90°]=6=209°69.1°

= tanf =

o e j.. gonometry 1318




COMMENT

Notics that the two answers must add up
to 90° because the original equation is
symmetrical in tan§ and coté.

B a \/Esin2x+\/§c032x= Rsin(2x+ )

= Rcosasin2x

+ Rsinocos2x

R*=15+5=20=R=20=25

Rsina 5 1
Rcosa \/E \/3

= O =arctan L)_E
JB I G

\/1_5 sin 2x+J§c032x

- W
=2\/§sin(2x+g)

1 £(x) -
E b f(x)=
- 5+2\/§s'm(2x+gj

i Value of fis maximum when
denominator is as small as possible:

f._; _' 2 2(5+245)
" SN R T2

=2s+245)
= 2+§\/§

4
SAD=PRq= =
E P=2q E
8 ii The maximum occurs when

sin(2x+2)=—1:
6

i R s A
o 'ha-t AR 72 Y g ¥

tano =

3
2x+2=21
Gl

X x| <1

13 a sin(arcsinx)=

undefined |x|>;

b Let x=cosy; then
y=arccosx and sin® y=1—x’

~siny=v1-x’
i.e. sin(arccosx)=~1—x"

(Again, this is only valid over the
natural domain of arccosx: [, | )

C arcsinx =arccosx

sin(arcsinx) = sin(arccos x )

x=v1l—x
xl=1-x"
1
x'==
2
sl
J2

Long questions

n a We know that ABC =90° because
AC=2r is the circle diameter ang
point B lies on the circumferen ce.

. AB=2rsinf, BC=2rcosd

1 ‘
b Areaof ABC= E(AB)(BC)z 2r° sinfcosp

Using the double angle formula:
Area of ABC =r7sin26

¢ Triangle OBC is isosceles, so
BOC=n-26

Area of OBC=—(0B)(OC)sinBOC

2

rsin(m—20)

Since sinx = sin(n— x),

2

Area of OBC=—r"sin(26)

Mo = T o= o




1850
Areaof OBC ' sm(29)_1

Areaof ABC  r’sin(20) 2

e
2

tan(A+B)=
an( ) l-tanAtanB

2tan A

=tan(A+A)=
( ) 1—tan® A

tan135° = tan(—45°)=—1

Let tan67.5°=t; then

2t
tan135°=1 7 from (a)

2t
1—t
S t2—2t—1=0
+42%+4
t=2—2—-—=1i\/5

2

==

> from (b)

Since 67.5° lies in the first quadrant, £ >0

S il

ie tan67.5°=1+ \/i

y, = acos px has amplitude a and

2
period el

From the graph:
y,(0)=12=a=12

Half a period is 1.5, so

2
o155 p=""
p 3

2
¥, =0.9sm(?x]

Amplitude is 0.9; period is 3

2 2
¢ y=1.2cos Ty |+0.9sin| “Zx
3 3

=Rsin(2—:x+a)

2 2
= Rcosasin(—;—t—xj + Rsinacos(?nxJ

.

tanA+tanB

|

grme,

{‘y.:-

%

ki o (("J., - ‘\.}.X B ‘_12 r , |_'A:o O ‘.\ 1 “._4

Y
R?=09*+12°=15*=>R=15 (%

Rsingg _ 1.2 _4
Rcosax 09 3

= 0= arctan(%) =0.927 (3SF)

tano =

SY= l.Ssin(gEx + 0-927) ~
3 y 8

Amplitude is 1.5; period is still 3. : ¥
27 i \‘ )
y=0=>—§—x+0.927-n A
.'.x:—3-(n—0.927)=1.06 (3SF) .
2n &

35 sin| 2% +0927J—lé
y=13=sin 3x : 1=

21 2

Let A =7x+0.927
x>0=>A>0927

%

3
Solving sinA=—:
1.5

Primary solution

1.3
A= arcs'm(——j =1.05
1.5

adlos

Secondary solution A, =n— A, =2.09

Hence the first two positive solutions are

o= Zi(A—o.927): 0.0580, 0.557 (3SF)
Tt

RS . O

J3cosf—sinf = rcos(0+a)

=rcosocos@—rsinasind L8

r’=3+l=4=r=2 _,,:
rcosa /3
1 T
—> (X =arctan| —— |=—
(\/5] 6
.'.ﬁc059—3m9=2cos(9+g) '

Over a complete period, the function

2605(9’%) has range [-2, 2].

o "
A5
) lind

P gyt TP, £ RN e SN



Sl

b tan

(3A)=tan(A+2A)

_‘ ¢ V3cos-sind = -1 tan A+ tan2A
B & o e A S i
E |—tanAtan2A
2cos(9+ 5)-_- -1 )
o 6 tanA+ — tanf‘
: - | & 1—tan” A
cos(9+—-)=—— o 2tan A
0 2 ]-tanA
: I —tan’ A
LetA=0+ ” Multiplying numerator and
J n 13n denominator by 1- tan’ A:
96[0. 2n]=>A€[g.—6'-il tanA(l—tanzA)+2tanA
For cosA=—— ; A
: | 25¢ A 2m _3tanA-—tan A
primary solution is A, = 3 7 1—3tan’ A
secondary solution is A, =21~ Aj=—=
: ) 72 : ¢ tan45°=1
3 n n7n
3 Hence 0=A_E=E'—6— d Because tan(x+180°)=tan x,

tan405° = tan225° = tan45° = |

£ @ f(H)=r-3-341
By inspection, f(=1)=0, 0 (t+1)isa
factor of f(t) by the factor theorem.

Let t = tan15° or tan75° or tan|35e. in
any of these cases, the following s t,,
using the formula in (b): .

3t—t’
; COMMENT 1= i—;?
_ Alternatively, plot the function on the A i
GDC and try to find a recognisable = =y
4 rational root. (t+l)(t2-4t+l)=0 by (a)
;"" 4++/4* -4
Hence f(t)=(1*+1)(t2 +at+b) =l OE ——
P Expanding and comparing coefficients:
3 t=—1 or 2+.\3
4 =l
E t':a+tl=-3=a=—4 Each of these three values corresponds
.f‘ IR A to one of tan15°, tan75° or t2n135°.
t°: b=1is consistent with the value 0<tanl5°<l=tanl5°=2-.73
found above . >
~ tan75°>1=tan75°=2++/3
o ()= (t+1)(£ -4t +1)

TNV hasy i gl %
~ON) . .
~ /VIIXed examination praciic




b The position vector of the midpoint is
the mean of the position vectors of the
end points:

3 4 35
|+l =2]|=| 05
-2 5 1.5

e 1 —
OC=OA+EAB

1
=a+—(b-a
2( )

=—;—(a+b)
., £2 OD=0A+AD
- e — (2i-3j)+(i-)
=0D=0A+AD =3i—4j
=OA-3AB
—a-3(b—a) ﬁ
=4a-3b

O o
Figure 13A.8

. e 2]
h OD=0A+AD 5

3 7 10 o 1 2 -1
=0+_2=_2 AB=b-a=|-1|-|2|=| 3

. the coordinates of D are (10, -2)




2

| =|2 +§ -3
_‘ 1 1 2
‘ (16

=108
1.8

a 4 M has position vector

I 1
5(P+¢I)=E(2i—j—3k+i+4j—k)
3 a3
1 =El+-2-]—2k Figure 13A.10
> R ﬁ:a—b—f -2
< <
E Q M
'_:_.) To form a parallelogram, CD = BA
3 -, OD=0C+CD
3 q M
!"1 (3 —3
=|1 [+| -2
; 0 7 P e
/
Figure 13A.9 (1)
( QR = -QM e
1 . OR=0Q+QR
u =0—Q"‘6_M‘ 1
Exercise - 3B
/ ~a-3(r-9)
,._t =55\ bl 3a+4x=b
1
y =5(3q—P) :x_m(b_3a)
_'; Hence 2) -3
E oy | =={13|-| 3
- R=— 3(i+4 ‘—'k —(Zi— -—3’( 4
2( Jiik) 2 )) 3 6
S :
2 4 5
. ] 1513
<. the coordinates of Rare| — = -0.75
)

s ;) Ko PART AT o TR o SiER
. A T ERRRUTE A o |
or n!,:l..‘,.‘ J'..nl': £ . / [l 2 - - y




P+2q) [k

»‘c\-‘ le.| —p+l|=| k ;,
! 1l :) 32 3p+q) |2k
; 2) 1) s Spt2g=k  ..(1) .
\ 2\ ~pt+lak i +.0(2) ;
3 :, 3p+q=2k ..(3) ,
o 3 b 5
A \ 1, (1)-(2):
R 2p+29-1=0 ...(4)
(3)-2x(2):
3 5p+q-2=0 ..(5) .
’ Require thata+ pb=k| 2 | for some k Then 2x(5)—(4):
' 3 8p-3=0 ]
3
243p 3k :>p=§
ie.| p |=|2k and hence, substituting into (4): R
2+3p) |3k .- 1-2p 1
2 8 ]
= p= 2k from the second component.
Substituting into 2+ 3p = 3k: .
. Exercise
2 2c
pke-2 ¢ ||=12
4 ¢
.-P- 3 0 ,4L,l+£.:+c.' :lz i:
' Require that Ax+y=| k | for some k Vo' =12 -
0 6c’ =144
24+4) (0 ¢ =24
ie. [ 3A+1 [=| k c=42.6
A+2 0 )
AB=b-g=|-2
2A+4 =0 from the first component 8 1
LA=-2
1 AB=v22+2*+1° =3
| 3 3
Require that pa+b=k| 1 |for some k A(j:E

2




-y £
(9] ks
a+tAb=| -1
2A-1
|a+lb|=5\/_2_

\/(2/1-2)2+2»2+(2,1—1)2 =52
9A* —12A+5=50
3A°—44-15=0
(3A+5)(1-3)=0

5
A=—= or 3
3
4

m a Require | k| -1 ||=6 for some k
1

(@12 =6
18k* =36
k=+2 4

Possible vectors are +2| -1
1

2
b Require k| —1 ||=3 for some k>0
1

(same direction)

Sl e =8

6k’ =9
k= \/g = ?(Choose positive root)

2)
.. the vector is —; -1
1

PR A AR
-
K 3

(F) AB=0B-0A
2+2t

=i 4t

—9->5t

Require that AB=3

~(2+2t) +(4+t) +(9+5t) =9
3012 +106t+92=0

15¢% +53t+46=0

(t+2)(15t+23)=0

23
e e = —1.53(3SF
t=-2 or T )

PQ=q-p
Harit 1 i+l
=1t || 1]=| ~
1+¢) \3) \t-2

(PQ) =(t+1)" +1° =)
=3t —2t+5

( 1)2 14
e
3 3

14
=>minimum(PQ)2is—3—,a[;:l

.. minimum PQ is \/E ,att o
3 3
Exercise

=ah)
B 5B=| 5 || OA=
—1

W NN

6 = arccos

(AB - OA

|AB||OA|]
—6+10-3

V9+25+1/4+4+9

= arccos

= arccos(

=)

=87.7° (3SF)

- S
T 7 s
YN




" So the angle between AB ang OA is
. §7.7°0r180°-87.7°=923°
4) 6
u E: 0 ,ﬁj= —4
1 1
(AC -BD
/AC||BD] )
( 24+0-1
\V16+0+1/36+16+1

@ = arccos

= arccos

=40.0° (3SF)

(k) (2 k-2

=
&l

&l
®
Il
o
k‘
+
NS
I

[ k+4) 6 k=2
DC=| 2k+4 |-| 2k+4 |=| 0
\2k+2/ 3 2k-1
GESE 0N (4
AD=| 2k+4 |-| 4 |=| 2k
BRYIE\1) 2

AB=DC and BC=AD
.. ABCD is a parallelogram.

b Whenk=1,
-1

p— —_—

AB=| 0 |, AD=
1

NS T NS R N

"-"*'“ ~’. M &

V" Py
= =3 A

[ AB -AD ]
6 = arccos

|AB||AD|

(0 g )
= arccos

\vﬁ¥0+1vﬁg+4+4
)
=arccos

V224

=107°(3SF)

The angles of the parallelogram are
107° and 180°—6=73.2°

¢ For ABCD to be a rectangle, require
AB-AD=0:

k-2 4
0 |-[2k|=0
2k—1) | 2
4k-8+0+4k—2=0 0
8k=10 7
e
4
2 —4
,BC=| 1 |,GA=]-2
-7 2 5
a AB-CA=-8-2+10=0 78
= BAC=90°
=)
Fu i
7
: CB-CA
BCA =arccos ) 4
\|CB||CA|
_arccosf 8+2+14
| V4+1+4916+4+4
= arccos 2—4)
V5424
=482° (3SF)

. ABC=180°—90°—48.2°=41.8°




V24

L
. -
A 70 B

Figure 13D.8

Area = %]AB| |CA|

=2 3024
=6‘/§

=13.4 (3SF)

Exercise

78 a 'The vector equation can be written as
the following system of equations:

442x=-243y ...(1)
1-3x=5+y ..(2)

From (2); y=-3x~4

Substituting into (1):
4+2x =-2+3(-3x~4)

11x=-18
18 10
x=-—, andsoy=—
11 11
b i (4—3)+(2+9)x=(—2-15)+(3-3)y
1+11x=~17+0y
18

Ky

11
ii (1242)+(6-6)x =(=6+10)+(9+2)y
1440x=4+11y

ifi Vectors were picked whicy,
perpendicular (o each of Cre
direction vectors of the 1y,

(=)

,Iill(:,
)

(COMMENT
For a two-dimensional vector, find ,
perpendicular vector by exchanging ¢
horizontal and vertical components ‘Jnj
changing the sign of one of these

(1 / ( )
is perpendicular to
\ 2 ~1J

=3 . 5\
5 |18 perpendicular to( J
\ \ 3

i (=)L

Taking the scalar product wit), 1,(] ,

\2f
340x=6+11y= y=- ]3
1
; | (3
Taking the scalar product with |
\ 5
13
2-11x=15+0y = x=~—
11
2 4 l
a a a~(b+c)= -2 | —-4|: 19
1
-1 ('i';
b (b-a)(d-c)=| 3 ||2 =7
Tt 1
4 |
¢ (b+d):(2a)=| -2 || -4 |=32
4 9



Y

i BB G 8 B

’ a a'b=0 and a-a=

...a.(za-Sb)=2a-a-—3a-b=2
b g=45°=:c058=-1—-

V2
P 9=|pl|q coso
.'.3ﬁ=lx _l_
!qIX\E

SJgf=6

a 0=60°=cosf= %
a-b=|d |bl coso

Al
2

Also, [a|=3=a-a=|g =g

a-(a-b)=

iy
IS
|
1N
=
]

Ly A
Niu

[\

(o)}

4

Axel 4]
Il

W
o8

b (3a+b)-(a—3b)=0
3a-a-9a-b+b-a-3b-b=0

3la|" - 3[b|" ~8a-b=0

Since lal =[ b|, the first two terms cancel

and this becomes

~8a-b=0

sab=0

which means that @ and b are
perpendicular.

0 (-6-21 =7
BC=|-2-17|, AC=| 4 |,
5 2
(211~1
AB=|21+1
R
BC-AC=0

~7(~6-2A)+4(~21-17)+10=0
10A-16=0

A=L116
With A = 1.6:
(-9.2 ~7
BC=|-186 [, AC=| 4 |,
A 2
(E22
AB=| 22,6
-3
BCA = 90° from (a)
BAC = arccos( Iiillj\\gl ]
= arccos(——i—-—J
/524,669

=68.7°
BAC =180°-90°-68.7° = 21.3°

Area = -;:(BC)(AC)

= %\/455.6\/59_
=88.7 (3SF)




o e - S ¥ 4

a B
Figure 13E.12

AC=a+b

" H '3!0‘3
BD=b-a Uy it

: h A =90°, B is the point o Jj,,
gince CBA =90 1 line
b (a+b):(b-a)=ab-aa+bb-ab (OA) that is closest [0 C.
3T :
=’b’ —|a] Hence the distance from C to the [in,
; OA) is equal to BC:
¢ IfABCD is a rhombus, then |a‘ =|b| (OA) is €4 ;
and hence (a+b):(b-a)=0. 1Y
y LI 5a 1=2=BC= 0
[his means that AC-BD =0, so the 4
diagonals are perpendicular.
8
COMMENT BE=RUBEVOL 70116 =45
It is very important fo know the defining i
qualities of various quadrilaterals:
the square, rhombus, rectangle,
parallelogram, trapezium and kite. In a . -
question of this sort, you ~an assume all Exercise
other properties without proof, and only a p= ABxAC
need fo demonstrate the property being /
requested ARt
quested,
=12 |x| 6
PG SO e 1 2
m a OB=A0A, so OB and OA are parallel,
hence B lies on (OA). ( 24-6
=| —4-8
L) 2 (24-+48
b BC=| 2-4 |,BA=(1-4)|1 e
4-41 4 iy
CBA =90° | 7
= BC-BA=0
= (1-A)(2(12-24) +(2- ) +4(4-44)) =0
=(1-1)(42-214)=0
- A =2 (since A =1 is the degenerate case
where OA = OB)
lopic 13F Areds 4ig iy ol i o




a D(0,4,0)

=4 (-8 F(5,0,2)
=|-12 |x| —6
G(5,4,2)
-1 1
(-12-6 H(0,4,2)
= +4 L i ot
: b Area = |BEXBC|
(2496 2
8 =5 0
=~|| 0 [X|4
=| 12 5
0-8
D=1 LT
2L 20-0
a ﬁ:&:tﬁj
4 -"4
=CD=| 0 =182
4 -10

= /42 +52 +10°

. OD=0C+CD
= 141=Il.9(3SF)
7 4 11
=(21+] 0 [=] 2
RY =3 0 Exercise {Bl€®
So the coordinates of D are (11, 2, 0). U0 |axb|=]al|b|sin30°
b Area=l§7ﬁxl—3€ =5x7x%
4 8 =350
=Y :%‘zg a Usingxxx=0 and xxy=-yXx:
-3 -2
(a—b)x(a+b)
(0+3 _ axa+axb-bxa—bxh
=|| —24+8 —0+axb+axb—0
4-0 =2axb
(3
i b (2a-3b)x(3a+2b)
% A =6axa+4axb—-9bxa—6bxb
\ =0+4axb+9axb-0

=32 +16* +47 =13axb

=+/281=16.8 (3SF)



U e I . SN
N ¢ e \ I T
.= L R L

S
et §

n 2 axbisavector perpendicular to a.
Therefore (axb)-a is the scalar
Product of two perpendicular vectors,
SO it is zero,

b ("Xb)'(“—b)=(axb)—a—(axb)-b
¢ =0-0

22 S,

If 6is the angle between vectors a and b,

X then by the properties of vector and scalar

., products:

axbf’ +(a-b)’

= (|48 sin)" +(atfcos)

=Idlngﬁn29+lagllqlcosze

=la{:fb{2(sin26+c0529)

e =l

)

- Mixed examination practice 13
- Short questions

b (2) (3))(1
b B x{o]]{-3
e J 2 4
1 (2)( 1
[ =[5||-3
1 3/ 4

- =2-15+12

i =—1

-!
a MD=MC+CD
E -13c.cp
2

foe™ 1 S e

=—AD-AB

; 2

o i o4 3 F
anon prachnce ¥ & - T
: =t ~L y rtn.‘%@-“.’ N = et :

B:5x! 7|7

]
~ W
I

"

+

A

b Arca=|ONXOT)=|nx]
%)
i j
N7J}

=9 +5°+7"

3) (-1 -5
1 p 15 }

- b PSS

b Requirethat| -1-3p =k
5 ] |-3
some value k.
Clearly, by inspecting the firs: -4
third components, k=5,
Then, from the second compo:
-1-3p=-20
—3p=-19
19




oo S Rl ¢ Vahd BN B i Bhe
s e i NG o s ST R et S L L et
R e L R Sl e - Sl e e cni g
e el ekl i Bata”

; :Choosing H to be the origin, HG
" asthe positive x direction, Efj a5 9 a (b~a)(b-a)=bb-b-a-ab+aa

the positive y direction and Dfj 4 =|b* +|al’ ~2a-b
the positive z direction, we haye
0 6 b N

HA=| -4 |and HC=| ¢
-3 -3

2 HA-HC
AHC= arccos( ]
IHAJ[HC

| 9
% = ArcCoS| —=—r=
‘; ( V25445 ) p* P M

=74.4° (3SF) Figure 13MS.8

b-a=MN, [a=PM, [f=PN
ﬂl4=lﬂ=m=l a=MN, [a/=PM, b

From (a):
i ( ab ) b-a| =|a"+]b[2-2a-b
| @ =arccos
| all —{af"+/b] ~2]a[b| cos8
\ E (cos@sm9+sm8c050) i.e. MN2 = PM? +PN?—2(PM)(PN)cos@
: =arccos(2cosfsinf) Long questions
f =arccos(sin 26) 3) (1
1 R 88 2 AD=|1|-|1
|, = arccos cos(—z——z D r 7
| =X 59 2
| - =10
; k-7
' =—((a+b)+(a-b)),
. g 2((a ) ( )) b (AD) is perpendicular to (AB)
~—((a+b)~(a-b) - AD-AB=0
, 5 2 ~2
| a'b:1((a+b)+(a—b))-((a+b)—(a—b)) 0 |{5 |=0
A k-7)\
=;—[(a+b)-(a+b)—(a+b)(a—b) —4—4(k=7)=0
+(a-b)(a+b)~(a-b)-(a-b)] 4k =24
k=6

=—};(|a+b|2-]a—b|2)



: 58

4 -1
€=l 0 |+| 6 |=|6
= 3 1
Le. the coordinates of C are (3,6,1)
DA-DC
(DA)(DC)
=2

d cos(ADC)=

18k
15—-———=
k+1

15k+15—18k=0
k=5

/4 "14.\ Z

.
..

A=

Le.d-c=

=y l=

+
[—
]
D rojw o w

the coordinates of D are % %)2)

[

d CD=,[—+—+16
4 4

. B

V2
= 4.06 (35F)

The coordinates of P are (a, a*)

TR e =d
po=—op=[ 2]
—qa

— o J({0) a —a
PS= - =
PO-PS=9
a2—4a2+a4=0
az(—3+a2)=0

a=0 or £./3
Since a>0, g=+/3




d }th a=3, we know that
OPS=90% OP=V12 and ps - 5

1 3 =| <75 ¢c=
'..AreaofOPS——z-x\/l—zxzzz\/g - 1 =1
1 x i
n a Areaofbase=—{ax 4| ] (E1e :
2 Volume=—||| 0 [x| -7 -2
b h=|c|cosd Sl e
40 )
c Volume=§helght><base area (= (=)
1
1 1 =—|| =1 || =2
=-§(\clc050)(z|axb‘) £ L7 /11
=l|a><b||c‘cose =1'7+2'7|
6 6
Since [AE] is perpendicular to the bage, = %

it is parallel to ax b, and so the angle
between axb and c is also @,

- Volume = —é-l(a xb)-(|



Lines and planes
In space

(12,-14, 34) or (-8, 16, —26)

' i Exercise n a 2i—-3j+6kgivesa direction vectqy
( Y ) 2—t 2
E @ Equation of line I: r =| 1+¢ of | -3 | for the line,
p —4+2t 6
A (2 2
a Att=-2 r=|-1 = 0OA sr=|1 +A| -3
4 -3 Gy C
ok
; 0 2 2
Att=0,r=| 1 |=OB b || -3[=Vv4+9+36=7
'1 ) —4 6
k- So Aand Blieon [ ] : ;
¢ AsPisa point on the line,
b AtA,t=-2,and at B, =0. Require
AB=BC, so the point C must lie 2 4
1 where t=2, AP=|A| -3 [=|A]| -3 |=7|4
) .. the coordinates of C are (0, 3, 0) 6 6
8- ) AP=35=|A|=5= =15
a PQ=gq-p=| -2 .
. Q=q-p 2 2 2) (2
3 L OP=|1[+5[ 3| or | 1 l-:[—3
B = |
3 Z ] ;1 4 6 4) |6
o =r=|1|+A]| = ‘
5 8 i.e. the coordinates of P are
g

b AtP,A=0, and at Q, A=1. Require
PR=3PQ, so the point R must lie Exercise

where A=+3, since the distances are
proportional to the differences in A.

COMMENT
3 e In these problems, assign unknown: o
e 7 =1 7 = the values that need to be determind,
: OR=|1 [+3] -2 | or |1 [-3] =2 then use one or more standard equations
> : » 3 w.hich describe the geometry you are
given. Solving the equations will give the
i.e. the coordinates of R are (-5, -5, 11) values for the unknowns.

OR(I19 =7




N cabe Yii 2 et

T e

y e e el

o 9 AN O LF +
2 F b

4427

___usincecliesonl,(TC.= 2—-A | for some )\

~14+21

4-2A
(PC] perpendicular to /
2
—Cp-|-1|=0
2
6-4A-A+8-41=0
9A=14

14
'1”9

64
-, the coordinates of C are ( —, 4 : 1_9_J
9=9:9

Let P be the point on the line that is

closest to A(-1, 1, 2)

1-3t
OP=| t |[forsomet
2+t
243t
PA=0A-OP=| 1-t |and
=1
£3
we require that PA:| 1 |=0
1
—2+3t) (-3
1-t || 1 |=0
—f 1
6-9t+1-t—t=0
L1t =7
7
t=—
11

¥ {.. ”i' . o
~]
PA=|-
11
=7
1 66
==/ 1216549 =t
11 11
—5-31 3+ U
Qa.ap| 1 |5| # |50

=l ...(2)
10+4A=-9+7p ...(3)
From (2), p=1

Substituting into (1) gives
—5-3\=4=A=-3

Then, substituting into (3):

10+ 44 =—2=—-9+7 is valid, so the
lines do intersect.

Substituting, say, 4 =1 into the
equation for [, gives (4, 1,—2) as the
coordinates of P.

COMMENT

Always use all three of the equations to
ensure that the solution obtained from fwo
of them is valid. In this case, the question

states that the lines intersect, so this check
serves fo reveal errors in working rather
than determining whether or not the lines
are skew, but it is nonetheless worthwhile.

5
b Whenu=2, r,=| 2 |,50Q(5,2,5)
5.
does lie on [,.
—5-34 5 -10-34
c OM=| 1 |=leli=E el

10+44 D 5+41

for some value of A




-3
l- Require that QM-| 0 |=0:
4
-10-3A) (-3
-1 || 0 |=0
4f 5+41 )| 4
i 30+92+20+164=0
254 =~
) A==2

. the coordinates of M are (1, 1, 2)

g 3
st o s

Figure 14B.6

PMQ =90°
. Area of PMQ =% (PM)(MQ)

-3)||( -4
==l o |l -1
4 )\ -3
VB
T e
=12.7(3SF)

3t
a At thours, theshipisatr, = (4t)

b At t hours, the second ship is at

NENDYE)

C d=|f2"’r1|

st

=18-91
When t=0.5, d=13.5

d The ships meet if there is a positive
value of t for which d=0:

18-9t=0

=t=2
- the ships do meet, and this happens
after 2 hours.

¢ d=18km when
[18-91/=18
9t—18=18 (sincet>2)
9t =36

t=4
. the ships are 18km apart a further
2 hours after meeting.

Note that the other solution to the

modulus equation |18 - 9r|—18 is
18-9t =18 =t =0, which is already

known since the ships start 18 km apart.

B a At time t, the first aircraft is at

0 3 3t
A= SRR e
0 1 t

b Attime t, the second aircraft is at

0 5 5t
r=|0+t| 2 |=| 2

7 —1 7—t
d=|r-r2‘

= J(2t) +(6t-5) +(7-2t)

= d’ = 4t* +36t% — 60t + 25+ 49 281 +41
=44t - 88t +74




il 3 TRE LEE # R & B

0l c Completing the square:
42 =44(t-1) +30>30

ie. d#0 for all t and so the aircraft do
not collide.

d From (c), the minimum d* is 30,
so the minimum distance d is

J30 =548 km (3SF)

9 Let P be the closest point to the origin on
the line.

1+24
OP=| —2+24 | for some value of 2.
2+ 4
2
Require that OP-| 2 |=0:
1
1424 (2
—2+2A || 2 (=0
244 ) \1
244 —4+4A42+A=0
9A=0
A=0
- the coordinates of P are (1, -2, 2)
OP=+/1+4+4=3
A 2—t
ma AtP | —14+5A |=| 2+t |,s0
2+34 143t
A=2-t ..(1)
mEsL=2+1t  ...(2)
2431=1+3t ...(3)
(1)+(2):
6A—I=4=>/l=§

‘..;_ B St L i e il R TSI
s % i '.ﬁ; i PRl e R g ey Lk v it

. » - '5

Substituting into (1):
t=2-A= Z
6

Substituting into (3):

2+3A= —z— —1+3t is valid, so the lines

do intersect. -
Substituting, say, A = = into the

i I, gi (E i g)asthe
equation for |, gives| >

coordinates of P.

1
3 3
Let @be the angle between the lines.
Then

g
@ = arccos _é;_fz_]
d,[|d

—1+5+9 J

J1+25+9/1+1+9

= arccos

=arccos

)

= 48.5° (3SF)

=1
c Att=3, r,=| 5 =0Q, 50 Q
10
lieson 1,

= 5

e 1
d PQZ 5 e 19 = 11 o
6 6
10 27, 33

o |

11
PQIE\/1+1+9

11411
=—‘6/;=6.08 (3SF)




E -\ Figure 14B.10

Then PQR is a triangle with

-j, PRQ=90°, PQ= “‘éﬁ and QPR = 48.5°
By trigonometry in PQR,
E QR =PQ sinQPR
S = 4,55 (3SF)
5421) (21) (-16+24
= M PM=|1-31 || 5 |=| —4-34
E A ) A ey
: for some value of A
2
Require PM-| -3 |=0
;
—16+2A) ( 2
—4-34 |{=3]=0
3 -8+34 3
30444412494 24+9A4=0
F 22 =44
- A=2
- the coordinates of M are (9, =5, 8)
15
‘ b When A=5, r=| —14 =0Q,
17

so Q lies on I.

Let R be the closest point to Q on line /.

Figure 14B.11

Require PQR to be an isosceles
triangle, with base lying on /.

It follows that M must lie at the
midpoint of the base of the triangle,
since (PM) is perpendicular to (QR),

M has A=2 and Q has =5, 50 R myg

have A = —1 for M to be the midpoint
of [QR].

-, the coordinates of Rare (3,4, —1)

5
a Atpu=3, r,=|2|=0Q,
6

so Q lies on ,.

b By inspection, the two lines share a
common position vector

. P=(2,-1,0)

COMMENT
Here you could carry out the standaord
procedure for finding the point of
intersection, but it is much easier if you
spot the common position vector!

)

Figure 14B.12

2 Topic 14B Solving pr !.9 ‘fwzith,_l':es i el ol 3




with PR=PQ (from Figure 14B 12

there are two possible positions for R).

(3
PQ=| 3 =3J6
6
(1
IdJ:L_Z =3=PR=3|]|
2

~3|2|=3J6
=16

- the coordinates of R are

(2+\/g, —1-24/6, 2\/8) or
(-6, 1424, ~245)

Exercise

a The vector equation of the line is

1 3
r=| 4 |[+A| -2
-1 3

Cartesian form:
ey =4 2+

3 =2 3
b Unit direction vector is
: 3 3
1
S = 2
V3 +22+3 V22
3 3
a Rewrite the Cartesian equation as
L ;-
peRtiZ 3
2 3 =
= s ,4'.

~ Require PQR to be an isosceles triangle

Vector equation:
(18)
5 2
r=|-2|+A| 3

W |

b Intersection with x-axis occurs where
y=z=0:

Require A such that
—2+34=0
2 A0
3

This pair of simultaneous equations has
: 2 :
consistent solution A ==, so the line

, 11
does intersect the x-axis, at —6—,0, 0

¢ Let Obe the angle between the

1
direction vectors a=| 0 | (for the
0
2
x-axis) and d =| 3 | (for the line). Then
=
cosg=2 id = 22
alld] 17

(W]

6 =arccos| — |=61.0° (3SF
(Jﬁj Oa

" a Vector forms of the lines:

s : 5

A el =T 2
5 e PR
= -1

2
x+1_z—3 2 = 9
FEmay - LG
3 -1

s adieg kb dliness es in space

R e B
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x
b
s
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‘o
"

S 5. .
Pl e

Let Obe the angle between the

D
direction vectors d, =| |

and
3 _1
d,=| 0 | Then
=4
cosG=_deL= 16
d)|d,| V27410

6= arccos( 5 J: 13.2° (3SF)
N270

b The lines intersect if there are Aand y

that satisfy
3+50=-1+3u ..(1)
2+1=1 %(2)
3

ot (3)
(2)=21=-1

Substituting into (1):
—2=—1+3,u:>,u=-%

Check for consistency in (3):

LHS = 2 SERES = lﬁ
2 3
There is no consistent solution, so the

two lines do not intersect.

a a Parameterised form of the first line:

rn=(2+3v, -1+4v, -1+v)
Parameterised form of the second line:
r,=(5-p, —2-3u, 7+24)

The lines intersect if there are v and u
that satisfy the simultaneous equations

2+3v=5-p (1)
~1+4v=-2-31 ...(2)
~14+v=2u+7  ...(3)
(3)=v=2u+8

Substituting into (1):
2+6U+24=5-p=21=-7

Substituting into (2):
"1+8‘U+32=—2—3# = 33:-.1 lll
These give the same value, =3 o
hence v=2.

Therefore the equations are consjstep,
for 4 =-3, v=2 and the point of
intersection is (8,7, 1)

By observation, at A =1, the line pagq,,
through (8, 7, 1).

Exercise

a a Normal vector for plane IT;:

3
n=|-1
1

Normal vector for plane IT, :
1

n,=|-5
5

Angle 8 between the planes is ()¢
same as the angle between the normg]
vectors:

nen, 13

|nJh5|—.JTIng

cosf =

13
6 = arccos =5
(VS61J

(to the nearest degree)

a The line has vector equation

2 3
r=|1|+A|2
0 1

2

The plane has equation r-| -1 |=5

=2

4 Topic 14E Angles and infersections between lines and planes




For intersection, require

2 3 2
1 +A 2| -1{=5
0 1))\-2

2(2+3A)—(l+21)— DA =5

2A=2

A=

Substituting this value of A into the

equation for the line:
the intersection point is (5, 3, 1)

COMMENT
COMMENT

There are a great many ways to
approach vector problems, and o

selection of methods for this question is
given below. You should make sure you

understand all of them, and try to identify
which approach you prefer in which
circumstances. Each approach will have
its advantages, and if you can master
multiple approaches you can choose the
most efficient for any given problem.

Method 1: using the parameterised form
for one line and substituting it into the
Cartesian form for the other line.

For the first line,
x=4-3A, y=1+34, z=2+41
Substituting into the equation for the
second line:
3-3F 3+31F 3+21

by
From the first and third expressions:
3-31=3+2A=1=0

But this is inconsistent with the second
expression.

Therefore the two lines do not intersect.

COMMENT

COMMENT
Note that if the lines do interseci, this

method gives you the value of the
parameter A for the intersection point.

Method 2: using simultaneous equations

for the parameterised forms.

x—1 yp+2

The second line

=

15y |
has vector equation r=|

1 1
|

\

i'.‘
=
\2)

An intersection of the two lines represents
a solution to the simultaneous equations

4-3A=1+4p ...(1)
1+34==2+3u ...(2)

1 ~
Zt /":“‘ZIU (.‘))

Substituting into (1):

—
U1

9
4—6,u+;=1+4;1:>10‘u=

|J|

== A=0

e | w2

But this is inconsistent for (2):
9

1+0#-2+—
4

So there is no solution.

Note that if the lines do intersect, this
method also gives you the value of the

parameter A (or ) for the intersection
point.

e granon

R U

e’

—————
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Method 3; using the vector equations of

the lines and taking scalar products with a

COmMmon normal,

The second line _x;l = i = -

.
1 4
has vector equation r = eyl 3
|
- 2
2
‘The common normal to the two lines is
-3 4 3
n=| 3 [x|3|=]| 10
| 7 =21

For an intersection of the two lines:

g el 4
R e Sl + | 3
2 1 - 2
2
Taking the scalar product with #:
l 3 4
— 10 |1 [+04
|
=21 /\2
| : |
=|—, 10 || 7 +0u
n
e
2
0 275
n[ |

'This equation is invalid, therefore the two
lines do not intersect.

Although this method 'does not give
the infersection point if the lines do
intersect, in the event that they do no; the
discrepancy between the two sides of the
invalid equation is the shortest distance
between the lines, which in this case

7, —17;I5— While this detail is not needed i,

this question, method 3 would be

extremely useful for a question which 4;q
ask for the distance between the lines in .

subsequent part.

Method 4: using projections - scalar
products with two arbitrary vectors

normal to one of the lines.

|
1 2 o
The second line i =
1
!/4
has vector equation r = _1 K
2 ‘

For an intersection of the two lines;

1 .
4 =3 ; 4
A= ] 3 | (%)
1
2 1 = 2
2
1 3
By inspection, | 0 |and | —4 ‘ are both
=2 0 )

perpendicular to the direction vector of
the second line.

Taking the scalar product of (*) with

0
=2

0-51=0+0u




8__211:11'}'0}1
1

— e

2> A= 2

These give inconsistent values of ),

Therefore the lines do not intersect.

COMMENT

This method, like the first two, gives
the intersection point if there is one.
Geometrically it represents a projection
N of the second line onto the first in o
N Jirection perpendicular to it. If two such

projections are made, the same point will
be found if the lines intersect; otherwise
the projections will locate different

points, since fwo skew lines will appear
to overlie each other at different places
when viewed from different directions.

& 12x—3y+5z =60

a Intersection with x-axis has y =z =0:

War=60=>x=5
~P(5,0,0)

Intersection with y-axis has x =z =0;

~3y=60= y=-20
~Q(0,-20,0)

Intersection with z-axis has x = y =0:

52=60=z=12
~R(0,0,12)

=~/120% +30% +50°
=+/17800=133 (3SF)

"1 a Substituting x=2, y=1, z=6 into the

equation for the plane:
LHS=5(2)-3(1)-6=10~3—-6=1=RHS
So the point P lies in the plane IT.

5

b PQ=|-2
3 5
Normal to plane [Tisn=| -3
=]

Angle 6 between (PQ) and IT is the
complement of the angle ¢ between
PQ and n:

PQ-n 35 35

Pqn| V4535 V4s

cosp=
+.sin(0) = sin(n—¢)=cos(¢)
B
i

- PQ=[PQ|=V5+22+4’ = /45 =35
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1
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\u—/ .

i 5
e v -

T

d Let R be the point on [ such that (QR)
18 perpendicular to [1.

Then PRQ =90° ang QR is the distance
of Q from I1.

.‘.QR=PQsin9=\/Ex\/%=\/3—5

3V (1) (1-2) (-1
Wa|-1(x|2|=|143]-] 4 11
1 -1) (6+1
b The normal vectors to the two planes b
3 1
aren, =| -1 |andn,=| 2
1 =1

Since n, -n, =0, the normals are
perpendicular and hence the planes are

perpendicular.
3
¢ Il isgivenbyr:| -1 |=17
1
1 3
1 |-| -1|=4#17,s0 M does not
25\l
lieinIT,.
1
IL is givenbyr:| 2 |=4
=il
1 1
1 || 2 |=1#17,s0 M does not i
2\ =il
lie in IT,.

d The vector from (a) is perpendicular to
the normal vectors of both planes, so
it is the direction vector of the line of
intersection.

- Topic 14E Lines ond interse

T ey Sl i = A0 = "'-"
» 4 " B & Baosii, U egen g3 B

Hence the vector equation of a iy
parallel to this direction and Passin

through M is given by

1) -1
r=|1 [+A| 4

2o\
1 3 -3+10 7
3 Ix| 5 |=| —6+1 [=| =5
=2 (-1 =0 -4

i Substituting x=y=2=0into the
equation of either plane leads tg ,
true statement 0=0, so the origjp
lies in both planes, and hence the;,
intersection also contains the origj,

ii The normal vectors for the planes ;.

1 3
n=| 3 |andn,=| 5
~ =1

The direction found in (a), which

is perpendicular to both normal
vectors, is the direction of the line of
intersection.

It was shown in (i) that the origin
lies on the line of intersection.
Therefore the vector equation of the
line of intersection is
7
r=A| -5
—4
Substituting x =74, y=-51
into the equation for I1 :
7A-5(=51)+(-41)=8
281=8
2
A==
7
-, the point of intersection of the three

planes is (2, —1—0,-§)
7 7

z=—44

nes ¢ D SN A
Hnes ¢ ,!i.»". \,5 anes




pxercise (D B o W

a grom GDC, the intersection point is 4x+y-2z=5 ...(2)
(§ lﬁ,_Z) y+z=3 ..(3)
i i
Q) 2x az=l

Alternatively, using algebraic elimination:
gl (2)-2x(1)  ytz=3 ..(4)

3x+ y+ z2=8 bl
_Ix+3y+ z=2 i 2) G) Ve 3
2 Clearly these are consistent equations,
gy h3z=0 - (3) but chsystem has only two independent
(1)—(3)= 2x—2z=8 ..(4) equations, so the intersection is a line. Let
x=t; then z=2t—1land y=3—2=4"2t'

3%(1)—(2): 16x+22=22 ...(5)
- the line has equation

(4)+(5): 18x=30=>x=§ 0 1

Then(4)=>z=x—4=—§ = _41 W —22

and (1) =>y=8—2:—3x=E (Cartesian form f=4——1=£+—1')

3 1 2 2

. intersection point is (%?—%) x—2y+z=5 (1)

Using Gaussian elimination: 20t y+z=1  ..(2)

X =Ry (1) x+2y-z=-2 ...(3)
xty-z=7 ..(2) (1) x=2yiz=50 (1)

2x+y+z=3 ..(3) (2)-2x(1)  Sy- z=-9 ..(4)

(1) b =75 ) (3)-(1) 4y—-2z=-7 ...(5)
@ y-z=5 ..(4)

(3)-2x(1)  y+z=-1 ..(5) (1) sl
D - S 4x(4)  20y— 4z=-36 ...(6)
) e 5%(5)  20y-10z=-35 ...(7)

(5)-(4) 2z=—6 ...(6) ) 2. ()

(6)=z=-3 (6) 20y—-4z=-36 ...(6)

Then (4)= y=5+z=2 (7)-(6) —6z=1 ...(8)

.. intersection point is ( 2,2, —3)

%. 995" space

- 14 Lines and



T i N "‘{ e -
Then (4):3;;:2;9:_2
5 6
and(l):x=5+2y..z=%

- intersection point is (i, —E, —l)
266
2x— y+ z=6 ..(1)
3x+ y+5z=-7 ...(2)
x-3y-3z=8 ...(3)
(1) dx—yhiz=6 " .1
2x(2)-3x%(1) Sy+7z=-32 ...(4)
2x(3)-(1) e O (5)

Clearly, (4) and (5) are inconsistent,

and so this system of equations has no
solution, i.e. there is no point at which the
three planes all intersect.

B 2 2x+ y-2z=0 ..(1)
x-2y- z=2 ...(2)
3x+4y-3z=d ...(3)

(1) 2x+ y—2z=0 ...(1)
2x(2)—(1) SRR (1))
2x(3)-3x(1) Sy i (5)
For this to be a consistent set of

equations, require d =—2

b With d =-2, (2) and (3) are consistent
but the system has only two independent

equations, so the intersection is a line:

4

y=—§,

%
Xx——=z
5

In the form of a vector equation, this is

2

5 1

r=| 4[+4|0
5 1
0 )

.
=
C

o
s

=

‘g"

e

™ : * b, .
?_ {8 '_‘.!;K-x!o a ‘..t-v. ;.,' P S

A »oeh “"" 2 /
x—y =4 (1)
y+z=1 AP
x S0 =0 (2]
@y (1)
(2) y+z=1 ...(2)
(3)-(1) y-z=d=4 ..(4)
Doy 4 ()
(2) y+z=1 ...(2)
(2)-(4) 2z=5-d ...(5)
5-d
(5)=>Z=——2‘—
d-3
(2)=>y=l— =T
d+5
(== EEs =
I 0d+5 d—3 5-9)
. intersection point 15 (TT’T

a a If each plane is written in the form
r-m, = k,, where 1, is the unit normal
to plane IT, then k; is the perpendicular
distance from the origin to the plane.

In all three cases, this distance is zero,
hence the origin lies in all three planes.

The origin therefore lies in (he
intersection of the planes.

COMMENT

Coherently explaining somethins which
seems clear can sometimes be iricky.
It would be equally valid to shovw that
(0, O, Q) is consistent with the equation

of each plane.




x+ Y 24 Gudy)
x—-4y-—22=0 (2)

3y 2=0 ...(3)
2

(1) x+y =0 ..(1)
1)-(2)  Sy+2z=0 ..(4)
2x(3)-(1)  5yt2z=0 ..(5)

N N llv
COMMENT

As always, if you can avoid having
fractions in your answer, it will appear
iidier and you will lower your chances

of making arithmetical errors. In the
elimination process, consider multiplying
1o make terms match instead of dividing

(or multiplying by fractions).

Equations (4) and (5) are consistent, but

the system has only two independent
equations, so the intersection is a line.

Let x = 2t; then y=—2t and z=5¢, so
the equation of the line is

ey, Z
e 5
or, in vector form,
2
=2
5

The direction vector is d = 2i—2j+5k

o a x-2y+ z=7 (l)

o+ y-3z=9 ...(2)
x+ y-az=3 AR

(1) x—2y e (1)
(2)-2x(1)  Sy- 5Z=7? )
(3)-(1) 3y—(l+a)z:—-4 S(5)
(1) w—29+2=7 (1)

(2)+5 y—z=-1 ...(6)
(5)-3x(6) (2-a)z=-1 {7

i 4

Equation (7) is invalid if a = 2, so for
this value the planes do not intersect.

Taking only (1) and (6), the line of
intersection of I, and I'l, can be

obtained:

Let z=t; then

(6)= y=2z-1=t-1
(1)=>x=7+2y—2z=5+t

So the equation of the line is, in vector
form,

5 1
r=| -1 [+£|1
0 1

or, in Cartesian form, x—5=y+1=2

x— y— z=-2 (1)

2x+3y—7z=a+4 ...(2)
x+2y+pz=a’ 2B
(1) X=y- z=—2 0 ()
(2) =2 (1) 52=a+8 ...(4)

(3)-(1)

(
(4) 5y—5z=a+8 ...(4
(

3y+(p+l)z=a’+2 ...(5)

1) x— y— z=-2




.__—.‘-_,‘ 785 :,’,;;;k’ Rl

l“l}“““‘“ (O) 48 tnvalid if p o 4, unless '
N3 M (Sat ) (a-2) =0, in 0 pormal to the plane s} 2
\\“\i\‘h AN (‘\]\li\“\\l\ ((\) \k}l\“l\(‘l'i\‘(\\' ) |
’\\ 0= 0 and there are \\l\l)‘ wo Ling with direction # which Passes
independent equations in the system, through (=3 ~3, 4) has equation
S0 that the intersection of the planes is ;
a line, -3 2
p
p : " \\“\‘ (:“II 1 ‘)(g] :) 7 0 r= ‘*3 4 A -
- 4 ,41
A b ] § - .
p=-landa : or 2 8 s
‘ or in Cartesian form, === = =g,
b With p= 4 anda = 2, equation (4) - 2
becomes Sy Az =10 peg =l b The plane has equation =11
Letz =ty then ez =24t The intersection satisfies both this
, equation and the line equation
and(1)=dx= y4z-2=2t plane ¢q l
: -3 2
2 the equation of the line is
p=|=3|+A| 2
) 2
: 4 -1
r=| 2 [+t 1
0 | Taking the scalar product of the line
equation with
11=-16+94
94 =27
A=3
This describes the intersection point Q,

which therefore has coordinaies (3, 3, 1)
COMMENT

As suggested in the preamble to this
exercise, there are many ways to

¢ Shortest distance from point P to plane
11 will be the distance PQ.

approach these problems. Each of the Since Q corresponds to A = 3,
worked solutions below is an example

only, and should not be taken as the [ PQ=3n

‘best’ way. You should try a variety o e taA
methods gnd see which zf them feel PN R
most intuitive, Always remember that =9
when asked to find an intersection, you

can toke two equations simultaneously l
— what is true for the general point r 8.
in one equation can be applied to the

expression of r in the other - fo find 1
parameters. Don't be afraid to try novel
approaches.

Normal to [T : n, =| =3

Normal to I1; n, =| -9 |=3n
3

The normal vectors are parallel, so the
planes must be parallel.

 Topic 14G Strategi ing problems with lines and planes

o
N, .
4




il

i dlik i ey -{t\_» -.wQ-,-v

= Substituting x = y= , _
equation for I , leads (o 5
0=0, 50 the point (0, (), 0)

into the
true Statemeny
does lie i I,
1
cr=A-3
1

COMMENT

The question is leading you to establish
the position of point P where the line in
(c) intersects plane T

1 and then caleylate
the distance OP.

However, there is a faster way to answer
the question: the distance between two
parallel planes r-n=k and . - ks is

—I—':'|_k_-2|; this is a result you can quofe

and use.

The distance d between r -1, = 6 and

6
r-n, =0is equal to 7—

l"ll
g 6 6
R 1
SRONE[E0-2 (=2
a 0 [x|1|=]| 0+3 |=| 3
PRIREH = =101 (-

b i Atthe intersection,
7 ~1 | 0
=30+t 0 [=[ 1 [+s|1] ...(*)
D 2 26 3

Taking the scalar product of

-2
equation (*) with | 3 | gives

-1
—25+0t =-25+0s

SRR @ aa

This is a valid statement, so the two
lines do intersect,

0
il By observation, | 1 |is a vector

0

perpendicular to the direction
vector of the first line,

Taking the scalar product of

0
equation (*) with | 1 | gives
0
=3+0t=1+s
=s=-4

. the intersection is at (1, -3, 14)

(As a check, this lies on the first line
fort=6.)

=D
¢ AnormaltoplaneITisn=| 3

-1

and

the plane contains point (1, 1, 26)

~. the equation of IT is

-2 1 )\ -2
r =3 = 3 |=-25
-1 26 )\ ~1

or, in Cartesian form,

—2X+3y-z=-250r2x-3y+z=25

~1 1 2
€8 a AD=| 5 |, AB=|-1|, AC=|0
2 3 1

AD-AB=-1-5+6=0=5 AD is
perpendicular to AB

AD-AC=-2+0+2=0= AD is
perpendicular to AC

i Jilines grdpignes o spoce &8

N




b From (a), AD is a normal n to the
plane containing points A, B and C.

So the equation of plane IT is given by

U=
rn=an=|0||5 |=-5
S H
=i
s 1Ny | ML =G

¢ Distance from point D to the plane is

‘ 3 equal to the length AD, since AD is
: perpendicular to I1.
|AD|=| 5 |=Vi+5+21 =30
‘ 1 )
d H): =—Hj, SO
OD, =O0A+AD,
=0A-AD
(7) (-1
=lo|-| 5
1 2
(8
=[5
=l

.. the coordinates of D, are (8, -5, —1)

a In vector form, [, is given by
2 3
r=|-1|+A(-1
2 1
The equation of [, may be rewritten in
standardised Cartesian form as
AR i I 2ot
S e

So in vector form 1, is given by

5 3
r=| 1 |+u| -1
A 1

The two lines have the same directiop
vector and so are parallel.

b For A=4,in/, the position is

2 3 14
r=|-1[+4|-1[= =)
2 1 6

So A (14, -5, 6) does lie on I,

¢ Point B lies on }, and so has position

5 3
vector| 1 |+p| —1 |forsomevalueofy,
—4 1
—9+3u )
~AB=| 6-u
—10+u
3
Require that AB-| —1 |=0:
1
—274+9u—-6+u—10+ =0
11u=43
83
T

.. the coordinates of B are
)
[} ) e )
d I’[h_f| distance d between [, and /, equals
AB|.

1 :
=H\/302+232+67‘

=6.99 (3SF)
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(where n,m=0or 1)

1 n
Using arctan (;) S arctan(a) with

= arctan(z)-# nTt +arctan(£)-— mn
X y

= arctan(!-)+%- arctan(l)+ (n=m)n

X X

n
=E+(n—m)1t where n—m=0, 1

carg(z)—arg(w)= ig

(allowing equivalence of angles that
differ by 27)

Exercise

B 2 3iz+22°=3i(x+iy)+2(x-iy)
=3ix-3y+2x-2iy
=(2x—3y)+i(3x—2y)

Re(3iz+2z%)=2x-3y
Im(3iz+2z*)=3x-2y

b Compare real and imaginary parts:

2x-3y=4 ...(1)
3x—2y=—4 ...(2)
2x(1)-3x%(2)=>-5x=20
=4ty = =4

and so z=—-4-4i

[0 z+4iz*=2+i+4i(2-1)=6+9

So the equation x+3iy = z+4iz* becomes

x+3iy=6+9i
SX=6,y=3

m Let z=x+iy for x, yeR
(2) = (x-iy)
=x* =y’ =2ixy
=( 2—y2+2ixy)*
=((e i)’
=(=)

(7) Letz=x+iy for x, y € R; then
z+3z2*=x+iy+3(x—iy)=4x-2yi
So the equation becomes 4x—2yi=1i
1

Sx=0, y:—E

1
Hence z =——1i
2

m Let z=x+iy for x, y €[§; then
z+i—-(1-z*)=x+iy+i—-1+x—iy
=2x-1+1
Require this to equal zero, but this is not
possible, since no value of y will make the
imaginary part vanish.
.. the equation has no solution.

a z+z*=2Re(z)=2rcos6

b zzt=ldf =1

z 2
Cli— =
z*

_rcis26

2
r

=cis26




Bits
=22 (using|2=+3)
iz

Require this to equal J15
~3+6i=4/15iz

=>Z_3+6i_6—3i
J15i 15

T
Y
Check: 2] =1f1§5—+f—5 =\%=\/§ as

required.

COMMENT

. Note that this question gives more
4 information than strictly needed. Try to

3 ) solve the equation without using the fact
‘ that | z| = \/g You should still get the same
’ unique answer.

m (212 za 2l
L=
25 4
|2* - 12i
Z)('
9—12i
z el (using |2 =3)

Z*

Require this to equal 5
~.9-12i=5z*
In12

=7
5
E7or |
Chedki|z|=A—t=—u= 22 i
S 25

required.

COMMENT

As in question 15, fry fo solve this
equation without using knowledge of |z].

Letz=x+1y for x, yeR

1 z"
i AT
7

1 |
il =ty | 8] —
zlm(zﬁzj }’( x2+sz

Require this imaginary part to equal ¢,

y=0 or X +y =1

.zeR or |2]=1

m Zin x+1iy

;T—1+x+iy
i (x+iy)(l+x—iy)
—(1+x+iy)(l+x—iy)
i x(1+x)+y" +iy
7 (1+x)2+y2

_'Re( z )_ x(1+2)+

1+z) (1+x)+)’

Zhey)s. )
m(1+z)— (1+x)’ +y’
m z=x+iy where x=cosf, y =sin0,

sox’+y’ =1

=il Gl

z+1  x+1l+iy
_(x-14ip)(x+1-iy)
 (x+1+iy)(x+1-iy)

% x*+y —1+2iy
T
LRy
—x2+y2+1+2x

_ 2y
C2+2x
gy
_1+x
sin@
1+cos@

.'.Re(z—_1)=0, Im(f:—l): sinf
z+1 z+1) 1+cosb

=1

132 Jopic |5 ropensl oupl ol e




. Exercise

a By the Fundamental Theorem of Algebra,

the cubic has 3 roots.

It has real coefficients, so complex roots

occur in conjugate pairs.

(z—3i) is a factor, so (z+3i) is also a

factor.

22 =22 +92-18=(z-3i)(z+3i)(z—k)
= (2:2 +9)(z—k)

=z’ —kz'+9z—9k

Comparing coefficients:

e j o e
ey " L & 4 y
A ’ Ko it AL L R T T H Ay I L R
A L Bk e T ey plem s e

b 22 +bz’+cz+d
=(z+2)(z-—2+3i)(z—-2—3i)

~(z+2)(* ~42+13)
=2’ -22°+52+26

b=-2,¢=5d=26

n The quartic has real coefficients, s

complex roots occur in conjugate pairs.
Therefore it has the form

(z—3i)(z+3i)(z—5+i)(z—S—i)
= (2% +9)(2* 10z +26)

3 v

ol — 7' —10z°+35z°—90z+234
72 —k=-2=k=2 T i s R S
Z':9=9

g By the Fundamental Theorem of Algebra,
this quintic polynomial (of degree 5) has

5 roots.
It has real coefficients, so complex roots

occur in conjugate pairs.
Therefore it must have roots +2i, 3%i and

7" . 9k =—18is consistent with k=2
So the remaining roots are —3i and 2

G By the Fundamental Theorem of Algebra,
the cubic has 3 roots.
It has real coefficients, so complex roots
occur in conjugate pairs.
(z—1-2i) is a factor, s0 (2 —1+2i) is also
a factor.

one other.
This final root cannot be complex, since

that would require a sixth root as its

conjugate.
Hence there are four complex roots and a

single real root.

2 +2b-z+15
= (z-1-2i)(z-1+2i)(z—k)
=(z’—22+5)(z—k)
=7° —(k+2)z" +(2k+5)z—5k

@ a f(x)hasarootatx=1anda repeated

root at x =5.
Since it is a quartic polynomial, by the

Comparing coefficients: Fundamental Theorem of Algebra it
zial=1 has 4 roots.
It has real coefficients, so complex

roots occur in conjugate pairs. Since
three roots (1, 5 and 5) are known to
be real, there cannot be a complex root.
The final root must therefore also be 1

or 5.
=~ fi(x)= a(x=1) (x=5)’
or f,(x)=a(x=1)(x~5)

for some real a #0.

2 —(k+2)=1=k=-3
1. 9k+5=—1 is consistent with k=-3

0. _5k=15is consistent with k=-3

So the remaining roots are 1-2i and -3

a The cubic has real coefficients, so
complex roots occur in conjugate pairs.

Therefore the third root is 2+3i




g
A I
1 5
2 2
Figure 15D.10.1 f(x)=(x-1)"(x-5)
is a positive quartic with two repeated roofs
5 at 1 and 5
E - y

\

B S

)

. Lo
3 5

, Figure 15D.10.2 f, (x)=(x-1)(x5)°
b is a positive quartic with one root at 1 and
a triple root at 5

i-;ww s

) f(2)=2"'+2°+522 +4z+4

a f(2i)=16-8i-20+8i+4=0

b The quartic has real coefficients, so its

complex roots occur in conjugate pairs.

< f(2)=(z~2i)(z+2i)(2* +az+b)
forsomea,beR
= (22 +4)(z2 +az+b)

=2"+az’ +(4+b)z’ +4az+4b

. L "‘ e i) j-‘ fi.; FQOIs O

Comparing coefficients:

2t 1=1

Z'ia=1

2 4+b=5=>b=1

;' 4a=4 is consistent with a=1

0. 4b=4 is consistent with b=
.'.f(z):(z-—Zi)(z+2i)(z*"+3+|)

2 _
Since the roots of z"+z+1=0are

= 3i s ,
z= -E—J;, the remaining '~.uluhons

St i
are“'lan 2 2

¢ f(z)=(22+4)(zz+z+l)

Exercise

a By the Fundamental Theorern o
Algebra, a quartic polynomi- has
4 roots.
It has real coefficients, so cor »lex
roots occur in conjugate pai
Therefore the other two root: re -3;
and 3+i

™

=3i+(-31)+(3—i)+(3+1

o
—

=a=6
d = (3i)(=3i)(3—1)(3+1) = 90

@ rlar+pa’r+part =(par)(p+q- )

)

8

R1+R2=—:£___
3

.
B ;“": dliel J g}(:i TR AU
oy




e Q-\ e

S i o T et > R

]

=0
By

i l=—1—+—1- The mean of a large sample would be
R R R representative of the mean of these
=R2+Rl 4 values: 2
RR, 4
RR, a Product of the roots is -
"'R-Rz"'R; e=px2pX3px4p=24p
4 Sum of the roots is
. -b=p+2p+3p+4p=10p
f ~1250e=1250x24p"
5% =30000p"
B | o
o G - 3!
b Since there is no term in x°, it follows
that o+ +7 =0 i (prar)
cv=—(ox+
) = p(p+q+r)+a(p+a+r)
From(a),yz—l— +r(p+q+r)
of 2.7 90k
1 = p g’ +r’ +2(pg+ar+1p)
.'.—(0«’+ﬁ)=— g T
of = p g +r
1
=>a+ﬁ=—&ﬁ :(p+q+r)z—2(pq+qr+rp)
e 2
=383 11 (pq+qr+rp)
P+q=———:—
35 = pq(pq-+ar+mp)+ar(pa+ar+mp)
2
A= +1p(pg+qr+mp)
g =p2q2+q2r2+r2p2
11 _prg_5 alpar v )
24 q 5 2 = P+ qPrt +rip’
) 5 +2pqr(p+q+7)
and —x—=—=— aag it Sy 0 Sinl
p g pq 2 S ACE S )
o 1 1 2
Therefore, a quadratic with roots —and — =(pq+qr+rp) —2pqr(p+q+ r)
s 5 P q
could be x —§x+5=0 or, b
bi bt =——
equivalently, 2x* —3x+5=0 g a

. d
08 For the four roots o+ ff+7 +6: qu:_;

'a+[3+y+6=—T=9




S et iy I
B 5 el

ii a(x~p)(x-q)(x—r) =ax’ +bx’ +oxtd
A ~(pg+r) 4 pg-rqr-e ) par)
Comparing the coefficient of x:
c=a(pq+qr+rp)

c

=>pq+qr+rp=;

—ax’+bx’ textd

¢ From(b):xl+x2+x3=_g=0

XX, X, +Xx = 7 =——

i From (a)(i):

3 =(0- —_— =
x,2+x§+x32=(xl+x2+x3) —2(x,x2+x2x,+x3x,)—0 2( 2) 5

ii From (a)(ii):

2 = 9
X%, + X023+ x3 1) = (2,20, + 2,2, + 2,7, ) —2xlx2x3(xl+x2+x3)—(—5) =2(-1)(0)= 3

4
xixx = (2,3, ) =(-1) =1

iii Using the above, a cubic equation with coefficients x, x7 and x. could be
25
x° —5x +Tx—l=0

or, equivalently, 4x” —20x” +25x~4 =0

Exercise
a z=cis(g)

By De Moivre's theorem:

z2 =cis(-7—t)
3

z =cis(z)
D




( n) Vaidg
C -CIS —3 —_— e

05D
k. "/ .-.(1+J§i)5:16-16ﬁi
Figure 15F.3 @ 2 |-V2+2|=V212=2

5 _(ZHJ, So arg(—ﬁ+\fii)=arctan[___%]=ﬂ

4
(select argument in second quadrant of
= cis(ﬂ) Argand plane)

3
-'-—\/E’rﬁi: 2cis(zﬂ—]

2} =cis (2n)=cis(0)=1
8n . [ 2n 6 6x3m
4= cis| — [=cis| — 2 N6
Z CIS(3 (3) b(\/f-e-ﬁl) 2c1s( 1 )
SRR
b Im =64c1s(——)
4 2
71 N = 64i
Lo meid -+ Re &= 1 1
4 & 4 =
cisB cos@+isin@
zz"-—// £ | 5 cos@—isinf
Figure 15F.4 cosO+isin@ cos@—isin6
_ cosB—isin0
¢ Sincez’=1,z"=zforalln=3k+1, (c0529+s'u129)
keN _ cos(—0)+isin(=6) i
l H
a l1+\/§il=\/1+3=2 = cis(—6)
: V3)
arg(1+\/-3-1)=arCtan(T =§ cos(—0)=cos(2m—0) since cosx has
period 2m;
(select argument in first quadrant of for the same reason, sin(—0)=sin(21—0)
Argand plane)

[ _
- m = c1s(-—9)— C1$(27[-.9)

b From (a), 1+\/§i= ZCIS(_;EJ

By De Moivre:

(1+J§i)5 = cis(ﬂj = 32cis(—-£)
3 3




p Cis6, _ cosf, +isinf,
cist, cos@,+isin,

_ cosf, +isinf,  cosb, —isind,

cos@, +isin@, cosf,—isinb,

(cos6 cosh, +sinf, sin6 )+1(sm9 cos6, —sind, cost);)
cos’ 0, +sin’ 0,

) cos(6, 0, )+isin(6, -0,)
1

=cis(6,-6,)

B a-4-i
: 21 ik,
b A rotation of — about the origin in the Ar

cis(E;—t), and a rotation of é;— about the origin is equival

gand plane is equivalent to multiplication by

ent to multiplication by cis( ﬂJ
3}

l4=i|=17

arg(4-i)= arctan(—i) =10

where 8is selected to be in the fourth quadrant, s0 that cos6 = \/— ,sinf=—~——
~4-i=+/17cis@

Then the other two points are represented by V17 cis(0+ —2—31—[) and V17 cis(@ -

\/ﬁcis(9+—23£)=\/ﬁ(cos(9+-23—n)+isin(9+—23£))
=Jf7[cos0cos(23 ) smOsm(zsn)JH\/ﬁ(smecos(%nJHg;-, J;;rcosg}
eI w1 3]
=—2+§+1( +2\/—)

Similarly,

J—cm(e——)=—2——?+i(%—2~/§)

So the vertices have coordinates (—2+i2—3—, l+2\f3: ] and (—2_ _‘/_3_ 155 2J" J
2 59




POy

i

cyercise

e ,Cu‘*‘e*“ —l[(c i si
___,_2__.__ > osz+1smz)+(cos(—z)+isin(~z))}
|

= -i[(cosz+isinz)+(cosz—isin 2)]

1
=E(2cosz)

=082
gl e

Hence cos(2i) = ) =3.76 (3SF)

In5
5i=el(n)

= cos(In5)+isin(In5)
=-0.0386+0.999i

n 324 =9X3_|

=96-i(ln3)
=9(cos(In3)-isin(In3))
=9cos(In3)-9sin(In3)i
=4.09-8.02i (3SF)

cosz=2=>e’+e =4

: ﬁe2|z_4elz_'_1=0
This is a quadratic equation in ¢'*

2
4*"; 22443

elz -

.-.iz =ln(2i\/§)

and hence z =—iln(2i\/§)

e
e




Cieis. ¥ Saka

Exercise

2 R BT

R
e R

The 4th roots of unity are

CiSO, CISE' cisn’ ds(_z)
2 2

-

B Let z =rcisO; then
(rcisﬂ)3 ——8=2csn
c.ricis39=2"cisn

—r=2and 38=m, 3%, 51
§_13
3

So the solutions to z° =—8 are

7t
r=23nd6=3—,n.

z,=2cis§=l+s/?—;i
z,=2cism=-2

z,=2cis(—EJ=1—\f3-i
3

0 2 =V2(4-4)
Let z=rcisf
[V2(4-4i)|=32+32=8

4

arg(ﬁ(4-4i))=arctan(—-z)= —E

(choose argument in fourth quadrant of
Argand plane)

~ricis30= 8cis(—2—)

=>r=2and39=——1£,7—ﬂ,ESE
4’4 4
7n 5
e o
1212 4

Using double angle formulae:

(x) l+cosx . (x) 1—cosx
cos| = |= Jsin| = |=
2 D 2 )

A A SO

.

and

.(ﬂ 5
sin| —
12

Therefore the solutions are

z, = 2cis(—-l%)= \/2+\/§ '\/;:\T?i

7n it n)
—2cis| — |=2¢as| —t—
z,—2cns(12) (2 )

.

.—_-\/2—\/3_+\/2+\/§i

COMMENT

The sine and cosine of % can be
expressed in several ways using
surds. As shown in Long Question |
of the mixed practice exercise at I

end of this chapter, you may also use

(j_]=\/3+s/§ ey sin(l]:!"ﬁ_‘;_‘/_z_'

4 12




BICERTT 3T 7T

(i) e 2l e

"-T=3: 8 » 8 8

Therefore the solutions are
4 =3Cis(—§)’ g1 3cis(3§), e 3Cis(—78—n), Zis 3cis(—-5-éT—[)

a a l4+4\/—3;il =J16+48 =8
arg(4 +4\/§i) =arctan ( ? J = ; *

(in first quadrant of Argand plane)

_'.4+4s/§i=8cis(§)

s

TN/ 13 191

DD 512" 12

b Let z=rcisO

ricis46 = 8c1s(

So the solutions are

3 3 3
) T[T, i 13T > (197
2 c1s(12 , 2, =2%cis E , 2y =2%cis ?) 34:2405(?)




EE

i a Letz=rcis@
‘l , r'cis46=—16=2"* cis(n)

o3
iy

i =r=2, 40=n, 3n, 51,71
POl (el DU T
A5x4 81504

~ So the solutions are

p 2=\2 +42i, -2 ++/2i, —~2—-+2i,

J2-\2i

b z'+16=0 has the roots found in (a).

Pairing up the conjugates:

z'+16

=[(z—\/§—ﬁi)(z—\/5+\[2_i)]
[(z+ﬁ—ﬁi)(z+~/§+ﬁi)]

=(z2—2\/5z+4)(z2+2\/fz+4)

W, =cis| — (=cis| —
6 3

Forn=2,3,4,5:
(2 Js(5)
@, =cis| nX— |=cis| —
6 3

.. by De Moivre’s theorem,

o{of )] o

1+, +0, + 0, + 0, + 0,

o e

i =140, +0] + 0, + 0, +o;
v This is a geometric series with first
term 1 and common ratio @,
St +0,+o,+0,+0, =S
_l-op

"=

But @; =1 by definition, so
1+®,+0,+0, +©, +©, =0

‘complex numbers to derive fri

SLadwty 11
opIC 2] UsINg
12 i) R o

C
AR

a ) :CiS(%EJ

4 )l S S
3

Ryl 3 J

2 e b ‘\l:\l

PA i i
o (R E T R

(a+ba))(a+bw2)=a2 +b2w3+ab(w+w2
=612 +b2 —ab

e ——1=cis(m)
Let z= rCi89
3 cis30 = cis(m)

:}r:l, 30=m, 3m, ST

T 5n
. P =—_)T[)—
.. r—17 9 3 3

So the cube roots of —1 are

Wels

:—1, —.'t’_l
g 2

b (x+2)3=x3+6x2+12x+8
¢ X’ +6x°+12x+9=0

Y 4+6x +12x+8=-1

(z+2)’=-1 by (b)
1 23
z+2=-1or Ei—z—l by (a)

&

nz=—-3o0r——t—i
A8

Exercise @S}
01 (cosB+ising)’

=cos’ 0+ 3icos’ Osin@—3cosOsin’ H—isin'y
Re((cose+isin9)3)= cos’ @—3cosBsin’§
Im((cose+isin0)3) =3cos’ @sinf—sin’§

By De Moivre,
(cosB+isinB)’ = cos36+isin 30




ymparing imaginary parts
o - a i —sin?® - )

in30 = 3cos Osin6—sin’g = 3(1 =sin’ 9)sin()— sin'0 = 3sin0-4sin' 0
4 Using the binomial theorem:

‘f:i_;:? ( 8 ism )'1 s : Ay 4 . / * H )

= Rf:((coséHisinE))'1 ) =05" 6~6c0s’ Bsin? g 4. sin* 0
b By De Moivre, (cosO+isin6)' = cosqg 4 i i, 46
. c0s40 = cos’ 0-6¢os’ Bsin’ 0 + ip* 0

=cos' 0-6cos’ 9(1 ~cos’ 9)+(l ~cos’ ()):
=8cos' 0—8cos’ 0+

: a a By De Moivre, (cos6+isin6)" = cog g i sin no
B Hence
2" = cosnf +isinnf
z " =cos(—nf)+i sin(~n6) = cosnf - i sin no
nz2"+z " =2cosnf
b From the above with n = |,

2c080=z+2"

~(2c0s0)’ =(z+z'l )5

Expanding using the binomial theorem:

32c0s’0=2z"+52>+10z+10z "' +5z ' 4, °
=(zs+z'5)+5(23+z“‘)+l()(z+z ")
=2¢0850+10c0s30+20cos

A =2, B=10, C=20

By De Moivre, (cos@+isin6)" = cosnf +isinnf

~ Hence

z" =cosn@+isinno

z " =cos(—nB)+isin(—nB) = cosnf —isinnd

 n2'-z7" =2isinnd



b Also, z"+2z " = 2cosnd, so z+2 " = 2cos0

Using the binomial theorem:
Se O 6 q ) B _4+Z—6
(«‘h ) =2 462" +15z° +20+152" +62

1\0 g 1 2 _2—62.4—*_2—6
z2-z") =2°~62" +152} - 20+152
Taking the difference of these two statements:
(2c0s0)° - (2i sin0)’ =122" +40+122”"
3 64(cos"9+sin“9)=12(z4+z"')+40
) = 24¢0s40 +40

cos* 0 +sin’ 0 = g]Z(Z4cos49+ 40)

= %(3cos40+5)

& 2 a3 54 v 2 g
B a (c039+isin9)5=c0550+5icos“BSinG—-lOcos’Bsinz9—101cos @sin’ 0+5cosOsin’ 0 +isip’

Ly
Re((cose+ i sin())s) — cos® B—10cos’ @sin’ O+5cosBsin” 0

5 ‘ . 3 sy
lm((cosO+isinO)")=5cos4951n9—10€05295m 0+sin’ 0

b By De Moivre, (cos@+isinf)’ = cos50+isin50
Comparing imaginary parts:
sin50 =5cos' @sin@—10cos’ Bsin’ @+sin’ O
. 8in50

" =5c0s" O—10cos’ @sin’ O+sin" 0
sin@

2
=5cos' 0—-10cos’ 0(1—c0529)+(1—c0529)
=16cos’ @—-12cos’0+1

¢ As@—0,cos0—1

in50
lim( S ): lim(16c0s' 0—12cos’ §+1)=16—12+1=5
00\ sin@ 00

COMMENT

There are many other ways to establish this result. The approximation
sinn@

sinf
any n. You might want to research |'Hépital’s rule, found in the Calculus

option, which would also demonstrate this result.

that sin6 = 0 for small values of 8 suggests that e“"b (
_’

]znfor

ometric ide

L e



[ ere 120 4

-amination practice 15

+3x(2)= (1+3i)w=-15+5i
—15+5i

B (130

. (c15+50)(1-3)

= +3i)(1-30)

 _15+45i+5i+15

z=iw+8+2i=3+2i

lynomial with real coefficients
complex roots in conjugate pairs

' rio"ots are 1 and 1+ 2i. Hence
=(z-1)(z—1-2i)(z—1+72i)
(z-1)(z* —22+5)

7,5

duin ¥

T N T < AR A SRS o E i

adale, it Rl SRS G el Lo
Woa e T :

To solve —2x +8iy = 4 — 3i, compare real
and imaginary parts:
Re: -2x=4=x=-2

(choose argument in fourth quadrant of
Argand plane as Re(z)>0,Im(z)<0)

A polynornial with real coefficients must
have complex roots in conjugate pairs.

. roots are 21+3i and k for some ke R
2’ +az’ +bz—65=(z—k)(z—2-3i)
(z—2+3i)
=(z—k)(zz—4z+13)
=z'—(k+4)z>
+(13+4k)z—-13k
Comparing coefficients:
z': ~13k=-65= k=5
z2':13+4k=b=b=33

2 —k-4=g=g=-9




e s r‘ S o T
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et e e

4l w=1+3i, z=1+i
w2z 14 Bi+2(1+)

w2z 1+3i-2(1+i)

_1+\/5+i(\/§+~/5)
4 1-V2+i(V3-V2)
i (1+\/—+1 \/—+‘/—)x—(—l’\—/—2—l’/
( —V2+i(3- ~/_) ‘/5))

) wi2z) (121 ﬁ)w
% [ j——zJ ( ( \/E+3E\/— 2 )(l—ﬁ—i(ﬁ‘ﬁ))
' =(1—\/§+1(«/§—1\/—5‘321:ﬁ—1(\/§—ﬁ))

a arg( a+i )

So (a+i)’ is a negative real value
(a+i)’ =~k for some k e R*
(a+i) = kcis(m)= kcis(-m) = cis(3m)

DN e
.'.a+i=k3cis(i§) or kicis(m)
4‘i 1 1
b g ] 3
¢ = —+£i or—k3
E / D
A e :
Onlya+i=k 5+ 1| givesa solution for a e R™.

Comparing real and imaginary parts:
1

Re: a=lk§
D

.v"- Al
Tl Pt ] {7 e 3 . . 7
> Mixed examination practice 15




w+i_Z+1
3 w—i z-1

(wHi)(z=1)=(w=i)(z+1)
wz—WHiz—i=wz+w—jz_j
2iz =2w
w=1z
b Letz=x+iy and W=uy-+iy fOI'
x, Y,4, vVER
Then Re(w)=Re(iz)=_y:~1m(z)
.'-Im(Z)=OﬁRe(W)=O

m jg+2] =6

Let z=x+iy for x, y € R; then

\/;2+(y+2)2 =\/x2+(y—6)2
(y+2) =(y-6)
y+2=%(y-6)

y+2==(y-6)
(reject other option as it leads to

2=-6,a contradiction)
L2y=4

=y=2

Eim(z) =2

|z+25/=5|z+]]
Let z=x+iy for x, y € R; then

"§\~/v(x+25)2+)/2 =5\(x+1)"+y*

X 450x+625+ y> = 25(x" +2x+1+y’)

2—-

a The sum of the root is —a, so

2 e .Q.‘,,’g >

s e J ) ot oo g
5 4 L e )
<

1552
a=—(—+—+1+1+3)=—6
3503

b Require »° =1=cis(0)

2 4n
.'.a)=cis(0),cis(-—£),cis(——),
5 5
.(Gn) _(8n)
cis| — | or cis| —
5 5
Then o, =cis(2—:),

w,=0; forn=2, 3,4,

60l =1
Hence
O, +0,+0,+0, =0, +O] +©; + 0,
wl(l—w,‘)
1-w,
_w,-1
l-o,
=-1

(a4 B) =« o' +3a’ f+30p% + 5
=o'+ =(a+p) (3B +30p?)
=(a+B) -3af(a+p)
) X' +7x+2=0
=o+f=-7,08=2
LoD =
and o’ + 8 =(~7)’ -3(2)(~7) = -301

A quadrat:c with roots o* and B is
x*+301x+8=0

o e S \774




Letw=2+jand z=3+i
‘ Then wz =5+5j

arg(w) arctan( ]

arg(z arctan( )

arg(wz)= arctan( )=E
5 -4

1 Bl
Since arg(w)+arg(z)=arg(wz), it follows that arctan( 5)+ arctan( ; ) i

Letw= sinf+i(1—cos@); then

0
5 ZSinz(E) ga =0
argw:arctan(l__cos ):arctan . oy |Farctan| tan| | j=—
SIng 2sin(5)cos(5)

argz =argw’ =2argw

=argz=0

Lﬂz=xﬂyhrnyeanm
1
Wil
1Sy
IS Xty
(1-x—iy)(1-x+iy)
sy
(=)
1—x+iy
T AT

lZ|=1=x*+y* =1

=gy
3 2—2x

1_ —
Hence Re(w)= o =

. i S 1> 'ﬁ.i
T ] PR STy N o . WEAET T Y e ; o ey =7 T 4 S Hhala e 3 v
Mixed exa minahon e ‘,‘:S‘.‘,,: e ool GG P e | ; : ;



7t ~1=-2sin" 0+2isinOcoso
: z3+1=2C0829+2i5in9C()58
2’ =1 _-2sin’6+2isinOcoso
sog;’+1 2c0529+2isi|10cnsl)
_ sin@ (=sinB+icoso)
cos@ cosO+ising
i tane(—sinﬂiri‘&)i({) (_L:)s(): i:\jlx())
(cos@+isin®) (cosO—ising)
b tang—sin@cos(ﬂ cosOsin 0 + i(cn\? 0 -+sin’ H)
cos’O+sin’ @ -
=itanf

) Im(k)=0=keR
] Let z= x +iy; then
Z4l=1+x" -y +2ixy
. &
' +1
3 ke(2* +1)"
(22 +1)(z*+1)"

£ k(x+iy)(1+x2 —y2 —2ixy)
3 (zz+1)(z2+1)*

(22 +1)(z*+1)"
n (‘w)=()=>ky(l+x2 —y2)~2kx1y=0
=>ky(1—x2 -y2)=0




COMMENT

Note that there ¥as no need 1o calcylate
or resolve the denominator of the
expression for w in ferms of x and y;
avoid doing redundanf caleulations, If
you know & rafiongl expression s o
equal zero, then aside from ensuring

ot the denominator i non-zero (which

Is given in this question), you need not
worry about the denominator of all;

e A el

simply sef the numerator equal to zero,
Long questions
3 J6-ii/2
: n o A e [
:
- I
|z,l=?/6+2=~/§
g“; -
E arg(z,)zarctan(:'-[-z— =-Z
E v6 ) 6

(choose argument in fourth quadrant
as Re(z)>0,Im(z)<0)

lz,|=Vi¥1 =42
arg(zz )= arctan( %] J = ;l

(choose argument in fourth quadrant
as Re(z)>0,1m(z)<0)

o4 Z, = J-Z—Cis(_"gJ’ Zz = \/hz_ci"S("‘":;)

(1)l

b-zl_=‘/§

2

SRy NG 1 g - ] g
S 1 v . -
] €) "I"l\}’,‘,,lf_",:}_"«)r"'f‘f."(’« =i A

)

(J6-12) (141

A1-i) (1+i)
Y6 +32+i(V6-12)

[
—

4
cos(%}= ;(\/Z* w/z}
sin(%}=i~(\fﬁ-—x/2j

COMMENT

As illustrated in the answer 1 ¢,
15H question 4, there can be .

ICise
“rnotive
. Sm
expressions for sin v land cos
<)
using nested surds. As an exere .z she,,
; S + o7
that the formulation V6 +42 .

fo 12_*!3 3
7

£~!—i'=,/3+!:l
2 4 4
(

(\/5 ks | m
argl =—=~—1 |=arctan| = [=-—
& 7o) 6

Jivalent

B -

(choose argument in fourt!. quadrant
as Re(z)>0,Im(z)<0)

NI ( T
O Sampmntondind BN @ 1] IECE
L) 6J

b By De Moivre,

(330 (<(-)




p Sin36-sin@  3sinf-4sin’@—sind
c0s30+cosf  4cos’@—3cosf+cosd
_‘@ _ 2sin6-4sin’6
"~ 4c05’°0—2cosh
_sin6 1-2sin’ 6
cos@ 2cos’0-1
choose argument in cos20
%ﬂ( z)>0,ﬁl:(nz g first quadrant as =tanfx T

‘ﬁ JZ_ .(n* =tan6
- —+—i=cis )

2
--'m(£+£i]=am{aﬂ 2 5

A
2 2 ﬁ 1
2

.

: 1
€ sinf=-=cosf= 1—(1
3 3

choose positive root

T
because e |-—, —

4 4
Using (a):
tan30 = SN0
cos36

= 2m+3n=24k 1 1Y
{4
Any combination of positive integers = : :

24 will fulfil the requirement.
A possible pair would be m=6,7=4 27—4

6425442

ai (C059+i5in0)3 23
=cos’ B+ 3icos*Bsinf 1042

—3cos@sin’H—isin’ 6 _23\2
20

3

and n for which 2m+3n is 2 multiple of > 4[& ]3 _3(2_‘[2_J
3

~ ii By De Moivre’s theorem,

~ (cos@+isinB)’ =cos36+isin36
Comparing real and imaginary parts
with the expression in (i):

4 B9 Let 1+ w+®* =z; then
: wz=0(l1+0+0°)
@ =1 by definition, so
0z=0+0’+1=z
=cos30—3c059(1—-c0529) =z(w-1)=0

c0s30 = cos’ 8—3cosHsin’

=4cos’ §—3cost Butw#1,s0z=0
sin360 = 3cos’OsinH—sin’ 0
=3(1—sin2 §)sinf—sin’ 6

=3sinf—4sin’ 0




This tidy proof works to show that the sum of the nth roofs of léf;;TfY will

always equal zero, without any need for identifying @, =cis| = = |

b (wx+w2y)(w2x+a)y)=a)3x2+w’y2+xy(w2+a)")
Using 0” =1 and o' = 0 = -w* -1 from (a):
(a)x+w2y)(a)2x+a)y):x2+y2—xy

5 b
a i x+x,+x,=——
a
E X\ XX
7

ii By the factor theorem,
ax’ +bx* +cx+d
PO ¢ =a(x—x)(x—x,)(x-x,)

= a[x3 = (%, +x, +x,)x +(x,2, +X,%, + XX, )x—x1x2x3]

Comparing the coefficients of x:
c= a(xlx2 +X,%, + X, %, )

¢
A5 L Ar e A A B

a

b Let r be the common ratio of the geometric progression.

Then a=£, y = prsoafy =’
r

i From (a)(i), the product of the roots is —é = —? =-8
a
SBE=—8
4 = f=-2

ii a+/3+y=,3(l+l+r)=—g
r

:>b=4(1+1+r)
1

aﬂ+ﬁy+m=ﬁ2(%+r+1)=-§

1
:>c=8(—+1+r)

r




.-'z-q-z'l =2cos6

2" = cos(nB) +isin(n0)
z " =cos(=nB)+isin(-n0)
= cos(n6)—isin(no)

nz"+z " =2cos(n6)

-2’ +22° —z43= 0
Dmdmg through by z* (clearly 7 2 0,
so this is valid) gives

3z —z+2-z7"" 432> =0

3(;:2 +z'2)—(z+z")+2= 0

From (b):
3(2c0s26)-2c0s0+2=0
6c0s20—2c0s0+2=0

i Using cos26=2cos’6—1, the
equation in (i) becomes

12cos’0—-2cosf—4=0
6cos’0—cos8—-2=0

1+V12+4x6%2

cosf =

L
+

Corresponding values of sin are:

NS
C089=3=>sin8= 1—(—) =
3 3 3

cosf = -~12—=> sin@

b The nth roots of unity always sum to
zero (see question 4(a)),

so' +0*+@+w'+1=0

Proof in this case, if needed:

10im

®'+©’ +@’+" is a geometric series
with common ratio w

o(l-0')

1—-w

5

Lot +el+ol =




Similarly,

' 4an
‘”1=C05( )Hsm(“}
5 5

L0 o —Zcos(45"J

d 0+0'+0'+ 0’ = -1 from (b)

Using cos2x = 2cos’ x - 1:

4cosz(2—13)+2cos(37—rJ— =0
5 5
(21:) -24+/2° +16
. COS T T TS e
5 8
_-1t45

4

50 its cosine must be positive,

V-1

Therefore cos( )
5 4

a a Using binomial expansion:

3; Re((cosl9+i sin 8)’)
=cos’ 0-3cosOsin’ 0
Im((c056+isin9)3)
=3cos’ @sinf—sin’ O

By De Moivre,
(cosO+isin@)’ = cos36+isin 30

G R W) »oge e
- Mixed exam narnon p j“’:,.l ; - o

@’ = @ 2 gy -un.(“)—zsm(“)
5 5

Zws(gg—t}-r 2cos(%) =~] from (c)

ol o)

The argument lies in the first quadrant,

(cosO+isinf)’ = cos’ 0+ 3icos’ O sin @
~3cosOsin’ 0 —isin’ @

f AP ERNTIE P s FITT .
¥ ‘,;-7 )

Comparing real and imaginar, arty
Re: cos3l = cos '0-3cos0sin? 0

=cos’0~3cos6(] ‘c"‘fZ{JJ
= 4cos’ 0-3cos

Im: sin36=3cos’ Osinf—sin’ g
=3(1-6in" 0 )sin6 - s
=3sin@~4sin’ O

3cos’ Osinf —sin’ §
= cos’@-3cosOsin’ g

ip -
Dividing through by cos’ 6 in
numerator and denominator giyes

3tanf—tan’ 6

SRR e

x’=3x"-3x41=0

1-3x*=3x-x’

=>1_3x—x3
T
Let x =tanf

From (b), it follows that tan 1 - |
.'.39=arctan(l)=£+kn fork =7

e_l_l_!ﬂ'f_
123

Tl
Hence x = tan(a) 18 a root of the
cubic.

d Let f(x)=x"-3x"-3x+]
f(=1)=-1-3+3+1=0

. by the factor theorem, (x+ 115
factor of f(x)

So f(x)=(x+l)(xz+bx+c)
=x"+(14+b)x* +(b+c)x +c




o R bl ok T Eiiry.

n a Distance between two points (x, ')’u)
and (x,, y, ) is given by

PQ=\[(x.~xz)1+(}'.—yz)2
=‘xl —x,+i(y,-y2)|
=|x, Fiy, = (x, 41y, )

=|z,-—zz|

bi A:a+0i
4112
(x)=0=x=-1, ;[_ i B:bcis
—x=-1,2%3 iii From (a):
AB=|bcisB—a|
=\/(bc059~a)2+bzsin’0

tan(o)<tan(%)<tan(~gjzl = Ja* +b* - 2abcos

Y
tan({—;-) is a positive value |AB" =a’ +b” = 2abcos6
=|0A[" +|0B|* = 2|OA| x|OB|cos@

So of the 3 values found in (d),

nn(%) =2-3




s o e o A - L 98 J Lo
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Basic differe.ntia.tion
and its application;

Exercise Exercise

B-

a Iff(x)=x2+1 then f(x+})):(x+h)2+l,

Sometimes true: derivative indicates

the slope of the curve, not its position. N {(x+h)2 +l—(x2 ) L
For example, y = 2x has constant Y~ lim h T
positive gradient 2, both at point (1, 2), deie bt J
where y > 0, and at point (-1, -2), P xhAR 41— 22— l
where y<0. =L1£)13{ g _‘J
Sometimes true: as fo.r (a). : : {th 2 }

For example, (1, —2) lies on the line =lim

y =—-2x (with negative gradient) i h

and also on y = x—3 (with positive =lim{2x+h}

gradient). ;;’0

Always true: % =0 is a defining

If f(x)=8then f(x+h)=¢ 25 well

property of a stationary point.

Sometimes true: there is also the ) = un{ﬂ}
possibility of a horizontal inflexion Aol h
point. & : = L‘i’%{o}
For example, E(O) =0, but (0, 0) is =

neither a local maximum nor a local

minimum of the curve y = x°. u y= 4

Sometimes true; for example, the
function y=—e™" has a positive
gradient throughout, but its graph is
always below the x-axis.

Sometimes true; for example, the

0, at x = 0, but the gradient at x=0 is
not zero.

i aike—(x+h
lowest value of the function y=/x is 7 1,1‘3}3{ : )}




8 -vw Exercise
exzm{kf“*")-kf'(-*)} 0 Yo

dx 0 h dx
S d
550 h dx
x+h)- f(x 3x? =dx=x"=2x"+1
i =10 ,
h0 h X =5x" +dx+1=0
=kf(x) From GDC: x = ~0.199, 1.29, 3.91 (35F)
o y____}_ The points are (-0.199, 0.913),
‘/; (1.29,-0.181), (3.91, 30.3)
a1 The gradient is dacreasi |...d!}' ()
dy 1 ST % 1e gradient 1s decreasing where pe e
?‘;z o h dy
) = 7-2x-3x
C
- [x=Jx+h d'y
=lim — = =2~ 6X
-0 | hJx+h \/)_c dx
( ~2~6x<0
(\/;—\/x+h)(\/;+ .\'+h) 2t
=1lim => 06X > =2
"“’01 h\/x2+hx(\/;+\/x+h) |
: e x>-
L x—(x+h) .
"—’Olh\/x2+hx(x/}-+\/x+h) 10/ y= I v x? I/, x4+ 6
Iy g ,
=lim+ =" ({.)- e ey
0 | pa/x? +hx(\/—;+\/x+h)J (l'%
r - };" =3x" +6x~1
] dx
=lim< \ : « . ‘}‘ :
h—0 \/x2+hx(\/;c_+ /x+h) Gradient is increasing where X 0;
\ X

Ix'+6x-1>0

1
——\/—x_z(s/:t_+ \/;) Roots of 3x” +6—1=( are

1 66 12 |, 2V3

= X o ] ot e

2x+/x 6 3
A positive quadratic is greater than zero
outside the roots

23 2.3
3

x<—1—-—-3—— O 2% wi] A s

PR . o S
wic eren i : 12 blaya
4}} e f".;_'k'»v»’.'.ﬂlﬂ..rr ";.@' 20/

fion




d" : dn—l d :
s @(gx‘(x ))
dn-l
= -dF(nx"")

dn—l T
=n dx"'l (xn . )

Exercise

) f(x)=cosx+2x
f'(lj=cos£+2x—1£
2 2 2

+3sinx —3x>

g’(x)= 12

4cos” x
l 2
g'(‘g)= —n—+3sm1-—3(£)
4cosz(g) 6 6

1 n’

/ 2l
h'(x)=cosx—sinx
B (0)=0

= cosx—sinx=0

Bl e

tanx =1

7]
EZ:]——T
dx 5
1 Dot il
4cos’ x x X
4cos’x=1
1
—+-
COSX 3
m 2m 4n L
x—3, 3 s 3 ) 3

g
—
=
S
I}
B | —
[¢°]

=
|
x|

x=In3

B s(x)=2
2x—1—2=2
X
xl-x—6=0
(x+2)(x—3)-_—0

xX=—2 or 3

However, reject x = —2 as not within the
domain of g

Hence x=3

arihm functions - . ik




ays check for the validity of solutions

ln any question containing g logarithm or
yare root, since the working can give

ise fo solution values outside the domagin
of the original function.

£y X d x +
bi y=eXe :Ey=e3><e =’
Fhes A -3 x =3 x x-3
5 y=e’Xe* = <L =l xe*=p
n dx

: In(x* d

::' i yzez xeln(x ) = e2 XX3

“ :gx}—l =Bt —3ely

% o In3" x  xIn3
T s 4Inx

¥ =dlog.x=

g ik 86 In6

y_4 1 4
d« In6 x «xIné6

EXercise

dp 1 —
=y 2143
e ds 2

1

dy
m—=e+]
i €

Gradient of y = 3x is 3, so require % =3
e +1=3
=x=In2
y(In2)=2+1n2
=1In2e’
Equation of the tangent is
Y e Vs :m(x—xl)
y=In2e*=3(x-In2)
y=3x~-In8+In2e

ez
=3x+In| —
. X n(4]

y=3x+2-In4
dy 2
—~—=3x"—6
X X
dy
=>—=(1)=-3
e

Therefore the gradient of the normal
at point (1, -2) is %
1

Require oy ==
dx=e3

5 1
53X —6x=—
3

9x’—18x—1=0

x_18i\/182+36

18

J360

W
N

1

s &

Il

=2.05,-0.0541(3SF)




dx

dy
=>-=(2)=12-12=0
dx( )

__,;;' B Yoo

y(2)=8-12=-4

~. the equation of the tangent is y = ~4
This intersects the curve where
x’—3xt=—4

x*-3x*+4=0

(x—2)*(x+1)=0

=2 ora—=1

Thus the tangent meets the curve again at
x =-1, at the point (-1, —4).

COMMENT

Since there is a tangent at x = 2, we

already know that the cubic factorises
with (x-2)” as a factor (repeated root af
a tangent).

£ y=(x-1)=x"-2x+1

dy
=2 =2x-2
dx

Normal at the point (a, (a—l)z) has

gradient
202

Equation of the normal is

WA =m(x—xl)

e

2a-2

(x-a)

y—(a-1)
Require that this passes through (0, 0)

s0—(a—1)° =ia(0—a)

2(a-1)"=a

From GDC: a=0.410 (3SF)

= the coordinates of the point are
(0.410, 0.348)

P(E-,l).()(j.ﬁ)
a f/(x)=2co8x
{2

b Chord PQ has gradient

Ji-1 12(v2-1)

m _" 3 I

4 6

Elevation of a line with gradicnt 4

is the angle arctan(a),

50 elevation of chord PO iy
12(v2-1))

arctan| — 72

3
Elevation of the tangent at I
arctan(\[%):h()"

The difference in elevations i e angle
-3
between the lines: 60~ 57,7 - ) 3o

COMMENT

The question requires you o prove fhat
the area is independent of ; this +1oans
that the end answer for the area < 1ould
be an expression in which o dor« 1o
appear. Calculate in the normal wiy,
with the expectation that o will ¢/ ol
out in the final part of the working

y=ke = === ey

Tangent at the point (u. ka ') has
gradient m =~kq *

Equation of the tangent is
y=yi=m(x-x)
y=ka'=-ka’(x~a)



This line intersects the y-axis at P(O,

o and intersects the x-axis at Q(2a, 0)

- Hence the area of triangle OPQ is
~ independent of a.

angent at the point (a, a’—a) has
dient 3a° -1

uation of the tangent is
y,=m(x—x)
(a3 —a) - (3a2 —l)(x —a)
a’~1)x-2a’
ine intersects the curve where

By x= (Sa2 —1)x—2a3

2k

el

a

Since the line is tangent to the curve at

X = a, this cubic must have (x— a) asa
factor (repeated root at a tangent). Hence
the cubic factorises as

(x-a)’(x+2a)=0

Thus the tangent intersects the curve
again at x =—2q, as required.

Exercise

a An example for which the statement is
not true:
flx)=x+ L has a local minimum at
(xl,f(x1 ))z(l, 2) and a local maximum
at (x,, f(x,))=(-1,-2).

Other examples include functions for
which the stationary point (xl il )) is a
horizontal inflexion, not a maximum; for
example, y =(x+1)(x—2)" has a negative-
valued minimum for x e[—l, 2] and a
horizontal inflexion at (2, 0).

The statement will be true if the function
has no discontinuities (although there
will be some discontinuous functions for
which it is also true) and no horizontal
inflexions.

e
ed oy
o

Stationary points where 5 =)
dx

3%’ +6x—24=0

x*+2x-8=0

(x+4)(x-2)=0

x==—4 or 2
x=—d4= y=(—4) +3(—4) —24(-4)+12=92
x=2=y=2"+3(2)'-24(2)+12=-16

. stationary points are (—4, 92) and (2, —-16)

16 Basic differentiation and ifs appli




d'y
dxz

2

d.
ﬁ(q): —-18<0=>(—4,92) is alocal

maximum
dzy :
d_x7(2)= 18>0=(2, ~16) is a local

minimum

=6X+6

Stationary points where % =0

1-———0

2W/x
2Jx-1=0

; URAaes (4] 1
.. stationary pointis| —, ——
ypointis( 5, -+

dzy(l) 1 (1 1)
—=| — |=—X8>0=| —,—— |i
CAAER AT is a local

minimum

d )
—y=cosx—4smx

dx d
Stationary points where & —
cosx—4sinx=0

4sinx =cosx

1
tanx =—
4

S x=0.245 or 3.39 (3SF)

x=0.245= y=5in0.245+4c0s0.245=4.12

x=339= y=5sin3.39+4c0s3.39=-4.12

.. stationary points are (0.245, 4.12)
and (3.39, -4.12)

6H Stationary points

.....
..........

—Z =—sinx—-4cosx=-y

2
d )’(0245) ~4.12<0=(0.245, 412);,,

local maximum

2
_:7{_(3,39)= 412>0=(339, ~412) ;.

local minimum
k

G f .-_— k+l

Statlonary pomts where f’(x)=0:

_1nk+1
T

. f(x)has a stationary point . th

y-coordinate o

k
f(x)=12x>—48x* +36x

Stationary points where f"(x)- 0.
12x° —48x* +36x =0

12x(x* ~4x+3)=0
x(x-1)(x-3)=0

x=0,1o0r3
f(0)=3(0)"—16(0)’ +18(0)" +¢ =6
fM)=3(1)"-16(1) +18(1) +6- 11
f(?’)=3(3)4 ( +18( ) +6=-21

<. stationary points are (0, 6), (1, 11)
and (3, -21)




it
B AR

*f'(x) =36x" —96x+36
‘ fn(o): 36>0= (0) 6) is a local minimum

f”(1)=—24 <0=(1,11)isa local
maximum

f”(3)= 72>0=(3,-21) is another local
minimum

. range of fis [ 21, o[

COMMENT

jnstead of using second derivative

N ondlysis, it would also be valid to use
fnowledge of the form of a positive quartic

§ equation o assert that the first and third

| sjationary points must be the local minima.

e

i Ee‘

e

%y

R
’d(:

4
0
A2y

. §
!

fi(x)=¢" 4

Stationary points where f”(x)=0:
e -4=0

x=In4

f(In4)= e™ —4In4+2=6-4In4
. stationary point is ( In4, 6—4In 4)
frlx)=e

f(In4)=4>0=(In4, 6-4In4)isa
local minimum

. range of f is [6~ln 4,0{

g ﬂ: 3kx® +12x
dx

: d
Stationary points where 2o

1 4y 4Y
e=r=H=3) +o(5)

' 32
<" stationary points are (0, 0) and ( g P‘)

2

_(0) =12>0=(0,0) is a local minimum

d?.
a—)(—{(—~%)=—12<0=>(—%,%3) is a

local maximum

d’y

2

Points of inflexion where =0:
e -2=0
xi=In?

x=In2= y=e"2—(In2)’ =2-(In2)’
. point of inflexion is at (ln 2, 2—(In2)’)

gm dy
P L =4 -12x+7
dx

i =12x"-12
Points of inflexion where q \t =
s
12x*-12=0
|
x=x=1

x=1= y=1'-6(1) +7(1)+2=4
x==1= y=(=1)'~6(-1) +7(-1)+2

... points of inflexion are at (1, 4) and
(-1,-10)




4

P COSX

dy
dx
d° _
Ex—:=—smx=-—y

.1

Points of inflexion have i‘,i =0, which

must therefore be on ¥ =0, the x-axis.

4 2si 1
~—=-2sinx+
P X
d’y
a’%=—2cosx
: g d’y
Points of inflexion where —=0:
—2cosx =0
cosx=0
T 3n
X=—,—
2552

Verifying that these are points of inflexion:

For a small positive value §, cos( g =0’} ) >0
2
and so gx—{(g—- 6) <0 (gradient of curve

is decreasing); similarly, cos[E +6 ] <0

2
and so dx}; (g + 5) >0 (gradient of curve
1s increasing). Therefore ( g,g) isa

genuine point of inflexion.
For a small positive value &,
3n d’y( 3n
cos| ——06 |<0andso —<| =_5 |50
2 dx"\ 2
(gradient increasing); similarly,
3 d’y( 3n
cos(—23+5)> 0 and so dx—};(7+6) <0

33
(gradient decreasing). Therefore ( ——,—zl)
is a genuine point of inflexion.

COMMENT

Remember that just showing that the
second derivative is zero is not sufficiens
for the point to be an inflexion. Furthe,
working is needed, either using valyes
on either side, as above, or by showin
that the first non-zero derivative ofie the
second derivative is odd. An alternatiye
fo the justifications using & would be.
£ _2sinx

dx®

3
$3{3)-2e0o(5.5) e0 5o
X

point of inflexion
é (o
dx*

genuine point of inflexion

e,

dx

d2
——’Y =6x—2a
dx_

4 ,
; : . d
Points of inflexion where —=={);

e
6x—2a=0

X=—
3

If this is also to be a stationars
require Q(EJ =0:
aeABss

() ()

roint, thep



{ oMMENT

, |y positive cubics with a horizontal
:”,anyxizn point and leading coefficient
) :l]nhove the form y = (x - k)3 iz d, which

ndstoy =x 3k 4 kx4 4.
omparing with the equation in the
yestion gives a=3k and b= 32 - _°
s requirec.

% Graph shows the gradient function.

Jfat a stationary point the gradient

- changes from negative to positive, it is a
~ Jocal minimum (A).

' Ifat a stationary point the gradient
changes from positive to negative, it is a
Jocal maximum (B).

When f’(x)is itself at a local maximum

or minimum, f”(x): 0 and there is 4
point of inflexion (C).

Yy

!

C
cise @i
: e;)ze'

~ When f'(x)=0thereisa stationary point,

7 T e TP T e
Bl e dia

stationary points; the end points x =0
and x = 1 must give the minimum and
maximum for the interval.

e’ =1is the minimum

e' =e is the maximum
(2 I Area A=x(30-x)=30x—x’
gé=30—2x
dx

: . dA
Stationary point when £ e 0:
J0=2x=0
x=15

Since the extreme values x = 0 and

x =30 clearly give zero area while
intermediate values give a positive
area, the end points do not provide a
maximum value, and the stationary
point is a maximum.

. maximum area= 15 X 15 = 225 m?

b Perimeter = 2x+2(30—x)=60m,
a constant
e dy )
& —=3x"—9
dx “E
Stationary points where —2. — 0:

2 '\.
3x°-9=0

*==V3=y=(-3) ~9(-(3)=s5
x=\/§:y=(\/—3-)3—9(\/§)=‘6x’§
Checking the end points:

Eal = (COg oo 10>-6./3
x=5=>y=5’-9x5=80>6J§

The minimum value over the interya]
[~2,5)is—6\3=—10 4

The maximum value o

Vver the interya]
(~2,5] is 80

sic differentiation and it gpp; afions




B f(x)=e-3

Stationary points when % =0:

e*=3=0

x=1In3

x=In3= y=3-3In3=-0.296
Checking the end points:
x=0=y=1
x=2=y=¢e"-6=139

The minimum value over the interval
[0, 2] is 3-3In3 =-0.296

The maximum value over the interval
[0,2] ise*—6=1.39

-d—y—=cosx+2
dx

d
Stationary points when ay =0:
cosx+2=0
cosx=-2

No solutions so no stationary points.
Checking the end points:
x=0=>y=0

xX=2n= y=4n

The minimum value over the interval
[0,2m] is O

The maximum value over the interval
[0, 2m] is 47

f(x)=x+l forx >0
x

Stationary points where f’(x)=0:

1
I=—"=0

2

=il (asi>l0)
Classify the stationary point:
f1(x)=25
f”(1)=2>0=>local minimum
~. minimum value of fis 2

i
l :
= 5 . : ;

Distance D=| 1-w x;_s wl_ 3

dD _ (Ew‘g_w-z]

dw |2

; D
Stationary points when —=0;

dw
5
: zw-z_w-zJ=o
2

5
Ew 2.':14/-2
2
2 Jb
2

9
w=—

4

Classify the stationary point:

2 £
d’D =5[2w‘3—-§w Z)

dw’

2
jwlz (%J =—0.219 <0 =>local rmaximum,

9 .
So a weight of o 2.25 will ma<imise the

distance travelled.
ﬁ np r 1  p+50
dp 5000 100 5000

Stationary points when gt =)
p+50 ¥

5000
= p=-50 &[0, 100]

So no stationary point in the in'crval,

=0

Checking the end points:

P=0=t=2 minutes, the minimum time
to melt 100g

p=100= ¢t =4 minutes, the maximum
time to melt 100 g

a —1<cost<l1
- V' has a range of [40, 160]

So the minimum volume is
40 million litres.



dC
b Minimum C occurs when = =(Qorat
s vol‘-“:i‘;' an end point of the domain.
Plow:-aT-———éOs'mt i
flow occurs when d Elow 0 ds
; 3 —

B dt 0.2(4-25)+0.1=0
-‘60605":0 09-04s5=0
cost=0 ;

—=s=—
,:1‘.,325 (t€[0,6)) A

9

So the maximum flow in and C(Z) =1:5125
Bitocays occurst Check end points:

C(0)=0.5,C(4.2)=0.752

3n
t=£ (1.6 days) and —2— (4.7 days)
: - minimum C occurs when s = 0

{ comMENT ¢ Profit P is given by
| ﬁ; I is actually a local P FeC

Althoud )

minimum of the ‘Flow’ function, it still = F—(0.3+0.2F+0.1s)

represents o maximum flow of water: the — 0.8F—03-0.1s

T Ak
o . 7 tf = as h )

negative sign of ‘Flow’ when ¢ . (whic :0.8(4s+1~*s“)—0.3—0.1$

' makes it @ minimum in the sense of being _2
w :1' its most negative) just means that water =-0.8s"+3.1s+0.5

isflowing out gina! el Qpc ol in by Stationary point of P occurs

N the rate at which the water is flowing is

exaclly the same as at the local maximum when s 0:
| when f= 911— (both are 60 million litres —1.6s5+3.1=0

per day). 21
¥ s="—=1.94(3SF)

16
Since this value of s lies inside the
: dF domain [0, 4.2] and is the position of
Rl occutsiwhen o Deone! the vertex of a negative quadratic, it
an end point of the domain [0, 4.2] must give the global maximum of P

over the domain.

COMMENT

In part (b) we can actually avoid the
calculus altogether, because the minimum
value for a negative quadratic over a

eck end points: F(0)=1, F(4.2)=0.16 restricted domain must lie at one of the end

: oints; it cannot be the stationary point
maximum F occurs at s =2 7 JiROIY

since that must be a maximum. If you prefer
fo use this argument in an examination, be
explicit about your reasoning.

o res
PR, Y




| m A V(0)= 4, 80 4 litres of petrol was
e initially in the tank,

b 30 seconds = 0.5 minutes

V(0.5)=41.5, 50 the capacity of the
tank is 41.5 litres,

; dy
¢ Flow = e 6001 - 9001

; d Flow
Maximum flow when =27 -

It
60018001 =0 ;
1

[ =~

3
Seomaximum flow is at 20 seconds

%

- m 4 Total energy E =x(2—»£)

10
2
=2~k
10
dr
b Maximum energy when TE 0:
2-2 g
10
x=10

<, atotal surface area of 10 m’ provides
maximum energy.

¢ Net energy b
N=E-001x’= 2x-~l-6—o.01x-‘

Leaves produce more energy than they
require when N > 0;

2
Y= —0.01%> > 0
10

—1—(200x—10x2—x3)>o
100

%(200-10x-x*)>0
x(204x)(10-x)>0

=X e]O, 10[

d Maximum net energy whey, " :
a0 ’
2= : “003x" =0

4]. (2{)0»—20:(-3:(") 0
100

47 4 20% 200 = 0
204207 + 2400
xm—
6
Require the positive solutioy,
204 /2600 10(<1+4 /7 |
——

Mixed examination practice 14

Short questions
n f’l:e‘+2cosx
dx

The equation of the tangen

y=y=m(x-x)
y—[c" +2J=e?-(x-~ L |
2)

Y=2+c2(x+l—g~J

B =1 -6x7+12x-8

dy

= =3x - 12x+12=3(x
dx

dy _
Atx=2,~~=0and y=0, 50 the normal
dx £ ’
is a vertical line through (2, 0)

i.e. its equation is x = 2




W

ST

G

W3

fas g

-dl=sec2x—i
dx

i (ll" )
point of inflexion occurs where )

dx
x-2=0
=x=2

8 B2
},(2)=-6—---4-"l'2——’:'5

+, coordinates of the point of inflexion
2, -2
(AL B
G

3

d
tationary points where ai/— =0:

nSmo7m din

6’6’6 6
-=2sec’x tan x

2

2
the sign of -3;}1 is determined by the

f tan x)

== ():

n 7n d’ 4_
At x "|2nn+|‘,» - - {-’-)():#Imal
8

; §oaidy
minima
S50 1l dy ..
At x=[2nn 4] ==, ==, ), < 0= local

/ O e dy
X

St
So there are local maxima at x = '(; + 1
"]
| n - 'y
and local minima at x =~ 4+ nn(ne Z).
O

6 ,/‘(-“)—'ll.\'li"b\"‘ +ex+d

f0)=2=d=2

S (x)=3ax" +2bx+c

f(0)==3=c=-3

Now f(1)=a+b+c+d=a+b-1

and f(1)=3a+2b+c=3a+2b-3

f()=f"(1)=>a+b-1=3a+2b-3
= b=2-2a

1"(x)=6ax+2b=6ax+4~-4a

f7(-=1)=6=—-6a+4-4a=6

= -10a=2

I
=a=-
o

Therefore the cubic equation is
P b s e
() S X e T = 34 D

%

f;

a Local minimum: f’(x)=0and gradient
on graph of f’(x)is positive (A)
b Local maximum: f*(x)=0and gradient

on graph of f’(x)is negative (B)

¢ Inflexion: turning points on graph of

f(x)(C)




Figure 16MS.7

dy _

- =34?

dx
Tangent at (a, a’ ) has gradient 3a’ and so
has equation

y—a’=3a’(x-a)

y=3a’x— 2a’

It has y-intercept at (0, —2a")
Gradient of curve at (—a, -a’ ) is 3a’
Normal at (—a, —a3) has gradient —3%
and so has equation g
y—(=a’)= —317(x+a)

e
Y 3a° 3a

It has y-intercept at (0, gt —i)

3a
If the y-intercepts are the same point, then
1
2a’=-a’-—
3a
1
_ a3
3a
3a =1
1
Sl
a=3"4=—
i3

(choose positive root since a >0)

anon praci
¥ >

Long questions
n a Point of contact at x =2

On the tangent line, y=24(2-1)- %

On the curve,
y=a(2) +b(2) +4
=8a+4b+4
~8a+4b+4=24
=2a+b=5

b For the curve, -d—}i =3ax’ +2bx

Atx =2,

dy 2

= =3g(2) +2b(2)
: (2)

=12a+4b
and gradient of the tangent is 24
~12a+4b=24
=3a+b=6
c 2a+b=5 A
3a+b=6
2)-()=a=1
SlD=7)
d Points of intersection occur 1+hen
X’ +3x* +4=24(x-1)
X’ +3x1 —24x+28=0

One solution is known to be +t x =2,
which is a double root.

So (x—2)* is a factor of
x> +3x* —24x+28; factorisi 1g gives

(x=2)}(x+7)=0

<. the other intersection poin is
(529)=(7, -192)



e o 3
& L ol ]
oo

.‘.ll=3x2—2x—l
dx

ii Require gradient of tangent to be — il
Stationary points ( including the Le. d_y = _§ &

turﬂing p()int at A) occur where i e

-c-l-x--o: 3x2—2x—1=_-3-
3x' =2x-1=0 27x* ~18x—1=0

o 18213244108

xX= --1- or 1 54
1 18+12/3
The point A has negative S
x-coordinate, so its coordinates are
1 86 ) 3103
("5’ 27 9
d’y 3 B y

1l
o
=
1
ro

.the coordinates of B are (l Ej
357

i The line containing A and B has
gradient

86 70 16 Figure 16ML.3 Graphs of y = x?
G T ]
W7 o7 278 and y=——Inx
T ey M 2

3 3 3 b Atintersection, x* = —%lnx
ion of the line i
The equation of the line is Fomche e
y=y=mlx-x) .
e | ¢ Let ¢=0.548, the x-coordinate of the
y——= _5( - 3) intersection point P.
27
‘ 2y-70=-24x+8 Then point P has coordinates (c, cz)
8 78 For the tangent to y = x’;
7y+24x=78 or y=-——x+—
Ak e Ef_c =2x = gradient at P is 2¢

. tangent has equation

y—c’=2¢(x—c)
Hence the point Q has coordinates

(0. )

16 basic difrerentiation and its app

sgplreisinad il N
ety 3 ;




1
For the tangent to y = i Inx:

d 1
?d{c_="2;=> gradient at P is o

~. tangent has equation
e —L(x— c)
s 2 2c

Hence the point R has coordinates

(0,-1-—llnc)
VK]

Since ¢ is defined by ¢* = —%ln ¢, the

coordinates of R can also be expressed

as (0,l+cz)
2

The tangents are perpendicular, since
the product of their gradients is

ZCX(—-I—)=—1
2c

- Area PQR = %(PQ)(PR)

1 r
=E\/c2 +4c* [c? +i

= %(4cZ +1)
=0.302

d Asobserved in (c), the gradient at the
point where x =a on the y=x’ curve
has gradient 2a, and the gradient on

1
the y =——Inx curve has gradient g
2 2a

The product of these gradients is -1,
so the two tangents are always
perpendicular.

a i P(0)=10+1-0=11, so the initial

population is 11 000.

ii 14 million = 14000 thousand
P=14000

10+e' —3t=14000
From GDC, t =9.55 (3SF)

So after 9.55 hours the population
reaches 14 million.

ii 6 million = 6000 thousand

4P _ s000

dt
¢! —3=6000
e' =6003
t =1n6003
—8.70 hours (3SF)
qtr :
7 = ¢', the rate of acceleratiop o¢
the population

e

dt
e—3=0
=(=In3

2

dP
At [:][13, ;l?‘=3>0. 4] (hiSiSa
local minimum.
P(In3)=10+3-3In3=9.704

. the minimum population is 9704




‘ 4 B : ; . 4
1 asic integration
~ ° .
and its applications
exercise UEA® Exercise "
| I
g 8- 0=, L
=2x ‘“+ ixl ¢ flx)= '?:lx dx
=2~>3/x(3+x)+c :;Ir;x-»c
After studying Seclion 198, fry COMMENT “(‘:"‘
performing this mtegrcnon using a m”’ AR B F(x) = o ;

stifution v = :
sub where the unknown ’/ ec is

to a positive value. Unless
requires it, or if doing so sim
appecrance of the equation, 1

Exercise n\r,jed to rewrite logarithm solut ons

1% R o
SORSSINRD o 31 1

this way. &
$iNX +Cosx
o —_—dx = Jtanxﬂdx
2C08X B
| P b f(Z) =7 4
= In|sec x| + St ]
-In2+c=7 |
4
& 1 b
o c=7-~In2 19
o8 2x cos’ x ~sin”"x 2 -
cosx-smx COSX ~8In X f( 1 | ] Wl
S flx)==Inx+7-=In2 4
,[ (cosx +sinx)(cosx —sinx) 4 2 P
COSX —sinx
x _
=7+In ‘/: f
J cosx +sinx dx 2
; d 3
= §inx — Ccos X +¢ a a Maximum occurs where Ey =0:

x'—4=0

- <
PRAICONOoN:




i o J’ﬁ} ‘.‘ S 5
d:y
F(z) =4>0=local minimum
dzy

E(‘2)= —4 < () =local maximum

<. maximum point is at x = —2

b y:'[x'l_4dx
¥
=== AdX e
3

y(0)=2

3

0
:?—4(0)+c=2

—- (el
3

y(x)=x—3-—4x+2

ol
< Hence y(—2)=—§+8+2=7—3~

-

) n Gradient of normal is x=> gradient of
tangent is ——
> x

R

=—In|x[+c
y(e2)=3
= -24c=3

)
5

.'.y=5-lnx=ln[e—) (x>0)
X

e
.

~ Exercise

Ione’ +sinx+1dx = [e‘ —-cosx+x]:

i

=e"+1+m

I e Cl ey A I i R O O 4 agils s 7 i (7 s
3 < - ; L% %
- - e - A3 %-¢ -

=(e"~(-1)+m)-(1-1+0)

P

1

O [l
X

=In2k-Ink

2k
=ln( p )
=In2
and this is independent of k.

(5 | fzf(x)ﬂ dx= ZJ.jf(x)dx+J':1 dy
=2x7+[x],
=14+(9-3)

=20

1
B [ a=2

3 a
Lol b
3 1

— T

k

Figure 17H.2 Area enclosed by the curve
y =x, the xaxis and the line x = k



—=T
3

Figure 17H.3 Area bounded by the
— x% —1and the xaxis between
curve y = x and the x

x=0and x=3

Intersections of y = x* —1 with the
x-axis occur at x = £1.

COMMENT

Alternatively, use a GDC to calculate the
integral of the modulus function. Unless
the question explicitly calls for an ‘exact’
solution, this is often a faster way of
finding the solution,

COMMENT

If the area above the x-axis equals the
area below it, then the net area will equal
zero, i.e. the integral is zero. Using this
fact is much simpler than splitting the
infegral into two parts and equating them.

Require that the net area equals zero:

with t

X
:—K

Figure 17H.5 Area enclosed by the curve
y =7x-x?-10 and the xaxis




3
7

i o

(4] ez exe)
Atx=4, y=2
Atx=4a, }’=‘/‘;

Hence the enclosed area is given by

5 -1 9 $
I 7,\»_,\-‘_10‘13‘:[’_5.._71.40_‘}
2 AR

-

3 %
=(E§-E§_50)_(§_§—zo) Area= [ xdy
203 2 .3 A
=["ydy

COMMENT

Once the limits are established, the 3
integral could alternatively be calculated 14 0 —8] =39
using a GDC. 3

=a=25

as follows:

The diagram in the question should lag

FE—

AT y
Arc.a—j“ y'dy P
:_[_)i} = 22
3
Lty
23(80 -d )
7 4
ot plb———
504 = —;—a'
a'=216
=>a=06 | , >
: 1 (
n y=In(x+l)=2>x=¢"~1
b Figure 171.5 Graph of y = x” wilh pale
Area = J.u (e' "1) dy region under the curve and dark (;ink) region
[ : 1; above the curve, for x between | «nd a
=le -y
e laa h
=e!-2-(1-0) y=x'=x=Jy
=e' -3 From the equation y = x", b= ¢’

Let B be the area below the curve and P
the area above.




' b can be evaluated as the arca extended
the y-axis, less the area of the rectangle
width 1 and height b-1:

“PpaB=a’-1=2b"+1-3b
b}
=a =2b+2-3b

L1 lo,'_ b=a":

P 42=0

trivial solution with P=B=0is

ent to @ = 1, which is clearly a root
is cubic. Factorising:
1)a*-2a-2)=0

=21J4+8
2

| or a
=1, 1+/3

a > 1 as shown in the diagram, the
nisa=1+y3

this case the area B is

\B) -1]=3+245

Exercise

a Intersections when
X' 4¥X~2mx42

' ~4=0
Xx=2%2

Enclosed area = I 4-x"dx

(} Intersections when e

From GDC; x = -0.703, wl

the interval of interest, [0, 2

\! X -“l - S X ,S0O¢ sy DOS
i
the whole of the interval of inter:

-

Enclosed area =

COMMENT

Instead of checking for roots to e* = x°
this question could be answered by using
a GDC to calculate j e" - x% dx directly

.
ol

v ich fes outside



E n Intersections when — = sin x
L x

From GDC: x = 111 or 2.77 for x £ ]0, 7
Enclosed area = J'm sin x — ld x
L1l "
=0.462 (35F)

}i ! B The y-coordinates of the intersections are:
atx=—1, y=(-1) =]
) atx=2,y=22=4
i.e. the intersection points are (1, 1)
and (2, 4).
4-1

4 Gradient of line = =1
2 _(_1)

1 - equation of the line is

0 Y=y, =m(x-x,)

y=1=1(x—(-1)

j> y=x+2

: The shaded region is the area between

y=x"and y=x+2:

Shaded area = IZ x+2—x*dx
<

COMMENT

An alternative approach would be to
integrate y = x* between 1 and 2, and

subtract that result from the area of the
trapezium. As long as your working is
clearly laid out, any valid method is
acceptable.

e el A o R b -

n
B [ntersection occurs at x = —

E!
(by symmetry or by solving sin y = o
ie tanx=1) :

Shaded area = '[: sinx dx + J. . COSxq,

COMMENT

Since the graph is symmetrical aboyt
X = %, the area could instead be
m

calculated as 2]0‘ sinx dx.

Intersections where x(x—4) = "':‘7X+15

From GDC:x=1,3,5

Area enclosed:.[l lx(x—4):—;s +7x~154
=8 (from GDC)

COMMENT

Clearly the answer could be o
integrating term by term in the

however, since the question is =«
intended to be answered using
this is not necessary.

B Intersections when

x’=mx
x(x—-m)=0
x=0 or m

Enclosed area = E

J mx— x> dx=£
0 3




The curves are X, = 2-yand x, =y’

Intersections when
2-y=y"
yz +y-2= 0

(y+2)(r-1)=0
y=—2 or 1

1
Area = j_le —X, d}’

Short questions

_ﬁl | f(x)=—cosx+c

Intersections when Inx=¢” —€
From GDC, x=10r 0.233

From GDC, the area between the curves
is 0.201 (3SF)

COMMENT

Using techniques from Chapter 19,

you can integrate the function directly
and evaluate it exactly in terms of the
intersection values. This method is shown
below, but nofe thot in the absence of
instructions otherwise, it is appropriate
(and much faster) to calculate the area
using the GDC once you have found the
intersections.

Let a =0.233, the lower intersection value;
then g satisfies Ina=¢" —e.

Areazﬂlnx-(_e’ —e)dx
=[xInx—x—e +ex]
=(0-1-e+e)—(alna—a—e’ +ea)
= —1—(a(e* —e)-a—¢" +ea)

=(1-a)e’ +a-1
=0.201
ﬁ Intersections with the x-axis when
kK —x*=0
i

k
. Area= sz —x"dx
%

- n . Vil vl
- Basic il earanon ana s

P el ah




o Let the blue area be B and the red area
'_ ) IN.‘ let

‘The potnts where the boundaries meet llhf
CUTVE are (u. u”) and (h. " ). o the tota

aren s

B Rmbxb"=axa" =b"" i

[ntegrating to find the blue area under the

Curve:
h "
Be | x"dx

H

‘xrul i
1
- i

| (hnrl 2 “uol)

1l

€7

The blue area is only a quarter of the total
(and the red area is three quarters of the

- total)

1 } " I b"” iy I nil il
4 Wi " |m=(b"" =a

: )H-I( ) 4( )
4 h+l=4

P ¢ =sn=3

} (8] J‘liw"/xj dxzjx L xtdx
¢ X

B
L}
)

= In|x|+ Ly
5

ey
4 i A .
n f ¥ =xdx=0

- P
| BT |
o R
i
Y Bad
—
i
=

CI‘ 2

(gt =2)=0
-2
a=(0 or :1.'\/—2_

Since a > 0, a=v2
b Curve intersects the x-axis where
x'=x=0
x(x'=1)=0
x=0 or *l

e i iy £ - ; -
xaminahion prachce

Figure 17M5.6
Total arca cnclo,sc'd = area above 5.5,
+ area below x-axis

gince the integral from 010 a equg,
sero (defined in (a)), the area aboye
x-axis must equal the area beloy, '

153 j ‘ /2 _
X =X 00X+ J i i
Iu | xdy

=+ Total area =

0
1
,___2[_»’5 s
4 2
=1
2

The graphs intersect wher
sinx =1-sinx

2sinx = |

; |
sinx = —
2

x=£.§£ (forO0<x<n)
()

Difference function is

¥, =¥, =sinx~(1-sinx)=2:nx-I
5 Sr/6
Enclosedarea=J. 2sinx - 1 dx
nl/6
=[-2cosx~-x|
(- ) 54
6 / }




Py = g # %
e -
-
a8

,f,.(3).-.-. 24>0=(3,19) is a local
mmimum

_fr(x)= J'6x+6dx

=3x +6x+c

~ gationary pointatx =3

27+18+c=0
c::-—45

Hence f'(x)=3x"+6x~45
f(x)=J.3x2+6x—45dx
=x’+3x* —45x+d

f(3)=19
= 27+27-135+d =19
by Qd:loo

o f(x)=x"+3x* =45x+100

ong questions
% . Intersections where
5a° +4ax—x'=x"-a’
2x*—4ax—6a" =0
x}—2ax-3a’ =0
(x—3a)(x+a)=0
x=3a or —a
The coordinates of the points of

“intersection are (—a, 0) and (3a, 8a?)

b Difference function is
-y, =6a’ +4ax—2x’
Ja
Areaenclosed=| 6a° +4ax—2x"dx
A 3a

2
=[6a2x+2ax2—§x’:|

=(18a3+18a3 —18a3)
3 5 2 3
—| —6a” +2a +§a

4
0

Figure 17ML.1

Area below axis = j xi—asdx
an a . .
=|| —-a’ x} ¢
3 3 ;’:
a a -
=|| —a’ |-| —+a’
3 3 i
— —a3 9
3 .
L ) =
. Area above axis=—a’——a’ =—g° ."’f; -
Fraction of the enclosed area which lies k-
e
sy 60 1 e
above the x-axis is P 90 = o e
64a° ) 64 16 Ui
4 L
a cos’0+sin’6=1 ‘3

= cos@=+1-sin’ 6

Let x =sin@; then 0 = arcsin x and

cos(arcsinx)=+1-x”

b y=a=sinx=a
= x =arcsina

.. the x-coordinate of P is arcsina

on and ifs apy



¢ Red area ~ I

d

Mg

sinxdx

0

ung
: l ~COS X r:

w« ~cos(arcsina)~(=1)
S )

Recasting the equation of the curve
as x = arcsin y, the blue area can be
calculated directly:

Blue area = j"arcainy dy
0

“
”J arcsinx dx
{

)

(change of dummy variable does not
change the value of the definite integral)

But, by subtraction,

Blue area = a arcsina— Red area

s y 2
- J arcsinxdx = aarcsma—lh/l-a
1]

‘e

A * b e e
| 8 “ki”.ﬂ."l"“‘l!:“-"“ﬂh‘« \/
i d i3 | B i

.




Further

differentiation
methods

Exercise conx =0 (sincee' #0)

' g m 0 (for x €0, 2n))
; : or x :
0 polax’+1) T
]
_d! - - I (’1.\’} | |) ) Hx Coordinates u‘l the stationary points are
de 2 (“,v);unl[ ",v']
Ay 2 2
- - ; 1
(4" 't l) BB /(x)=csc’ x (sinx) "
3 dy(\/z) 4 ’l\/_% V2 n ['(x)==2(sinx) " cosx
"y o' 27

2c0l xcsc” x

y(‘/z)g:'ﬁlel 3 b f'(x)=2f(x)
Normal m(Jz, ! )hun pradient 2cotxcse” x = 2csc’ X
¥ J lan A |
-277..u27J2 and is given by SR 1
av2 8 ,
4 4
yeyemyex) ( )
. l f(x)=In(x*~35
272
y..l.,_,*/,(x._\/z) e
B 8 (0= ox——
- X s}
24y-8n81\/2x~-|62 I(x)=1
24y = 81y2x 154 LA
g 77 x!~35
y 8 x_lz r\'-" 2.\3{‘;‘()
y e (X +5)(x=7)=0
d X®m=5 or 7
lﬁaﬁ- =e""* cog The domain of f(x) is x > /35,

so the only solution is x = 7,

{Stntlonnry points where ‘:)’ = ()
o dy



Therefore, the stationary point is ,
maximum if (and only if) g is evey,

 § commEnT
o/ r_ a a h:e"'.q.—%x—for-leSZ
i IS question was intended to appear in <
Ie next exercise (18B), as the product h(-1)=¢' +€’
4 rule is needed to differentiate the function oy
'h“ part (a). Please return to it after you h(2)=¢ +e
3 Z ?e worked through Section 18B or Since e' >e ™", the post at x =]
3 when you have completed this chapter. is taller.
P dAEss e
a y=(x-a) (x-b)’ )
- d
‘ Ey =p(x —a)p—l (x=b)" + q(x—a)’ (x—b)"'l Stationary point occurs where S_ifz 0:
=(x=a)’" (x=b)™" (px— pb+qx—qa) G =T =l
‘ 3 d X -2x
: Reqmre—yzofora<x<b G
¥ dx 83x = 2
- R A 3x=In2
ne pb+qa
1 — = L
i ar Xi= =11
Pra 3
b Positive polynomial of order 5 Classifying the stationary point:
k- p =2 = double root at (a, 0) d2h
v —2=Cx+4e_2x
q =3 = triple root at (b, 0) dx ] :
. d’h(1 2 2
1 y o glnz =edltdes  >0=]ocal
1 $ minimum
4 Therefore the minimum height occurs
- ed T 1
at x=—In2
¢ Minimum height is
,"iv{ / : 1
Figure 18A.8 Graph of y = (x - 0)2 (x - b)3 h(%lnzj = h(ln 3 J
¢ y=(x—a)’(x-b)"isapositive T
polynomial, so the curve will finish SRR,
with a positive gradient. If the larger :
root b is repeated an odd number of =7 (1 +l)
times (i.e. if g is odd), the curve will be 2
negative in the interval  a, b |and the o
stationary point will be a minimum. T 2
If, however, g is even, then the curve 33
will be positive in [a, b] and so the =5

stationary point will be a maximum.

":-':3" eren :.‘.‘ Q OSi e §ﬁ,’]_[']_c 10
s SNl L TG Zighis

e S, LN

%,




5 g‘nzx: Sin.t
lg‘nxmsxzsin.\-

@x(lt(ﬁ.f“l)=0

gnx=0 or cosx=

P |

o for0<x<2

“0, ", -—-‘9

‘JJ'&‘

o I

b }v.‘_‘g-n:’.x_Sinl’

d -
_—_g—’—:?.coslx—msx
dx

Stationary points where 2‘ =0
X

2cos2x—cosx=0

g(zms:.r—l)—cos.\':()

4c0s” x—cosx—2=0
151432
1=
cos 3
x=0568,572,2.21,4.08

- stationary points are at (0.568, 0.369),
(2.21,-1.76), (4.08, 1.76). (5.72, —0.369)

<
f (4.08,1.76)
(0.568 0.359/\
| 20N >

N
(5.72, -0.369)

(221, -1.76)

Figure 18A.10 Groph of y =sin2x —sinx

cercise ki3
: Iau=(3xz—x+2), v=
e, Y

dx dx
= h(6x—1)+(3x3 —x+ 2)x 2e™*

f’=(6xz +4x+ 3)6‘"

n Letu=x", v=¢**
- du dv
X)=v—+u—
f(x) T
=e™* (2x)+x? x3e™*
=(2x+3x2)e”
Let p=2x+3x7, q=e3’
" dp dq
x)=q—+p—
f"(x)=q o
=e3‘(2+6x)+(2x+3x2)x3e3’
=(9x’ +12x+2)¢’

B Letu=(2x+1), v=e™

dy du dv

e — Pk

dx dxTadx
e x5(2x+1)* x2+(2x +1)° (-2¢ )

=e ™ (2x+1)'(10-4x-2)
=e*(8—4x)(2x+1)*

Stationary points where ZdL}— =Q:
X

e (8—4x)(2x+1)" =0
(8—4x)(2x+1)" =0

x=2 or ——
3

G Letu=(3x+1), v=(3—-x)
dy du_ dv
“=y—tu—

dx dxi dx

=(3-x)" x5(3x+1)' x3+(3x +1)
x3(3—x)" x(-1)

(3-x) (3x+1)*(15(3~x)-3(3x +1))
(3—x)’(3x+1)* (42-24x)

6(3—x)’ (3x+1)*(7-4x)

Stationary points where @ =0

6(3—x)’(3x+1)'(7-4x)=0




,_I Y'-_' Wb

=sin2xxl+x><2c052x
- = Sin2x+2xc032x

—_—

i -2c052x+2c032x—4xsi112x
=4c052x—4xsin2x

: 2
Inflexion points where 47

——720:
dx_
4c032x—4xsin2x =0

COs2x = xsin2x
b cos2x = xsin2y

= tanzx=l
5

From GDC: x = 0.538, 1.82, 3.29, 4.81

Inflexion points are (0,538, 0.474),
(1.82,-0.877), (3.29,0.957),
(4.81,-0.979)

COMMENT

To get 3SF accuracy on the y<coordinates,
ensure that when inserting the

xcoordinate into the funcfion you use

either the full x-value obtained from your
GDC (saved in its memory) or several
significant figures beyond the three
written down in your answer.

g Letw=xe", u=x, v=€*

By the product rule,
o _du, o
dx Bifdx ey
=e" +xe”
Then, by the chain rule, since y =sin(w),
-(-1—}-'- = 9—w— x cos(w)
dx dx

=(e’I +xe")cos(xe")
=e"(1+x)cos(xe")

MRS L i iy o8 A LU L et

} = ?.J L& 2 i : T R st T NS

TR VY P WG S 0r Tk R TTN | ryle iy T R < g W Ay

a anletii=xv=In~x
du dv

f’(x)=Vd—x'+U“

=lnx><1+x><l
G

=Inx+1
b Jlnxdx: J‘(lnx+l)—-ldx

:Jlnx+1dx~f1dx

=xIlnx—x+c¢
m Letu=e™", v=cosx
DBy
dximdxiidx

=—e “cosx—e *sinx
=—e " (sinx+cosx)
; ¢ dy
Stationary points where =2 _ .
LB -
—e *(sinx+cosx)=0
sinx+cosx =0

SINX =—COSX

tanx =-1

x=% (for0<x<m)

3n 2T 3n \/’E 3:
Vi cos|i— =", 1
4 4 2

. coordinates of the stationar; point are

[37{ 2 -Ln]

1

1
=(1+x)2x2x+x> X%( 1+x)2
)
2(1+x)2
x

2\/m(zus:c)

a=4"h=5




T
\'.

i
Ei
b
IQ;&V "
!
Pt
i)

T

)

TR

¥ ;’:;’T'f"

£

55
B
28

ARG

b

L S

ylx"

]

o

i)
S

s
BN A L R T N VO R

R
Nilsee i

m(e" )

iy

p Letu=x, V= Inx

py the product rule,

d du dv
= (xlnx)=v U
dx Hy ety

|
=lnx x4 xx
X

=Inx 1

.‘.‘yf:(lnx-kl)c“"" =(Inx+1)x’
b

- |
gtationary points where © -

dx
(Inx+1)x" =0

Inx+1=0 (asx" #0)

Inx=~I

x=e’

+ coordinates of the stationary point
are (c". e

2

_glat (E -2-) has gradient -E-

'

Equation of the normal is

y=y,=m(x-x,)

_E_ﬂ% n

4 N4 x...z.)

bR
4 8 =

el ylean
4 8n

Letu=x*, v=2x-1
du  dv

d Vo "a
dx v’
_ 2x(2x-1)-2%"

(2x-1)’

dy

Stationary points where =2~ = ():
dx

2x(x-1) _

(2x~1)°

2x(x~1)=0

= (JeOr el

I¢

/(0) =0, )= ——— =1
) 2 2(1)~1

. coordinates of the stationary points are

(0,0) and (1, 1)

Letu=x-a, v=x+2

du dv
dy Tdx dx
dx v
L (x+2)=(x~a) a+2
(@42 (x#2)
Qz(a a2

de'’ (a+2) a+2

edy
Require ~=(g)=1
q dx(a)




=
(% m]

betis=lnx, vex

du oy
dy Vv 1
VAU
iy p
I
- dInx
x? x?

Stationacy points where (:-X =();

1 Iy .0 s
x*

TR

AEQ

Lot p=l=Iny, q=x*

dp g
) { )
dy i(L\ I dy
dy’ l['
y |
B ~2x(1=Inx)
- A - p———
x4
X=2x42xInx
x!
: 2lnx -3
x
d’ | 3
):(c)--: ~ <099 local maximum
dy ¢

! ] ‘
L ostationary point at (c, = |15 alocal
maximum $

Letumx’, vm]=x
du  dv

j’("‘) Vdff d.x

for the function to be i"“ming,

jisedys
require —= > 0:
o

2x-5~>0
(1-x)
2x-x">0
x(2-x)>0
0<x<2

Checking for validity of the functig,.
= 1 is not in the domain.

S0 f(x)jsmcreasmg for x €10, 1{J;] -

Letu=x*, v= (x*-l)2
dy dv

1 x? 1
2x(l+x)z—~i(x+1) 2
(x+1)
> (x+l)§
4x+3x
(x+1)z
_x(3x+4)

3
2(x+1)2

3
a=3,b=4, p=—
a P >

f(x) has a local maximum «* =g

= f’(a)=0and, for small & -
f'(a=8)>0and f'(a+8)-

1
Let y=
G
By the quotient rule or chain e,
dy__ (%)
2
o )

%h): f'(a) 0

(@) (fa

so there is a stationary point =

" g “‘,J(.\-‘H.'H;.sv_ 4 SRR e

k
! A

(a))




f’la-$6)

( —0)=— a0 ¢ Let u=kx; then
A Gy (f(a-8))
E . f(a+8) < (ko)) =2 (1nw)
ol Y (a+ d)=- =>4, dx dx
dx (fla+6 )) 1 du
maﬁfore NEES ) is a local minimum 4G
fla) ‘ 1
=—xk
kx
e
8 : |gh' seem better to use the second ? 3
| "“‘ io determine the nature of The value of k (as long as it is positive)
gationary point, but there are good does not affect the derivative.
not to do this here. It is possible .
5 local maximum fo have a zero This is clear if the logarithm is
denvahve such as in the curve rewritten using rules of logs:
__x*, so any proof would require
ingencies for this circumstance; In(kx)=Ink+Inx
ond in any case C%ICUIG“"Q the second That is, the value In k represents a
derivative of y =—— requires multiple constant added to the logarithm, and

of chain rule product rule and any constant has zero derivative, so
"ses.e nt rule, which is unnecessarily does not appear in the derivative of the
complex. function.

Let v=x". Then
d

a;(lnx")=%(lnv)

By implicit differentiation:
—¢’ _(1}_'_

The power n becomes a multiple of the
derivative.

This is clear if the logarithm is

e (lnx) rewritten using rules of logs:
Ina dx
1 ln(x"):nlnx
~ xlna That is, the value 1 represents a

constant multiplying the logarithm, so
the derivative of the function is just the
derivative of the logarithm multiplied
by the constant.

18 Further di



"0

R s £E. | ; 3 il
7 -~ "”1

Dlﬂcrmtlatmg i 3xp+y  +1=0
1mpl|utly
2X—3y-3x dy+7)£—-0
dx dx
2 i: 3y~2x
dx 2y-3x
Substitute , — 1, y=2:
dyfite=o
&
X 4-3

+at point (1, 2) the gradient is 4

Dlﬁexentmtmg 4x° —3xy—9a=25
implicitly:

8.\*—3y-3.\‘%—2y%:0
X

:)ﬂ}i:——_sx—‘;y

dx  2y+3x
Substitute x =2, y=-3.
dy 16+9
dx  —6+6

So at point (2, -3) the gradient is infinite;
that is, the tangent is vertical.

- the tangent at (2, —3) has equation x =2

Differentiating x2” = In y implicitly:
2 +xlnaxy &1
y dx

y2! = jx—y(l —xy2’In 2)

-
= d—y = —-22—_.
dx 1—xy2%In2
Differentiating e* + ye™* = 2e” implicitly:
e’ —ye "+ EiZe“‘ =0

dy Dt

dx e

: . dy

Stationary point where TR 0:

—ye

2x
i

ic 18D lmpli;_iffiﬁsren‘ i -

Substituting this into the €quatio,
of the curve:

- 2
e*+e’e =2e
2e* =2¢’

=2
., coordinates of the station,,

are(2 e ) /iy

W

D2 y=x=y=tz
The graph is the curve of Y=y
combined with the curve of o)
P $5d o

Y
A

Figure 18D.10 Graph of

= +x2

b Differentiating y* = x" i, licitly:
dy 2 '
2y—=3x"
Y ax
d 2
ey, o
Ay

At x=4, y:i\/6—::"

so, picking the positive r 1 [ js

tangent to the curve at (= 3)
3x]1

Gradient at (4, 8) is e 3

.. L has equation y—8= = 1-4)
or y=3x-4

¢ To find intersections of | nd C,
substitute y=3x—4 into - =x"
(3x-4)' =

9x* —24x+16=x’
x—-9x*+24x-16=0




1 bne (repeated) root of the cubic

> angent 10 C at this point.

: x3_9x3+24x—16=('\’—4)2(.\’—a):0

com
gives 4= 1

ol intersects Cagainat (1, 1)

y= arcsinu

WA
o |
—
|
T
|
L 6
o e L

. 2ol e e 5 <

n xarctan y =1

quation in (¢) must be x =4, since [ is

paring the constant coeflicient

B a Using the product rule and the known

COMMENT

With the option of implicit differentiation,
this type of problem can be approach®

by differentiating and then rearranging.
as well as by the previous method o
rearranging first. Both approaches aré
shown below.

Method 1: implicit differentiation
followed by rearrangement and
substitution.

1 dy
arctan y+x X ~——=(
) 1+y dx

dy ~(1+y Jarctan y
= L =
dx X

] 1
arctany=—=y= tan(;J
X \

dy 1+tan2(x")
e T x*
Method 2: substitution and chain rule.

1 1
arctany=;:>y= tan(—x—)

§3

Let u=x " then

du 1

y=fanu, i —=c—x

dx o
dy du s 3
o ——=—Xsec il
dx dx =

LA (1+tan3u)

2

X

1 ( ( 1])
=——| 14tan’ | —
>, < X

1+ tan’ (x" )

2
derivative of arcsin x;

i

; . X
—(xarcsinx) = arcsin x + —m=—==
dx vi-x’

_ & Fugpcdt
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b Integrating both sides of the result in
(2) with respect to x:
Xarcsinx = | arcsin x + —— dx
] =
= Iarcs'mx dx=xarcsinx —J. dx

v1-x’
For the second integral, use the

substitution u=1-x2 so that
du 5 i 1 i
dx 2x

COMMENT

See Section 19B for the method of
Integration by subsfitution. This problem

can sfill be solved by recognising the

derivative of IS 2 without the need for
formal substitution.

(E= e

:—%I u_% du

1
=—u’+¢

=—\/1—X: G

and hence
J. arcsinx dx = xarcsinx—(—\ll—x: )+c

= xarcsinx ++1—x> +¢

a y= arcsin(xz)

d—y=2x>< :
dx 15> xz)2
:2x(1—x4)_§
¢ Mixed ex:

Pl S S ol K

v

At a point of inflexion, 5 P

312

dx
=1+x'=0

This equation has no real solutiops

; 2 > 30 the
graph has no points of inflexiop,

Mixed examination Practice 13
Short questions
0 2 y=xarcsinx

Using the product rule:

o 2xarcsinx+——
X

f_~‘_:

Vi-x*
b xe’ =4y’

By implicit differentiation:

, .dy dy
Y txe? = —gy-2
S dx }d.\'

Dk

dv 8y—xe’




(wmarcos(1 =)
ysing the chain rule, let u =] »* COMMENT
% An alternative approach to this question
7 du ><-d'£- yvould be o rearrange first and then use
g f:(x)-.-.a-x- ¥ implicit differentiation:
; | y= arccos(l— x7,
==2X % "—'l'“‘"i’ : s
~ 1 » COsy = |~ x
= 2x Differentiating implicitly gives
;}l—(l-x‘!)2 iny 3
- S.Iny-ux-- : =%
2 ST U
;2x2_x4 dx siny
2x

siny \/I E cc;;/;

A

—$~hﬁxﬁ?
= 2x2— x4
| V2-x2

2x

(OMMENT
1 would be a simple error to cancel the

| 2 factor inside the square root with fhe x
|} in the numerator, but this ignores the facs
| I "2 equals 1 only for positive x,

b X
and in foct is undefined for x = 0 and

. dy

equols -1 for negative x. The undefined | = (4= g

j é’gmdiama at x = O represents the fact ) -i : )

A fhat the gradient curve is discontinuous = (ly = ZX(‘I—XZ) :

| at that point; in other words, the curve of o

| (x) has a comer at x = 0. ,d}'.( ,l]: ~~~~~ L'z -0
! dx\ 2 ( 3! l) 225

. Differentiating 4x* +xy' ~3y" =56
implicitly:

Wy,

dy
8x+y* +2xy—=~9
A xydx Y dx

QY e g At
-dx(‘)y ny) 8x+y

dy _ 8x+y’

dx 9y’ —2xy

~40+4 -9
36+20 14

At (=5, 2), the gradient is

So the normal has gradient 191



The line through (—5, 2)

; i £
with gradient —
has equation 9

14
()’“z)zg(x+5)
14 88
I e
Y o 5

or 14x-9y 4+88=(

y=arctan(x2)
d_y____d_(xz)x ]
dx  dx l+(x2):

X
TR
:2X(]+x4)&l

2
9—}2' E 2(1+x‘)—l +2X(—1)(1 +x4)_1(4x})

]

21+x") " —8x" (14x%)”

= l+x4)n1(2(l+x")—8x“)

q
7L
-2
2
5
k=2
2

B a f(x)=a(b+c ") l

Using the chain rule;

f'(x):—(l(b'i't‘ g )“ (—t'L‘ - ) dace (h bo -\)‘
Using the product rule with,
u=ace , v:(h-i—c ) “and the
chain rule again:
du  dv
“(x)=v—+u—
) b UGS

i\l

=—ac’e ™ (b+c “) " +ace

[fore) e )

_ 2-6x' :
-(l+x~|)2 :-aclc"“(b+c ”) +2ac "'(h FL‘“)(
acle™ 7 -
B Differentiating 4sinxcos y+sec’ y=5 », (b+e x )-‘ (_(hﬂ' J+2 )
implicitly: <
Saaiody : dy __“5}‘;(,-(\_,
4cos —4 ——+2sec” ytany—==0 o Ry AL ’)
COS X COS y smxsmy(hf sec_ ytany== (b+e > )
iiz(tlsinxsiny-Zseczytany)=4cosxcosy =
dx b f"(x)=0
d 2cosx 2,-cx |
=L . 3 ~&m,(e‘”—b):()
dx 2sinxtany-—sec ytany (b+e““‘)'
Atx=£,y=£' e =b=0
6 3 oy
e =
V3
L b
b L == :
dr 5yl B pxfz V3-83 7
2 f[_l“_b)_ Qe 0
Sk c b+e"  2b
s y=xe
d—y=e'“ fxe ™ =(1—kx) & .. the coordinate? olfthc point where
d.x f”(x)=0 are(——lln,—‘f-J
G E2p




At a point of inflexion, f”(x)=0 and
f ’(x) changes sign.
For a small value 5>0:

acze—f(‘*‘” >0, b+e )5

B i) -b>0>e )
o (e8)>05 1 (x45)

g Hence this is a true point of inflexion,

9 uﬂerentlatlng(y 2)" ¢ = 4x implicily:

.‘H

o
2 X
dy _4-(y-2)e
Ay :’——-_ X
B & 2(y-2)e

j Ata statlonary point, gradlent equals zero
B (y-2) =0

BTRBET

b o y—Z) e' =4

i Comparing with the original equation of
. thecurve gives

E 4x=4

B =l

£ 0

—

o el o
i)

~ gubstituting x = 1 into the equation of the
- curve:
p2) =+

= y=2t4e”
-, coordinates of the stationary points are

o)

:'v‘

2

=

: L T

1 ong questions
E

| K Vertical asymptote where denominator

equals zero: x = 3

"'{:, b By the quotient rule,

A - dy 2x(1-2x)-x*(-2)
B 2
__-2x +2x

: (1-2x)*
_2x(1-x)
B-20)

Stationary points where & 0:
2x(1-x)

Temp T

2x(1-x)=0

x=0 or 1

. the stationary points are (0, 0) and

(]! _1)

dx (1-2x)’

By the quotient rule,
diy = (2“4")(1—236)2+4(2x—2x2)(1—2x)
dx* (1-2x)°

_(2-4x)(1-2x)+4(2x-2x)

: (1-2x)

% )

¥ (1—2:{)3

/3

(1)=—2< 0= local maximum

So (0, 0) is a local minimum and
(1,-1) is a local maximum.

d y
[}
r=1
Yy=-3
J [
s
s
~ I
B el
S
~
—
(1=l

2
Figure 18ML.1 Graph of y = l_XT
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-X* \“ln
:\‘.‘

Pl

2x-x"In2

3\

1 By the quotient rule,
"(x): (2=2xIn2)2* -(l\'*.\'“\ln.‘)l“lnl
(X)=— ——
2 )"

o2 ~dxin2+x "(In_‘]"

3\
bi f'(x)=0
2x-x"In2
2 54 =
2x=x"In2=0
X(2=xIn2)=0
b ]
=D arT —
In2
Since x > (), the only solution is
X —
In2
i
NI \l 2 ) In2)’
2- n2+ n2
£ 2 )“ Llnl -' Ldn‘\ {
: Llnl 2
2—-8+4
= et el)
]
5
SOX= l—— gives a local maximum of
n2

f(x)
¢ Points of inflexion where f”(x)=0:
2-4xIn2+x*(In2) =0

This is a quadratic in xIn 2.

Let u=xIn2; then

w'—4u+2=0

+ m
SRS e e 2
242
“ s \-:
In2

Rt et grmininondals o

B t(.\)-—.u\al.\\l—‘h t\\r(l\\. 1

1
a lx‘t|:=(l—9.\‘:)3:l|\c‘|1
du - _9'\\“ ~oxt) :
d.\‘
i d
f.'(.\') = t_{f N *(‘urmsu\
: dv du

=-9x(1-9x° ) * x

]
o
|
<o
r
——
A

1
= , the numer:

<

~

Forxe JO.

denominator are both pos

-

f"(-\‘)>0 for x € (0,

¢ g(x)=arccos(kx)
\,1 R x°
Require that g'(x)=-p

Comparing gives &° = 9 fron
denominator and k = 3p trom th

£

numerator.
Sok=3p=1lork=-3,

2* i 4
o f‘;ii" =

g

b
S

(e




By -1

implicit differentiation:

Grationary point where 91 =(0:
=0 dx
Rx=)
=)= 2x
gubstituting into the original equation:

S
Figure 18ML.5 Groph of y = arcsec x

£t +4x' =12
d
3 =12 : aﬁ(secxh%(cosx)“

- x=12 ¥ :
: : Using the chain rule, let u = cosx
., the stationary points are (2, 4) and q

d .
L (-2,4) Ex—(w“)— d.x(“ )
b Applying implicit differentiation to (*):

1
:(—sinx)x(—— - }
Cos” X

sinx

cos X
=secxtanx

y = arcsecx => secy=x
Differentiating sec y = x implicitly with
respect to x:
sec ytan )'—-)— =1
dx
d) 1
dx sec ytan y
2 2
d d}’>0 tan’ @ +1=sec’ 0= tan@ =t/sec’ 61

From Figure 18ML.5, the graph

‘.(-"2, "4) is a local minimum of y=arcsecx clearly has positive
gradient for all values of xin its

domain, so choose the positive root.
Cdy 1
Cdx secy\/;czy—l

graph of arcsecx is the graph of
-x reflected through y =x

,_'mnls]-oo —l:lu[l o{; range
]
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B Exercise
) B Both are correct; their answers differ only
- in the (unknown) constant,
Marina has f(x)= lln|x| fe
Jack has .
,; l
g(X):_;‘lnl‘;XI"'(
| ,
4 =~ (In3+In|x|)+c
0 3
g 1 |
4 =~In|x|+=In3+c
By ) v ;
I

= ~In|x|+d

3

. I
i.e. the constants are related by d = 1‘—ln 34-c

P @[ -0 dx=0s

[—-ln(l —x)]:[ =04

) 1n(1—a2)-ln(]—a)=0.4
;_, ln( L J=0.4
l—a
In(1+a)=04
1+a=¢"
- a=e" -1
= ~0.492 (35F)

COMMENT

Note that because O<a<1, o’ is the
lower limit and a is the upper limit.

Further integratio,
methods

fxercise QR

u | et yEx +x | then

"”- ;/,xH

dx

' dl.l

PP

= (2x41)

/(ZX!I)(.'"” " dx ’ (75 41)¢ di
g (2541

Let u=x"=1; then

du

12X
dx

du
dx = =

5

8 IX | o 2x du
22 gm |
ix -1 U 2x

“(Inu|
.,[ln(\' I)

“In2d-In}

24
ln( )
3

“In8




(=204 )V

3

D,
=§(x+4)\/x—2 +c

, ﬂ a Letf(x)=x3’1
f1)=1"-1=0
50 by the factor theorem, (x—1)isa
factor of f(x)

: 2et-x—1 (2x2—2x)+(x~1)
= :
o= 7o =l

(2x+1)(x—1)

£ (x 1)(x +x+1)
_ il
x*+x+1

Integrating by substitution, let
u=x"+x+1; then

du

—=(2x+1)=>dx= du

dx ( ) 2x+1

2t —x— +1

.:2x3x1dx=J. 22x i
x —1 x +x+1

u 2x+1

=Ildu
u
=1In|u|+c

=ln|x2+x+l|+c

If you can recognise that the numerator
of the integrand is the derivative of the
denominator, you can move directly fo
the solution being the natural logarithm
of the modulus of the denominator, as
highlighted in Key Point 19.4; there is no
need for formal substitution.

=J'2x+1>< 1 i

.U Letu=Inx; then

J SEC2(ln(x2)) dx —I SeCZ(Zu)xdu

2x
%j sec? 2u du
:éx%tan(ZuHc
:itan(ln(xz))+c

Using substitution, let « = sin x; then

1
du
COSX

El—Li:cosx:‘adxz
dx

J‘cosx dx:J-cosx)< 1 9

sin’ x 1N COSY
:j u” du
1
=——u '+
1
=————+c
4sin” x

V" :‘.




Letu=x"-3yx +3; then

du du
—=2x-3=dx=
dx (2x-3)
3 (2x-3)Vx? —3x+3 ""(235'3)\/;__91_
J » =[BT o
L x'-3x+3 RS L
— x=) |
E = I u? du
: x=]
A'.. | x=3
X =|:2u’]
Xl
E 3
_,.' :[ \}x2—3x+3]l
=23-2
~ Exercise
) e
78 All are correct: as in Exercise 15A question 5 the difference lies in the unknc constant.

Ty e
Gl

RS
A(x)=—sin’ x+¢
2
1
B(x)=-5cos’x+c

=—%(l—sin2 x)+c

165 1
=—sin" x+c——
2 2

1
=—sin’x+d
2

which is the same as A(x) with d =c—%

1
C(x)=—zcos2x+c

=—-‘1;(1—251n2x)+c

5 1
=—SIN xX+tC—
2 4

=lsinzx+k
2

: 1
which is the same as A(x)with k= e




' a tan’ x=tanxXtan’x

=tanx(sec2x—l)

= tanxsec’ x—tanx
b j tan’x dx=j tanxsec’x —tanx dx

|
=Jtan’x+ In|cosx|+¢

n2

(3 ] rmtanzkx dx=jn sec’kx—1 dx
0 0
1 /12 .
=[—~tankx—x] i
k " B
1 (kn) n R
=—tan e | D Ry ;'
k 125612 g
1 (kﬂ) n 4-n -
k 128012° 12 g
1 (kn)
k 2875612
=k=13
a cos(A+B)=cosAcosB-sinAsinB 5
,.tr‘

Let A= B=x;then

cos(2x)=cos” x—sin’ x

=cos’ .a::—(1-~cos2 x)

=2cos’x-1

=I 2cos’ xsinx—sinx dx

250
G x+cosx+c¢
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P m a sin’0=sinOxsin’ 0
' =sin9(l—c0529)

=sinf-sinfcos’ O
b jh‘ Al 1 -sin(-{)cosz(ij dx
, sin % x-_[n sin : 3 3
In
[x) s(fﬂ
=| —3cos| = |+cos
3 30

(3-1)-(-3+1)
4

_ cosO—isin®
cos’ 0+sin’ 6
=cosf—isinf
ii By De Moivres theorem, (cos@+isin@)" = cosnf+isinn@
2.(cosO+isin@) " = cos(—nB)+isin(—n@) = cosnt —isinnd

2"~z =(cosnB +isinn@)~(cosnd—isinnd) = 2isin(n0)

b i (z—z")5 =2°-52+10z-10z"' +52° -2~
ii By (a)(ii) withn=1,
z—l=2isin9
z
5
.'.(Zisin0)5=(z—l) =(25—z's)—S(zs—z"J)HO(z—z")
z

32isin’ § = 2isin50 —10isin30+20isin@ by (a)(ii) with n=1,3,5

16sin” 6 = sin50 —5sin 30 +10sin 0

== b= =5 =il
¢ Using the result in (b)(ii) with 6= 2x:

'[ sin’ 2x dx =%f (sin10x—5sin6x +10sin2x) dx

1

| 1 5
—| ——cos10x+—cos6x—5
16( 0 7 cos2x)+c

1 5 5
=———c0810x+—cos6x — —
T60 Y 16cost+c

ng trigonometric

8 Y " PN
egraion




Isinslfd*’: [ sin2x(1-cos* 2x)" dx

= | sin2x(1-2cos’ 2x + cos* 2x) dx

B sin2x—2cos” 2xsin 2x + cos’ 2xsin2x dx 4

=——C0s2x+ ! 30 ‘
ST cos’ 2x — A
COMMENT 3
e .
Using the methods from Chapter 15, you should be able to show that
§ Hhese two answers are equivalent: express cos’2x and cos32x in terms "-'

of cos2x, coséx and cos10x.

Exercise
=| —arctan(2x) | 2
P jyax’ 2 il &

£
stage you may feel confident enough fo jump straight to the -
ated form without using rearrangement or substitution. If you e

fo fake things more slowly, recognise that the overall form of the
al will produce arctan in the result, and substitute u=2x as a



S o Bok

Skasor A RS i o N o 3 o ‘.‘._ : ?
i S aamiias (o bl o e i,
¥ L S 3 ) .

u a 2x’ +4x+ll=2(x’+2)+ll

=2((x+1) ~1)+11
=2(x+1) 49
e vy kel vy
3 2x" +4x+11 9+?(ul)
" " Let u=2(x+1); then

3

0 PRSIt B G W AR CE e
‘[‘)+’(\+l) o I‘Hu xf’ %
sy Xlarctan(g)+c
N3 3
2
=—J»~1».1rcmn[{(t+l))+(
B a l+(1.\’—3.\':=1—3(.'\':—2_r)
_3((x=17'-1)

= 4-3(x-1)’
22 —3(x-1)’

dx

b J.—*l‘—" dx:J: :
' 1+6x-3x° ' 22 -3(x-1)

Let u=+/3(x—1); then

du 1
—=J3=dx=—F4d
T J3=dx 7 u

2 1
2| —————dx=
‘[‘ V1+6x-3x° . ,‘[, 22— 3




- _x !.,'24x+61 = 4(3:2 —6)+61
| =4((x-—3)2-9)+51

=4(x-3)"+25
 Letu= 2(x—3); then

% ‘\ | Eﬁ—_-z::dx=%du

55 10 55 10
o1 2 d J b T Ty dx
3 4x°—24x+61 3 4(x-3)"+25
x=5.5
10 1
w+25 2

x=3

-10 l (u ]-,l':-if!
=| —X—arctan| —
TR 5

.___'..'_‘- x=3
% -
arctan(———z(x‘— 3)J

5.5

E =arctan(1)—-arctan(0)

du
u’+1

x=In/3

x=(

= [ arctan (e" )]:ﬁ

= arctan( J3 ) —arctan(1)

e e

Teen
T

it

x=0

=[arctanu]

e
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&.:," Exercise
E 0. L ! (3G

e ) W Ao (x—2)(x+3)
A% o R
x*+x—6

.

(At 5

‘ bjz;dx: ol
) A= s

| = In|x—2|~Injx+3+c
X

x+3

=In +c

0 x2+4

2 4 2
j dx= 4[%arctan{§ﬂ
0

=2(arctan1—arctan0)

2
Tl
2

k. na B iy, _(1+x)+2(2-x)
k. 2—x 1+x  (2—x)(1+x)
o
2+x—x>
b jl 5-x d LHE] 2

Xt d X
02+x-x U V=7 laps

=[—1n|2—x|+21n|1+x|];
=(-In1+2In2)—(-In2+2Inl)
=31n?

=In2’

o A o ool NI i R T A
es for Integrating quotients .~
b 3 ;



5

\/lx

'_4£x ol )d .
A 7x u+5arcsin x +c

1
—2u ? du+5arcsinx +¢

1
=—4u?* +5arcsinx+c¢

=—4+1-x* +5arcsinx+¢

. 2x?—8x+17=2(x"—4x)+17
=2((x—2)2 —4)+17
e —2(x—2)'+9

| ;:,'bA Derivative of the denominator is 4x —8 = 2(2x - 4)

eSS L 2x—4 12

007 8x+17 2x*—8x+17 2x'-8x+17
Letu=+2(x—2); then

__lf=\/—2—::>dx=7l—é—du

: 2x+8
x> —8x+17

U
2x*—8x *-I/l Y—alctan( . jﬂ‘
3 ;

n the book appears different, but you can check that it is
the form found above.

2
2% —8x+17|+2\/§arctan[ i;(;:—2) 5

e *'f“! b |_

’J""‘,




&z Exercise

In the abstract, if you include an )
unknown constant ¢ when integrating -d'x—,
you get the following:

j u-zll—: dx=u(v+c)—j ii—;i(v+c) dx+k
d
=uv+cu—_[ gxgv dx-—J' a;uc dx+k
d
=uv+cu—J. jx—uv dx—cj a% dx+k
=uv+cu—J. %v dx—cu+k

=uv—J. —:—EV dx+k

As seen, the terms containing ¢ cancel
3 out in the final answer, leaving only the
standard unknown constant (called k here).
) B Let u=2x, 7. e™*
i dx

E u=2x= ol —=7)

B dx

dv 1
— e y=—e™
dx 3

Juﬂ dx=uv— v% dx
dx dx

1
—
| —
=
5
=
|
k:,\
P

a Letu=cosx; then

du
B NI
dx sin x
sin x
jtanxdx=J‘ dx
cosx
sinx -1
=J'—‘—X"_- du
U Sin
|
=j—-— du
u
=—In|u+c
=In|—+c¢
u
=In|secx|+c¢
b Letu=x g sec’ x
etu=x,—= ;
dx
du
==l
dx

dv 3
—=sec’x=>v=tanx
dx

d:

Ju% dx=uv—| v

2 {
J xsec'x dx=xtanx— | tanx dx

= xtanx - [n|secx|+c




Take care in this sort of circumstance:

the usual generalised variables v and

v would cause confusion here, since u

is already involved in the subsfitution.
Simply choose g different letter and note

Ay that the integral is now being calculated

VI dx with respect to v instead of x|
X

! rccosx dx =[ xarccos x|

X +J. \/"\dl
.—_[xarccosx—\/l__ ]L
=(karccosk—\/1-k3)_(0~_l)
= karccosk—1-k* 4

i(equife that k arccos k—+/1-k* +1 = 05
rom GDC: k=0.360 (3SF)

; N . . .
B8 i 541, then Viixed examination practice 19

Short guestions
.du 1(x+1) 2 =dx=2vx+1 du=2u dy ;
a2

J.:cos ) dx= J‘on% 1+cos

’-l—em dx= j —e" X 2udu o -
'\-._1 [_“f'asm X
x=3
_
x=~1
v

( 4
ng integration by parts, let w = v, e e
u

J xcos(2x)dx = —;—x sin(2x)—j -;—sin(Zx) dx

- %xsin(Zx)+icos(2x)+c

) o - & > v (‘ g, :
o mner | -'-»S:’.x’ "‘!L.,erﬂ."v'i el




(.f

3r+l
I:—ln|3x+1|] =1
3 0
1
—In|3m+1/=1
3
3m+1=+¢’
—1%e’
m=
3
=6.36 or —7.03

Reject the negative value, since that would
1
take the integral across x = i where the

integrand is not defined.

sm=——=6.36 (3SF)

a J-n/lz 12 dxzjon/l2secz(4x)dx

O COSE S
1 n/12
=| —tan(4x
]

0

dx E ——1n|l 3x|+c¢

5 j
1 )
b jmdx='[(2x+3) dx

1 <
—E(2x+3) 1+

Although the simplest form of (o] hqs 4
numerator of 1, the more useful form
for integration is the one (in the secong
line) that contains an exponential in by,
numerator and denominator, o that

J' Inxdx=x1nx—j 1 dx

=xlnx—x+c¢

the numerator remains a muliiple of the
derivative of the denominator

=ln| — 1 t
\,'lC—A —'3l
B Derivative of x? + 4 is 2x
6x+4
=3 dx+4| —— &
-[x2+4 J.x +4 X J'x‘+4

= 3111|x2 - 4) +4 X larctan(ﬂﬁ
2 2)

o

= 3ln(x2 +4)+ Jarctan(g)ﬂ




s ]
oL
dindil

7___,_§_+—5———— dx Jq 2 ___1 dx
s(x-1)(x+2)  Tsx-1 x42

=[21n|x—1|—ln|x+2|]:

=(21n6—ln9)—(21n4—1n7)
=In36-1n9-In16+1n7

(36x7)

=]l

9%x16
4

m Let = Inx; then

éﬁ_l:dx x du

dxrx

dxi= J—Xx du

=J;du

=In|u|+¢

-[ xlnx

=In|lnx|+c

m Let u=—;—x—1; then x=2u+2 and

du

e =0 du
e

1
=I4u2+4u 2 du
4 A
=—u*+8u’+c

3

PR T

1

2 L
=§(lx—1)2+8(lx—l)z+c
B0 2

2 3
=] 1-—— dx
e e h)

=[x-31n]x+2|]i
=(5-3In7)-(2-3In4)

=3+3ln(i)
7

m Let u=arctanx,ﬂ:1
dx

du 1
u=arctanx = — = ;
dx 1l+x

X
VA dx

j arctanxdx = xarctanx —
1+ x*

 En Tty |
= xarctanx—— In|i+x |+c

3% 2 i 1+x+1—-x
(e (L4+x)(1-x)
1 1

ﬁ.i._._
1-x 1+x

=[-In|1~x|+Inl1 +x§[a

]

1+x

1-x

1+ 1-
=In|—2 - In|-—2
l—-a 1+a

1+a

l—a

=2m

3 L gl Sl SN Y
egranon meinoas

1Y Further inte

R R 2
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Require that 2In H_al =
l-a
1
% 1+a :ei
l-a

The integral 21,1’“_“{ does not converge as @ — *1, so we should not consider|a/ >
l-a

L*E{_
1-a|

1
l+a=e?(1-q)

R
l+a=e2-¢2g

y o
+
AN

B | -

|

[a—
_

1

ei-
=a=——=0245 (35F)

el +1

COMMENT

Some functions can be integrated even to a value at which the function

itself is not defined. For example, y = _1_is undefined at x = 0, but its

integral over the interval [0, b] is nonetheless well-defined. Such an
‘improper” infegral is calculated by determining the integral across the
interval [a, b] and then taking the limit as a — 0.

The situation in question 14 is different, however, because the limit as

a—1(ora— -1 for 2In :ij-' is not finite. Therefore we cannot consider
—a

values of |d equal to or greater than 1.

 Long questions
n L +1—Bx_ A(x2+1)+(1—Bx)(x+2)
x+2 x*+1 (x+2)(x2+1)

A(x2+1)+(1—Bx)(x+2)_ o

ire th
Beddue that (x+2)(x2+1) (x+2)(x2+1)

so (A= B)x*+(1-2B)x+A+2=4-3x

Comparing coefficients:
x%A-B=0=>A=B
x':1-2B=-3=B=2

x’: A+2=4is consistent with A= B=2

. W o g i I!" l‘ " ] f < .
MIxXed examinaion g GRS (St T WA S (ET N SR it 3 )
T ¥ s 2 R WS R s v AT e L
; 3 z . S o o

'
L
il
¥




L 2 1-24
"(x+2)(x2+l) R e

4-3x i 2 =5
| (x+2)(x*+1) 5 I?EJ“;Tﬁ dx

-—21n|x+2|+j oy

—\_

X' +1 x 41

= 21n|x+2‘+arctanx-ln‘x~+1’+C iy
| h <
1—:«:2)=—(1—x2 PX(~2x)= X by
:;:
B2 4-3x Kisox o JJSn 4 i 3 ; ‘7.;.
B = X .‘.,-
il ! Ll e
X NP
= [4arcsmx+3mi| g
0
T8 3
= 4X—+= |-(0+3 “
( 3 2) ( ) i
dn 3
k)
ARSI Cos -
= ‘——'—dX'i-J._ ] dx
SESING-COS X SINX+Cosx g
~ sinx +cosx i
= ——dx A
Y sinx+cosx
=| ldx 1
=x+c i
A
: COSX —sinx
B[ i
sin x +cosx

COSX —sinx - du

u COSX—sinx

+c,

x+ cosxl +c2



(¢ j _Sln;dx:_[
SINX+Cosx
=§(u+n-u—r))

:l(x+c1 —ln]sinx+cosx|‘cz)
2

_—_%(x—ln|sinx+cosx|)+c

2
= —d—t—lsecz(i)
dx 80 2

b i sin(260)=2sinfcosO

=) S X cos’ 6

cos@
_ 2tan6

sec’ @

ii Take 0= 325 and recall that t = tan(g) from (a)

sec’f=1+tan’@=1+¢"
2tanf 2t
sec’@  1+t*

~.sinx =sin(20) =




RO et

r 1
USmgt:tan(—) AT 37
2 } C P 2 il
2)dx 2 ot i
> 1 X=1/2 1 ;
R = 2
I 1 dx .[ _TX\ dt U
0 1+sinx R 1+*_f_ 1+¢2 o
1+t° L
x=n/2
e, 3
T b
5 x=n/2 2 dt
x=0 (1+t)2
=i i
D) n/2 -;‘
1+ tan(—JE )
2 o ‘.j‘f
2 1 ae
Kb :
B a By De Moivre’s theorem, 2" = cos(16) +isin(n8)
2" = cos(—nB)+isin(—nB) = cos(nd)—isin(nb) 1
~2"+z7" =2cos(nb) ’f-
b (z+z“)4=z4+4z2+6+4z‘2+z“‘
(2c06)" =(z* +27)+4(z*+27)+6 i g
16cos’ @ = 2cos(40)+8cos(26)+6 ; ‘
1
cos' 0= g(cos(46) +4cos(20)+3)
i g(a)=rcos49 d9=-l-rcos(49)+4cos(26)+3d9
B 0 gJo b
L | “
=—[—sm(49)+25m(26)+38}
8l 4 5
!

1 3
=——sin(4a)+zsin(2a)+ga

: 1 1 3
—1= —sin(4a)+—sin(2a)+—-a=1
gla)=1=5sin(da) +5in(20)

= q=296 (3SF, from GDC)
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Further
;;5 applications
of calculus

A = area (cm’)

= time (seconds)

208 Kinemalhics

) ; dl iy 29
Y ercise @D T
" o Let: 25 )
3 =l2 9= —==T-F 4
r = radius (cm) el2p it 125

So when the side length is 12.5¢m, the rate
of increase of the side length is 2cms™

- dr Let:
e —=1.5
! dt r = radius (cm)
dﬁ = fié d_r h = height (¢cm)
3 gt A = surface area (cm’)
) A
& A=nr’ = =P =2nr t = time (seconds)
A=2nr’+2nrh
.'.%:Zer],5:3nr :(iA i dr+2nh dr dh
3 —_— r— e LY ——
: dA £ dt dt dt dt
2 When r=12,—=36n=113 (3SF)
3 dt dA dh dr
4 G — —2nr— = —(4nr+2nh)
J So when the radius is 12 ¢cm, the rate of dt de dt
change of the area is 1 13cm’s . dr | [ dA dh )
£ —_— ——— 21 =
B Let: dt  Anr+2nh\ dt dt
( [ =side length (cm) Substituting
d 1/
A = area (cm’) r=4, h=1,§é=20n SRd = i
: dt dt
t = time (seconds) 4o |
s e | DTV 4 1671 | = 2
“_q ool )
dt
dA
dA dA dI dl dA dA Sowhen — =20m,r=4, h=1,
— e Y e S e IZ e e
dt dl de dt dt dl I ;
and — = -2 the rate of change of the
Py 2
=l T radius is 2cms .




e gy TR, Wi A,
3 4

L 3 Ui 3

b I‘Ivdt
tI it at df

2
a
= U4 ht - oo k
2

But 5(0)= 0 (by definition of
displacement s being the displacement
from the initial position at { =0)

L0=0404k
= k=)
...l...d_‘./....gf LS Ut 12~ut‘
an dt dt
: ¢ v'=(uvat) from(a)
vg’--o.Sar-JggQ = 8.92 (35F)
dt n

2

wu' 4 2uat +a't’

1 Fiier b 3
S0 when %?t -2-. the radius is 8,92 cm, =u' 4 Zu(ul + zal J

u If the lighthouse is at L and the ship is <u' +2as from (b)
at A, then the distance d (k) between 3 « By the quotient rule,

— |(5+16t , ,
themiud=|LA=( )‘ dv (l H)/_l tx2t

=

7412t .
di (£ 41

= 6y v 127 s
=74 43281 + 4001 b 5(5)= [, vdr = Iw’ T
./; R 800t + 328 Let w=t’+1; then

- %

2 A
dt 2 744328t +4001 dw _ . apad¥

it 2t
dd 164 s
When =0, = =19.1 (3SF b
: & dt Tﬁ (356)

: .'_5(5): J' :V d;[v
., the distance is increasing at 19.1 km h' =0
A ll‘."-
= - J .!dw
27w
1=0
l 125
= E[lnw],_'0

1 5
:—2-[111(‘2 +l)l
=-12~(ln26-lnl)

=1n+/26
=1.63 (3SF)

‘ - &
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3 n Distance travelled in the first 2 seconds is

x(2)= J-; M dt

3 In 0, 2], v =0 when
G | 12-98¢=0

4 a2 _60
4 98 49
¥ .
3 so velocity graph goes negative (below the
1 t-axis) for ¢ » 60
49
60/ 49 2
.-',Y(Z):I vdf..J‘ le
& 0 60/49
z 60/49 )
A =] 12-9srdi- [ 12-98tds
I8 0 60/49

= 10.3m (3SF, from GDC)
o
3 n a s((’»)rjn vdt
; 0O r
= J Scns(~~ ) dt
B 0 3

.: i

. 1 t
:[l!’»sm(» ):l
3],

=15sin(2)
=13.6m (3SF)

O
b x(6)= [, |v] de

In [0, 6], v=0 when

4
Scus(— ): 0
3

In
t=—
2
In/2 6
A x(6)= L vdt- J‘W‘v de
6 [
=3s(6)- ZLMScos(g)dt

4]
t
=s(6)—-2[155in(—)}
3 in/2
: 26Tt
=l3.6—30( sm2—sm5)

=16.4m (35F)

W R VT P e i A
nic 208 ;( nemarics

7 3 r - 28 R i g

COMMENT

——————————————— ; ;

Notice the importance of finding whe,
v = 0; at such points the velocity graph

crosses the taxis and so the integratio,
needs to be separated at these poing
(as the ‘area’ will be negative beloy,

the raxis).

o y=ﬂ§=‘11+3f+4
dt
:gg_‘:z—Zf+3
dt N

C
Stationary value of v when ; =0
(

-2t+3=0

3
=t=—
2

(e -

Check values at end points:

v(0)=4< v(%)
v(5)=—6<v(§]

/. maximum velocity is v(1.5)=6.25

@v:ln(s-&-?.)
dv 1%vds
= —=——
dt s+2dt

dv ds
—_—=g, —=V
dt dt

v

s+2
Whenv=4,In(s+2)=4=s+2=¢"
s.a=4e " =0.0733 (3SF)




| A
5 Maximum velocity occurs when dv =0

B 10(s +4)-25x10(s-2)
d (S g +4)2
3 40+40s—10s’
&0 40+405-10s2 =0
B
i —5s2—45—4=0
§ 4+.16+16
é =>s=—7~=212\/§
f The negative value of s gives a negative
ke v, so the maximum velocity is
A 10(2+2v2-2)
Wpss = ——=1.04ms"" (3SF)
S (2+2v2) +4
¢ : dv  40+40s-10s"
e 0= —
i 24 4Y
EL dt (s +4)
i;
B W A01120-90 oo
i =), ms -

The notation of a vertical bar with
valve condition on the lower right

often used when simpler notation

ht be ambiguous. In this problem,
expressed as a function of s, so
should mean v evaluated at s=b;
ever, we commonly use v(b) to mean
evaluated at time f = b, and this is so
andard that in other situations a more
xplicit notation is useful for clarity.

Exercise
8 v- 7!j’;c}'zdx
2

= T[Il c(lnx)2 dx
=190 (from GDC)

n Vi K ”}'de

RS : h
3 a i Line with gradient —— through

5 r
point (0, ) has equation
h

y=——x+h
2

ii For points on the line, x=r——

V= nj.: x*dy :
= nj: (r—i—)'}z dy

3

h 2"2 r:
=n| rr—-——y+—y dy
j” h ¢ h“y )

&
-



, " f .- ,‘, e ..
b +y2—r2=>y2__r2_x2 9 V:n‘[ Y. dx
a9
V=TIJ._ry2dx = L;dx
=[xt dx ~ n[9lnx]
=9nlna

3 3
e Ce 6
3 3 a -—27

_4nr’ AREC
= )
3 3
% y 4
Y =2C08X = X = arccos 5 e _5
el 0w 2 _) L (y+1)
=e*-1=2x==In(y+
V=th.zx2dy m i 2
0 v njaxzdy
2 s
=n_[o arccosz(gjdy 20
T r3 2
=7.17 (3SF, from GDC) ='8‘_[0('“(Y+1)) dy
B y=Jx=x=y) =1.02 (3SF, from GDC)
:% :xZ dy m a Intersections where
=5 4x =x+3
s 4
T 2_[0}’ 2 16x =(x+3)°
g X =10x+9=0
Al 1y (x-1)(x-9)=0
T 243 x=1or9
=—X—
o - coordinates of the intcrsections are
=76.3 (3SF) (1,4) and (9, 12)
" o Sy




b Volume of revolution of the enclosed

2
Y1
e = = e : ]
b 11~ 4\/—: e region is the difference in the volumes
of revolution from the two curves:

V= 11.“04(4x+3)2 —(Jc2 +3)2 dx

)

=x2+3=>x2=y2—3

)2

etween the intersection points, x, is to
ight of x
i l = njd 16x2+24x+9~—x4 —6x*-9dx
-Il(x )2 (x )2 dy 0
y=n s
AT ; =ﬂj4—x4+10x2+24xdx
012 2 },2 g 0
=T y_3 =R d 5 3 4
A ( ) (16j % =T __x_.;.l(_)f___f.lzxz
5 3 :
[ 2 —6y+9 7 d
=714 -_ s
I s :n(_l‘lzi+i4-9+192)
3 s T2 5 3
=ﬂ[z—"3}’2+9y— . } 30087
3 1280 =
. 15
=n(576—432+108—9—73) =630 (3SF)
5 . . -
64 @ The volume of revolution is the sum of the
""(’"“48“'36—3) volumes of revolution generated by the
two graphs.
288 128 X
=T "5"—_1"5_ yl:lnx]_:;xl:_cll
736 _—}‘X A s i (2_ g
=—15—n=154(3SF) Yo =t x, =¢(2=7,)
1 2 2 5
a Intersections where V=TTJO (x,) dy-f‘nJ‘l (x,) dy
1 2 2
X2+3=4X+3 :T[J) (C)l) d}/»}- ﬂ'j (Lt? 2 ‘,.))A ('.}’
( ] s
x’—4x=0 - :
= y 22 y ey
x(x—4):0 —TTJ“ e d}/+T(L Jx (4-4 }},, y }d),

x:o or 4 T o ‘ : 7 G y)
=—[e"] +me’| 4y =2y° 4+
Substituting into y = 4x+3: 3 |,

x=0=>y=3 =—2—(ez—l)+ne2(8—8+~——4+2—l)

x=4=y=4x4+3=19 2 -
—Enez-z‘—

. coordinates of the intersections are 6 2

(0,3) and (4, 19)



Exercise

a 'The base of the box is a square with

side length 12~ 2.y, and the box sides

have height x

sV =x(12-2x)°
b Letu=x,v=(12-2x)"

bl b
(12-2x)" —4x(12-2x)
(12— 2\)(12—2x-—4x)
(12
1

2x)(12-6x)
2(6-x)(2-x)

Stationary values for V occur when
i
dx
12(6—x)(2-x)=0
=x=6 or 2

=0

Clearly x = 6 represents a minimum,
corresponding to zero volume, so x =2
must represent the maximum.

Check using the second derivative:

-‘-‘d—x-‘i=-1z(6 —x)=12(2-x)

=-12(8-2x)

d*v e
a—_,—(2) = 48 < (), so volume is indeed

maximal at x = 2.

. Let each side of the base have length x,

and let the height of the box be h.

The surface area is § = x* +4xh

The volume is V = x’h
Va=13%9,

gubstituting into the expression f, ;

)
sx+xx

dx:'():

x=4
Check that this is a local minimum:
as _, , 256

2
%g(4)=6>0 = local minimum

128
B0
minimum surface area.

Let the vertex A have coordiiates (x, 0)
where x > 0. Then:
Area of rectangle = 2x(4 -

=8x—2x’

d Area e

d Area
- ().

dx

Stationary value when
8—6x"=0

xt=

4
3
7 A
X=—47=——-

JEL T
It is clear that this is a maximum rather
than a minimum, from the context.

D Optimisation with constraints




Ak

o ghowing this rigorously:

B:

G v‘},i.)f!*;f",»:""“?"i.' PRSI U e g S T
L ot e 3 2

d*Area

i
*Area

Hence the coordinates of A that give the

=—12x

maximum possible area are {2‘@ 0]
3 3

By symmetry, the coordinates of B
are = 0)

ii Area=(m—2x)sinx
d Area
dx

Area has a stationary value when
d Area o:

dx
(m—2x)cosx—2sinx =0

=(m—2x)cosx - 2sinx

2sinx =(m—2x)cosx
2tanx =m—2x
¢ From GDC: x=0.710

Hence maximum area is
(m—0.710)sin(0.710)=1.12 (3SF)

Let the cylindrical can have radius r and

height h.
Volume V =nr’h
Surface area S=2nr’ +2nrh
NS — 450
2mr® +2mrh = 450
2nr(r+h)=450

450

=>h=—-—r
2nr

Substituting into the expression for volume:

= il&—r
2nr

— =225-37r
dr

ey
hey

Stationary values of V occur when ﬂ/— =)

225-3nr2 = 7
3nr’ =225
75
o et
Tt
R
drisp

d*v( [75
hd 7| +/— |<0 = local maximum
r il

So largest possible capacity is

75\ [75
v( ?]= —(225-75)=733cm’ (35F)

Let each side of the base have length x,
and let the height be h.
Volume V = x*h

Surface area S=2x> +4xh
=450

= 2x* +4xh =450

4x(%+h}=450

T 450 x

4G

Substituting into the expression for volume:

V—xz(@_f)
4x 2

=%(225x—x5)

Qv

1 ;
= :5(225—3x‘)

dVv

Stationary values of V occur when —— — q:

l(225-3x2)=0 =
2

3x% =225
s x=+75
d*v
dxz
d*v

2

==3x
(\/ﬁ) <0 = local maximum

gpe ; .

ations of calculus
LTt & 7:4,' p \,1,..‘;;. (R

e A i
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So largest possible capacity is

V(J7§)=‘/—7—5—(225—75)
2
=75\75

E =650cm’ (3SF)
u X+y=6
.‘2[ =>y=6—x

S=x2+y2

5.

] =x"+(6—x)"
=) D136

§=4x—12

Stationary values of S when i 0:
4x—12=0 g
=013

2
— =4>0= local minimum

de
a So x=3, y =3 gives the minimum
value of the sum of squares.

b End-point values of 0 and 6 produce the
maximum value of the sum of squares.

m a Curved surface area of the cone is
given by S=mnry/r’ +h’

Volume V =817
::%rtrzh =81n

243
R == LT
< r
Substituting into the expression for
surface area:

e, 243"
=Tryro+ r4

=D 4243
:

™~ f 5 ™

= 8T (ar—2x243 7 ) 4 242

E

Stationary values of S when £ =(

n(4r-2x243'r7) 5

rt +243%r7
Ar3—2x243%r2 =0

2
fo 243
2
r=5.56 (3SF)
S 2—‘? =7.86
g

This pair of r and h values clearly
produces a minimum value for the
surface area rather than a maximum,
since the surface area can be made
arbitrarily large by taking sufficiently
small or large values of .

m a The triangle has side lengths

b, IO—E,IO—-é
2 2

1] b

2 2
Figure 20D.11
By Pythagoras’ Theorem,

-

)

=+/100-10b




w1 SNEE
s

2 Am of triangle is

‘ bh b
— =—+/100=10b

Stationary values of P when f_if =0;
Z dx
a-2x
. ~()
Ja—x
a-2x*=0

2x’ =g

1 x| (since x >0)
e 100-10b~5p & “\)"
2 100—10b( ) 2

1

100~15b
2 IOO—IOb( )

=

gationary value of A when iiﬂ =0;
db ! a i
y=.|= (sincey>0)

I
100—15b)=0
227100-1017( )

100—15b=0 l :
15b =100 d’p —4x(a-x2)2 +x(a=2x")(a—x*) ?
dx? a=x’
—4x(a—x2)+x(a—2xz)
That is, the base length is one third of (a— xz)i

the perimeter of the isosceles triangle,
so the triangle is equilateral.

. * . . dzj) a :
This clearly gives a maximum value ey 20 iy
rather than a minimum, since the area dx“\ 2 :

can be made arbitrarily small by taking (
~ b small enough or close enough to 10.

Hence x = y for the stationary point of P.

Hence P is at a maximum when x = y.

the two numbers be x and y.

Figure 20D.13

" ¢ y 3
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&) -
L

< 4]

The distance d from point (a, az) to (0,4)
is given by

d’ =a’+(4-—al)2

=16-7a’ +a'
4 pel4g440’
a
Stationary value of d* when a%d’ =0;
~l4a+4a’ =0
2a(2a’~7)=0

2a=0 or az=Z
2
Ty
A= 0ror az\/; (sincea=0)
2

—d’ =-14+12a’

——d*(0)=-14<0 = a=0 represents a
local maximum for d’

2
-———2-d2(\/—Z-J=28>0_—_>a=\/Z
da 2 2

represents a local minimum for d’
~. the point closest to (0, 4) on the curve

for x 20 is JZZ
)

Mixed examination practice 20
Short questions

8 =0 =x(a-x)

Rootsatx=0and x = a

g y=1t"—6t+8¢

a 5(5)=stdt

)

% :
S| e AT
4 ()

:-6?—-250+100

=-2-§=6.25m
4

b x(s)=j:|v|dt

Determine the boundaries of POsitive
and negative velocity:

v=0=>t(t-2)(t—4)=0

v20in [0, 2]U[4, o[ and v<Q in
|2, 0]u[2,4]

« x(5)= [ vdt+ [ vdi- [ v

0

=J5vdt—2jz4vdt

0

X Bt 4

= —‘-1——2t3+4t2 251 '_—2t3+4t2J
i

25
=T_z((64-—128+64, ~(4~16+16))

0 y

=-2—5-+8
4

=14.25m

o A itz S



. ditive numbers be v
B e “he gwo positive numbers be x and y, qﬁ\ ST
8

S - :>8n~fr:=115
oithcvalucsb— X+y= \+\[37_ N
k. 115

M‘xil'ﬂ“m S at a stationary point on the =rao ( v ) =20.9¢m (3SF)
: on
aurve of &
: dS _p B s=3¢ 'sint
E; d\
a yv=

dt
i - =3¢ ' cost—3e 'sint
x,m =3¢ ‘(cost—sint)
33532"-’52 Sv(3)=-0.169 from GDC
x' =16

x=y=4
(choose positive rootasx, y > 0)

"P)" 1232= y=V32~ X

There is only one stationary point, and

S
since Slxay_4 =8 >S|M,_y, M= '\—/i, It must

be a maximum.
v Let: v=3e ‘(cost

r = radius (cm)

A = area (cm’)

t = time (seconds)

: S Figure 20MS.5
~ Rate of increase of radius is inversely

proportional to square root of radius: € » DE=AD=100-h

|
Area DBCE - )h x (1004100~ h)

dr

=4, — : h
4 = 100h-
dt|,., h :

d /
a—;(Arca DBCE)=(100- h)iii = -

dh 18
: s

dt  h-100

h=100-kt

anee bk
Ay e o e ey
dt




1
9
¥
IRy )
|
v
E,

‘év;l? :

But, from (b),
dh 18 18

dt h—100 —kvt
8T
ST
k* =36

k=6

(select positive root since h <100)

COMMENT

Alternatively, you could solve the

differential equation directly using a
rearrangement, as shown below.

dh_ 18 _ dt_h-100
dt  h-100 dh 18
Integrating with respect to h:

hZ
t=— [———IOOh)-i-c
18\ 2

=i6(h2—200h)+c

Completing the square:

t=—3%((100—h)2—1001)+c

(Note that we complete the square as
(100—h)’ instead of (h— 100)’ because
0<h<100.)
Substituting the initial condition
h=100 when t=0:

100°

36

1 2
t=—(100-h
b LO0D)

C=

36t =(100-h)’
100—h =6+t
h=100— 61
k=6

3

{,e z'.!

L 2 ""‘
Let P be the position of the Plane ,

A be the point that is 3km d“'ect] and ,
the observerO Let AP=x. W, kn b

AO= 3OPA 6.
3
try, — =
By trigonome ;YH 3 tanf = , - 3C0t9
dx_ _3csc?0—
df df
el e
WHEHES dt 60’
2
dx 2 1 1
223l — | X—=——kmg!
dt (\/EJ B0 Toons

So the plane is approaching the Poin

above the observer at Ekm slor

L 3600 =240kmh "
15

a a P(d k) lies on the curve x = y?,

J‘

The coordinates of P can also be
written as (kl,k)

SP=(K-1) +k

I_

and hence r = ) s

Je k11

b Maximum value of r !l occur at the
same value of k as the maximum of /
k4
rl=—
k*—k*+1
dr? 4k (K =k 1) -k (4K -
= —= :
dk (K- 1)
22K +4K
(k=K +1)




)

2
dr o= ak' -2k =0 A B o
St=In ¥

2 :
=2k’ (2-k*)=0 R 3
13¢' =v° +4 “
= k=0 or k:ﬁ(sincckzo) 2 _13e'—4 d
k=0 corresponds to minimum r = Method 2: validate the solution.
k=2 corresponds to maximum Try v =13¢' — 4 ;

gt -3[3. Then v=+13¢' -4
o e G

dv _1 13¢’ 1
dt 2 Ji3e' -4 ’
1 vi+4
it i
- 4 . >
V) +4
There are several approaches available, S A
Here are a few suggestions. : 5
B ihordy df Ifv® =13¢"~4 then .
Rififiod ] se tne fac! Ial 7= 1+ [dLJ v(0)= V13" -4 =19 =3
o rearrange the equation. 0%
Thus v* = 13¢' —4 satisfies both the first- g
- Try the proposed soluti , _ Lok
Method 2 _Try -h? SRae S lop‘ond order differential equation and the initial b
show that it satisfies the initial condition Rl . B
and differenﬁCﬂ eqUCﬁon. ThlS may condition; t H:lC'()rL, Jy 4 U~IH(.]UL"HL'.\.\ k-
seem like a cheat, but since there can theorem for first-order differential -
only be one function which will salisfy a equations, this must be the solution.
diﬁgemid.egumiﬁ?r‘. tog';e?her with a point Method 3: substitution. 2
condition, it is sutficient. , f
Try the substitution v* +4=¢ P8
Method 3: Intuit a substitution ~ the S R e iR
solution gives a hint as fo a suilable one. mplicit difterentiation gives
dv ,du :
vl g
Method 1: rearrange the derivative and d ; ; ; e : "»3,7
: | P ariable of interest Comparing this with the differential .
erest. : , :
. equation sl Vo d, 5
S e & v
g e L=ylig=e ¢,
A ——=YV — W v
Integrating with respect to v: ddt
u -2
o3 AR =
t—lnlv +4|+C dt ! ..,
v* +4 is always positive, so the modulus =Su=t+c %
signs can be discarded. R e gt !
v(0)=3=0=In(13)+c Pova s
g ) v(0)=3=9+4=c
s vi+4=13¢

and so v’ =13e' -4

. g . . &

2 SRR L ity . S o = Nar . Fg ERS o 3
PR e Ty P oF S B RT AITO, T BY o .‘.,.,._-sﬁf 0 ?‘“R‘!.J_L.‘.e!u 4.!‘ 2@A O &\f 3—3_ e
i B Lt I e R e PR ITEs Wi uy AT T Ty FIT
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; Al A
- Long questions y=x"—8x+12=(x-6)(x~2)
@D 2 i Perimeter of square = 4x yr=12+4x=x" =~(x+3)(x-4)
NEE : <
ii Perimeter of circle = 2ny 0sx<>
a Intersections occur where M=y
2 g X —8x+12=12+x-x
8-2n 1S
=>x=ﬁy=z—7" 2x°=9x=0
‘); A x(2x-9)=0
k. ¢ Totalarea A=x"+ny 9
3 2 = 0FoTex—~
o T
A ) 2 . the coordinates of the i intersectjop
o 15
e TUe) 2 oints are (0, 12) and(
=4-2ny+ A +my P B
= ; b Vertical distance between the Curyes
=4—2ny+z(n+4)y is|y, - 7|
d The formula for total area is a positive Y= ¥y =2x"—9x = x(2x-9)
E quadratlc,. so its minimum value will lie The vertex of this quadratic lies halfy,.
£0 at the stationary point: 9 Y
k- between the roots, at x = —
3 dA m 4
—=2n+—(n+4)y=0 _81
dy 2 ])’1_}’2 by T 16
i %(n+4) =7 The boundaries are at x =0 where
there is an intersection, an: x =5,
= y=—" =rll L =5<
. n+4 1 20| s 16
§ Let c be the percentage of the wire that Hence the greatest vertica! Jistance
X is used for the circle; then . 81
£ 5 between the curves is E
o c=2x100 .
t 8
=2y COMMENT
§ ' :25n><i The full and correct solution is given
g n+4 below. Students may be forgiver for
5 =44.0 (3SF) presenhng the standard simple answer
. 44.0% of the wire is used for the circle. Ve 11 -[o o e which results in
; a valve V = 787. In fact, becaus: rhe
A enclosed region crosses the x-axis, this
i does not give the correct volume, and the
2 solution requires consideration of each of
' four regions as the area rofates.
Because of this issue, and the large
amount of repetitive detail work required, it
is unlikely that a question of this sort would
be found in a real examination paper.




WA
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i The curves and the area they enclose

are shown in the diagram below,

y = (@ - 2)(x - 6)

Figure 20ML.2

The volume of revolution is
complicated; let a be the value such

that y, (a) a2 (a)’
Within the interval of intersection

[0, 4.5], y, hasaroot at 2 and y, has
aroot at 4.

Therefore the volume of revolution
consists of four parts:

V=V, +V,+V;+V,, where
2
Vi=n yi-dx

V2=nj:y§dx

¥ =(x*-8x+12)’
=x*—16x>+24x" +64x* —192x+144
=x' —16x" +88x" —192x +144
yi=(124x—*)
=x'—16x"+88x* —192x+144
=x'—2x’-23x" +24x+144

Syr—yl=14x’ —111x* +216x

e e g4
ek :? R
Sl

ii

Solving for a: >
y,(a)=a’-8a+12 3
y,(a)=12+a-a’ 1,3'»
n(@)=-y,(a)=>a*~8a+12=a"—a=12 =
%
=T a=24 o
24 4
=aq=— T
7 {

Substituting the expressions for

y?, y2 and a into the formulae for v
the volume parts and using GDC to k.
calculate the integrals: =
2 g
vl=nj0 14x® ~111x> +216x dx
2 b

7y P
= n[—x" 37t 108x']
2 o

=192n

417, 3 A
V,:nJ. x =2x"—23x"+24x+144 dx
2

0 e e o i ‘.‘i Y T LT B
ny.‘.hi‘. \;. * 2 \k e .. <

5 i e 3 T e

A e L

R ¥ "
—39520007'[ .

50421
4 ?
sznj x*—16x" +88x° —192x +144 dx
3 24/7

~4

s

88x’ A. i
=) —axt + 25 _g6x +144x |
5 3

|
17
o1

e i i <20

2182592 2
— Tt e
252105 -4
9/2 ; :
V4=nL ~14x> +111x> =216x dx
7 : 2
=n|——x +37x —-108x" I -

2 4 r‘

_173

U
32

V=V, +V,+V,+V, =894

(from GDC, to nearest integer)



COMMENT

For completeness, shown below is what
would be the standard working for such
a question if the enclosed area did not

cross the axis about which it was to be
rotated|

A R T e < M R L
Ty

144+24x—24x2+x2—2x‘+x‘)

F ~(x' 16"+ 24 + 6457 ~ 192 +144) d

9/2
216x=111x*+14x dx

; 9/2
V= n{lOsz ——37x3+—x4]
2 b
_ 801971
= 32
B =787 (from GDC, to nearest integer)

a Let ¢, be the elevation from the viewer’s
/ eyes to the base of the painting. Then

2-15 0.5
¢, = arctan =arctan| —
X X

I Let ¢, be the elevation from the viewer’s
eyes to the top of the painting. Then

O, =arctan(—2£)
X
0=9,-¢,

( 2.5 J ( 0.5)
=arctan| — |—arctan| —
e b

Mixed examination praciice

b ‘To maximise 6, set its derivatjy,

respect to x equal to zero, € with
ﬂﬁ_(,EEJ_J__( 055
dx X 2.5 Y x’;’) e
; )
0.5 2.5 ¢

T 4025 x'+625
3 0.5(x” +6.25)~2.5(x +0.25)
(x2 +O.25)(xl +6.2§)‘
-2x>+25
" (x?+025)(x* +6.25)
d—6~=0=>x2 s
dx

4
V5
=oX=—
2

That this is a maximum is clear from
the context:

Setting x = 0 reduces 0 to z¢ro, and 5
x—>00,0—0.

0is bounded (it cannot be greater than
m, given the context).

Hence there must be a maximum valye
of @ for some x >0, and since there js
only one stationary point, this must be
the maximum.

Integrating by parts, set

1
u=lnx=—=—
X
dv
—=]l=v=x
dx
dv du
J-ua; dx=uv—J V—; d

A

j 1xInx dx=xlnx—.|. = dx

=xlnx—x+c




): 31n(t+1), 5 (0):: 0
Ay 03

i T et

i AT

e
: o (5)=5ms”
AL

= J- 3ln(t+1)dt

" nlt

SR

Substitute u=t+1=dt =dy
5 s =J 3lnudu
=3(ulnu—u)+c
=3(t+1)(In(t+1)-1)+c
5,(0)=0=3(-1)+c=0
=c=3
5, ()=3(t+1)In(t+1)-3¢

iiiv,(0)=0,v,>0 for t >0

So the distance travelled is the same

& as the displacement.

:r Distance travelled in the first

B 5 seconds is

-3 5,(5)=18In6-15=17.3m (3SF)

¢ v2=8—t, 32(0)=0

i v (t)isincreasing and v,(t) s
decreasing.
If v,(t)2 v, (t) for 0 < t < a, then

v (a)=v,(a):
3In(a+1)=8-a
From GDC: a=3.49

ii Speed of the second object is |v,|.
- Since v,(¢) is linear, this is maximal
at one end of the domain considered.

-:‘ |V2(OH=8
- [n(20)=12

~ Greatest speed in the first
20 seconds is 12ms ™.

5,(0)=0=¢=0
.'.sz(t)=%t(l6—t)

v,(8)=0and v, <0 for ¢ >8.

- distance travelled by the second
object is

5,(t) 0<t<8
25,(8)-s,(t) t=8

Recall that distance travelled by the
first object is

x,(t)=s,(t)=3(t+1)In(t+1)-3t
forallt >0

Case 1: equal distance in the first
8 seconds

s, (t)=x,(t) for0<t<8

=>3(t+1)ln(1‘+1)—3t=]Et(lé—f)

From GDC: t =7.47
Case 2: equal distance at a time ¢ > 8

s,(t)=x,(t) fort>8

:>3(t+l)ln(t+l)—3t=64~ét(16—1)

From GDC: t =254

The objects have each travelled no
distance (and are at the same point)
att=0s.

The objects have travelled the same
distance (and are at the same point)
att=7.47s.

The objects have travelled the same
distance (and are at different points)
att=254s.




7 B @ Let ATV xL From the given
information:

V()= 20, W .
ot

= Soxm3te
= and x(0) = 20 =5 ¢ 20
X w3420

4 b From the given information:

3 ho)=30, Y1,

74 dt

: SO = 204 k

and 71(0) = 30 = k= 30

; Sh=30-2¢

¢ Area ABC = ; xh

g dArea 1 dh dx

1 e This ’

- di 2 dr dr

5. o

E. =25~ 06t

;f" d xsh=26=t=2

5 d Area =25-12=13cm*s™
(« [0

; 3 =(lnx)z _ du du 2Inx
/ dx  x
,‘,‘l’ 2l=y=xX
dv du
¥ e dx = uv = [v<2 dy
e '[ dy j dx
) 2
3 .'.flx(]nx)' dx=x(lnx)‘-—J. X nxdx
X
. 2
=x(Inx) —Zflnxd.x
Now set;
= o

: welny = —=-—

ok

j 1><lnxdx=xlnx-f Idx

= xlnx—x+c
Hence
J‘(lnx)2dx=x(lnx)"

=x((lnx)4‘*2lnx+2)+c

b Upper right vertex of the shaded
rectangle is (1, e); the y—inlcrccpt o
f
curve is (0, 1). the

_.2(x|nx‘x)+c

v, =rtJ-1rx2dy
=nj.lc(lny)2 dy
=n[y(lny)z—2yln, : 2yT
1

=m(e—2e+2e)-n(0-0+2)

=n(e-2)

s Vp=e""'for0<t<9

1 3
v,‘=—5t2+3t+5

a v, is a negative quadratic, so hasa
single stationary point which isa

maximum.
dv
—A = t43=0t=3
dt
< maximum value of v is v, (3)=6




J'——t +3t+ dt

=-——1-t3+itz+it+c
oraeZe 2

SA(O)::O:)C:O

3 3
.5 =—--1—t3+'—t2+—t
S 6 2 2

S =jVBdt

— .[ eo“" dt

::580'2‘ +k
SB(O)=5=>k=0

SB__:Seo.z:
di ?

SB

Sa

Figure 20ML.7 Graphs of

L

0.21
SA ——Z' iF >

+%tcnd sg = De

ii Solving s, =s, on the GDC:
t=195,7.81

.' a By Pythagoras’ Theorem, the walked
~ distance is

d=(10-x)* +4> = /16 +(10- x)’
The time it takes to cycle xkm at
10kmh"is 2 hours.

'Ihe time it takes to walk d km at

w, il
LEnr
i
A

- total time T'is given by

d 1
I 15+§= E+§,/16+(10 x)

b i Minimal T will occur either when

EEE 0 or at the boundary values

x=0orx=10

1
= g\/116 =2.15 hours

T(0
T(10)=1.8 hours
T

d

dr -2(10-x)
dx

J16+(10- x)?
_ 1|, 2(10-x)
J16+(10—x)’

dT =m0

—=0=1-2
dx 16+(10-x )’

b gl
—_— _.X_
10585850

4
=>x=10—-—

NE)

(choose this root because « <10)

40 ot ~£
2.3

:1+T= 1.69 hours

Therefore the minimal T occurs

at the stationary point, when
3(10-x)’ =16.
ii John should cycle




3
-;g=cos(9=>XB=J§sec9

ii AB=AX+XB=9cscO++/3sech

Minimum AB occurs when its
derivative with respect to s zero:
dAB
_dG— =—9csc9cot9+\/§sec9tan9= 0
cosB sinf
)= o -
sin“ @ cos 6
3/3=tan’6

tanf =+/3

=>19=E

3
AR e —9x = +3%2
=7 \/5

=8/3=139m

b The longest possible ladder (assuming
it is always carried horizontally) that
can fit around the corner is 13.9 metres
long, since it must be able to pass
the tightest position, determined in
part (a).

ks WIS 3% Sy SRR Sp 1 L ek :,‘,,j_-, T R
aminatiop practice 2V .



' 'ISummarising data

xercise

' ‘A‘fi! ) Diacrete faleen ilﬂt'p,l‘l vitlues only
- I Diserete tadees values from a finite
l{at only

S Conllnunuu talees values In an
{nterval

d Continuous - takes values inan
interval

~ ¢ Discrete ~ takes integer values only
Discrete « takes integer values only

iReatricted, self-selected population
‘mmpled; only shoppers and shop
~ workers will be interviewed.

Reltricted. self-selected pnpul.mnn
“sampled; only non-truants will be in
“clags to be interviewed,

tricted, self-selected population
ampled; only internet users will be

¢ %anot sample two people from the

sume household, so it is not true that

selection of each individual is

endent of the selection of others

he same household. Also, people

Exercise VAR

i 'There are 7 data values,
The median is 8
lLower data set 5, 5, 7 has median 5,
() (), r1
Upper data set 9, x, 13 has median x,
50) ()" X
IOR =, ~Q, 7

From GDC, for the data set
556,7,9, 12,13 0=2.92

)4 KL
P )()$)”yjr

H - 5
)

24549+ x+y=25

22 45" 49" + x* + y* :S(6+52).—_155
sx' +y' =45

WX 4+(9-x) =45
2x" ~18x+36=0
x'~9x+18=0
(x=3)(x=6)=0
x=3 or 6

S y=6or3

Soxy=18

Note: 'This result can also be obtained by
observing that the product of the roots of
x'~9x+18=0is 18.

e




Let x; be the score in test i, Then x, =32
1 5
W73
Sl
5
D%, =5x23=115

=1

6
Y x, =115+32=147
=1

1 5
DK =2 =a
i=1

5
Y x2 =542 +23%)=2725

6
) x? =2725+32 =3749

v _\/3749_(1&7_)2_496
R\ 6
1 15
— . =600
02

15
=Y x,=15x600=9000

i=]

l 16
— Y x,=600.25
16,.:Zl :

16
=Y x,=600.25x16=9604

i=1

%, =9604—9000 =604

1 15
—Y x?-600° =12
15

ixf =15(12° +600° ) = 5402160

i=1

16
3 %7 =5402160+604" =5766976

i=1

S, = f 76166976 —600.25° =11.7

1L rrequen r).._-.,\;_s es a

4 b ol ol
5L AN A z " 3 e
i : v i 5 -~ S Ty : A
i 2 - i "

The minimum variance is zero (jf all
pi o €
values are equal). This is the case Whep,

2 (1542}2 ;
e xl__- _ —
2045 20

20 1542°

PhEe
0-

=118888.2

Range = xmax g xmin
X, 2 X, for any i, by definition of the
maximuin.

XA hisInce

m
o | il
Hence —x;, 2%

and 50 X_,, — X 2X; +(=%)

b Both the range and s, arc non-negative
so squaring and taking square roots
through inequalities is va'id in the
working below.

53='1'Z(xf"’_‘)2
n-

.?,félz‘range2 by (a)
i

s, S—(nXrange
n
2 2
s, Srange

s, Srange

Exercise

a There are 50 boxes, so the median will
be the mean of the 25th and 26th boxes.

Median = % =1.5 broken eggs




sciiticy
ey

\ P ‘?’;-.;-’;;A‘ ‘:_ o e

iR o
J e
SN S

(17><0)+(1><8)+(2><7)+(3x7)+(
50

p Mean= 4%6)+(5%5)+(6x0)

=1.84 broken eggs

: 20x12+40g+8p
' ﬂ x= 12+q+8
240+40q+8p =640+ 329
8(p+q)=400
P+q=50
q=50—-p

2=202><12+402Xq+p2><8
5 124q+8
4800+1600g+8p* =1160(20+ ¢)
4409+8p° =18400

-32'=13¢

-.440(50- p)+8p* =18400
8p*—440p+3600=0
pi=55p+450=0

(p—45)(p—10)=0
= p=45,q=5 or p=10, g=40

~ Mixed examination practice 21

;
- Short questions
” s 4
=— ) x, = —9 =408 minutes
[ 12

i=1

1> , v [3057 (49)2
= |—Y x —(x) =,|——=| — | =2.97 minutes
\/122' ®) il )

=1

| a Total frequency is 22+18+x+ y =50
620x22+660x18+700x 4740y

50
=700x+740y =7160

e =653.6

.7000—700y + 740y = 7160
0y =160
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b Estimate of variance:

2 620% X2246607 184700 :
i ;f 700 X070 X2 6536t = 136704

*+ estimate of variance is 1370nm* (3SF)

¢ The specific data values are not known, so the estimate was obtained by assum
data values in each group fall at the midpoint of the group interval.

15
3¢ %Et =0.2
=]

ing tha the

15

= D ,=15%02=3
i=1

b =0.16
16

) t=340.16=316

i=]

o i 3516
Hence f = — L=
162, =01975
The new mean is 0.1975 seconds.
1

15
Dt ~0.2> =0.0025
15

i=]

15
= 3 17 =15(0.0025+0.04) = 0.6375

i=1

16
S0 Y 12 =0.6375+0.16> = 0.6631

i=]
0.6631
Gl = \/T —0.1975% =0.0494 (3SF)

The new standard deviation is 0.0494 seconds.

B Let the two data items be x and y, with x < y.

range = y—x
G R O (x+y)2
Sl =

n 2 2

=i(2x2+2y2~x2~2xy—y2)

=i-(x2—2xy+y2)

1 2
. k=—xrange
4 g

= range = 2k
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L"g questions

ian will Ve f
o The median wi be at cumulative frequency 15, which corresponds to 11 cm.

p From the cumulative frequency diagram:

TABLE 21ML.1

TP—!"EQM (h) Frequency
0<h<s 4

[ 5<h<10 {3l =0

[ 10<h<15 21-13=8

" 15<h<20 26-21=5

| 20<h<25 30 - 26 = 4

L

¢ Estimate of the mean uses midpoint values of the intervals:
Estimate of mean
(2.5%4)+(7.5%x9)+(12.5%8)+(17.5x5)+(22.5%4) 35

BT 5
i 30 ~=~3—0—=II.8cm(3SF)

e a The data is recorded to the nearest cm. The first bar therefore represents actual lengths
in the interval [39.5, 49.5[, since all such lengths will round to integers 40 through to 49.
The histogram is correctly plotted to illustrate the distribution of the actual values, rather
than the recorded data.

b Reading off values from the histogram:

TABLE 21ML.2

i' ."l.‘ei'ngtl‘l (em) Frequency
40-49 12

50-59
60-69
70-79
80-89

--%ﬂvf.—f«"*f’ el S SR B

¢ To obtain estimates, use the central value in each group interval,
e.g. centre of [39.5, 49.5[ is 44.5

Estimate of mean:
44.5X12+54.5X18+64.5X6+74.5x0+84.5x1
124+18+6+0+1

X=
=53.7 (3SF)

T




, - _ ,\,:—‘

Estimate of variance:

5, = | A5 X124545 X181 64.5 6 74.5 X 0+ 845 X1 % =850 (35F)
12+18+6+0+1

The following are some reasons that the mean arm length for the whole populatiq
different from the estimated mean from this sample of 37 students:

N may
[ ]

The classroom is likely to contain children in a particular age bracket, while (h POpuly;
will be balanced across all ages of children, with corresponding differences ip growth, o

If there are geographic or social variations in growth across the country, the daSSmomj
. 3 3 . ; 5
likely to be biased according to its region or the socioeconomic status of jts Catchmep,

® Even if both of the above (and equivalent) reasons can be discounted, natura]

3 al'iation
makes it very unlikely that a sample of 37 would exactly mirror the population.

Mean:lxa+ZXb=a+2b:1L

a+b a+b a+b
52:lzxa+22xb_(a+2b)2_(a+4b)(a+b)—(a+2b)2
¢ a+b a+b ) (a+b)’
_ @’ +5ab+4b? ~(a* +4ab+4b’) gy

(a+b)’ ~ (a+b)’

If the mean equals the variance, then
a+2b  ab
atb (a+b)’

(a+b)(a+2b)=ab
a’+3ab+4b’ =ab
a’+2ab+4b* =0
Solving for a in terms of b using the quadratic formula:
o —2b+J(2b) —4x b’
2
= —bt\-3b*

. there are no real values of a and b that satisfy the condition for the mean : >qual the
variance.

€ a=3b

5b
= mean=—=1.25
4b

[

o= == = —(433
E\N(@b) = dp Y

T AR RE BT ST AP

SR X




| ExerCise This gives 10 cases out of the total

AR e ; 6 : 216 possible outcomes.
o for a fair six-sided die, P(Odd) = 0.5 and

{ /4
p(Prime) = 0.5 s Plscore < 6) l|, l:H
216 )
g0 P(Odd) + P(Prime) = |
put Odd is not the complement of Ve
prime (3 and 5 are in both, 4 and 6 are Exercise

in neither).

a Draw out the table of the event space
COMMENT

A Venn diagram is sufficient working;
the caleulations needed to popuimt: the
diagram are given first but do not need

TABLE 22A.7

243 fo be ""P“"”"/ shown in an examination
5 ) 8 onswer, Below the lJi(_]gf(j”) a stand-alone
1 g _] L] | ﬁ ulry;hrrm, method is given, which could
2 ] Q V I y ti 1’",‘ |J"(:(J [h',lf;fle !Jf 9| (Jl(j(}fr]r”
e ' -
s 113 b
0 1 A 9 P(SL) P(S) P(S 1)
it [ j0d i 60% ~ 50%
e B R 10%

P(LNS")=P(L)-P(LS)
85% — 50%
3() ‘:‘5‘%1

So expected number of ‘17 scores in 180 P(L'NS)=1=P(L)-P(S§~ L")
throws is 100% — 60% ~ 35%
23 r
180% = =115 =5%
36

L8 Cases for score less than 6 (i.e. 5 or less):

Total 3: (1,1,1)
Total 4:(1,1,2),(1,2,1),(2,1,1)

Figure 22B.4



B 1

5

P
T
./

£
a0

P(L'8)s p((/,-,e,)’,

I=(P(L)+P(5) P(SL))
F=P(L)=P(8)4P(51)

VOO~ 85% ~ 60% + 5%

5%

Figure 228.5
P(BAOA )=P(AUB)~P(A)=07~02=05

P(B')=1-P(B)=1-(P(ArB)+P(A r B))=1~(0.1405)= 04

B A

0.2

Figure 22B.6

IJ((A-Jlf)')r. P(A' M B)=02

% il Sl AL Y SO s

P(AnB )=P(B’)-P(A’nB')=1-P(B)~-P(A'nB)=1-05-0.2=0.3

1000
=166
6
s0 there are 166 multiples of 6 among the first 1000 numbers,
166
/. P(multiple of 6)=——-=0.166
1000
b The numbers which are multiples of both 6 and 8 are multiples of LCM(6, )
1000
—=41.7
24

s0 there are 41 multiples of 24 among the first 1000 numbers

4]
<. P(multiple of 24)= - =0.041
1000

Combined events and Venn diagrams




(n oll these questions a free Ci"ogfﬂm, populated with relevant values
is sufficient prehmmory Wérk'ng- The tree diagrams have been givenl in
these aNSWers, tOE‘J""'he'_' with full algebraic working such as would be

qeeded for an answer if a tree diagram were not drawn.

Figure22C.2

B =boy; G = girl
BB)—Exi—-l—S—OMS(BSF

A T )

COMMENT

In a question like this, there is no need to draw a ‘full’ tree, since only

a few results are of interest. Thus, after blue in the first draw, all that is
of interest is whether the second ball is green or not, so G / G’ branches
are sufficient — there is no need for three branches B/G/R. Similarly,
after G in the first draw only B /8" branches are needed, and a first
draw of R need not be detailed further.

First Second sl

B
6
8
e




“ &= hlllt‘; (; ] chcn; R " n.d

PR 7 beos
l’(l!lucuml(:rccn)_ P(B,G)+ (G, B) SO0
Y

0 e

Figure 22C.5

M1 = machine I; M2 = machine 2; R = rejected

P(Reject)=P(RAMI)+P(RAM2)=P(R|M1)P(M1)+P(R|M2)P(M2)
=60%X06%+40%x 3% = 3.6%+1.2% = 4.8%

ind finding the i rsectio

| _—— l\'q‘h‘».,j-.k
il "/’ T — R ‘
= i Y RXNY)=}x ]
< | vrxan=id
i \‘\ _:;.——:Tj— T
i TV R AY) =} x]
Figure 22C.4
; Pxine /o]
1 R(F)=P(XAY )1 P(X )= (1 X)X (Y R(X) = o
b P(X'NY")=P(Y')+P(Y A X’)=P(Y))+P(Y [X))P(X’) = b o x 2 = 22
=P(Y)+P(Y N X*)=P(Y’)+P(Y |2 op R e
Alternatively:
P(X'UY')=1=P(XAY)=1-P(Y [X)P(X)=1-2x &= =2
S 05 L 7
COMMENT
Normally this alternative of calculating the complement to the union
would be the faster calculation, but in this question we can with equal
ease harness the answer to part (a)
| achine alit
(5] Machine Q‘?,,‘ i P(RAM1)=60% x 6
M 1
60%
R’
90, R P(RAM1)=40% x 3%
40%
M?
R’

3.6%



Result
30% win P(high A win) =

lose

win Plow nwin) = % x 70% = 5

lose

. Figure 22C.6

P(Win): P(Win |Higher opp)P(Higher opp) + p(
=30%x-2—+70%><—9-
11 11

69
=—=0.627
110 R

Win [Lower opp)P(Lower opp)

Second

e

6=n =
T et - N 36-n _ n@36-n)
W P(B, W) = g5 x S5 = Sog

n — 36=n n _ n(36-n)
5 - B SRR SREhX 35 = 95x30

v{; Figure 22C.7
~ B=black; W= white
~ Let the number of black disks be .
| If P(Same) = P(Different) then p(Same) =

P(Same)=P(B,B)+P(W,W)
=1 36-n_ 35-n 1
e o X =~
QSRS - 36 35 2

)+(36-n)(35-n)=630
2n° =72n+630=0

it =36n+315=0
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Exercise

&l 2

For independent events A and B,

P(ANB)=P(A)xP(B)

P(AUB)=P(A)+P(B)-P(ANB)
2 0.72=0.6+P(B)-0.6P(B)
0.4P(B)=0.12

= P(B)=0.3

b P(AnB')+P(A’NB)=P(AUB)-P(ANB)

=0,72-0.6%0.3
=0.54
Y a P(TnS)=P(T)xP(S)

=92% X 68%

=62.56%
b P(ZXS)=P(T')xP(S’)
=8%x32%
=2.56%
¢ The event ‘at least one working’ is the
complement of ‘neither working'

P(TUS)=1-P(T'NS’)

=97.44%
ThoNT
a a P(all dl“Cl‘L‘m)ZIX/—X-)Xl
SEEg 8
105
~ =0.410
256

COMMENT

This calculation assumes that there is

an effectively unlimited number of each
type of toy, which is implicit in the way
the question is phrased. If there were
limited numbers, the probabilities would

change to reflect this - after all, in the
most extreme case, if there were only

8 packets of crisps in the world and each
had a different toy, David would have
complete certainty that he would get a
different toy each time.

opic 22E Counting principles in probability

T L - THO &=
b i e

b Using the complement: let p be g,
pruh;ll\ilil)’ that he fails to get any
gyroscopes Or YO-YyOs; then

i
A 0316
f 8 256
- P(at least one gyroscope or yo-yo) =| 8]
-j.—)()
256
().684
éjz For independent events A and B,
P(ANB)
P(B)=—=77
P(A)
p(AUB)=P(A)+P(B)-P(ANB)
P(A)= P(ANB)+P(ANEB’)
=0.3+06=09
]
L0 83
\ 1
Hence P(ALB)=09+—-0.3
28 14
80 15
=0.933
Exercise
E Total number of possible orderings: 4!1=24
*.P(STAR, RATS or ARTS) :
R
-" Total possible choices of 4 letters from 7:
7
|33
4
Possible choices containing ‘P (choose

1ne 6):
] .,'.30 N

the other 3 letters from the rem

§)
=20
3
2 4

= P(contain P)=~— = -

35



18
a Total possible choices; [ i } =31824
possible choices including Captain and
16
Vice Captain: ( o }: 11440
11440

dVC)=——
RlcatndVO)=

s

153
=0.359 (3SF)

p Total possible choices (choose 1
of 2 goalkeepers, then 10 from the

16
remaining 16): 2x(ﬂ)}= 16016
Possible choices including Captain and
14
Vice Captain: 2 x( ; ): 6006

6006 3
dVC)= ===(0.375
fiGeptan )16016 T

9
h a Total possible choices: ( - ] =126

Choices that include history students

6
only: (5J=6

6 ]
history students) = = —
P(S isto ) e s

=0.,0476 (3SF)

b Ifall three philosophy*students are
chosen, select the remaining 2 from the

6
~ 6 history students: ( 2) =15

| {558 ‘
| il, 2 Hist) = —= = = = 0,119 (35F)
-~ P(3Phil, 2 Hist)= =

Total arrangements: 6! = 720

- Arrangements with the brothers at the
“ends: 2x4!=48

48 |
brothers atends)= —— = —
others at ends) s

a Total arrangements: 20!

b For arrangements with the brothers
adjacent, treat the brothers as a single
unit, then multiply by the number of
internal arrangements;

51% 2 = 240

240
72073

4

P(brothers adjacent ) =

a4 For arrangements with all the
8 forwards together, treat them as a
single unit (so 13 units altogether),
then multiply by the number of
internal arrangements;
13! x 8!

= P(forwards all together)
13! % 8!
20!
=0.000103 (3SF)

b To count the arrangements with no

forwards adjacent:

Line up the 8 forwards (8! arrangements),

There are 7 spaces between forwards

which must be filled to avoid forwards

being adjacent, so choose 7 players from

the remaining 12 to fill those spaces
| 12!
= P [ arrangements.
e
’v

Have each of these 7 take hold of
the forward to his right; treat these as
8 units set in order,

‘There are a further 5 units to mix in,
Consider the end arrangement as
consisting of 13 ordered boxes.

Into each of 5 of these boxes, one of the

5 still-unattached non-forwards will
be placed.

. ways to arrange this,
8!

The remaining 8 boxes will be filled

with the pre-ordered forward units;

since they are already ordered, there is

only one way to do this,

22 Probabilit

There are PP =




-y

7 =Ty —_——— - .“‘ B r y
. % 3 4"'? trvu‘u,

In summary, the number of ways 0
arrange the team so that no forwards

are together is

12! 13! 12!x13!
X—X—=
SIS 51

- P(all forwards apart) =

8!
12! x13!
5! x 20!

=0.0102 (3SF)

Exercise

3 W P(ANB)=P(A)+P(B)-P(AUB)
=0.6+0.2—-0.7
=0.1
ii P(A)XP(B):O.IZ;tP(AmB)
. A and B are not independent.

b P(B[A):P—(IQ—;)B;)

Qeadn7i i1
C P(A)XP(B)= -:;'X'I—S‘ZEip(AmB)

. A and B are not independent

G Furthg@/ggn diagrams

R

o ¥
e o e o W Y

p(A)i—P(B)w P(ANB)
_ p(A)+P(B)-P(A[B)p(p)

Exercise

For the questions in this section, the focys
should be on completing the diogram,
after which subsequent values can be

read off with litfle or no working shown.
Preliminary calculations for completing
the diagram are given in each question 1o
explain how the diagram is filled in, but
usually you would not need fo show these
calculations in an examination

€ a F=football; B=badmint;

n(F only)=n(F)-n(FNB)=34-5=29
n(B only)=n(B)-n(FNB)=18-5=13
n(F'nB’)=145—29-13-5=98
1) B
' )98
Figure 22G.1
b From diagram: n(F'nB’) =98
1
C P(B):—S—
145



kel % :
s S indad L d

: PBOE)
(1)
n(Bet)
i)
5

4

M
‘ o M mathemation; I economibcy
,;(Mul)~ 145~72 =73

"(hdrﬂl#)tarl(hﬂ)4 n(l) n(MutL)
mO8+47~73
=32

n(Monly)in(M) n(Mmli)
=58~132
=20

a(Eonly) = n(E)- (M )

=5

Figure 22G.2

b From diagram: n(M 1) 32
| P(ME)
= bim)
H(Mnl )
n(M)
32

o8

¢ P(

==

e

29

n nl spaghetth bolognese

Cochill con carne;
Voovepetable curry

HBACAV ) n(BeC) (B V)
e
25
BV AC) (B )= n(BrCnV)
w2012
“ H
N ACAY)en(CriV )
2412
e ]2

i BCV)

HBOC AV ) wn(B)=n(BrC)
n(BAvVnc’)
43-35-8
0

VB nC)sn(V)=n(VriB)
n(VenCrmiy')
BO = 20~12
48

n(CAV B )=145-10-12~8-23
12-0-48
32

10

V

s oo s s g A el SR 5 SR S B - et e 2

Figure 22G.3




b From diagram: n(B~C’ V") =0 Cp(BID :_P_(EO_D_)
¢ n(C)=32+23+12+12=79 0.2
d P(1 meal only):.(li__‘QiE 07
145 o
_80 ¥
145 A P(BND)
16 d P(B|D )=W
B 0.2
ol ¥
¢ P(V |] meal only):—m)— ol
n(1 meal only) _2
48 3
80
: e From (c) and (d), (B’D)#P(B]D)
=~ so blue eyes and dark hair are
f > mdependcnt character istics.

P(at least 2 meals)=1- P(0 meals)—P(1 meal) #3 C=cold; R =raining

_, n(0Omeals) 3 P(CNR)=P(C)+P(R)-P(CUR)
ST [
=P(C)+P(R)-|1- 4]
0 %0 POHPR)-|1-¢{(co
145 145 =0.6+0.45—(1-0.25)
2 =03
29
b P(CnR’)=P(C)-P(CNR)
a B=Dlue eyes; D = dark hair =0.6-03=03
P(BND’)=P(B)-P(BND)=04-02=0.2 P(RAC)=P(R)-P(CR)
P(B'nD)=P(D)-P(BAD)=0.7-02=05 =045-03=0.15

P(B'NnD’')=1-02-02-0.5=0.1
( ) Cold _i:'.' aining

Dark Hair Blue Eyes

0.1
Figure 22G.5
Figure 22G.4
CR(ERI=EROC)
b From diagram: P(B’nD’)=0.1 P(R)

015
0.45

o

3

' 02 Topic 22G Further Venn diagrams "




p(R)* P(C)=0.6%x045=0.27
P(Rnc):& P(R)xP(C), so the two events are not independent.

| comMENT
~ | Aree diagram is supplied with each worked solution, together with full

 qlgebraic calculations; you should choose which approach you prefer

{ o o given question. If you use a diagram, you may not need to show as
much separate algebraic working to validate your result, unless answering
o ‘show that’ question. However, filling in detail on a tree diagram can
dlso take time; avoid calculating unnecessary values when populating @
ree diagram.

P(ANR)=¢




P(M’f\C) = g g A 36

b 1€

Cl
Figure 22H.2
C=Robert catches the train; M = Monday
DECIE oSN A D 8 64
a P(C)=P(C|M)xP(M)+P(C|M')xP(M')==x=+—X—=—F—=— =
(CIM)xP(M)+P(C| M")xP( s 0 15 s s 08
2
P(MAC) 15 5
b P(M|C)="2—_ 1> _ = _ 556
75
Bag 1 Bag 2 Bt
& ROSSEP(RIR)=tix &
: R
3
2 B PR B)=3x3%-
: z R P(B,R)=3x+
g B
i:io' B P(B, )zgx_lu" )

Figure 22H.3
R =red; B=blue
6
S El0B RIS o

a P(same colour)=P(R,R)+P(B,B)= —x—+—x—=2"4 2 _ 7 _ 45
16881 OE] 610 S () EERn EaT) "

1
2H Bayes Hecrem

R A ] £x Ry SR PSRN, DTN N {9
T R R e S B & P G N s s b -
S 2 3 S B e o e




P(R1di |
P(RI |different ) = —(RLH%LM) P(R1nB2)

P(different) aP(leB2)+P(BIr\R2)

B \%Xi 9
= 10 80
4 SRR
s O NI i ol
Y 16 10 16 10 80+80
=0.20
44 :
Rain? Umbrel]a?
4 U P(Rn(]):éx§=t—85-
; R
3

|—
3

i c
8,
A

D)
S

il

*X
L] [

1l

Figure 22H.4

R = raining; U = bring umbrella

W o = — = —

a P(U)= P(UnR)+P(UmR)—P(U|R)P (R)+P(U|R")P(R) = fx§+§ :
5 3 3 15

3
P(ROU) _P(U|R)P(R) 15 4

HRIU)= P(U) RS

Shop 1

(L) =




&4
g

P n

P B  Ailine Lost luggage
4 1 L PrnlL)= ;w 5 ]| -~ 4 _ 80

(1] (H 1300

10

A /
10 IJ

] - | ) ) Pl el 4 )
L1 ‘Aﬁl‘) =65 %17 260 = 1300

L’

Figure 22H.6

L = lost luggage; = Pi Air; A = Lambda Air
Assuming that each flight has the same number of passengers,

1 xtl() 80
P(T[]L): P(LITI)]J(T!) S0 0658 R1800/% 16 0,390 (35)
P(L{m)P(m)+P(L|A)P(A) L 40 1 25~ 205 4
1055655 #4 = 65:=513()()
Raining Late
3 L PRALD=gX3=3=5
3 K 2 5
) R
3
1
3 L’
e
20 60
3
4
Figure 22H.7
R = raining; L = late
-2><-l 10
P(RIL)= P(LlR)P(R) o e _60_10_ < R
(R )_P(L|R)P(R)+P(L|R’)P(R’)_2 e e ToRE oo 20 (OS]
Xi==(=
D2 e85 SR 5 60

(8 A B

B P(AnB)=03xx=0.3x

X
03 o s
l-x B’
< 0.4 B PA'nB)=0.7x04= 028
0.7 A,<
0.6 B’

Figure 22H.8
06 22H Bayes’ t!'legrem !

St e s R e e e e et S L
R A R S R A s Yo B Y g L SR (V)



f;,(B]A)—_-x

p(B)=P(BIA)<P(AVP(B| ) xP(4')= 1 03404 X0.7=028+0.3x

P(B|A)XP(A) 0.3x
p(AlB)= PIRYE T R
0.3x+0.28 17
= . 51x=3(03x+0.28)
42x$0.84
] 0.84

B 02
L)

First game Tournament

60% T P(WnT)=50%
\ = o X 6 0/0 = 0,6
409% T

50%

20% T P(DNT)=30% x 50% = 15%
D< N
50% —~ T
100/0 T P(L M T) = 2000 X 1000 =2%
L <
T

90%
Figure 22H.9

W, Land D are the events of Lisa w inning, losing and drawing the first match, respectively.
T'is the event of Lisa winning the tournament.

P(T|D)P(D)
D|T)= ’
P(DIT) P(T|W)B(W)+P(T|D)P(D)+P(T|L)P(L)

50% x 30%

60%X50%+DO° )X 30%+10% % 20%
15

T
=31.9% (3SF)

Transport  Late
; 50% 15

50% —~ L
26% - I, P(BNAL)=

g5% o L 3
0% — I P(Cal)=%x 10%=-

, - 90%
e 22H.10




W, Band C are the events of Omar walking,

: taking the bus and cycling to schog] .
Lis the event of Omar being late, , resPethe]),v
|
P(B|L):P P(L|B)P(B) 5 B !
(LIW)P(W)+P(L|B)P(B)+P(L|C)P(C) 5006 X~ +25% X~ +10%x > 3
4 3 ) R

A 12

B
3 B P(AmBPxe:%l.
5 F TR

A
X
5 B’ P(AnB)=xx:=:r=1
e
Al
Figure 22H.11
Let P(A)=x
P(B'nA)=P(B’| A)P(A)
12
Tl
335
1RR2005
=2X=—+—=—
SIS0
3 o]
P(AmB)=P(B|A)P(A):gxg=E

Disease state Test positive

0.95 T P(DNnT)=0.0003x0.95=0.000285
0.0003 2
0.05 1
0.01 T P(D'NnT)=0.9997x0.01=0.009997
0.9997 D’
0.99 e
Figure 22H.12

D is the event that a patient has the disease;

T is the event that the patient tested positive for the disease.

% P(T|D)P(D) i 0.95x0.0003 i
P(D|T)= P(T|D)P(D)+P(T|D’)P(D’)  0.95x0.0003+0.01x0.9997




This is @ verY '?OI problem in medical fests. For a condifion fhat is ver
q lest regime hqs to be incredibly accurate 1o be reliable. As shown
here: despite @ seemingly very F_"'edidive test, the probability of a positive
i result being @ folsg positive is much more likely than it being a true
_itive, because the incidence of the disease (0.03%) is so much lower

thon the probability of an incorrect test result from a healthy patient (1%).

m Coin Flip result
B 05 H P(FNH)=05x005=0.25
F

0.5

0.5 o
0.5 :
3 1 H P(FFnH)=05x1=05
Figure 22H.13

Fis the event of picking the fair coin;
H is the event of flipping Heads.
P(H|F)P(F)

B )RR ) o ] o 7

0505
T 0.5%0.5+1%0.5
£
& =L
i 3

S
e ' g

- Short questions
@8 P(same colour)=P(R,R)+P(B,B)+P(W, W)
e R B R
=—X—+—X—+—X-—
Bey 18 17 18717
98
306
_
153
=0.320 (3SF)

<3
Ve




- a S = first language Spanish; A = Argentine
P(s]4)="E0A) _n(Sna) 12 4

PIAYE “ onTA) " o

COMMENT

A tree diagram is the clearest and fastest way fo show working in this

case, but the fyl| algebraic working is also given below,

Rain Hot /7 Cold
0.3 H P(RNH)=02x0.3 =008
0.2 g
5 c
0.6 H P(R'nH)=0.8x0.6 = (.48
3 0.8 ) :
0 R
‘ ‘ G}
*

E? Figure 22Ms.3
i R =rain; H = hot (> 25°C); C = cold (< 25°C)
P(RIH):P(RmH) 0.2x0.3 0.06 1

P(H) ~ 02x03+08%06 054 9

n a There are 5!=120 possible arrangements in total.

1
. P(CHART)=—
120

b To count the number of arrangements containing the sequence HAT, treat [/’
and arrange 3 units (C, HAT and R) in 3!=6 ways:

|
P(contains HAT)= SOE

120 20
B P(A,IB)zP(A’mB) P(A")-P(A’'NB)

P(B) P(B)
p(A’)zl_P(A)zl_ilzzT%

1S One unit

P(A’mB’):p((AuB)')zo




7
=—X—=——
20 19 95
3
= N
44+n 3+n
12 2
e -
90=(4+n)(3+n)
n2+7ﬂ—78=0
(1-6)(n+13)=0
=n=6
(asn=-13 is not a valid solution in this context)

, p(Large)=— and P(Small)= ;

From (a), P(R,R | Large) ;-4
5

From (b), P(R,R | Small) =%x il
s

9
P(R,R)=P(R,R |Large)x P(Large)+P(R,R | Small ) x P(Small)
1455 -2

2
=—X—+—Xx—
95888 51513
_us
855
=0.138

P(Largeﬁ{R,R;)
P(R,R)
-

~ d P(Large|R.R)=

2

21
59
=0.356
ge of P(X) is [0, 1]
 P(4)-P(AB)=P(A)-P(B] A)P(4)
5 =p(4)(1-P(B|4))
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P(AUB) = P(A)+P(B)- P(ACB)

Hence P(AUB) - P(ArB) = P(A) - P(AC B PLB) - PLACE)
From (b), P(A)- (A B) = P(A)(1-P(B]A))

and similarly, P(B) - P(AVB) = p(B)(1-P(A[D)

: SP(AUB)-P(ArB)= P(A)(1-P(B]A))4 P(B)(1-P(A] D))
” i The right-hand side of the equation in (1) is the sum of two products of
g non-negative values,

k. SO P(AUB)-P(ANR)20
and hence P(AUB) 2 P(AND)
n a B = badminton; F = football
.} P(BAF) = P(B)-P(BAF)= 0.3 x
E P(EAB)=1-P(B)~P(FAB)=1-03-05=0.2

) y
)
3 Figure 22ML.3.1
b P(FAB)=0.2
B .
¢ p(p|F)=LE0E)
P(F)
e
024
__: 05x+0.1=x
, = x=P(BNF)=02
4
Figure 22ML.3.2

P(BAF')=0.1

P(Bonly) 01 1
P(onesport) 01402 3

e P(Bonly|one sport) =




| ty
distributions

pxercise b

n The sum of the probabilities s equal | E(X)= z"' P(X=x)

3 Discrete probabili

A\

; 1..;.~lr+k+“-_ =] =R(2XI4+3IXA+4X54+5X6+6X7)
(B} J
3 4 110
13 )
km = 25
E " "« 44
gj Alter two rolls the total score is 4 11
& es are: i d
E cas (V)= v p(V =)
E’c | s 13 '
P(li3)= 3 ’\~ | > ) ") / 4.5 .
o 3 180 X0.24+2X034+5%0.1+8%0.1+kX%0.3
B b 21403k
2)L) " =X = =~
P( ) ) 4 4 Ib : .,.I | “:J\ (ll
195518 4 40
[JmkX~= . 5 )
BB x 2= 03 3
13 1 13 Median is the value m for which
JPIX + X, =4)= 4 [ ' =
B X; =) 180 16 180 PLV <m)=0.5
i, 149 From the distribution, this could be any
720 value in the interval {2, 5), so the median
=(),207 15 defined as the midpoint of this interval:

median = 3.5

cercise EEL) DTSN

ZP(X=x)=1 D K(3+445+6)=1
AR
1
= k(3+A+54647) | Rite ey
;.k=-ilg=o.04 b E(X)=Yx P(X=x)

=0X3Kk+1X4k+ 2% 5k + 36k
=32k



D@ Yr(xene

e Mk Ak 4 Ak =1

PG I

3 10

b I".(.\')-»Z.\' P(X =x)

"’ w I K 2 Ak A 3% 3k
i - 20k

3 &

n LX) Z\ P(X=mx)

|
(1 1ok 24 2+ 2+5) X

O
- l .q
§]

Var(X) = Yy PN =)~ (E(X))

L e

) ] . ) Al i l
b = (141042742742 458 ) x =~
O
3 39169
]
_ 05
2 30
A Y P(X=x)=1
4 =004 ptq+02+=1
8 - prq=07
: P:::().7"'q
s
E(X)= Y x P(X=x)=15
' = X014+ 1X p+2g+3x02=1.5
: p2q=09
4 5 0.7=+29=0.9
'{3 q=02
and 50 p = 0.5

.“ , e T o
D LXPOCTANON, meaian anag var T L, !
~SRSUEHGI, MIAN Qnd variance ot o discr

P(Profit=1-n)=P(a,a’,a’)+P (¢’

by

Var(X)= 3% P(X=x)~(E(X))

;uon+lxﬂﬁ+4/02+9/u2,,
&= 3,1 a 2.25 5
~ 0,85

Let X be the number of counters the

player recelyes on a roll of the die,
(2

To get an cxpcclcd profit of 3.25 CoUnters
per voll when the player pays 5 counters

per roll, require LX) "'Lx P(X =X)=8

] "yl i~15>fl Fnx 4% 3
AN 5 20 4
n
=3
20)
n = 4)

a Let a be the number that the player

chooses.
The player’s profit is equal (o his
winnings minus /.

P(Profit=3n)=P(a,a,a)

P(Profit=2n)=P(a,a,a’)+P(a.a",a)+P(a’",a,)

G0

_B-LI

.a,a’)+P(a’dal

=)

=27

64
P(Proﬁt:-n)=1_i_i_f)..7, 27
64 64 64 o4




Probability
64
27

b Let X be the player’s profit. From the
table in (),

E(X)= Y, x P(X=x)

1
=—6£(—27n+ 27-27n+18n+3n)
233
B ies

For the organiser to make a profit,
require the player’s profit to be negative:

E(X)<0
: 27-33n<0
=n>0.818
ﬁ . the minimum entrance fee is 82 cents,

: xercise

& a Ina true binomial distribution,

the probability of each ‘success’ is
independent of the other results, as
in the case of throwing a die multiple
times. However, within the school
_population there is a fixed number
of students who travel by bus, so the
experiment is equivalent to drawing
‘counters without replacement: each

.0 Let X be the number of people the doctor
sees who have the virus.

total number of students in the school
is large and the base probability of
15% is not too close to 0% or 100%,
the probabilities will not change very
much, and so a binomial distribution
will be a good approximation.

b Let X be the number of students in the
sample travelling by bus.
We approximate X ~ B(20, 0.15)

P(X =5)=0.103 (from GDC)

o 2
ja X ~ B(fl()ﬁ(), 3 )

= E(X)=4050x = = 2700

&

o

b SD(X)=/Var(X)
S
=, [4050 X ~

J X%xj

ra |

=30

Let X be the number of questions Sheila

answers correctly.

e
Var(X)=8x—x~=15
4 4

SD(X)=/Var(X)
=15

=1.22

s

d From GDC: P(X 25)=0.0273

X ~B(80,0.008)
a From GDC: P(X =2)=0.108
b From GDC: P(X 23)=0.0267

distributions 3




e :’I'-’ oy ’w‘" st Bo
5 - G

¢ Itis assumed that patients do or do m The question bas lu,‘w mrjwmh-«l to
not have the virus independently of state that Ava and Sven play i game,
cach other; in reality, if the prevalence (not x games).
nationwide is 0.8%, it is likely that (. B(n “4)
there will be geographical pockets Sttt
which have higher and lower rates than 1 3/ e\

. " 2 ‘ . ' ¢ - : ‘)A/I ‘,,( :
this, since a cold virus is contagious. a P(X=2) (04)°(0.6)
Therefore, if the doctor sees one patient ) g g
with the virus, it may be supposed that nin )~/ =X 4

' ' = ? 5 r‘u 7
the virus is prevalent in the locality, so %
the probability of secing other patients nln I)/ %3
with the virus will be higher than 0.8%. /) 5"
2n(n=1)x3""
COMMENT 57
It is also assumed that the country is an(n=1)(3Y
large enough that the doctor will not be ; 9 5 J
seeing a significant fraction of the whole '
population; an island nation of a few an(n=1)(3Y
hundred, for example, would not allow LAY (.—J 0.121
for a binomial model to be used with a J o
sample of 80, for the same reasons as —n=10 (from GDC)
outlined in Q5(a). However, given the
context of the question, this would not M) x-B
/ > 1A ~5\n, p
be the answer the examiner would be 12 (1)
looking forl E(X)=np=19.5
Var(X)=np(1-p)=6.825
) 2 E(Y)=12x04=48 6.825 .
o (1-p)===—=035
b P(Y=4)=0213 19.5
P(Y =5)=0.227 0200
o= 19.5
P(Y _6)_0.177 B A Ay
The mode is 5. 0.2
m Let X be the number of sixes in 4 throws: (B} Let X be the number of sixes rolled in
1 12 throws.
X~B| 4,—
( 6) X~B(12,p)

= P(X =3)=0.0154

12 10
P(X=2)= f(1-p
Let Y be the number of fives or sixes in ( ) ( 2 ]p (1=p)
6 throws: Y ~ 5(6, l) =0283
3 From GDC: p = 0.14 or 0.20 (2DP)
= P(Y =5)=0.0165

So rolling 5 fives or sixes in 6 throws is the
more probable event.

ek -~ gl g




v : \‘P‘ 3l . ) 4
a1 Pt SN

e,
!

=12 u o X be the number of shooting stars
Seen in an hoyr, then -
-2 -
'—'"P(l _P)" 2 X ~Po(12)
| 4 1
(I‘P)"'fz“:S P(X>20)=1-P0(X520) 3
b =1-0.9884 3
i =0.0116 e
2 _ 18 B ‘Let X,f be the number of white blood cells
n=12+ i In 7 high power fields.
3 . X" ~ p0(4n) ..
j',».', : HB 4'p)
= J.:;\x ( ) a Xl % po( 4) 4
- pt =0.077175 » X, ~Po(24)
- P(X, =28)=0.0548
From GDC, p=0.560 or 0,89 E
+ Let X, be the number of seeds falling on
.‘Lf;?("B(“:P) an area of nem?, p
b 4 2 96 2m* =20000cm? .
2 cm
b B l-‘ ) v e P
(x=2) (2]1’( Ihes | :
X_um(;u = p()(bO OO()) 38
(1 ))z"ﬁ"“"‘16 150000
(P( il 625 625 =X~ P(,[ 20606) =Po(2.5) 75 .
—P) = 5-5- X, ~Po(25) L
I =E(X,)=25
=== 0r — i
P(X, =0)= % =00821
Let X, be the number of flaws in # metres
of wire.
: X, ~Po(18)
! a P(X,=1)=18¢"=0298 b
is the number of events in b X, ~Po(3.6)
ace of one unit then the number of ! P(X, 21)=1-P(X, =0)
| space of n units will have a | A2
iy l_e—}(t
eason, it can be convenientfo & =1-0.0273
pt to indicate the number of | — 0973

the distribution perfains.
) then X, ~Po(nA) and the



3 Fa

- B x-po()

s
o
¥ S
L

43

e

R

a From GDC: P(X<5)=0616
b P(3<X$5)=P(XSS)—P(.\'S3)
=0.616-0.265
=0.351
< P(X¢4)=1—P(X=4)
=1-0.175
=0.825
d PB<Xx<5| x<5)

Let X, be the number of people arriving
over the course of n minutes.

X, ~Po(14)
AR ~Po(%)=Po(3.5)
P(X,,=4)=0.189
b P(X,>12] X, <15)
_ P(12< X, <15)
S P (Eris)
_ P(X,,<14)-P(X,<12)
5 P(X,, <14)

~ 0.570-0.358

0.570
=0.372

@ Let X be the number of eagles observed in

the forest in one day.

X ~Po(14)

a P(X>3)=1-P(X<3)
=1-0.9463
=(,0537

gL LWed L . - A . N <

m X ~Po(m)
a P(X21)=1-P(X=0)
—1-e™=04
=sern—06

~.m==In(0.6)=0.5111s the mean of th,
distribution.

b P(X>2)=1-P(X<1)
=1-0.9065
=0.0935

@ X ~Po(m)

3
m -m
a P(X-B)—?e
Plx=3)sfi T s
Lol )
3 2
m m
So—=—4+mtl
6 2

=m’ -3m’—6m—6=0

From GDC: m=4.5914 (4D!

b P(2<X <4)=P(X <3)-P(X<1)
=0.327-0.0567

=0.270

® x- Po(m)

P(X>2)=1-P(X <2)

=1- m—+m+l le ™ =03
2

= (%+m+l]e‘"’ =0.7




» 2 meGDC,m=l.9l38

_po(6). W ~ Po(42)

@’
%}:A A P(D=6)=0161
| p(w=42)=00614

b (P(D=6))7 =(0.161) =2.76x10°°

¢ Receiving exactly 6 emails each day
;s only one of many possible ways to
receive 42 in total over the week, and
so accounts for only a small fraction
of the probability. For example,
receiving 5 one day, 7 another day and
6 on each of the other five days has
probability P, xP(D=5)xP(D=7)
x (P(D = 6))° = 0.0000993 which is
36 times the probability of receiving
exactly 6 every day.

Let X be the number of mistakes the

teacher makes in marking one piece of

homework.

X ~Po(1.6)

a P(X22)=1-P(X<1)
=1-0.525
=0475

1.6° s

b P(X=k)'—"—kT€

=1—I'(§P(X:k—1) fork>1

1.6
The ratio 78 is greater than 1 until

k>1.6, so the probabilities P(X = k)
increase until k=1and then decrease.

.. the most likely result is X =1.

Let Y be the number of pupils in a class
“of 12 who have at least one error.

Y~B(12,P(X 21))

COMMENT

Be alert for questions which use the
result of one distribution to provide the
probability for another distribution, most
often binomial. Always clearly define
your new distribution, using a different
letter, to keep your working clear.

P(X>1)=1-P(X=0)
=1-0.202
=0.798
.Y ~B(12,0.798)
P(Y <6)=P(Y £5)=0.00413
Let X be the number of requests received
for one day.

X ~Po(1.3)

b P(X>2)=1-P(X<2)
=1-0.857
=(.143
- Let Y be the number of limousines in

use each day.

fﬂx.&w&rmcwﬁxm
B TABLE 23D.16
s o e RS )l 8 S

| i P(Y = y)
4" '—_—V ‘—_{— B
' | P(X=0)=0.273

1 , P(X=1)=0.354

Let p be the probability that a limousine is
used on a particular day.

1
P:p(y:z)+5P(Y:1)=0.550

The expected number of days in use out of
36515 365p = 2009 = 201




Let X be the number of copies requested

cach week.

X ~Po(3.2)

a P(X>4)=1-P(X <4)
=1-0.781
=0.219

b Let Y be the number of books sold
each week.,

TABLE 23D.17

Y P(Y=y)
P(X =0)=0.0408

P(X=1)=0.130

P(X =2)=0.209

P(X =3)=0.223

P(X = 4)=0.397

P(X24)=1-P(X<3)
=1-0.603
=0.397

From the table, the most likely number
sold each week is 4.

[ E(Y)=0x0.0408+1><0.130+2><0.209+
3%0.223+4x0.397
=281

d Let n be the least number ordered by
the shop each week.

Require that P(X <n)>98%
From calculator:
P(X £5)=89.5%
P(X £6)=95.5%
P(X <7)=98.3%

Therefore the shop should order 7
copies each week in order to satisfy
demand at least 98% of the time.

‘.U,c"> ‘
rT L .
’

P(X=0)+P(X=1)=(1+A)e

If these probabilities are equal, thep

12-21-2=0

+
2._'\/24+f§_:]i\/§

Since A >0, it follows that A =1+/3 i the
only solution.

@ v ~Po(A)

peis
{ el
)/.
A
=P(Y=y+2)= e
=, )(y+2)!
A
(y+2)(y+1)y!"
-—..__u-jf p(
_(y+2)‘lr 1) =y
b With 1 =62,
P(Y=y+2)=P(Y=y)
72
:>-—'——_'_'p Y:',’w _) =y
(y+2)(y+l)( HE)
P
(y+2)(y+1)
¥y +3y-70=0

(y+10)(y=7)=0

o y = 7 (rejeCt negﬂ“\’;’ g.:l:"\:ion)
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oy wise lo define your random
| ,oriable clearly ot the start of question,
B _ecially in situations such as Q2

may want fo consider the |oss
ﬁ::‘rjexpliciﬂy rather than just the

: of a die roll, or Q& where you
ill use one distribution result to inform a

* R pefining your variable at the start of

" B working makes the calculations clear 1o

" B fe reader, whether that is the examiner
-~} or yourself, when checking your answer.

B Let X be the number of defective bottles
' in a sample of 20.

~ p(x21)=1-P(X=0)
=1-0.985"
=26.1%

.' :" Let X be the expected loss on each play;
X =10—(value on die)

(X=X x P(X=x)

PN
=10_(1xl+5x1+10x—+—'
2 5 >

5 10}

13 N

2210
Require E(X)=1

X ~B(12,04)

a E(X)=12x04=4.8 balls

b Var(X)=12x04x06=2.88
P(X <2.88)=P(X <2)
=0.0834

Let X be the number of calls answered in
a day.

a P(X>40)=1-P(X <£40)
=1-0.825
=0.175
P{X>35)=1-P(X £35)
=1-0.545
=0.455
The probability of more than
35 calls every day for 5 days is
(P(X >35)) =0455° =0.0195
Let X be the number of times Robyn hits
the target in 8 attempts.
X ~B(8,0.6)
+ From GDC: P(X =4)=0.232
P(Fails to qualify) = P(X <6)
=0.894 (from GDQC)
P{Miss, Miss, Hit) = 0.4 x 0.4 X 0.6
=0.096
Let X be the number of rainy days in
August in Bangalore.
Assuming independence between days,
X ~Po(11)
a From GDC:
P(X <7)=P(X £6)=0.0786
b Let Y be the number of years out of 10

in which there are fewer than 7 rainy
days in August.

23 Discrete probability distributior
SRR LS "'!5*’* A L




Again, assuming independence
between years, Y ~ B(10, P(X < 7))

= P(Y =5)=0.000502

Let X be the number of defective bulbs in
a pack of 6,

X ~B(6, 0.005)

a P(X21)=1—P(X=0)
=1-(0.995)°
=0.0296

b Let Y be the number of packs in a

sample of 20 that contain at least one
defective bulb.

Y ~B(20, P(X 21))

= P(Y >4)=0.000244 = 0.0244%
(from GDCQ)

a a X ~Po(m)
P(X=0)=e"=0.305
= m=-In(0.305)=1.19
b Y ~Po(k)
P(Y=1)=ke*=02
From GDC: k = 0.259 or 2.54

¢ W~Po(A)
P(W=w+1)=P(W=w)
A.WH _A=A‘W N

e e
(w+1)! w!

AN St A
—e = (&
(w+1)w! w!

L

w+1

A=w+l

>w=A-1

a Let X be the number of sixes from » rolls;
then

1
Bl
X (n 6)

= N(SOT%Iﬂ:’)
2X6

: Sn»l
Require that
2X

From GDC,n=15
1
b x-a(1s)
6
:P(X=2):0.273

@ ‘More than five rolls needed to ro]] two
sixes’ is equivalent to ‘Fewer than two
sixes in five rolls’

Let X be the number of sixes in five rolls,

X ~B(S,l)
6

~P(X <£1)=0.804

Long questions

@ Let Y be the number of vellow ribbons in
the sample of 10.

Y~B(10,l]
-
1

a E(Y)=10x—=25

-
b P(Y=6)=0.0162 (from GDC
¢ P(Y 22)=0.756 (from GDC)

d Expect the mode to be close to the
mean for a binomial distribution.

From GDC;:




Cp(y 1)« 188%
1 p(yY = 2)= 28.2%
p(Y = 3)= 25.0%
p(Y = 4)= 14.6%
prom the above, the mode is 2.

X, l’u( 20], X 4)(,(_‘2_0)
i 24

P(X, =0)xP(X, >0)=P(X, =0)x(1-P(X, =0))
=0.0821x(1-0.435)

=0.0464
¢ Have assumed that P(yellow) = 0.25 i

constant, ¢ X,.., ~Po(140)

Expected volume of water in a week
=12000xE(X,,,,)

| using @ binomial distribution, we =12000x140
assume that each choice is independent
of the previous one - that is, the
1 srobability of drawing yellow is the same
 each time. Since we are told that the bag |
- § contains a very large number of ribbons. &
this is approximately true - P(yellow) does
not change much, because even after -
removing 50V9f0| fibbons, "‘_“ proportion ﬁ’ Let Y be the number of hours in the
Jof the remaining rnbbons which are 4 8-hour period in which there is at least
| yellow stays approximately one-quarior. one eruption.

. ik f.'p.":‘; ) : R
Y ~B(8, 0.565)

=1.68x10" litres

Probability of at least one eruption in

an hour:

P(X,>0)=1-P(X, =0)
=1-0435=0.565

Let X. be the nlll“bel' Oft‘l'l!pli(n‘,\‘ mn {\“ > h)“ ™ I‘U SS)

~hours.
X, ~Po(20)

=1-0.753

=0.247

P(X, =1nX, 21)

. 20
X, ~ PO( -Z-‘I)

P(X, =1)=0.362

P(X, =1]X, 21)=

R Xn "‘PO(ZO)
CaP(X,, >22)=1-P(X <22)
=1-0.721

=0.279

20
Los ~Po| —
e (48)

e » £3 Let X be the number of students who
(X” &) =065 - forget to do homework.
st eruption of the day between a X ~B(12,0.05)
m.and 4a.m’ is equivalent to P(X21)=1-P(X =0)
 eruptions in 3 hours and then at P

one eruption in one hour’ =1-0.540

i =0.460
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b X ~B(n,0.05)
P(X21)=1-P(X =0)
=1-0.95"
¢ Require 1-0.95" 20.8
0.95" <0.2
e log0.2
log0.95
—nz=314

The smallest number of students under

this requirement is 32.

COMMENT
Remember that log0.95<0, so the

inequality is reversed when dividing

Bt
=| — » -
6 6

iii Anna wins on her nth throw if 4-
then B’ is repeated (n—1) times =
followed by A:
P(A,)=(P(A")xP(B))" %P(4)

5 \ An-1) 1

0

Il

In-2

=

62'1—!

b For Anna to win, either Anna wing
immediately, or Anna fails then Brigid
fails and then the game effectively
starts again.

1l

- DS
through by it. i ltt
S P 6 36 P
11 |
u Let A be the event that Anna throws a g Pee
: i 36 6
six and B be the event that Brigid throws 6
iX. - = —
a six p =
Let A, be the event that Anna wins on her : &
nth throw and B, be the event that Brigid ~P(B)=1-p= 11
wins on her nth throw. _
d Let X be the number of times out of six
a i Brigid wins on her first throw if A’ that Anna wins.
then B: 6
’ X ~B| 6, —
P(B,)=P(A’)xP(B) ( ”J
Sl P(X >3)=1-P(X <3)
050 =1-0.568
= i =();439,
36 .
5 B faccidents i
ii Anna wins on her second throw if § Let X, be the number of ac sy
, , weeks.
A’ then B’ then A:
X, ~Po(2)
i) ’ [/
P(A,)=P(A")xP(B')%xP(A) X ~Po(2n)

a i X,~Po(8)

P(X,28)=1-P(X, <7)
=1-0453
=0.547




Ao s

. the number : : . :
i Let Y be er of four-week periods out of 13 in which at least eight serious
accidents occur.

y ~B(13.P(X, 28))

p(Y>9)=1—P(YS9)
=1-0.9106
=0.0894

4
...‘
.
i i
8
s 238
ph
&
’?'c’.

for i d

b P(X, >1)>0.99
_,P(X,=0)<001
X, ~Po (21)
e <001
_on<In(0.01)

N

: ‘*"“ o :‘w.; T

AT
e e

MR

n)—:l)jln(IOO)

n>2.30
So the least such n is 3.

[T

R R Y G e T S R R

TABLE 23ML.G.1

Let A be Aleric’s score.

N TABLE 23ML.G.2




P(A=9)= 2 _]

36 9
i Let Bbe Bala’s score.

The scores of Aleric and Bala are independent events with the same dist

.-.P(A=9m3=9)=(é)zzi

81
P(A=B)=Z(P(X:x))2

ributiop,

T (12+22+32+42+52+62+52+42+32+22+12)

=

648
=0.113

[ By symmetry, P(A>B)=P(B> A)

~P(A> B)=%(1—P(A =B))
=0.444

The number shown on each die has the same uniform distribution.
P(X < x)=P(Roll < x four times)

=(P(Roll < x))*

i P(X=x)=P(X<x)-P(X<x-1)

x (x-1)

6 6

X




i B(X)= D, x P(X =x)

B i‘z")'b(])(l'Fz)(]S'i-‘.,’XﬁS-‘ 4X]75+'5X3()9+6X67])

ﬂ Let A be the number of mistakes Adele males in a letter and B be the number of mistakes
Bozena makes in a letter,

A~Po(2.5), B~Po(4.1)

P(A=3)=0214
ii p(B 3)=0.190
(

b i P(3 mistakes) 'l’("imlstdku|/\ddc)l’(/\dclc) +I’(3mxstaktslBn/cna)P(BOIena)
=0.214%80%+0.,190 % 20%
=1(.209

l )
il P(Adele|3 mistakes )= (3 ke A_ddc_)_} (ﬁ({g’lc)

P(3 mistakes)
0.214 x80%

0.209
=0.818

TABLE 23ML.7 Cases for o total of three mistakes

PlA=n) |PB=3-n) |PA=n)xP(B=3-n) ||
0.0821 0.190 0.0156

0.205 0.139 0.0286
0.257 0.0679 0.0174

0.214 0.0166 0.00354

0.0652

0.0174+0.00354

0.0652
=0.322

P(A>B|A+B=3)=




Continuous
distributions

Exercise 3 Qr=b-a whe:e |
B O Lrwu=[lw [ sa)an=[ sdx=
{kg' }“ I‘i~f(-t)dx:.[l;'seczxdx'

; : =[tanx],
kn' 1
Ty =tana=—
3 4
o
4 : =>a=arctan| —
4 3 4
& A 3 ARy g
=9 k= =0.0968 (3SF) J.b f(x)dx= I sec” x dx
n
W3, =[tanx]}"
b PlG< ;.j ¢'dyg
0

1
=l—tanb=—
4

{ ,

7

E ool i 3
[ n' l =b= arctan(—i)

| 3 1

& = - ~ IQR =arctan| — |—arctan| — |=0.399
s 27 4 4
Expected number out of 10000 is

E I

8 10000 x — = 370 (to the nearest intege

AR D e naarcet integer) COMMENT

Note that you could express this value
exactly, and are expected to be able o
do so in a non<alculator question:

tan(IQR) = Ion[ordon( %] - crcton( -l ] }

3—
4

P(Y>z)=j”3c Y dy
ol ]

8,
19

8
- IQR = arctan| —
arc on( ‘9)




A

: a Assuming b2land b’ <,
, "
peeX<bl)s [ “dved

[Inx ]: <k
Inb' ~Inb = K
Inb =k

N b= l“

b Assuming that 2=a>1and 244 <¢
P(2-a<XsS2+a)= J‘m l dy =k
a4 X
[y’ =k
In(2+a)=In(2-a)= k

ln[Zm)_k

2~-a
2+a
o 2
2-a

24a=(2-a)e"

k
u(c 1 l): e 3

c" |
La=2
‘ ¢t +1
xn Lj'(x)dx-—-L e“dx
B P L
§£~ _ —[c ]k
i 2k I
B =e e’ =]
e
— ...e2k_ek_l=0
. 1EVIP+4 1445
=e'= =
2 2
(choose positive root since ¢* > 0)
k)
P(X>—2—)-J'ML dx
L
=[e* ]
= etk gt
2 32
[14V5) (1445
) 2

=0.560

Exercise B2
n a E(X)» J Af(v)dy

J.(;.t X 2':)(4.\’ : .\")d‘.\

3 p
Putosa
2070
11
3 x'
\C
20 5
()
3 32
16
20 5
144
b For alocal maximum of
3 . dy
) (-h A '), (0;
20 da
RE
( ‘\ ) ()
20)
8
x =0 or
!
3 0
V { 1x" —x ) is a negative cubic,
' 20) )
s0 (the double root) x -~ 0is a
o 8 ,
mintmuom and x 15 4 maximum.
y

However, the latter is outside the
interval 0, 2] where the pdf f(x)

IS NON-Zero,

‘Therefore the maximum of [ (x) occurs
at x = 2; that is, the mode is 2.

a l=| f(b)db

Il

ab’ db

I
f\

iiub' J“’
3 3

_1000a  27a

i

gl
973

- 44 Continuous.




L s S S

b E(B)= " bf(b)db COMMENT
; AV
= J;()ab3db We can askiert that yll_rl()’e )- 0, since
R the ratio e—x~ tends to infinity as x — o
:[T} The formal proof can be accomplished
3 using any one of several methods, some
(10000 81 of which (such as I'Hépital’s rule) are
T A g covered in the Calculus option, and in
9919 3 another context you may be expected 1o
e AL ool offer such a proof. In this question that
4= 2973 particular detail is nof being explicitly
_ 29757 tested, so you need not offer any further
3892 reasoning.
=7.65 (3SF)

& a Forfto bea pdf, require f(y)20 for (-
all y and that the integral across all real B a 1= ,L,f(}’) dy
y equals 1.

For k>0, it is true that ke ™ >0 for all :
real y, since e* >0 for all values of x. {aﬁ }
K

() dy=] ke dy

s ak’ ak’
-] s

=0—(-1)

=i :gak3
. f () fulfils the criteria to be a pdf. = 33
2k
~ 2 7 = e ~ky oo e 2
b EW)=[_y()dy=], by dy b Var(¥)=[ y*f(y)dy-|] ()ff()’)d)')

Integrating by parts, set:

dy
. dv du 2ak’
fu—-dyzuv—J v—dy = 0>
y dy 5
B(Y)=[-ye™ ] +[ e dy o
: % S0k
s el 3k’
orv-Leo] =
1 1
=(0-0)—| 0-= |==
o)




(Pick positive root only, since
_k<y< k makes no sense as an interval

First, note that since we are told f(x) s
a pdf, we know that

j:f(x)dx= J:—\/—;—;e
Calculating E(X):
p(x)=[_¥f(x)dx

xz

2 dx

P

2ok

ORI
=j B
/2T
2 2

AL 0 3
(5 dxﬂ—f A e 8 e
s \/ZTT

© X
=], 7
Perform two substitutions.
In the first integral, take x = u, which just
replaces the letter x with the letter u.
In the second integral, take x = —1,
so that dx = —du. Then

it ¥ 1

ol Sor x=0 = /1 o Loy
E(X)=IO \/—E .""_—‘3"72‘—;;:6 “du

2 du

2

u=0 Yy -

o u ——
ZI ——e¢ * du+ —[_:e
0 usx \/27[

J2n

u2 u
-] u —_— oo lt —te
Sl g du—J' e a2y
J.O ,/21[ 0 \/571
(since reversing the limits of au
integral reverses its sign)

=0

~ Alternatively, this result can be argued
directly:

By the symmetry of the function about
0, it follows that E(X)=0.

COMMENT

Your teacher may be concerned that the
above is not rigorous, but at the level of
mathematical knowledge required by the
International Baccalaureate it is perfectly
adequate. Properly, you should actually
calculate one of the integrals, which you

can do using a substitution t = 92—. and

| show that it is finite (the integral result

du
u=x=o>—=1
dx
dv g e x -
—=—T—¢ ! mv=|———e 2 dx
d){ V2T \/ZTI
e
MR 5
\/27r
dv ¢ du
Ju—-—d,\;:uv—~ | v—dx
dx ax
2 .17 x.z e
o o ¥, oy

As in question 5 of this exercise, you
need to assert that x multiplied by a
negative exponential of x tends to zero

as x tends fo infinity.




; © P(D <2420 D >256)
Exerci - :
NSl 24C =1-P(242< D < 256)
n Let X be the life of battery of this brand; =1-P(D<256)+ P(D < 242)
then X ~ N(16, 5° ). x=102 5 3
. ol =1-0.618+0.345
- X s
a TR T = = - —
22 : 1.16 standard = (07,

deviations below the mean

b P(X<102)= P(Z <-1.16)
=0.123 (from GDC)

3 Q~N(4,160)
a P(|Q>5)=1-P(-5<Q<5)

:l—p(QSS)'f‘P(Q(‘S)
a Let X be the length of one of Ali’s jumps; =1-0.532+0.238

then X ~ N(5.2, 0.73) =0.707 (from GDC)

a p S X o _— Y — Q> )(‘) Q >5
(5<X <55)=P(X <55)- P(x <5) (Q>5IIQI>5) P(Q> | ,’M
=0.666—0.388 ~ p(lQ >5)
=0.278 (from GDC) P(Q>5)
b i P(X>6)=0.127 (from GDC) P(lQ>5)
1-0.532
ii P(Qualif)’)=1—P(Fail three times) i O(;g;’)

-(P(X <6))’

=0.663 ( from GDC)
=0.334 (from GDCQ)

24| Let X be the weight of an apple;
. Let X be the weight of a cat of this breed; then X ~ N(ISO 05 )
then X ~ N(16, 4°)

a P(120<X<170):P(X<170)
P(X>13) 0.773 (from GDC)

—-P(X < 120)

- expected number in a sample of 2000

is 0.773x 2000 = 1547 G 88- 0115

=0.673 (from GD
D ~N(250, 20?) Sy
b Let Y be the number of mec lium apples
a P(265<D<280)=P(D < 280)-P(D < 265) in a bag of 10; then Y ~ B(10. 0. 673)
=0.933-0.773 From GDC: P(Y >8)=0314

=0.160 (from GDC)

b0 Let X be the wmgspan of a pigeon; then

b P(D>265|D<280)= RSy Dis80) S )
P(D <280) a From GDC: P(X >50)=0.952
0.160 P(X >55n X >50)
e b P(X>55|X>50)=
0.933 ( | ) P(X >50
P(X >50)
_0.798
0.952
=0.838 (from GDC)
4 al distribution




et X be the width of a grain of sand;
then e N(Z, 0'5-)

a From GDC: P(X >15)= 84

b

D » e
p(X>15]X <25)=2L5<X <25)

P(X<25)
P(X <2.5)-P(X < 1.5)

P oy

_0.841-0.159
0.841

=0.811 (from GDCQ)
Let X be the amount of paracetamol in g
mmmﬂmnX~Nth1&V)
P(X <300)=0.106 (from GD()
Let Y be the number of people in the sample
of 20 who get a less than effective dose.,
y ~B(20, 0.106)
= P(Y 22)=0.640 (from GDC)

X~N(70,07)
P(X<50')=P(Z<

50—76\

/

(0}
(Z<-2)=0.0228

P
@ x-N(u.0?)
P(X <x)=k
By symmetry about /1,
P(X<u+a)=P(X>pu—a)
P(X <2u-x)=P(X <pu+(p—x))
=P(X2p-(u-x))
by the symmetry argument above
=P(X2x)=1-k

Exercise

n Let X be the score in an 1Q test;
then X ~ N(lOO, 202)
P( X> X) =2%
= P(X <x)=0.98
= x =141 (from GDC)

3

=0 Let X be the mass of a rabbit; then
X ~N(26,12?)

P(X > x)=20%
=P(X<x)=038
= x=3.61kg (from GDC)

Let X be the diameter of a bolt; then
X ~N(pu, 0.02?)

P(X>2)=6%
= P(X £2)=0.94

Phsi b
:>——-—/~ =@ '(().94): 1.55 (from GDQC)
0.02

= U=2-1.55%0.02=197cm

i Let G be the diameter of a grain of sand
from Playa Gauss.
G~N(u,, of’;.)

P(G<1)=0.3

A G (0.3)=-0.524

O-(,'
= U, =1+0.5240, ...(1)
P(G<2)=09

2=1:

~—L=0"(09)=1.28
G(J

= U =2~1.28C, © S
Substituting (2) into (1):

2-1.280, =1+0.5240
1810, =1
= 0, =0.554 mm

Sl =129 mm



e ' ™

b Let Fbe the diameter of a grain of sand m If X ~ N(”' UZJ’ then (from GDC)
from Playa Fermat.

F~N(u;,c7§) P(p—30<X<;1+3o)=<b./3,‘¢{‘3)

=0.99865-0,0915.
7

P(F<2)=038 Ak
:2_‘[1F _(D_} =049 729/

5. -0 (08)=03842 99.73%

O

:“F=2_0'8420F ...(1) ;
P(F <1)=80%x40%=032 CONRE Y

1—u, This assumes that the range is centred e
s —=07(0.32)=-0.468 the mean, which, while no 1 ecessarily

F

the case, is a valid approximation

= U =1+04680, ...(2)
Substituting (2) into (1):

m Let X be the measured temperatyre.

1+0.4680, = 2-0.8420,
X~N(u o?)

1310, =1
=0, =0.764 mm P(X<p-4)=0.36
Uy =136 mm
Ll
:»(”—)-‘iﬂb’*m.ze 0.358
a Let X be the voltage of a battery. O
X~N(92-1,08?) @ eal %0
4
P(X<7)=0.1 Ty
N 7—(9.2—t) — &7 (0.1)=-128 . standard deviation is 11.2°C
0.8 S
Foh ook m a Normal distribution is viimetrical
1'17 : ; about the mean, so mediin = mean,
et t—12
median
Estimated time of use of the batteries is o fean =1
1.17 hours, or 70.5 minutes,
2
a Let X be the time a student takes to b X~ N(,u,o )

complete the test; then X ~ N(32, 62) O (0.75)=0.674
a From GDC: P(X <35)=0.691 ®(0.25)=-0.674
b P(X<)=09 ~IQR =0.6740 ~(-0.6740 ) =1.350

=t =39.7 minutes (39 minutes and Hence — = ol =(0.741

41 seconds) IQR

¢ P(X<30)=0.369
Let Y be the number of the § students
who completed the test in less than
30 minutes.
Y ~B(8,0.369)

= P(Y =2)=0.240

opic 24D Inve al distributi




m 7~N(0, 1)

Let a=® " (x),sothat P(Z <g)= »

@ If U'is a uniform continuous distribution
over [0, 1], then it has pdf

Then P(Z>a)=1-x £(u) I uelo,1]
r u)= 2
put P(Z>a)=P(Z <-a), by the 0 otherwise
symmetry about 0 as shown in the 50 th -
diagram: 0 at P(U<u)=ufor0<usl.
[o transform U to a normal X ~ N(u, 0‘2),
Z ~N(0,1) take X = i+ @' (U); then
\ P(X<x)=P(u+c®(U)<x)
- e ¢ 0 (u)< X4
P y ./"“.; ~ — X.—ILI
—-a 0 a AT _P(U<¢(~E*)J
Figure 24D.13 Symmetry of standard x—
ph . . e q) e
normal distribution ( > )
P(Z<~-a)=1-x
) e i
Bl x)=-a Mixed exarmination practice 24
Soq)dl(x)“*'(b ](]“X): U Jv( '{() ’-'() g BT
,‘;i‘.-,(,‘ { (,i{?v SUIO
m Let X be the breaking force for a chain o] Erita
IN a 1= (x)d
link (kN). ~ i
X~N(20,67) = [ k=2xdx
a Let p be the probability of one link : o
breaking under a force of 18 kN, == |
so p=P(X <18) =k~1
Then the probab]ll(yoi a 4-link chain k=2
breaking is 1-(1-p)’ :
l—(l—p) =0.3 \/ur(X)er x’ f(x)dx— (J xf(x )dx)-

(1-p)' =07

| 2 ! £
_:.J.lz,\" —2x’d;<—( 2x—2x2dx)
( 0

1-p=0915
p=0.0853 T s
| 1820 T|3% 05T leleee
bP(X<18)=<D( ):u.()853 0o\ 3 4
2 % 2\
(2
—ﬁ-:cb"’(o.osss)=—1.37

- 0 =146 kN



P 8

Let X be the test score of a student.
X ~N(62,12?)

a From GDC: P(X > 80)=0.0668 = 6.68%

b P(X>x)=509
=Xx=62

(since the normal distribution is
Symmetrical about the mean)

"+ the lowest score achieved by a
student in the top 50% is 62.

Let X be an estimate of the angle
(in degrees).

X~N(u, 0?)
16

P(X <25)=—"=0,08
200

25—
= ———=0"(0.08)=-1.405
(0}
= U=25+14050 ...(1)
P(X>35)=—2 _
200
= P(X <35)=0.79
=2H_ 5(079)=0806
(o)

= =852 0180608 (2)
Substituting (2) into (1):
35—-0.8060 = 25+1.4050
22 O=5()

L0 =4.52°

and hence y=314°

1=J:f(x)dx

= jsax+b dx
1
5 5
=[ai+bx]
2 1
=(§a+5b)—(3+b)
2 2

=12a+4b

5
=J ax* +bx dx
|
ax’ bt |
=| —4—
3 2
25 \
=(Ea+—bj—(£{+[zJ
3 2 05D
124

=—a+12b
3

124
:Ta+3(l—]2a)

1
=3+—6a
3
16 1
E(X)=35:>—a:_
3 2
S.a=—and bzl_g,a:,.
32 4 )

Let X be the height of a dog of this breed;
then X ~N(0.7, 0.05)

From GDC: P(X >0.75)=0.412

COMMENT

Remember fo use the full value from your
caleulator in further calculation, rather

than the 3SF value you may write in
working.

Let Y be the number of dogs in a sample
of 6 with height greater than 0.75m; then

Y ~B(6,0.412)

COMMENT

Always use a different letter for each
variable to keep your working clear.

From GDC: P(Y = 4)=0.149




’ a 7~ N 0 1 is symmetrical about the
meanO
'.'p(Z<Z)=¢)(Z)=P(Z>_Z)

=I-P(Z<—Z)
EP(Z<—2)=1-D(2) ..(*)
p(|Z|<k)=P(—k<Z<k)
=P(Z<k)-P(Z <-k)
=®(k)-(1-®(k)) by (*)
=20(k)-

Long questions
n 2 1=J:f(x)dx

=jo>5ax2—ax3dx
[sar _ax']
s o |

)

5% 5"
=ql ———

54
==
12
2 10
—g=—=——=00192
5% 625

b E(X)=[ #f (x)dx

1l
—
[\
SR,
DN VS
=

d LetY ~N(4,07)

Var(X)= [ x* f(x) dx~(E(X))’
= J’O] Sax* —ax’dx—9

el T 5
S5ax°  ax®
-9

E(Y)=E(X)=>u=3
P(Y >4)=P(X >4)=0.1808
- P(Y <4)=0.8192

A7H _91(0.8192)




1= [ f(x)dx
J’j0~kc" dx

l ex ~ ch "j’
; L

’ (‘-“"C;)>-(U~'-I)

: ¢
e~¢ +1

¢ E(X): J o (x)dx

J
»ch—»xc’ dx

0

. 2 ’ J
cx’
- - J xe" dx
2 v
- ]

e J
= - -~J xe’ dx
PAREL

Integrating by parts, set:

Y=x = d“"l
”/dx

me' Dy=e

fug—;dxzuwjv gi‘dx

I I 1
xe' dx = [xc’ ]” - L ¢ dx
]

cecfe]
=e~(e~1)
=

»,-:,~ T i
€
s T WS 1
SOE(X)=——1
-
/
-~
r
H v " iy iy -
e A -

ex [
=} 31— x
2 v
4o P -
e 2™ -
gy
Integrating by part
3 ds
w=x =p——=21
dx
dv
—=¢ =Vv=€
[w—ds=wv—[v-
v ':/C -
(z's dx=|x"e
J, L ]
— L —
!
(using the result | xe
obtained above)
Ciioa Ao P
SoVar(X)=—-——-
3 4
e i PR
1
A
d 6 months = — year
2
V‘ ){/- J
=|ex—e

1l

|}




o Let y be the number of batteries out of

three which have failed at the end of
six months.

y ~B(3,1-0.290)=B(3,0.710)

b i The median m is defined by
P(X <m)=0.5:

1 m
5=ch(x)dx

- 24=16m"-m"
mi—16m*+24=0

|2
3
B

ii The above equation is a quadratic in
m’, with solutions

+4/16” -
m2=16_\/162 SO
Require m e[O, 2], o =8 NID
d hence m= 8— 2410

¢ The mode q is such that f(x)Sf(q)
for all x.
For stationary points of f(x):
e
x)==——x*=0
)= Rro
8

Xi=—
3

= \/'g (for x €0, 2])

Compare value of f at stationary point
and end points:

f[ \@ ] =0.726

_f(0>=0
f(2)=—=0.667

1
( / ] is the greatest, so mode is\/g
3

Let X (Pesos) be the monthly salary in
Argentina,
X ~N(1500, 6°)

o

t\JO'

J‘f'ﬂ-—]

a P(X>2000)=0.3
— P(X <2000)=0.7

2000-1500 _ i (07)=0524
(0}

500
0= =953 Pesos

0.524

=

b P(X >3000)=1-P(X <3000)
3000 -
:1—4)[ 00 1500)
(o2
=0.0578



¢ P(X>3000|x » 2000) PA2000r X > 2000)
P(X = 2000)
PLX > 3000)
POX > 2000)
1= P(X < 3000)

0.3

0.19%
d Lety be

aGmonth.
Y ~B(3,07)

the number of people in a random sample of three who earn

P(Y 22)=1-Pp(Y . 1)
| “..‘lh

0.784

¢ The distribution ol salaries is like

ly to be skewed rather than symn
will be

a small proportion of workers with very high sal

aries, while
lu\\' .\dLlru's.

Moreover, if the normal model is used, the data here would suggest |
. 1500 "
P(X<0)=0| -2 |, 2.78%, i.e. around 6% of the population we
\ a

negative salaries!




75

gxercise
n u, = 2)(3"—l

proposition: S, = Y, =3 -1

r=1

Base case
Fornzlz Sl=u1:2=3l'—1

. the proposition is true for n = 1.

Inductive ste

Assume the statement is true for n = k;
: k
thatis, S, =3 —1
Working towards: S,,, =3""' -1
Sjr = Skt i
=3t —1+2x3"
(using the formulae for S, and u,,,)
=3x3" -1
— 3k+1 _1

‘ So if the statement is true for n = k then it
B is also true for n=k+1.

The proposition is true for n=1, and if

true for n=k it is also true for n=k+1.
Therefore the proposition is true for all
neZ' by the principle of mathematical
induction.

n(n+1)(2n+1)
6

Proposition: § Eu =

r=1

Mathematical
Induction

Base case

1(2)(3)
6

. the proposition is true for n = 1.

Forn=1:§ =u =1=

Inductive step

Assume the statement is true for n=k;
that is,

‘(]\‘x] (ﬂf\'?‘)

6
(k+ (2k+3
Working towards: S, ,, = )( -——)—(-~——2
: ' 6
Oy =0 dics
k(k+1)(2k+1) 2
= A )

5]
(using the formulae for S, and u,,,)

t,’;(?wa’»z\ i )4(‘»( % D“/\i*l)

2k’ +9k?
6
r\+ 1 )(

F13k+6

+2)(2k-+3)

(w

So if the statement is true for n = k then it
is also true for n=k+1,

The proposition is true for n=1, and if
true for n=k it is also true for n=k+1.
Therefore the proposition is true for all
ne " by the principle of mathematical
induction.




D 4

Base case

2012
For n = 1: S] =u, :1.___.(1) (2)
. the proposition is true for n = 1.

Inductive step

Assume the statement is true for n= k;
that is,

2 2
g, = My
4
2 2
Working towards: S -_-w_
4
Sk = Si +y,
K2 (k+1)*
:&_{_(k_’__l)}
4
_ (k4+2k3+k2)+4(k3+3k2+3k+1)
4
_ k' +6K +13K* +12k+4
4
(k2+2k+1)(k2+4k+4)
7 4
(k+1)*(k+2)°

B 4

So if the statement is true for n = k then it
is also true forn=k+1.

The proposition is true for n =1, and if

true for n=Kk it is also true for n =k+1.
Therefore the proposition is true for all
neZ" by the principle of mathematical
induction.

1

u =
" n(n+1)
Proposition: S —zn:u illar

P g el
Base case
e
e aos

.. the proposition is true for n = 1.

25B Induction and seri

Inductive step

Assume the statement is true for y — ki

that is, S, = ——Ii—
LR R

k+1

Working towards: S, ,, = ——
< £ k+2

Skt =Sk Ty
k 1
= +
k+1 (k+1)(k+2)
k(k+2)+1
(k+1)(k+2)
k* +2k+1
(k+1)(k+2)
(k+1)°
(k+1)(k+2)
kst
k+2

So if the statement is true for 1=k then it
is also true for n=k+1.

The proposition is true for 11 = 1, and if
true for n=k it is also true for n=k+].
Therefore the proposition is true for all
neZ" by the principle of mathematical
induction.
1
u'l =
(2n-1)(2n+1)

n
e n
Proposition: §, = z 71 e
r=1

2n+1
Base case

1 ]
Forn=1:§ =y =—=- 1
DA E S DX] ]

<. the proposition is true for 1 = 1.

Inductive step
Assume the statement is true for n=k;
k

thatis, §, = ——
2k+1




rds: S sl
R icing WA O T L s

= Sk o ukH
B !
(2k+1)(2k+3)
w'—tl——
o =(2k+1)(2k+3)
2> +3k+1
T
(2k+1)(2k+3)
(2k+1Xk+1)
G ART L
(2k+l)(2k+3)

SR
2k+1

ol

" 2k+3

.

e

goif the

is also true for 7= Kbl

e S,
s

Mo
o

s

e

The proposition is true for n=1, and if
rue for n=FK it is also true for n=J+1.

Therefore the proposition is true for all
nel’ by the principle of mathematical

~ ipduction.

T

{4

¥ i
=

Lt

un=n><n!

n
Proposition: S, = Z”r =(n+1)-1
: r=l1

Ease caseé

n=1;Sl=u,=1><1!:l=2!» 1

~ For

-, the proposition is true for n= 1.

‘ Inductive step

=k

k+1)1=1+(k+1)X
k+1)1(14+(k+1))—
(k+2)(k+1)!-1
e+2)! -1

(k+1)!
1

statement is true for n =k then it

So if the statement is true for n =k then it
is also true for n=k+1.

The proposition is true for n=1, and if
true for n = k it is also true for n=k+1.
Therefore the proposition is true for all
neZ' by the principle of mathematical
induction.

U, z(_l)”_l nl
< n(n+1)
Proposition: S, = (] ‘1’_(____.
P : Zu (- Ll
Base case
1(2
I"orn:]:SI:ul:jz(_l)”X_,(z_)

-, the proposition is true for n=1.

Inductive step

Assume the statement is true for n = k;

1 k(k+
that is, S, .—.(—1)k ‘_(_.-_)
2
k+1)(k+2
Working towards: ., = (- 1)" (___._%——_2

Sk = Sk g

(e e R

:(--1)‘*(k+1)(—~§+k+1)

:(—1)k(k+1)(:—+lj
)( (
2

k
2
_(—1 "ﬁ]) k+2)

So if the statement is true for n=k then it
is also true for n=k+1.

The proposition is true for =1, and if

true for n = k it is also true for n=k+1.
Therefore the proposition is true for all
neZ' by the principle of mathematical

induction.



S e i :
3 b

n

Proposition: §, ~ g - u = :
19, =S, = L, ==n(3n+1
:;I 2 ( )
COMMENT
Be alert for th

€ opportunity to use a
eries to keep a

difference of two s
formula simple.

Base case

NP A N EA Q) \ l

FOrn=1:8, =8 =u, =2=~x1x(3+1)
2

.~ the proposition is true for n = 1.

Inductive step

Assume the statement is true for n = k;
REnre 3 |
2
Working towards:
; : |
LSz(knl)—‘sl\cl = é(l{+l)(3k'{"ll)
Sikra =Sk = Sy =Sty Fly =y,
1
e K(3k+1)+(2k +1)+(2k+2)~ (k+1)
(using the formulae for S,, ~§, and
“lel’“.’.ktl’”lku)

<2 o)
2 2

= »l—(3k"’ +7k+4)
2

|
~(k+1)(3k+4)

2

So if the statement is true for n = k then it
is also true for n=k+1.

‘The proposition is true for n=1, and if
true for n=k it is also true for n=k+1.
Therefore the proposition is true for all
ne 7" by the principle of mathematical
induction,

a u,=nx2"

Proposition: S, = Zu' =(n—=1)pm >

r=|

Base case

Forn=1:§ =u, :lx2‘=2=(1‘])22+2

. the proposition is true for y — 1

Inductive step

Assume the statement is true fo

n:k;
that is, S, =(k-1)2"" +2

Working towards: S,,, = k2"'? 4,
Sert =S+,
=(k=1)2"" 424 (k+1)x 2k
=2 (k=1+k+1)+2
=2k 4o
Sl

So if the statement is true fo

_ 1=k then it
is also true for n=k+1.

The proposition is true for ;- |, and if
true for n =k it is also truc

lorn=k+1,
Therefore the proposition i true for all
n&Z' by the principle of mathematical

induction.

Exercise

ﬂ U e R 0=
Proposition: u, = 3"~
Base case
Form=1:1=2=3" -]
= the proposition is true for n = 1.
Inductive step

Assume the statement is true for n=k;
that is, u, =3" 1




working rowards:u, =35 =]

=3uk+2
=3X(3k —1)+2

(using the recurrence relation and

uw

‘ formula for u;)

i\ = 3k+l e pe))

x,\ : o 3k+l i

! g0 if the statement is true for n = k then it
. jalsotrueforn= k+1.

The proposition is true for n=1, and if
rue for n= k it is also true forn=k+1.
' qherefore the proposition is true for all
12" by the principle of mathematical

induction.

5

@ U=+ U=

Base case

= U =4=5 -1

_‘{; e e s

- the proposition is true for n = 1.

Inductive ste

Assume the statement is true for n=k;
thatis, U, =5" —1

Working towards: U,,, =5""" ~1

U, =5U, +4

=5(5¢1)+4
(using the recurrence relation and
formula for U,)

=5 -5+4

=51

the statement is true for n =k then it
so true forn=k+1.

roposition is true for n=1, and if
rn=k it is also true for n=k+1.
ore the proposition is true for all
the principle of mathematical

7y
:

Unﬂ =5Un—8> U| =4

Proposition: U =5""+2

Base case

Forn=1:U,=3=5"+2
~. the proposition is true for n= 1.

Inductive step

Assume the statement is true for n = k;
that is, U= SERES

Working towards: U,,, =5" +2 i 1 ;
R .

Uy =5U, -8
=5(5""+2)-8

(using the recurrence relation and

formula for U, )
=5"+10-8

=550

So if the statement is true for n = k then it
is also true forn=k+1. 7

The proposition is true for n=1, and if
true for n=k it is also true for n =k+1.
Therefore the proposition is true for all
neZ" by the principle of mathematical
induction.

U,,=3u +1, u =1

£y 3»1 P l
Proposition: u, = ——

Base case

» 3'—1
Forn=1:u =1=——
2

. the proposition is true for n = 1.

Inductive ste

Assume the statement is true for n = k;

that is,

Bl

=
I



i

Working towards: Uy, B e

o =3u, +1

k
I (_;3 :;l.) +1

U

(using the recurrence relation and

formula for u, )

_3 342
2
3"’ _-]
_._~£_,_

So if the statement is true for n = k then it
is also true forn=k+1,

The proposition is true for n =1, and if
true for n = k it is also true forn=k+1.
‘Therefore the proposition is true for all
ne 7" by the principle of mathematical
induction.

W,y =5U,, —6u, U =1, u,=5

Proposition: u, = 3" - 2"
Base cases

Forn=1:u =1=3"-2'
Forn=2:y,=5=3"-2

2 the proposition is true for n = 1 and for
n=2,

Inductive step
Assume the statement is true for n = k and
for n=k+1; that is,

A k+l k+l
“k=3k—2 y uk*l=3 4 —2 4

Working towards: u,,, =3 ~2""

g = Sty — 06U
=5x(3" -281)~6x(3" =2\

(using the recurrence relation apg

formulae for u,,, and u,)

53 ~25)-2x3" +3x 2t
=(5-2)x3"" ~(5~-3)x2™"
___3k0.‘ __Zkoz

So if the statement is true for n = k and
n=k+1, then it is also true forn=k+

The proposition is true for n=1and =
and if true for n=k and n=k+1 it is alg,
true for n=k+2.

Therefore the proposition is true for al|
neZ' by the principle of mathematical
induction.

- s o ] o
a Uy =6Uy =M, U =3, u;=36

Proposition: u, =(3n-2)3"
Base cases
Forn=1:u,=3=(3-2)3'
For n=2: u, =36=(6-2)3’

.~ the proposition is true for 7 = 1 and for
n=2,

Inductive step
Assume the statement is true for 7=k and
for n=k+1; that is,

14A=(3k-2)3l~’ l‘k,l:(-‘;k*])jy’ |
Working towards: u,,, =(3k+4)3""
Hin =6UAH —9uk

=6(3k+1)3""' -9(3k-2)3'

(using the recurrence relation and

formulae for v, and u, )
=3%(2(3k+1) - (3k-2))
=342 (3k+4)

So if the statement is true for n = k and
n=k+1, then it is also true for n=k+2.




ition is true for n=1 and — 2
~1sftrue forn= kand n=k+1 it i also
forn=k+2.

ore the proposition is true for 4]
Lz by the principle of mathematic,

,= M~ —6u,, Uy=-1, u =]
proposition: 1, =3" 2"

1

- the proposition is true for 7 = () and fo,

-1
fnductive step

forﬂ_—.k‘l'l; that is,

k+l

%= =3-2 uku:?":’l“zh

Working towards: u,, =37 —7""
=5ty —6u,
_5(3""l ;'2)_6(31 L ;

(using the recurrence relation and

Uper

formulae for 4, , and u, )

=3"(5-2)-2"*(5-3)
=3k+2_2k*3

So if the statement is true for n = k and
n=k+1, then it is also true for n=k+ 2.

The proposition is true for n=0 and n =1,
“andiftrueforn=kand n=k+1 it is also
eforn=k+2.

efore the proposition is true for all

Assume the statement is true for n =k and

" the proposition is true for n = 1.

Inductive step

Assume the statement is true for n=k;

that is, u, = i

Working towards: u,,, = —

+1
u.’r
Uy =—F
U, +1
1
= Tk— (using the recurrence relation

+1 and formula for i, )

]
k
:]L_XI
g2 1 el
k
ra)
14k

So if the statement is true for n = k then it
is also true forn=k+1.

The proposition is true for n=1, and if
true for n=k it is also true for n =k +1.
Therefore the proposition is true for all
ne 7" by the principle of mathematical
induction.

U.,=u

n+l

a1 T, =1, u,=1

Proposition:

=t ( el Hl_zﬁ J

Let a and b be the roots of the equation
x'—x—1=0:




iy

L e But a and b are solutions of y? _
S it su =—|a"-b" ) 3 X-1xg
0 the proposition becomes , e (u b" ) s0a+1=a’ and b+1="b". Henc, 0,
N b= —bh=4.5 1 & 2) kf12})
‘ote fhat a+b=1, a—b=1/5 and hence u = ‘,E(a (a ‘)-b (b ”
@ —b’=(a+b)(a-b)=+5 et
1 e
=—=(a""-b"")
COMMENT M
If you are ching a question where a So if the statement is true for 5 = k and
complicated value is likely to occur n=k+1, thenitisalso true fory—}
repeatedly, consider assigning the value N e
as a constant for speed and clarity of The proposition is true for n=1 anq n=y
working. If you can find a relationship and iftrue forn=kand n=k+ i ; alsy
s alg

which may be useful later, note it.

true for n=k+2.
Therefore the proposition is true f,, al]
neZ’ by the principle of mathematic,

Base cases

Forn—1: u, =1:—1—(a_b)

J5

induction.
: Lo o
Forn=2:u, =1=—(a‘—b‘)

Exercise
V5

1
. the proposition is true for n =1 and for @ 4 1—x

n=2. n :
Proposition: dy = il
Inductive step P aYE ey
Assume the statement is true for n=k and Base case
for n=k+1; that is, :
1 0
Forn=0: )':1—:‘—~
1 Lo e TR, )
b= 8), (a0 -
5 > . the proposition is true for n = (.
1 , :
Working towards: u, ., = ﬁ(ak’z A Inductive step
Assume the statement is true for n=F;
U, ,=u,,+u
= ; o ) that is,
et (- kMY kH o (9 k
_\/g(a b )+\/§(a b") L
(using the recurrence relation and dxs (1 o)
formulae for u,,, and u, ) v
1 Working towards: Ceuy Akzl)
=—(a"(a+1)-b" (b+1)) 8 P
J5
48 Topic 25D Ind d differentiation




d[dy
dr| dx*
d( k!
dx\(l—x

k
(using the formula for %)

)k+1

=ad;(k!(l—x)+’)
— kI (~k=1)(1-x)"7
K (k+1)
(1 x)k+2
(k+1)|
(1 x)k+2

go if the statement is true for n=k then it

isalso true for n=Fk+1.

The proposition is true for n=0, and if
true for n=Kk it is also true for n=k+1
Therefore the proposition is true for all
neN by the principle of mathematical
induction.

1
1-3x
B dyy 3"n!
Proposition: " = (1_3x),2,,
Base case
1 3°0!
o0 - T (1-3x)’

., the proposition is true for n =0.

Inductive step

Assume the statement is true for 7 =

that is,

3*k!
‘— (1 i 3x)k+l

k+1

P 3 (kp)
dxk+1 ( vy )k+2

Working towards:

dk?l}, a d dky
& dr| dxF
L sk
dx\ (l_3x)L+]

k

(using the formula for j—x%)

:%(3“1(!(1—3::)“:")

=3"k!(—k-1)(1-3x) "7 (-3)
_3x3"K!(k+1)

(1-3x)™
3 (k+1)!
(1-3x)"

So if the statement is true for = k then it
is also true forn =k +1.

The proposition is true for # = 0, and if
true for n=k it is also true for n =k +1.
Therefore the proposition is true for all
n € N by the principle of mathematical
induction.

. the proposition is true for n = 0.
Inductive step

Assume the statement is true for n=k;

Working towards:
dk+1y

= =(2"" s+ (k+1)2")e™




=§((2t.r+k2k-l )elx)
k
(using the formula for %)

:%(27"1.63: +k2k—le?.x)

:Zkezx +2kxxzelx +k2k-1 xzelx
:(2‘ +2"‘*1x+k2k)ezx

=(2%x+(k+1)2")e*

So if the statement is true for 7 = k then it
is also true for n=k+1.

The proposition is true for n =0, and if
true for n=k it is also true for n=k+1.
Therefore the proposition is true for all
n € N by the principle of mathematical

induction.

y=Xxsinx

er: 2
Proposition: dxz)nlz(—l) (xsinx—2ncosx)

Base case

For n=0: y=xsinx=(-1)"(xsinx—0)
.. the proposition is true for n=0.
Inductive step

Assume the statement is true for n=k;
that is,

d*y
dx?
Working towards:

=(-1)*(xsinx—2kcosx)

2 k+1)
de s 7 l};=(—1)k“(xsinx—2(k+1)cosx)
dx +

nfiation

d?.k?Zy . dZ dk}’
de dxk
dZ

=_d_x_2_((_1)k (xsinx~2kc05x))

(using the formula for dk)’

3.5

dxk

So if the statement is true for » = & then j;

is also true forn=k+1.

The proposition is true for 17 =0, and jf
true for n=k it is also true for p =4}
Therefore the proposition is true for ]
n e N by the principle of mathematicg]
induction.

y=x'e

d"y
Proposition: = (x +2nx l—n(n—l))e‘

forn=>2 dx

Base case
Forn=2:

S
d_x%zdxz(x-e)

=i(2xe" +x2e“')
=2e" +2xe* +2xe* +x'e
=(x2+4x+2)ex

=" +2(2)x+2(1))¢”

. the proposition is true for 7 =2.

ko
(-1) (smx+xcosx+2ksinx

)



the statement is true for y = . that is

Assume

k 2 X
%,(x s 2k k(k=1))e

=Ex‘((x2 +2kx+k(k__1))ex)
k

(using the formula for H)
de

d _2 X WX §
=Ex-(x e*+2kve" +k(k-1)e")
=2xe" +x’e" +2ke* + 2kxe* + k(k- l)e”
=(x2+(2+2k)x+k(k—1+2))e"
=(x* +2(k+1)x+k(k+1))e*
So if the statement is true for n = k then it is also true for n = k+1.

B The proposition is true for n= 2, and if true for n =k it is also true for n=k+1
" Therefore the proposition is true for all integers 7 > 2 by the principle of
‘mathematical induction.

o

& - k n—k_,
Proposition: Ly b iy
dx” o\k)dx de™

Base case
For n = 1: by the product rule,

du_~[1]d'ud™v
dx e k d.xk dxn—k

the proposition is true for = 1.

’44.),1;, et



Working towards:

dr+l i[(r_*_l)] d*u d 'y
Pt ok g rtlk

T <\ illaxe i

dr+ly d dry
dxr-l-l d.x dxr

- d(&(r)dud™y
=a(2(kj@@-‘k]
4 k=0
‘y
(using the formula for Ek_)
dk dr—k
rE -
E > d M
(derivative of a sum is the sum of the derivatives, SO Ex_ can be taken inside the SUMmMajg, )
: : dk-l-lu dr kv dku dr—k+lv
;“R 7 Z e e dxk dxF

(by the product rule)

dk+l dr— r r dku dr+l-kv
e
r+l dku dr —k+1 r r dku dr+l—kv
AR

(replacing the dummy variable k with k—1 in the first sum and adjusting the substituted

SN
N

."4

i

RS TAR,
~

values up by 1 to compensate)
'{ 2 r+l dku dr+1 k r+l dku dr+l—kv
8 “2 = BN =
& k—1 )\ dx* dx o) \iditd
x \
(changing the limits of the summations, allowing that (_1 J == ( : J )

R s

(merging the two summations over the same substituted values)

s N | dku dr+l—kv
2| ¢ |

n n n+1
(by the property that [k}{k—lJ:( 3 ])

e T T AT ey e ?
ON anda aif; Y eNNOON R e e g




¢ goif the statement 1s true for n= k then it

F Inductive st
| is also true forn=k+1. -

Assume the statement is true for n = k:

% ] The Pmposili(.m' is true forn =1 and if that is,
for n=k itis also true for n= k.4,
ol onieteaer 4 ~1=34
crefore the proposition is true for 4] =3Alorsome AeZ
nel' by the principle of mathematical Working towards: 4**' —1 = 3B for some

indu‘:tion‘ Be?

Tl ~1=4x(4"-1)+3

- rercise =4X3A+:

proposition: 5"~ 1is divisible by 4 for all (using the formula for 4" —1)
nel =3x(4A+1)

Base case =3B where B=4A+1e Z

For n=0: 5°~1=0=4x0 So if the statement is true for n=k then it

e is also true for n=k+1.
., the proposition is true for n = 0,

e The proposition is true for n = 1, and if

true for n=k it is also true forn=k+1.

Assume the statement is true for n = k; Therefore the proposition is true for
ki PEE : i o ;
that is, 5" = 1=4A for some A€ 7, all integers n > 1 by the principle of
Working towards: I D o ek mathematical induction.
BeZ Proposition: 7" - 3" is divisible by 4 for all

5k+l_1=5x(5/‘__])+4 nell

Base case

=5X4A+4
(using the formula for 5" ~1) Forn=0:7"~3"=0=4x0
=4x(5A+1) . the proposition is true for n = 0.

=4B where B=5A+1¢€ 7

Inductive step

Soif the statement is true for n =k then it
also true forn=k+1.

Assume the statement is true for n=k;
that is, 7* —3* = 4A for some A€ Z

e proposition is true for n = 0, and if
e for n=k it is also true for n=k+1.
refore the proposition is true for all
by the principle of mathematical 73t (g J+4x3"

Working towards: 7" —3"*' = 4B for
some BeZ

=7x4A+4x3F

(using the formula for 7* —3%)

=4><(7A+3")

=4B where B=7A+3' ¢ Z

So if the statement is true for n = k then it
is also true for n=k+1.

Mathematic



The proposition is true for n = 0, and if
true for n=k it is also true for n=k+1.
Therefore the proposition is true for all

n € N by the principle of mathematical
induction.

Proposition: 30" -6 is divisible by 12 for
all integers n >0

Base case

Forn=0:30°-6"=0=12x0
". the proposition is true for n = 0.

Inductive step

Assume the statement is true for n=k;
that is,
30" —6" =12A for some A eZ

Working towards: 30*”' —6""' =12B for
some BeZ

30" —6"" =30x(30" 6" )+ 24 x6'
=30x12A+24x6
(using the formula for 30" -6")
=12(30A+2x6" )
=12B where B=30A+2x6" € Z

So if the statement is true for n=k then it
is also true forn=k+1.

The proposition is true for n=0, and if
true for n=k it is also true forn=k+1.
Therefore the proposition is true for
all integers n1 > 0 by the principle of
mathematical induction.

Proposition: 1” —n is divisible by 6 for all
nz1l

Base case
Forn=1:1’-1=0=6x0

. the proposition is true for n = 1.

COMMENT

Although you could start at n = 0 g i,
previous examples, the question specif; s
that the proof is needed only for >
it is best to take this as the base cose

/ v

Inductive step

Assume the statement is true for ;- .,
thatis, K’ —~k=6A for some Ac”

Working towards: (k+1) ~(k+]

} « ()H fl)r
some BeZ

(k+1) =(k+1)=K +3K 43k + 1~ _

:ki"k“’{’i‘f(' |
=6A+3k(k
(using the ila for k-
Sinceoneof kor k+1m en, their
product is even, so k(k+ for some
CeZ
(k*l)—(l’ 1)=6A+6C
=6B +Ce
So if the statement is true for 1 = k then i
is also true for n=k+1.
The proposition is true for ; and if
true for n=k it is also tru k+1.
Therefore the proposition for
all integers 1 2 1 by the principle of
mathematical induction.
a Proposition: n” +5n is divi 6 for all
nzl
Base case

Forn=1:1"+5x1=6=6
.. the proposition is true for » = 1.
Inductive step

Assume the statement is true (or n=k;
thatis, kK’ +5k=6A for some AeZ

k)




B

i gtowardS(k‘i'l)s'fS(l\‘rl):ﬁB

g+l)"+5(k+l):k3+3k:+3k+1+5k+5
{ =k +5k+3k" +3k+6
=6A+3k(k+1)+6

(using the formula for k* +5k)

- one of k or k+1 must be even, their
uct is even, sO
k(k+l)= 2C for some CeZ

-.‘(k+1)’+5(k+1)=6A+6C+6
=6B
where B=A+C+1e Z

" gpifthe statement is true for n=k then it
. jsalso true for n=k+l.

Theproposition is true forn=1, and if
I queforn=kitisalso true for n=k+1.
Therefore the proposition is true for
4l integers n 2 1 by the principle of
mathematical induction.

Proposition: 7" —4" —3" is divisible by 12
forallneZ’

Base case
Forn=1:7'-4'-3'=0=12x0

-, the proposition is true for n = 1.

Inductive step

Assume the statement is true for n=k;

—4f_3*—12A forsome AeZ

. 0 towards: 7k+] _4k+l _3k*] = IZB

gh2 _8(k+1)_9:9x(9“' —8k—9)+64k+64

7“‘—4"‘—3"*‘=7(7‘—4*-3‘)+3x4‘+4x3‘ |
=12A+12x4" +12x3"
(using the formula
7' -4'-3' = 124)
=12(A+47+34)
=12B where B=4""'+3"€ Z

So if the statement is true for n = &k then it
is also true forn=4k +1.

The proposition is true for n = 1, and if
true for n=k it is also true for n=k+1.
Therefore the proposition is true for all
ne€Z" by the principle of mathematical
induction.

Proposition: 3°"** —8n -9 is divisible by
64 forallneZ

. M2 An+1) ’
Since 3 =34 — g4

equivalent to the statement that
9""' —8n~9 s divisible by 64 for all n e Z'

, this 18

Forn=1:9"-8x1-9=64 =64 x1
.. the proposition is true for n = 1.
Inductive step

Assume the statement is true for n = k;
that is,

9*"' —8k-9=64A for some AcZ

Working towards: 9"'* —~8(k+1)-9=64B
for some Be ZZ

=9X64A+64k+64
(using the formula
9" —8k-9=64A)
=64(9A+k+1)
=64B where B=9A+k+1e Z
So if the statement is true for n =k then it

is also true for n=k+1.

4 G NSNS .
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The proposition is true forn=1, and if
true for n =k it is also true for 5 = k+1.
Therefore the Proposition is true for all
neZ' by the principle of mathematical

induction,
a Proposition: (n—1) + +(n+1) is
divisible by 9 for all ne 7

COMMENT

Note that the statement in the question

is for all integers, but a proof for non-
negative n can easily be converted into a
proof for negative n using symmetry.

Start by proving the proposition for 1 € N.
Base case

For n=0:(-1) +0*+1’ =0=9x0

. the proposition is true for n = 0.

Inductive step

Assume the statement is true for n = k;
thatis, (k—1)’ + k> +(k+1)’ =9A for some
AeZ

Working towards:
Kk’ +(k+1)’ +(k+2)’ = 9B for some Be Z

K +(k+1)" +(k+2)’
=k’ +(k+1)’ +k*+6k* +12k+8
=k +(k+1)’ +k* =3k + 3k —1+9k* +9k+9
=k +(k+1)"+(k-1)" +9k* +9k+9
=9A+9k* +9k+9
(using the formula (k—1)"+k>+(k+1)’=9A)
:9(A+k2+k+1)
=9B where B=A+k’+k+1€ Z

So if the statement is true for n = k then it
is also true for n=k+1.

(n=1)"+n"+(n+1)’ =—(1-n)’ ~(~n)’

The proposition is true for n = ()
true for n = k it is also true for n
Therefore the proposition is try
n e N by the principle of mathe
induction.

»and jf
= k+1_
¢ for g))
matiCal

To extend the proof to all ne 7.

forn<0letn=-m for me7Z*; they,

‘(\”‘l)]
=~ (Lem) =~
=“((m—l)z+m3+(m+1)3)

Since m >0, it has already been Proved
that (m—l)3 +m’ +(m+1)is 3 multiple
of 9.

s(n=1) +n’ +(n+ 1)’ is also a multiple
of 9.

Therefore the proposition is true for all
nez.

Exercise

p
¥
-

§

¥
A

AR

| Clearly forn=3, 3" =p’

Proposition: 3" > 1’ for all 11 > 4
Base case

Forn=4:3'=81>4’ =64

. the proposition is true for 1 =4,
Inductive step

Assume the statement is true for n=k
where k > 4; that is, 3* > k’

Working towards: 3**' > (f+ 1)’

3t =3%3 >3k (using 3* > k)

3k =k’ +k* +k°

For k>3, k’ >3k> >3k+1

23K > K43k +3k+1=(k+1) fork>3

Hence 3! > (k+1)’ for k>3




IR o veentis true for nek then
B jfthe statement i true tor n = k then jt k= 2k=1=0 has roots 1 ++/2,

or n=k+1. 2
jsalso true for 50 k*~2k=1>0 for k25
The proposition is true for n = 4, and Le. k*>2k+1 for k25
fuue forn= k24 ithis also true for Hence 2k* = k* + k2
-+ 1. Therefore the proposition is t
«, =L+1_ l—he“tﬂrt S true o o A
B :‘of all integers 1 2 4 by the principle of >k 2kl = (A1) Honkees
{ mathematical induction, 225 (k1)
g Y 08 for ¢ S ; )
| ’ proposition: 2 >1tnforalln>] So if the statement is true for i = k then it
is also true for n=k+1.
n=22=4>1+2=3 The proposition is true for 7 = 5, and
For : if true for n=k 25 it is also true for
. the proposition is true for n = 2. n=k+1. Therefore the proposition is true
for all integers n > 4 by the principle of

mdug!m!_ﬁﬁﬂ mathematical induction.

o s tr or 1 = k p
Assum; th;:‘ “}":t:megf ;;\T;‘ tor n =k Proposition: n!>2" for all n >4
where k 2 2; thatis, 2

Base cas

e

Working towards: 2" > k+2

oM =2x2" > 2(k+1) (using 2° > k+1)

", the proposition is true for n = 4.

2™ > 2k+2>k+2for k22 : prog

’v : by -
induciive step

Qo if the statement is true for 7=k then it
isalso true for n=k+1. Assurie the statement is true forn=k

L EaSta 5 v 7. g
wiere Kk = 4; that is, k!> 2

The proposition is true for 7 = 2, and . \
if true for n=k2>2 it is also true for Working towards: (k+1)!>2
n=k+1. Therefore the proposition is true
for all integers n > 1 by the principle of

- mathematical induction.

Proposition: 2" > n’ forall n>4

L(k+1)>2" for k>4

So if the statement is true for n=k then it
1s also true for n=k-+1.

The proposition is true for n =4, and if
ume the statement is true for 7=k true for n=k >4 it is also true for

: n=k+1. Therefore the proposition is true
for all integers # > 4 by the principle of
mathematical induction.




B Proposition: Z\/t_>\/; foralln>1

Base case

Forn= 2-—- ~1.707 1414 =

<. the proposition is true for n = 2.

Inductive step

Assume the statement is true for n = k

where k = 2; that is, 2
i=1
k+1

Working towards: Z \/_ >

k+1

Il
ZTTX,TJ_IM

(using§%>\ﬂ€)
] \/— Sl
Vk+——=k+1
vk+1 \/k+ k+1
0<—c<I1
k+1
Siki ok
k+1 k+1
Hence
Vk+1 /L+L >\k+1 —k—+—1—
k+1 k+1 k+1 k+1
k+1
.'.§L> k+1
=i

So if the statement is true for n = k then it
is also true forn=k+1.

The proposition is true for n =2, and if
true for n =k it is also true for n=k+1.
Therefore the proposition is true for

all integers n > 1 by the principle of
mathematical induction.

)

B & av',; it

Base case
P4 — . 1 —
Forn=1: ﬁ‘“z(ﬁ‘l)*ﬂﬂzs

<. the proposition is true for 4 = |

Inductive step

Assume the statement is true for n=p.

that is, Z——>2( k+1 —])

Working towards: Z\[ 30 \/k+2 )

>2(\//T;T-] !
)J’m




Jso if the statement is true for n = k they i
| isalSO true forn=k+1.

The propositi(.m' is true for n= 1, and if
(e for 1= kit is alsg Fruc' for n= k1.
Therefore the proposition is true for
Jllintegers 71 2 1 by t_he principle of
mathematical induction,

a 2=1=0!=0!

g _3>1l=1

3=9>2=2

3=27>3!=6

30 =81>41=24

5 =243>51=120

26 =729>6!=720

37 22187 <7!=5040

WN=7

Proposition: 3" <n! forall n > 7

Base case

For n=7: 3" = 2187 <7!=5040

<. the proposition is true for n = 7.
Inductive step

Assume the statement is true for n = k
where k > 7; that is, 3" < k!

Working towards: 3" < (k+1)!
L 351 =35 3% < 3k! (using 3* < k)
k27=k+1>3
=3kl <(k+1)k!=(k+1)!
< (k+1)!

0 if the statement is true for n = k then it
also true for n=k+1.

[he proposition is true for n = 7, and
e for n=k>7 it is also true for
k+1. Therefore the proposition is true
all integers n > 7 by the principle of
hematical induction.

€3 Proposition: (1t x)" =14 nx for all ne 1
and x e

Base case
Forn=0:(14x)" =1=140x

“ the proposition is true for n = 0,
irrespective of the value of x,
Inductive step

Assume the statement is true for n = k;

that is, (1+x)" 214 kx for all x e R

Working towards: (14 x)""" 214 (k+1)x
forall xe IR

()" = (14 x)(142) 2 (14 2)(1 4 kx)
(using (14 x )’ 21+ kx)
(10 ) (1t ko) = 14 (ke 1) x 4 ke
21+(k+1)x
(since x* 20 and k 2 0)
S04 x) " 2 14 (k4 Dx forall xe R

So if the statement is true for n = k then it
is also true forn=k+1.

The proposition is true for all values of x
when n = 0, and if true for n = k it is also
true for n= k-1, for all values of x.
Therefore the proposition is true for

all ne N and x € R by the principle of
mathematical induction.

Mixed examination
practice 25

Short questions

%;?3 u, =n(n+1)

n ]
Proposition: S, = 2 T —jn(n +1)(n+2)

re|

¢ case

Forn=1:§ =y =1x2= -;—(1)(2)(3)

<. the proposition is true for n =1,




Inductive step

Assume the statement is true for 5 = ks
that is, S, =§k(k+1)(k+2)
Working towards:
g = %(k+l)(k+2)(k+3)
Sk =S +u,,,
= %k(k+1)(k+ 2)+(k+1)(k+2)
(using the formulae for Scand u,, )

:(k+1)(k+2)(§+1)

| —

3(k+1)(k+2)(k+3)

So if the statement is true for n= k then it
is also true forn=Fk+1,

The proposition is true for n= 1, and if
true for n=k it is also true for n= k+1.
Therefore the proposition is true for all

n € 7" by the principle of mathematical
induction.,

Proposition: 3™ +7 is divisible by 8 for all
neN

Base case
Forn=0:3"+7=8=8x1
. the proposition is true for 1 = 0,

Inductive ste

Assume the statement is true for n= k;
that is, 3** +7=8A for some A€ 7,

Working towards: 3***2 +7 = 8B for some
BeZ

32"”+7=9x(32"+7)—56
=9%8A—56

(using the formula 3** +7=84)
=8X(94-7)
=8B whereB=9A-7€¢7Z

Mux examination practice 25

So if the statement is true for 5, -

k thep, .
is also true forn=k+1. N jg

The proposition is true for » = ()
true for n =k it is also true for , — k4]
Therefore the proposition is try for a]f
ne N by the principle of mathematj,

: al
induction.
n
1=
" (n+1)!
ok C n+1)l—
Proposition: § = Z”r = LM
2 (n+1)!
Base case
el ool
Forn=1:§, =u=—=—-2""1
D0 =
. the proposition is true for 5 = 1
Inductive step
Assume the statement is true for , - ki
(k+1)!—1
thath SRSt
ST A
: (k+2)1-1
Working towards: §,,, =</ 71
(k+2)!
sl\+l 5 Sk +ul\+|

(k+1)1-1 K+
\_F__;

(k+1)!  (k+2)
(using the formulae for S¢andu, )
_ (k+2)(k+1)! —(k+2)+(k+1)

(k+2)!

(k+2)!—1

(k+2)!

So if the statement is true for n= k then it
is also true forn=k+1.

The proposition is true for 11 = 1, and if
true for n =k it is also true for n=k+1.
Therefore the proposition is true for all

n€Z" by the principle of mathematical
induction.




I ; ‘Proposi;il(l)r: El 11\;*2 +12"" s divigibe by
133 fOl'

Base case

forn=0:11°+12' =133=133%
., the proposition is true for 5 = (.

[nductive ste

Assume the statement is true for ;, — ki
s Ll £10° —1334 for o
A€l

Working towards: 114 412250 _ 535
some BEZ

A

,,+3+122k+3 =11(11k+2+122k+1)+(]21 5 i)"lg-’*"

=11X133A+133x 122!

(using the formula 1142 (5241
~1334)

=133(11A+122"“)

=133B where B=114+12%" ¢ 7

So if the statement is true for /1 = /- then it
isalso true for n=k+1,

- The proposition is true for 1 = 0, and if
true for n=k it is also true for n =/ + 1

' Therefore the proposition is true for al]

n€N by the principle of mathematica]

proposition is true for n = 0.

%

Assume the statement is true for n = k;

K
that is, S, =2_(%) (k+2)

k1
Working towards: S 2—(%) (k+3)
Sk+1 = Sk +uk»«l
Y k+1
—2*(5) (k+2)+5m
(using the formulae for S, and Upor)

Pl
2-*(5) (~2(k+2)-+—(k+l))

So if the statement is t1 ue for n=k then it
is also true for = k+1.

The proposition is true for 1 = 0, and if
true for n=k it is also true for p = k+1.
Therefore the proposition is true for all
i€ N by the principle of mathematical

induction.

u, =sin((2n-1)6)
Proposition:

n e id 3

- sin“(n@) .
S“:Zu,r~ ( &) forneZ

e sin®

Base case

" )
: sin” @
Forn=1: Sl =Y = sxnf):..T.._
siné

. the proposition is true for n =1,




Inductive step

Assume the statement is true for n = k:

that is, §, i)
sin@
in’((k+1)60
Working towards: S, ,, = El—n—((————)——)
sin6
St = Si g,
sin’ (k6)
= b oinl(2k4198
sin@ Sl )6)

(using the formulae for S, and u,,,)
_ sin* (k8)+sinBsin((2k+1)6)

sin@

To proceed further, we will use the formula
sin(A+B)sin(A—-B)=sin* A—sin’ B
Proof of this result:
sin(A+ B)sin(A-B)
=(sin Acos B+sin Bcos A )
(sinAcosB—sinBcosA)
=sin’ Acos’ B—sin® Bcos® A
= sin’ A(1-sin’ B)—sin’ B(1-sin’ A)
=sin’ A—sin’ B
Taking A =(k+1)60 and B= k8, so that
A+B=(2k+1)6 and A—B=0, the
formula gives
sin’ (k6)+(sin® (k+1)0— sin* (k0))
sin@
sin’((k+1)6)

sin@

So if the statement is true for n = k then it
is also true forn=k+1.

The proposition is true for n =1, and if
true for n=k it is also true for n=k+1.
Therefore the proposition is true for all
n e Z" by the principle of mathematical
induction.

Mixed ex ation practice 25 G

u,=4n- 2

p ition: P - (2n)!
roposition: = l—l u, =-—-= for

COMMENT

The large Pi notation represents g
product of terms, in the same way thq
the large Sigma notation indicates
the sum of terms. This notation is yse

here to keep the working easy to

read, but you would not be required

to use it in an examination; any cleqy
nofation, including use of ... fo indicgte
continuation of a pattern, is acceptable

Base case
Forn=1:B=u =2=
. the proposition is true for = 1.
Inductive step

Assume the statement is true for n=k

2k)!
thatis, P, = g—')~

)

o

)!

!

|
I

Working towards: P, ="
(k+

—

Ph=Ph XUy

=(—2:—‘!)!X(4k+2)
(using the formulae for B, and i,y
(2k)!x2x(2k+1)
k!

(2k+1)!x2

k!
_(2k+1)x2x(k+1)
z (k+1)
(2k+1)!x(2k+2)

(k+1)!
_(2k+2)!




- goif the statement is true for n = k then it is also true for n = k1.

roposition 1s tn.u-:' for‘n = -.fnd if true for i =k it is also true for 1= k1.
'[herefore the proposition is true forall n e 22" by the principle of mathematical induction,

& =cos(2"—l x)

n

xxcostXcos4x><cosSxx...chs(Zu I'\.): n"

rel

oS

4

proposition:

" sin(2"x) »
p-—Hu = forneZ’
n

L o"sinx
r=1

Base case
Forn=1
p=th= cos(2°x) =08 X

. 25inXCOSX _ 112(_2}_) : _qmgz'w‘}

2sinx 2sinx  2'sinx

. the proposition is true for = I.

Inductive step

Assume the statement is truc forn=k:
i P sin(zkx)

atis, P, = ‘
0 sinx

sin(?_“ : .\')
Working towards: P, ,, = SRR
74 SIn x
B = B Xty
sin(ka) k i -
=____2k e xcos(z x)(usmg the formulae for B, and u,,,)
25in(2kx)cos(2kx)
v 2K sinx
sin(2x 2"x)
= 2k+]

sin x
Sin(zk'H x)
2k+l

sinx
o if the statement is true for n = k then it is also true for n=k+1.

proposition is true for n =1, and if true for n1= k it is also true for n = k+1.
re the proposition is true for all n € 7' by the principle of mathematical induction.




Long questions
n a Proposition:

(cos8+isin6)" = cos(n8) +isin(nd)for ne Z*
Base case

Forn=1:

(cosB+ising) = cos@+isinB =cos(16)+isin(16)
~. the proposition is true for n = 1.

Inductive step

Assume the statement is true for n=k;

that is, (cos@+isin8)" = cos(kB)+isin(kB)
Working towards:

(cos@+isin@)" =cos((k+1)6)+isin((k+1)6)

(cosB+isin@) " =(cosO+isinB)" (cosO+isinb)

=(cos(kB)+isin(kB))(cosf+isin6)
(using the inductive assumption)
= cos(kB)cos@—sin(kB)sinO
+i(sinBcos(kB)+cosBsin(k0))
=cos(kB+6)+isin(k6+6)
=cos((k+l)9)+isin((k+1)6)
So if the statement is true for 7= k then it is also true for n=k+1.

The proposition is true for n =1, and if true for n=k it is also true for n =%+

Therefore the proposition is true for all n € Z" by the principle of mathematica! induction.

Proposition: (cosf+isin6) =cos(nf)—isin(nf) forne Z°
Base case

Forn=1:

(cos@+isinb)

ot lie 6‘—1:
(coeczizi 0D i(c059+isin9)[2

= cos@—isin@
5 1
= cos(18)—isin(16)

-, the proposition is true forn=1.
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o ductive ste

Assume the statement is true for , = k; that is

(cos6+isin6) " = cos(kB) ~isin (ko)
Working towards:
(Coso-i-iSine)_k—l = cos((k+ 1)9)—isin((k+1)9)

(cosf +ising) ™" =(cos9+is'm9)““(cos9+isin9)"

(cos(k) —1sm(k9)) X(cos6—ising)
(using the inductive assumption and the base case)
= cos(kB)cos6 —sin(k6)sin g

—1(sm9cos(k9)+cos()sin(k()))
= cos(k0+6)—isin(ko+6)
=cos((k+1)9)~ isin{(kH)G}

So if the statement is true for 11 = k then it is also true for = k+1.

The proposition is true for n =1, and if true for 1=k it is also true forn=k+1.
Therefore the proposition is true for all 17

by the principie of mathematical induction.
¢ pi-2=V2*+2’ =242

)
arg(2i—2)=arctan !

(argument in second quadrant as Re(z) <0, Im(z)> 0)
d 2’ =2i-2

Let z = rcisB; then the equation becomes

ricis(36)= Zﬁcis(%)

' 31
‘.,'.'r3=2\/§: 39: 4 )
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cos(“ij=_\/5+@ Sin(un):ﬁ—\/ﬁ

12 4 12 4

12

cos(li")= V62 Sin(l9n) -V2-J6

12 A 2 T

So the solutions are

z, = 2cis(3)=1+i
4

e st(ll_n)_ 242N3 2\B=2 _1+\/§+i\/§—1

e A
4 4 2 2

= 2cis(19—n)= 2J§_2+i_2_2ﬁ=\/§-1_il+ﬁ

4 4 2 2

COMMENT

There is no requirement that you know the sine and cosine of all multiples of % though
it can be useful. A calculated answer to 3SF would be acceptable for z, and =,

If you were asked for the exact form, always remember that you can use the double

angle formula to split the cosine and sine of =, which you should know. This g

ives
exact values, albeit in a slightly different form.

ri(n—r)!
n(n—1)!
rl(n—r)!
r(n=1)!+(n—r)(n-1)!

rl(n—r)!
_r(n=1) (n—r)(n-1)
i r!(n—r)!+ ri(n—r)!
_ r(n=1) (n=r)(n=1)!
—_r(r—l)!(n—r)!+r!(n—r)(n—l—r)!
(n—1)! % (n—1)!

(r=1)l(n=r)! ri(n=1-r)!




e Pl.oposition:

'i(n =2"-2 forn>2
r

=l

i=]
Base €as€

Base case

e

2 ;
Forn_-:z: 1 =2=2"-2

Forn=1:SJ=u1=a=a(rl‘l)

-, the proposition is true for s = 2 (r-1)
- <. the pr oposition is true for = 1.
[nductive ste
. Inductive step
Assume the statement is true for 5 = k:

b Assume the statement is true for n=k;
; k
thatls’Z( )=2 _2 a(rk—l)
o that is, Si=———~

o8 @51 P
Working towards: Z[ J: 5

k+1
= g alr- -1
e Working towards: R :LT)
r_
Sin =S, +u,,,
k
a\r ~1\
= \( : +¢1rk
r—1
(using the formulae for Syandu,, )
a

= —1(7"‘ —'l+rk(r—1))

So if the statement is true for 7= k then
it is also true for n = k+1.

B 1+1+2(2k £ 2) The proposition is true for n = 1, and if
true for n=k it is also true for n= k+1.
Therefore the proposition is true for all

ne7Z" by the principle of mathematical
induction.

(using the inductive assumption)
E 2k+1 5%

o if the statement is true for n = k then it
also true forn=k+1.

roposition is true for n =2, and if
e for n=k it is also true for n=k+1.
herefore the proposition is true for
lintegers n > 2 by the principle of
tical induction.




b

a=1.2, =05

Require S, >2.399

24x(1-05")>2.399

2.399

2.4
0.001

24
nln(0.5)< 1;{%)
24

1-0.5">

()55 =

0.001

n>ln(TAj+ln(0.5)

n>11.2

.. the least such 7 is 12

Proposition: #° —n is divisible by 5 for

allnez*

Base case
Forn=1:1°-1=0=5x0

.. the proposition is true for n = 1.

Inductive step

Assume the statement is true for n=

that is, k> —k =5A for some A €Z

k;

Working towards: (k+1) —(k+1)=5B

for some Be Z

(k+1) —(k+1)= k> +5k" +10k’ +10k" +5k

+1-k-1

=k — k45 (k! +2k" +2K° +k)

=5A+5(k4+2k3+2k2+k)

(using the formula for k°

:5@4+k4+2k3+2k2+k)

—k)

—5B where B= A+k'+2k’

+2k*+kelZ

So if the statement is trye f,, B
it is also true for n=k+1. e

k then

The proposition is true for - |
true for n=k it is also true fo, n;and if
Therefore the proposition is try
neZ" by the principle of m
induction.

e for , I
athemalicnl

ns—n=n(n4—1)

Il

n(n-—l)(rz3 +n’ +)1+1)
= t’l(n—l)(rH-l)(n2 +1)

One of n, n—1and n+1 must pe 3
multiple of 3, since these are three
consecutive numbers,

One of n and n+1 must be even, sinc,
these are two consecutive numbers

Hence the product (n—1)n(n+1)

be a multiple of 6, and so n” - i
divisible by 6.

must

From (a) and (b), since
n*—n=n(n-1)(n+1){n"+1)is divisibe
by 5 and 6, it is a multiple of 30,

If n is even, then (11}, (n+1) and
(n2 +1) are all odd and their prodyct
will be odd.

Therefore, unless 7 is 2 multiple of 4
or odd, n(n—1)(n+1)[n" + 1) will not
be a multiple of 4 and (hierefore nota
multiple of 60.

Using this reasoning, we expect that
n° —n will not be a multiple of 60 for
n=6.

As expected, 6" —6=7770 is nota
multiple of 60.

Therefore the proposition is not true
for all n23.




=C0oSXX0~-sinxx]

=—sinx
b Proposition: i
n \
(cosx)=cos| x+-% | § 1
—_— = gL Ay 7+ i
dx" 5 J rnez
Base case i
Forn=1:
——(cosx)=—sinx=cos( )'»‘ri by th
e (175 | by the result from (a)
.. the proposition is true for n= 1.
Inductive step
Assume the statement is true for n= k;
k ;
: kn 9
that is, ——k(cosx):cos{ o e ¢
dx ) -3
Working towards: 48
dis : (k+1)7
'dF(COS)C) SRCOS IR s

dxk+l dx
d ( ( (T
=I——IFCOS|' Xt
dx 2
. ( kn)
=SSN X+t —
2

- cos(x + %E + g—) (using the result from (a)again)

—:—(cosx)=i(%%(cosx')]
2

) (using the inductive assumption)

5 Mathematical i
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So if the statement is true for n = k then it is also true for n=k+1.

"The proposition is true for n = 1, and if true for n =k it is also true for n=k+1.
Therefore the proposition is true for all n € 2" by the principle of mathematical inductio,

p a For n lines in the plane subject to the conditions given, let [ be the number of intersection

;- points and R the number of regions formed.
Proposition 1: |, = 4 ("2“ 1)
For n=1: a single line produces no intersections, so

el 2

; ~. the proposition is true for n = 1.
Inductive step

Assume the statement is true for n = k;
by ¢

3¢ : k(k-1

thatis, I, = ( 2 )

1 Working towards: j, = (k+1)k
: 2
{ The (k+1)th line is not parallel to any of the preceding k lines, so it must have a singe
intersection with each of them. Since no three lines pass through any single point, ezch of
these k intersections occurs at a different point.

sl =1 +k

k(k—1
& = (kz )+k (using the inductive assumption)
'8
. k(k+1
i =—k-(k—1+2)=—(——)
4 2
So if the statement is true for n =k then it is also true for n=k+1.
The proposition is true for n = 1, and if true for n =k it is also true for n=k+1.
E Therefore the proposition is true for all n€ Z'" by the principle of mathematical induction.
n(n+1
Proposition 2: R, = —(—————) +1
g 2
4 For n = 1: a single line divides the plane into two regions,
. 1(1+1
SOR =2= ( )+]

<. the proposition is true for n = 1.

5
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me the statement is true for o f;

K(kt1)
gt s, Ry == +1

Asstl

(kt1)(k+2)
; I

working towards; I, -

r[hc(k+l)th line is nol pl;n;xllvl lo-any of the preceding k lines, so it must have a single
intersection with each of them,

L he kintersection points divide the (k4 1)th Hne into ko | line segments,
Fach line segment divides a region which way previously undivided into two parts,

The (k'H)th line must therefore increase the number of regions by kv 1,

.'.R,,,,=R,.+k+l
k(k+1)

= ok L4 (k4 1) (using the inductive assumphion)

So if the statement is true for 1=k then it is also true for n - k4 1

Theproposition is true for n= 1, and if true for n= kit is also true for n = k+1.
Therefore the proposition is true for all n e 7" by the principle of mathematical induction,
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Short questions

n The number of possible outcomes is 36.
An average of 3 is equivalent to a sum of 6,
and the outcomes that give this result are
1+5
244
343
442
541

Each has probability E , 50 the total

probability is 2 i
36
a The first two terms are:

u, =3
=3(1)+2(1)°
=5

u,=§,-§,
=3(2)+2(2)’ -5
=14-5
=9

Sd=u,—u =4

COMMENT

We can also find d by comparing the given
expression for S, to the general formula

Sy= —;—(2u, +(n-1)d)

=[u, —%d)n+-;—dn2

Comparing the coefficient of n” in the
general formula with that in 5, =3n+ 2n?,

weget—]z-d=2=:d=4.

Questions crossing
chapters

J y for xz20

B A l —x for x<0

The graph is composed of two straighy

lines, one for positive x with gradient
and one for negative x witl
which meet at the origin

Therefore the graph of [

16—

Figure 265.3

G Modeatx=4= f'(4)=

f(x)‘:ﬂbXﬂu': = f*(

=ab-8a=0
~b=8
(a #0, otherwise f(x)w

f(x)isapdf, so f* (x

v i

s
8ax—ax dx=1
)

S
{4;1\" -—ax =1
o X

256

a=1

3




n From G,

;x1+2x
'I“’de:jxl +2x dx 1
e [ i if = |1+ tan 2 o
e ==x"+x"+¢ ‘
g‘ 3 ;
< 5
@ Aversge= |
g | a(l ~r’) ‘
"l 1-r
? " !
g all—r
P i
E ﬂ(l—t’) / ‘
n /(g(x))=((ax+b)-~l)/4 ) * ;
/
'.,(ax+b—l)2 +3=16x"~16x47 ' J
i ,
:§ a’x2+2a(b—l)x +(b=1) 4+3=16x" - 16x+7 Figure 268,8 Groph of y « |1+ lanZ24
B )< | whe
[5S ) } I
E ing coefficients:
Eﬂ' Equat:ng 1.02<x<1.57 01 159« x«%,14
i 2 -
i 2 a —’16 ...(l)
g/ 1 X - B(10. p) then Var(X )= 10p(]
§’ x';Za(b~|)=—|() 2 A~ B0, p)then Yar{ X ) 1 )
5 P (b..])2+3::7 & (3) Graph of Yar( X ) versus pis a negative
e r,«.u.(‘mh/ with roots il /) {) .n“f |
From (1),a=4 or 4
1y
From (2), if a = 4 then ‘

8(b~1)=~16

Ifa=~4 then

~B(b-1)=~16

b=3

Check these values in (3):
BE1-1Y +3=7 and (3~1) +3=7
Both are valid,

na=4,b=~1 or a=-4,bh=3

—

Figure 268.9 Graph of y = 10p(1- p)

From the symmetry of the graph, the
maximum is at = 0.5,



{. {0 Variance s* =lf;(x2)_|;(x)2
=32+72+x2 3+7+x\
3 3
_58+4x" 100+20x +x°

3 9
2%~ 20x+74
s
9

2 . 8
==(X¥=5) +=
9( ) 3
. minimum value of s* is G =2.67 (3SF)
2 3
11! 2P(X=x)=l

Ink+In2k+In3k+Indk=1
In(24k")=1

k
® "J=k

1++/1+8k
2
(Take the positive sign because 1 > 0.)

m The graph of y=1-cosx is obtained from the
graph of y =cosx by reflection in the x-axis

followed by translation one unit up:

n=

Compared with y =sinx, this graph is
translated > units to the right and 1 unit up,

50 the single transformation is the translation
n

with vector| 2 |.
1

A s R ¥ e o B

@ setiONS Cro inc wpters y o i
uestigns crossing CNAPIECLL o ool Mol o o

t
y=1-cosz
y=sin
Figure 265.13



4 il s the binomial expansion:
(cosg'*‘ism())ﬁ = 08" 04 5¢08" O(isin0) +10cos" O(ising)’

: +10cos" O(isin@)' +5c0s0(ising)" F(ising)'
=cos’ 0+5icos' Osin0 - 10cos' Osin’ 0

~10icos’ Osin' 04 5cosOsin' 0 4 isin' 0

b By De Moivre: (cosO+ isin@) =cos50+isin50
Comparing imaginary parts:

Si“59=5‘3"5"93in(} 10cos’ Osin' 0 +sin* 0
=5(1-sin0) sin@-10(1-sin’@)sin' 0+ sin* 0
=5sin@-10sin" @+ 5sin" O ~10sin’ O+ 10sin" 0 +sin" 0

=5sin@—20sin’ O+ 16sin" 0

3 . o]
B a The horizontal stretch scale factor is

b y=Inkx
=Ink+Inx
So the vertical translation is by Ink units up.

a This is a geometric series with first term 0.5" = 1 and common ratio 0.5.
There are 11 terms in the sum. So
1(1-0.5")

RiE 1-0.5

_;1_2111 —211__1

B gl
2

2007

1024

b Inu, =1n0.5"

=rIn0.5
10 10
D in(u,)=1n0.5 Y r
r=0 re0
=In0.5(0+1+...+10)
=551n0'%
=55In2"

=-55In2



A

a arg(i)= il
2

n

b |i=1, s0i=e?

Iny= ln(.\"‘i“"')

Iny=sinxInx

Using implicit differentiation with
respect to x:

1 dy

1
———=cosxInx+—sinx
ydx X
dy 155
—=y| cosxInx+—sinx
dx X
sinx 1 .
=0 cosxInx+—sinx
X
A\l ; ;
When n=1: (a") =a° =q"
.. the statement is true for n = 1.
Assume that the statement is true for
Nk %
n=k: (a") =q"

Then forn=k+1:

()" =(e) (")

=ak.\'a.\'
=ak.\'+x

B a(k+l),\'

Thus the statement is true for n=k+1.

3 o

The statement is true for n = 1, and if true

for n = k then it is also true for n=k+1.

Therefore the statement is true for all

ne Z* by the principle of mathematical

induction.

d)’ Ax
0 L= Ae
. d

iz_}’_= A2elx
2

b Substituting y=e"" into

d’y .dy
—=+45-—~=-6y=0:
A

e +5)e™ —6e* =0
™ (A2 +54-6)=0

A +54-6=0 (ase™ #0)
(A-1)(A+6)=0

~A=1 or —6
3 -m.__k
B p(x=k)=S k"”
P(X =7)=P(X=8)+P(X =9)
- e—m’n7 i e—mmB +e—mrnt)
iRt e 9!
ﬂ_ms m’
7R TR
m m’ 71
=—+—— (multiplying bv —
TR (multiplying by )

m*+9m—-72=0
—9+81+4x%x72
D,
m=>5.10 (reject negative value)
f(g(x))=3(axl—x+5)+]
=3ax’-3x+16

m=

f(g(x)) =0 is a quadratic equation and

has equal roots when A = 0:

(-3)’ —4x3ax16=0

9-192a=0
3
a=—
64

B -

e

(ST

Figure 265.23




n e (E_ Jz___
tm{;’a)'mna'mn ’ b tan f3

The roots of ax” +bx +¢ =0 satisfy

b
tana+tanﬂ=';

¢
tano tan = =

Then
1 1 _tana+tanf

ik beCuReT

tano tanﬁ— tano tan 3

—

1 16 ’
tana tan 8 tanotan 3
1 a

el

; ; l
Therefore an equation with roots ———

1

tan 8
g

X +=x+—=0
e i

or cx’+bx+a=0

and is

Substituting y = ax” +bx into
¥ =2y-24=0:

(ax2+bx)2 —2(ax2 +bx)—-24 =0

- a'x* 4 2abx’ +bPx® - 2ax* - 2bx-24=0
a’x* +2abx’ +(b2 —2a)x2 —2bx-24=0

Comparing coefficients with
x"+10x" +23x* ~10x - 24 =0
x':a’=1 i)

x': 2ab=10 52

x': b =2a=23 A3)

x': =2b=-10 ...(4)
From(1),a=1or-1

From (2), whena=1;

2b=10

= b =5

When a = -1

-2b=10

But from (4),b=5
s b=-5a=-11is not a solution.
Checka=1,b=5in (3):
'-2=23
.a=land b=5
x"4+10x"+23x" ~10x-24=01s
equivalent to
y ' =2y=24=0
(y=6)(y+4)=0

y=6 or =4

X +5x=6

X" 4+5x-6=0
(x~1)(x+6)=0

1 or -6
or x" +5x =4
x’+5x4+4=0
(x+1)(x+4)=0
x=

~] or =4

Therefore the solutions are x = -6, —4,

=]




{ m -[n‘ x4y ldxmq

COMMEN'TY
l ] I A "‘ | Wa can also solve the problam
<) 0 algabraically, using ¥ = V-y:
14 :
U' b y=qdm() ORvi )
: 0 R
L v|" 1|v]" 2o
From GDCyy o1 6 s
l)l | :" ’) ~ ()
m Lhis is & peometric series with common e
l‘nliln rFmxs w ||um\'vrp‘v.~a when |U VI 13
l.\" .\‘l <l
Y
U= |2t - EB Let S, = u 4.+ U, where i, = 2" 1
When o 1
Al ,
‘\I “| ~

il K40 2(1=r'
y=l and S, = ( ,)

Ea 1 o - U

0.618 G So the statement is true for |

Assume that the statement is trie for

2(1-r")
Figure 265.26 Graphs of y Ix" x‘ and ne ks S,
y = | ] =y
: 3 . ; Then for = k4 1
From the hgurc.\.\" X< 1 for \ \
Oper B O kU
----- 0.618 < x <162, :
.’.(l r ) o
v =0 = uand vare perpendicular, T rar
The vector u—v is the diagonal of the _2=2rt 4 2rt <2t
rectangle, as shown in Figure 265.27, ] =t
2 ),.'l||
1=
2(I ,,-*")
e
) U=v

Hence the statement is true for = k41,

The statement is true for - 1, and if true

for n =k then it is also truc for 1= k+1.

Therefore it is true for all nc ' by the
. principle of mathematical induction.

Figure 265.27

ju=of' = fuf o] =273 = 3




o, p(frst 6 on third roll) = P()xP(6')xp(¢)

0 S5l S

p Toget the first six on the rth roll, he rolls r -] non-sixes followed b
Y a six:

(5) ( 1 )_ 5
14 6 6 6 ._;

T S SRR T ST

e oo 1 5 r=1 ,‘
3 =2(:)e)
r=1 r A
S . 3 X l {
This is a geometric series with first term : and common ratio 2. so )
1 : (&
S a
s \
; 3
U :
1/6 N
Gl é
The sum is a geometric series with first terni 1 and common ratio x (which converges because
= - 1
Do), S0y, x' =—— 3
r=1 1-x &
12, 2 1
dx=| —
Hence JO fo b L o dx
1/2
=[-In(1-x)], 4
ln(l)ﬂ )
== e n e
: L.

a sin[(A+B)x|-sin[(A-B)x]
= sin(Ax + Bx)—sin(Ax — Bx)
= (sin Ax cos Bx + sin Bx cos Ax)—(sin Ax cos Bx —sin Bx cos Ax)

= 2sin Bxcos Ax
b Let A=5and B=3in part (a); then

1
sin3xcosSx=E(sin8x—s'm2x)

Ths 159
J sin3xcosSxdx=J. Esm8x—-2—sm2xdx

1
=——1—c038x+—cos2x+c
1 4

3

260G Jestions crossing € aple



80 Questions cm_ssing#cb‘apteqs;_\

m Need to express the volume V of the cone in terms of 6.

From the diagram, the height is h = [cos and the radius of the base is Isin.

| )
iFAF: : n(Isin0) (Icos0)

Lt
: ‘rrl sin” Ocoso

). e
From GDC, the maximum value of y = sin’OcosO for 6 € (0, —2') is 0.385, 50 the maximu,

possible volume ig

|
Vnm % i X()"}BSHI‘ = ()"()3[\

COMMENT

Although the maximum valve can be found directly using a GDC,

differentiation can also be used: local maximum of V occurs where =— =0:

| do
3 ni (2 sin6 cos? O - sind ()) =0

sin ()(2cos'2 0 - sin? ()) =0

sin0=0 or 2cos? 0 -sin%0 =0

. 2c0s? 0 - sin? 0=0 (os sinf 20 For0<9<%]

=9
sin“ 0
ety D)

cos? 0
tan? @ = 2

~tand = 2 (tcn0>0 for O<0<-n2~]

Hence, using a 1,42, V3 right-angled triangle, cos6 = L
X 3
At this value of 6,

V=%nl3tan28c0539

150, 1
:—TT’ 2X—"‘
i e

_2nP

- 0.403°
V3

a y=arcsinx = x=siny

dx
b —=cos
dy Y




1
Z 1—x*
1

9 ! Bt
d dir el
a;(‘.'Scx)zali(sm.\) ]
=—(sinx)? cosx

COSX

e g N
Sin” x
1 cosx

sinx sin x
=-—Cscxcotx

s—cscxcotx =2+/3
0 coszx —23

sin” x
_Cosxzz\/g(l—coszx)
243 cos’ x—cosx—2/3 =0

1+/1+48
COSX = T
147
"B
23 V3

S O ———

3 D

As|cosx| <1, only one solution s valid:

V3

COSX =———

= -9
3

5
~. the coordinates are (?n, 2)

@ A disan interior angle of
parallelogram, S0 0=mn-20
b a+bis the lon

ger diagonal of (e
Parallelograp,

Using the cosine rule
with sides Ia‘ and ’b
between them,

in the triangle
and angle ¢

|a+b‘3 =|a‘2 +|b|2 ~ ZIaHb[cosq)
= I+l~2cos(n—29)
=2-2(~cos20)
= 2+2(2c0339—1)

=4co0s’ 9

f(x)= ln(x: ~9)~ln(x+3)—lnx

i COMMENT
i Itis possible to cancel the fraction since
B x -3 for the function fo be defined.
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(zw)" =((x+iy)(a+ib))'
=(xa+ixl7+iya—yb)‘
= xa~ yb—ixb~iya
=(x~iy)(a-ib)
=i
b When n=1: (z')“ =2t=(z")
So the statement is true for n = 1.
Assume that the statement is true for n=k: (2" )‘ =(z2)"
Then for n=k+1:
() =(2"2)"
=(z")' Z8
=(z7)' 2"
=(z*)k+|
So the statement is true for n=k+1.

The statement is true when n = 1, and if true for n= k then it is also true for » = - -1,
Therefore it is true for all integers n 2 1 by the principle of mathematical inc.

€ a p=P(X=1)+P(X=2)

{1 il )
_etu et
1 2

=(u+%y2)e'”
dp

b Maximum of p occurs when i 0:

L
(1+ﬂ)e‘“—[ﬂ+%u2)e'“ =0

TR
1-—u’ le”=0
(=)
1—%;12:0 (ase™ #0)

U= J2 (choose positive root)
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W b
h ¢
o' (cosdx tisin W)

‘ h“(‘t\‘l “h) (‘\ M\\ ,‘\

I (.‘ Sh\-‘-\ \l\ J. ll\\(v“' ") )\‘\

Im U elitiih d\)
l IIRIEA
lmt gt )n
1+ M

¢ (cosdx tisindy)
lm b

1+ 3

¢’ (cosdn sy )1 3i)
Im w

10

¢ (sindx — 3cos )

10

¢

m a ln(.v“)-- 21nx, so the transformation is a vertical stretch with scale factor 2.

1\ ' ‘ :
b logy “so the transformation is a vertical stretch with scale factor 3
hld In10
d 1 dy
a —(Iny):
m d.\‘( v dy
1

v

b yve—

(2+5.\‘)\/.\“‘7+ 1

lny:ln(.\")-—- In(2+5x) ll\(\/'".\"‘ { l)

=4lnx~In(2+5x)- : In{x+ 1)

.

d 4 5 X
C e ln P ) = e e o e
d.\( )) X 2+5x x"+1
gy 4 5 X

D e

" yd-\‘-x 245x  x*+1
d 1 5 Je
\\‘-2': y(-—-— e e e j

dv X 2+5x x'+1

S (i_ G io¥ )
(2+5x)Va?+1\Xx  245x x*+1




b

in

a et =cos(£)+isin(ﬂ)
4 4
V2 02

[ —

2 2

(1+i)

in

=1+i=2e!

sn(14i)= ln(\/fel: )

=Inv2 +Ine "

=ln\/5+i§

m 2P(X=x)=l

4 4
R
DD

o ; ; ; 4
This is a geometric series with u, = g andr=p,s0S, =

4
P+’§P s =]

16 IR -

W
Il

I
)




o Using the binomial expansion:

I

10

: w a Setting X

n n
" - 1n~rlr
(1+1) Z(,)

r=0

= 1in(1+x) gives

r=0

b Setting x = -1 in (14x)"

(1-1)' =i(j]l"“’(—l)’

r=0

The length of an arc is [ =rf, so need 1o
find the radii OB, OB,, OB, etc.

0A=0B=1

OA, =0B,
=0Acosb
=1xcosf
=cos0

0A,=0B,
=O0A, cost
=cos0x cosO
=cos’ 0

Hence the radii form a geometric
sequence with first term 1 and common

ratio cos®.
AB+A B, +A,B, ...
= 1x0-+(c0s0)8+(cos’ )6+ ..

j-=(1+cos9+cos29+ )9

1-cos6
0
1-cos0

~,=( ) )9 (using formula for S.,)

=

T R
FA SR O a T
‘ i G By i
» en

an( 5] 5
tanz'(g)_—_(\/};z) _y

Using the binomial expansion:

L (in L) &(n jL};
;}(")tan (;)zg[rJy _

=(1+3) _,
=4" 3
f(x)=d
o fx+1)-1=d
|d|-1=d
(since f(x)=d= f(x+1)=d)
ld|=d+1
d cannot be positive, as this would
mean thatd=d+1, o
di<O ‘
and so |d|=—d
Hence —d=d+1 3
2d=-1
Py
2
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" Nofe that this says that reflecting the

: T =)
8 line y - - in the x-axis is the same as

" translating it up by one unit.

Iy 'The equation f(x)=|f(x+1)|—1 says
that translation by one unit to the left, =

followed by reflecting the negative part
in the x-axis, followed by translation of
one unit down, returns the graph to the
original function.



By the same argument as in (a), the

centre line must be at y= —l, SO

1
C= 75 The translation to the left must

be b}' half a period, so b =1 Finally, to
retain the same shape after reflection in
the x-axis, the original graph must not

5 cross the x-axis, hence |a| < l
0yt j
e

- , 2x x

3 =e —ye'+1=0

This is a quadratic equation in e*; using
A the quadratic formula,
ex = \yi }’2 st
5

+y’ -

: = x= 1n u

b 7

b Summing these two roots,

. L’;z—‘*]ﬂn(__y- j-‘*j
B
i 4

3 )

, i 4

9 o 3)

. i

,,:. =0

m a Let z=a+ib; then
2> =(a+ib)’ =a’ +2iab-b’
- a’ +2iab—b’* =i-1
Comparing real and imaginary parts:
Re:a-—b =L ...(1)
Im: 2ab=1 o2)

From (2), b= 51—

a
Substituting into (1):

4a* +4a*-1=0

, —4%y32

(1} 8

o ——1;\/5 (asa’ =0)

Reflection in the line y = x exchanges x
and y, so the coordinates become (y, x).
The reflection in the y-axis makes

the x-coordinate negative, so the new
coordinates are (—y, x).

Reflection in the line y = . followed by
reflection in the y-axis results in 90°
anticlockwise rotation about the origin.
This maps (x, y) to (=, x), so the new
equation is




cOMMENT .
t that (x) is one-to-one is needed
(o for the inverse function to exist,

The f(J

in order

To obtain the graph of y =||x|- 1" the

raph of y =|x| is translated down by
(gme unit and then the negative part is
reflected in the x-axis:

@a

Figure 265.53.1

A
1 / \ 7
FioRey 1 1 TRER i
Figure 265.53.2

From the graph:
1x1
[ llae=o( 57 )2

a |z—i|=|x+iy—il
=|x+i(y-1)
b |z-i|=|z+]|
2 +(y=1) =y(x+1) +?
X4y =2y +1=x2+2x+1+

—2y=2x
y==X

| COMMENT

" We can also think about this problem

¥ geomefrically by noting that |z - is the
distance between the points representing

complex numbers z and i in the Argand

diagram, and |z +1 is the distance

be

the equation are those which are at the
same distance from points i and —1.

R
ITEAY

;Re

Figure 265.54 Points in the Argand

plane that satisfy |z~ =|z+], i.e. the
ine y=—x

tween z and —1. So the points satisfying

y=e

y=1

Figure 265.55

This is the same volume as when the
region between the graph of y=e* —1, the
x-axis and the line x =1 is rotated around
the x-axis. (The whole picture is just
translated vertically by one unit.)



-%(x2—14x+38)$1
Yy

by=1@2- 142 4 35
y=1
N 8.
3.58
2.76 10'%1-2
Figure 265.56

From the graph on the GDC, the inequality is satisfied for
2.76< x<3.68and 10.3<x<11.2.

Hence the possible integer values of x are 3 and 11.

a This is a geometric series with first term x° =1 and common ratio X.
There are n+1 terms in the sum.

n % l_xn'H
% 'Zx = Sn+1 e

= 1-x
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— 1

, Notice that the required expression is the derivative of the sum from (a), So

o ,
|42 +3x7+ o X ':a(1+x+x“+...+x”)

_i l_xm—l
dx\ 1-x

_ =+ D)x" (1)~ (=) (1-x)

(1)

= —(n+1)x" +(n+1)x"" +1- 5"
(1-x)°

1™ —(n+1)x"

=2 (1 —.\’.)2

Sl ny il

S e

s e

R

This is a geometric series with first term | and common ratio @. The sum of the first n terms is
& —9:_:1—, w#1

Since the @ is the solution of z" =1, we know that ®" —~1=0and hence S, =0.
But @ =1 is also a solution of z" =1, and in that case §, =n.

n

So the possible values of the sum are 0 and .
a (2+i)(3+i)=6+2i+3i—1=5+5i
b By considering the position of 5+5i in the Argand diagram,
tanf=—=1
5
i T
~.arg(5+5i)=arctan(l) = =

1 ]
¢ arg(2+i)=arctan—, arg(3+i)=arctan-

argz, +argz, =arg(z,z,)

1 1
arctan(i)+arctan(g)= arg(2+1)(3+i)= —Ti

COMMENT

As all the complex numbers in this question are in the first quadrant of the Argand plane,
c!rcwing a diagram isn't really necessary. However, do beware! When numbers are not in the
first quadrant, it is always worth drawing a diagram as the argument won't be as obvious.
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@ o Lt _1+cos20+isin2g

1-c0s20-isin20
=(1+c0529+isin29)(1—c0529+isin29)
(1—cosZG—isin29)(1—c0320+isi1129)
(1+isin26)" —(cos26)’
(1=cos26) +sin?20
_(1=cos20sin? 26) +i(25in26)
3 1-2¢0s20+cos® 20 +sin? 26
_(1—1)+i(2sin20)
= 1-2co0s20+1
sin20

1—-cos26

14 % 25 in2
.‘.Re[ L e 1+e2.8 Psin 0
l—e 1-e* 1—cos26

=0+i

b Using double angle formulae:
1+e™? _ 1(25infcosB) icosh

1-e* 1—(1—2sin29) sin@
Whenn:l:

sin20 _ 2sinBcosO
2sinf 2sin@

=icotf

=cos0

So the statement is true forn=1.

Suppose that the statement is true for some 7 = k: cos@+cos36+ ... +cos(2k—1)6 = sm(.2k9)
Then for n=k+1: 2sinf
cos0+cos36+ ... +cos(2k~1)6 +cos(2(k+1)-1)
_ sin(2k6)
~ 2sinf
_ sin(2k6)+ 2sinBcos(2k+1)0
2 2sin6
sin(2k6)+ 2sin 6(cos 2k6 cos O — sin 2kOsin0)
5 2sin@
sin(2k9)(1—23in20)+c032k0(231n6c059)
% 2sin@
sin 2k6 cos 20 +cos 2k6 sin 20
7 2sinf
_sin(2k6+26)
o an)
_sin(2(k+1)6)
~ 2sinb

+cos(2k+1)6

RstighsclosindcianeBll. . B

TAEIIAT, e oty 8 TRl
ittt e B St L

E




4 So(hcstatement is true forn=k+1.

statement is true for n=1,and if true for n=k then it js o e for waitint
herefore it is true for all n € Z" by the principle of mathematical induction :

COMMENT
{t may not have been clear at first how to proceed in the proof,

A A 50 it is worth thinkin *
what yoU want to get fo: in this case sin(2k +2)6 in the numerator. Bt ngbout’
packwards should then show you the way chead! g this and working 3

j @ g Convertio modulus~argument form in order to rajse to a power: $
| : 1
124.‘1]:\/5, arg(2+1)=arctan(-2»J
S0, by De Moivre, £

(2+i) =(\/§)n cis(narctan( ;JJ 1
Re ((2+i)")=(\/§)" cos(uarclun( ] JJ ,

2

b 24i=+/5¢is 0 and 2~i= V5 cis(~0), where 0 mm“( | J
By De Moivre,
(2-i) =(\/§)H cis (~n0) "-
S0 (2+i)” +(2-1) .»_;(x/é)h(gmn() tisinn6 )+ (./v‘,)”(( 0510 ~ i sinn6)

= 2(\/5 )n cosnb) 1

which is always real.
COMMENT
_n(n-1)!

i

ul " n " "
b (x+h) =x +(l)x ‘h-i-(;’jx Wi, +h"




¢ Differentiating from first principles:

der v (akh) i
dx(x )—lhlino h
X"+(zj”“h+(;)x"‘zhz+...+h"*x"
< s |
h—0 h
n ; N
nx""h+(2)x"“h2+...+h'
=lim
h—0 h
n \
=lim(nx""+( Jx""2h+...+h""J
h—0 2
XD

@ Using a-a:'alz, b-bzlbl2 and |a| =|b| = x:
(a+b)-(a+b)=6x
a-a+b-b+2a-b=6x
2x°+2a-b=6x
a-b=3x—x’

Then, using a~b=|a“blc059,
3x—x" =|al|b|cosh
=xXxcosf
=x" cosf
Since —1<cosf<1, —x* < x* cosf < x*
and so —x’ <3x—x’ <x’

2

Yoo

y=3x-x*

1 —

y=-a°

Figure 265.64.1

From the graph on the GDC, y =3x—x" is between y=~x"and y = x’ for x >
smallest possible value of x is 1.5.

= 1.5, so the

N W




: MENT
X possib|e to solve these inequalities

i also
1 calculator:

ithout @
Y 2¢ 42
’x2§3x—x S :
o320 and 2x°-3x20
& 3x20 and x(2x-3)20

3
o x20 and xSOorsz

> —
Bx-0orxes

3 by
szz§ (as x # O is given)

Nonetheless, it is still advisable to

consult @ graph when solving a quadratic
inequality (such as 2x” - 3x > 0); Witho%n
a calculator, a sketch of the quadratic is
needed.

If it is unclear where the solutions to
two inequalities both hold (such as

x20 and x<0orx=> %) highlight them

on a number line and look for the region
where they overlap:

<0

Figure 265.64.2

B

i

- long questions

n a i By the product rule,

: f(x)= pe (x+1)+e" (1)
=e (p(x+1)+1)

true for n = 1.

(x)=p* e (p(x+1)+ k)

P L

i Part (i) shows that the statement is

‘Assume that it is true for some 1 = k-

Then for n =k 41.

f(knl)(x):ﬂ_f(u(x)

dx

=P (L) k) pee )

k px
= p'ef (p(x+])+k+l)
50 the statement is true for n=k+1.

Ihe statement is true for n =1, and
if true for n= k then it is also true
for n=k+1,

Therefore it is true for all neZz'
by the principle of mathematical

induction,

Minimum point when f(x)=0:
(/J(x+-])+l):()
px+ptl=0

p+l

Point of inflexion when f”(x)=0:
pe”™ (p(x+1)+ 2)=0
pPX+p+2=0

Dl

X =

The graph of y =e2 (x+1) crosses
the x-axis at x = —1. It is negative for
—=2Sxs-1.

P /Y8
Area:—J , ez(x+l)dx+J' l<:2(x+1)dx
Using integration by parts:
= +1:>d—u—l
U=x T

Ay x
—=e? = p=2¢?
dx

e
o




1 :
X

Area = —le-(.\‘+l)} +j el d.\'+[2e:(x+1)

e T
]
|
|
i (=)
o
o
| =
o
-

-

X

o % X 2
_0+3e“l(—1)]+[4e3} +[2e(3)—-0]—[4e3:|
L -1
[0l =k
=—2¢"+L4e 2—-4e"j+6e-~[4e—4€ 3)

=8.08 (3SF)

Il

COMMENT

Itis always a good idea to sketch the function to be integrated on the GDC to check whether

it goes below the x<axis, rather than just integrating between the limits blindly. If the function s
negative for part of the interval, then the integration needs to be split up as shown here.

a a P(Daniel gets heads):é

b P(Daniel gets tails, then Theo gets heads)
4a5e) ird
=—X—=—
DEEOIED5
¢ P(D gets tails, then T gets tails, then D gets heads)
1816

4 4
=—X—X—-—=
SESTRE 125

d The probabilities of Daniel winning on a particular throw are:

P(first throw )= é

P(second throw )= (g) ( :

W |
NS

P(third throw)_—_(g)4 (é)

: 1 %
This is a geometric sequence with first term z and common ratio (f)

5
The probability of Daniel winning is S_, which is
=
BN S
o= 9




B
B
|

Y

s e e

n
: s):l-—P(Daniel wins)
. P(Theo win
i 5
=1—=
9
Sl
9
o ENE -
ere ve are assuming that the game eventually ends, so that there is no possibility of a draw. ‘
chis Is the case because the probability of no one winning affer n throws is P(n fails) = gJ : -
i
ehich tends fo 2€r° as n— .
{ LetP (head)=p 458
Using the same argument as above, P(Daniel wins) = _,(_, )) _ .
1fP(D wins)=2P(T wins), then since the two probabilitics must add up to 1, P(D wins) = 5
)’ 'ii
2 : E
e’
R E
3p=2—2(1—2p+p2) N
ZPZ"P’_'O
p(Zp—1)= 0 '.
1 E
So p=-2— (asp#0) b
i
a If f(x)isa continuous function on a single domain interval, then f(x)is not one-to-one E
because the gradient changes from positive to negative and back. A one-to-one function
must be either increasing or decreasing throughout its domain. 3
b f(3) =4 ?
F(f(3)=f(4)=6
¢ Translation by (3} results in the function f(x— 2)+3, and reflection in the x-axis gives
g(0)=—f(x-2)"3

ng(x)=-f(x=2)
and so g’(2)=—1"(0)=—7

De Moivre’s theorem: (cos@+isin 0)" = cos(nf)+i sin(n)

Whenn=1:

(cosf-+isin6) — cos(6)+isin(9) = cos(16) +isin(16)

o the statement is true for n = 1.
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Assume that the statement is true for some n = k:
(cos0+isin0) = cos(kO)+isin(kO)

Then for n=k+1:

(cosO+isin®)"" = (cos(kO)+isin(k))(cosO+i sind)
= cos(k0)cosO - sin(kO)sin O +isin(k@)cosO+i cos(k6)sin
=cos(kO+0)+isin(k0+0)
=cos(k+1)0+isin(k+1)0

Hence the statement is true for n=k+1.

The statement is true for n = 1, and if true for n= k then it is also true for n=/k+1.
Therefore it is true for all ne 7' by the principle of mathematical induction.

|
p !l

M=§W%=§<1

15
u=1,r= —~2—e'”, and the sum to infinity exists since|r| <1.

S 1 2

| ( 1 m)—2+em
e
2

The required expression is the real part of the series from (b):

| 1
1——c059+—cos20-—lcos39+
2 4 8
= Re 1—-1—e“’ +lez“’ —lem i )
2 4 8

2
=Re :
2+e'0)

j
Re

2(2+cos€-—isin9)]

(2+cos@)’ +sin’ 0

i 4+2cosO—2isin@ )
4+4cosO+cos’ O+sin’ O

44 2cos0—2i sine)
5+4+4cos@

=Re

=Re

_ 4+2cos6
5+4cos0




=0:

éoszx—l)(coszx+1)=0

2c0s"x—=1=0 (as cos’ x+10)

there are two stationary points,

e series converges because the common ratio is y cosx, 50 |r] <1. (Note that cos.x % +]
ause x #0,7.)

sing the answer from (b):
/2
3

2
(1+cosx+coszx+cos3;vc+...)dxz_[7t lcscz(ijdx
n/3 ) 2)

oGl
{3l

=\3-1

OS5 ]
=ZS—SZ3+IOZ——+’—3——5
7 <




b

(2

Let z=cosO+isin@

1
¢ s\ vy
Then -;—z =C0s0~-1isin@

S 2= =cosO+isin0 ~(cosO—isin@)= 2isind

Similarly, 2" = cosk6 +isin k6
and —- = cosk6 - isin kO
<~
il

S 2" ——=2isink@
z

Regrouping the terms from (a):

1A ] 5 10
(z—-—) :z'-——;‘-—523+~—;+102——
z Zi Z z

| 1 I
:(z“—7)—5(z"——‘)+10(2——)

; el
Then, substituting in the above expressions for z* —-z—k—!
(2isin@)" = 2isin50 —5(2isin30)+10(2isin6)
32isin’ O = 2isin50 —10isin 30 + 20isin O
32sin” 0 = 25in50 —10sin30 +20sin O
2 '
'[msins 0do= jn —l—(sin 50 —5sin30+10sin0)d0
0 058’6
n/2
= E cos560 % 5cos30 10C039i|
16 5 3 0
5
Wl 5 B e __1_[_1+——10}
=Elt—‘gc0§"—‘+—coq 10C052:| 16 5 .3
1 1 (=3+25-150
g2
16 16 1
128
240
i)
5

. . " t 3 g Yy V( & o 75 o, oty PORANES
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o ke

o

‘?‘. 2
re4ata 4 5y
2 2;“ It~ 0]
1o

ic series with firs FLg ]

- 1sagsclxx:;ﬁ):]ri:o\:':tll o <(0.140.00033,,) - (0,005 4 0.000025)
termlls““ 0.10033,,, 0005025
i 0,0953, ..
‘1-a 0.095 (3DP)
1.5-1.5a=1
1.5a=0.5

1
na=3
—x+xi=x'+... isageometric series
with first term 1 and common ratio -x.

d Setyo 00 in(¢):
0.01 : 0001 0.0001

Using the formula for N

1 1 : ‘
2 3 2 e Figure 261.9.1 Giaph of [ x
5 —-X+...= = | )
e 1-(=x) 1+x

: vl
The series converges for |-x[ <1, i.c. ¢
ll.\ X
x| <1 : :
l l Equation of the tangent at x P s
k=1 : 1
y=Inp==(x
11
Given that this tangent passes
through (0, 0):
1+x

=I(1—x+x2—x3+ )dx from (b)

Inp=1
1 1 1
=x—-£x2+§x3—zx4+...+c wp=e

Inp

When x =0,
In(l)=c
=0

1 1 Ja
Henceln(1+x)=x——5x2+—x3——xl +...

N COMMENT

This assumes that an infinite series can
be integrated term by term, which is true
in this case, although the formal proof
requires fechniques of mathematical y=lnx

analysis that are usually introduced at A
undergraduate level. Figure 26L.9.2 Graph of y =Inx and

i
&

the tangent line y = o, X
e




. —":" ; :. M &
S
4 ;

'H}e line y = kx intersects the graph
of y =Inx twice when its gradient k
is smaller than the gradient 1 of the

- 2 & e
tangent from (b); but the gradient
needs to be positive, otherwise there
will be only one intersection.

.'.0<k<l
¢

Dividing f(x)by (x~a)’ givesa
polynomial g(x)and the remainder
which cannot be divided. If the
remainder is linear, R = mx+c, then

)M mxtc
=g+ ——
(x—a)

S f(x)=g(x)(x—a)’ +mx+c

Using the product rule,
f(x)=g'(x)(x—a) +2(x—a)g(x)+m

¢ Substituting x = a into the equations
from (a) and (b):

f(a)=ma+c ...(1)
fila)=m & -.(2)
Substituting (2) into (1):
fla)=af'(a)+c
e= f(a)-af (a)
So the remainder is
mx+c= f'(a)x+ f(a)—af’(a)

= f'(a)(x—a)+f'(a)
If (x— a)2 is a factor of f(x), then the
remainder mx +c equals zero for all x.
This means that m=¢=0
- f’(a)=0and f(a)=af'(a)
For independent events,
P(ANB)=P(A)P(B). But
P(A)xP(B)=0.85x0.60=0.51
P(ANB)=0.55

so A and B are not independent events.

0

vestions crossing chapfers

b Require the probability that the

building will not be completed on tim
(B) given that the materials arrive o,
time (A):
P(B’|A)=1-P(B|A)
P(ANB)

P(A)
055

085
= 0353 (3SF)

=1-

. The total number of possible selections

10
is( J=252.
5

The number of selections with two
electricians, one plumber and two

D

The required probability is

B _> o238

528D

Let X be the number of hours worked
by a random team member; then

X ~N(42,067)

First we need to find ¢.
X—42
Let Z= ~N(0,1)

P(X >48)=10%

48—42
=>P(Z> )zO.l
(0]

gz 1.2816 (from GDC)

.0 =4.682

Then

P(both plumbers work more than 40 hours)
=P(X >40)xP(X >40)

=0.665" (from GDC)

=0.443




¢ Setting n = 3 in the result of (b):
cosf+cos36+cos56 = il
2sinf
sin68
o —=0
2sinf
sin68=0 for0<66<6n
60=mn,2n,3n, 40,57
is is a geometric series with u, =e*

2i@

T T 2w S5n
dr=e. =

COMMENT

Note that the result from (b} applies only

when sin@ = 0, which is the case for all
five solutions above, so they are all valid.

m a Using several times the fact that
k!(k+1)=(k+1)5

n n ) n! n!
+ = +
r) \r+l) rl(n—r)t (r+1){n—r—1)

1—cos2nB—isin2n6 ) ‘ _nl(r+1)+nl(n-r)
 (cos@—isinB)—(cosO+isin6) T (r+1)(n-r)!
Re(l—cosZne—isin2n9) _nY(r+l+n-r)

—2isin@ ~ (r+1)!(n-r)!

i(l—c052n0)+sin2n9) nl(n+1)

2sin6@ (r+1){(n—r)!
sin 216 o \ER
(r+1)(n-r)!

n+l
3 T+l
that dividing by e at the
ing results in a nicer expression in b Whenn=1:

enominator to work with. % ly) s dv . % ) by the prodicrale
X

so the statement is true for n=1.




Assume that the statement is true for some n = k:

YLl

i dxk—i

=0

Then, for n=k+1, use the product rule for each term in the sum to differentiate this

expression with respect to x:

dk+l k k di dk-iH dm dk"
)= 2;[ i )[EF(“)M”“ Wt =)

. k udMV_*_d” d*v k\( du gl’\’+§iﬁfj_k.l]
0 dac*  dx dx! X 1\ dx dx*  dx® dx*!
k\(d’u d“'v  dPu d* %y
& Ry TEREIN B it
2\ dx? dxe*! T dy? dx?
a k) d&ly k k\\du d'v k k @QJF
o) e o)1) Jarar TL1 T2 ) Ja &7

k\ (k+1
Now, using the result from (a) and noticing that [0] = J =k

0

i ) k+1 ud"*‘v+ k+1 ﬂﬁﬂ+ k+1 Ei_zﬁd‘“'er
dxk+l 0 dxk-i-l 1 dx dxk 2 dx2 dxk"]

which is of the required form with n=Fk+1.

Hence, if the statement is true for n = k then it is also true for n=k+1.

As it is true for n = 1, it follows that it is true for all integers n > 1by the principle of

mathematical induction.

m fiti— tang, then

L AGe
sin® =
1= 2
o ook winie
102 & o 20 COSX
= = = —=1E 05
1+t 2

.2 X A 5.
SIS COSES=-SINgEs
2 2




11 1+t 3

J 2t 2dt J- 2t

. = dt
TR )2 152

Change the limits:
when x=0,t=tan0=0

T T
x=—,t=tan—-=1
‘when 5 4

§ s 2L e Lo
L E%dﬁjo mdt—[ln(lﬂz)]o—ln2—ln1=ln2

“Given that X =4, Z=5is equivalent to Y= 1
‘-‘p(z=5|X=4)=P(Y=1 |X =4)

“But X and Yare independent, so

o, Y=k
BorX=1, Y=k-1
orX=2, Y=k-2

.
.

or X=k, Y=0

These are mutually exclusive outcomes, so their probabilities can be added;

“and since X and Y are independent, the probabilities in each term can be multiplied.
" P(Z=k)=P(X=0)P(Y =k)+P(X=1)P(Y =k-1)+...

=2k:P(X= r)P(Y =k-r)

r=0




e—(m-Hl) r.k-r

¥ m'n
ri(k—r)!
The factor e-(m+n) is common to all terms in the sum from (b), so

r.k-r

k
P(Z — k)= e-(m+n) mn
o r(k=r)!

e-—(m-m) k k‘

e : r k-r
T m'n
k! ,g; ri(k—r)!
~(m+n) K k

. € z rok-r

= m'n
51 ik el

e ~(m-+n)

‘1 & e k

A )

This is the correct expression for P(Z =k) if Z ~ Po(m+n).
t0- ‘
2 COMMENT

- R e :

5 In this kind of proof, it is worth keeping in mind what we crek working

4 . . k k m’nk‘r

- towards. We need to get an expression involving (m+n)‘ = 2 s '

E r=0 :
bt 5
3 L Ln e e .
. and since| * |= |(k\)l’ we were just missing a k!, which is why :
r) rllk=r) :

multiplied numerator and denominator by kI.
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