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Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

Exercise 1.1

1. (a) 26
(b) 1
(©) 1201
(d) 83
2. (a) 27.05
(b) 800.01
(c) 3.14
d 0.00
3. (Answers will vary)
(a) height

(b) swimming competition times
() distance between cities

(d) photo file size

(e) conversion of 0.5 inches to cm
® grocery purchase

(2) cold day in Singapore

(h) current in amps

26-25.8

4. 1. (@ ——"=0.00775~0.78%
25.8
(b) 12061 ) 6393~ 63.93%

0.61

()  0.02%

) 0.56%

2. (@  0.01%

(b)  0.00%

()  0.05%

d  100%
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5 @@ 3
(b) 4
(© 2
@ 5
(e 4
® 5
(g 1
(h)y 2
6. (@ 5630
(b) 3100
(¢) 4760000
(d 3.14
()  0.000207
® 100
(g 0.0201
(h)  0.0200
Exercise 1.2
1. 3*2 =36
2. 3 =3
3. 32 =3
4. 362 =3
5. 3% =3¢
6. 3
7. 9*.37 =3%2 =310
8. 9*.81° =3%% =3
9. 3 =3
0. 73
3 1
1. 32.3%.32=3"
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2 27
12. 33.3.33 =33
1 5

13. 32.33 =3¢
r 2
14. 32.34=3
3 2

15. 3—4-(332} =3 =3
16. 3°

17.  3*.32=32

18.  32.33 =3¢

19. 32.33 =3¢

20, 32.32=3°

21.  3°.32=32

2 4
22, 3*.33=33
2 2

23. 33.33=3"

1
24. 3'.33=33

Exercise 1.3

1. (a  1.203x10°
(b)  7x10°
(¢  3.01x10™
(d  2.001x10'
(e  2x10°
® 7.0x107
(2  1.203x10'
(h)  1.0006x10"
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(i) 1.0001x10'
1)) 1x10'°
2. (a) 1.68x10° ~2x10°
(b) 3.6x107° ~4x107
(©) 1.84x10" ~2x10"
(d) 1.84x10' ~ 2x10'
3. (a) 1073741824=1.07x10’
(b) 2147483647 =2.15x10’
(©) 23.14=2.31x10
(d) 22.5=2.25%x10

Exercise 1.4

1. (a) 3=log,, 1000 =1og1000
(b) 3=log, 64

© % = log,,, 1000
1

@  5=log,3

©  5-log2V2

® 0=1log,,1=1logl

(2 O=log,1=1Inl

(h)y 2=lo L
g6 36

. 1
(i) 2= logﬁ 5

: 1.1
(J) —5—10g3 \/g

(k) -3 =1log, 8
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1 V2

1 ——=log, ~—
() 5 ~logs

(m) the base of a logarithmic function cannot be negative;
thus, this situation is not possible.

(n) —1=log,,, 100
J2

0 3=log , —
(o) gjzg 4

2. (a) x=log, y
) x=logy
© x=Iny

(d) 3x=log2y:x=%log2y

(€ §=2X:>x=1og2—

d S5-y=2"=x=log,(5-)
]

(2 2x = log3 y3x2510g3y

X
(h) E=10g3y:x=2log3y

(i) 2x=1ny:>x=%lny
G) x—3=log,y=>x=log, y+3

() §=lny:x=2]ny

() 2x=ln2y3x=%ln2y
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3. To find out in which square N =2"" >10°, we solve the equation 2" =10’ and round
up the answer to the nearest natural number:

27 =10" = (x—1)log2=9=x= +1=30.9 = 31 square. GDC solver can be

log2
used instead:
B [B mDrdies] ok
Eq:2*'=10° Eq:%"*:;-]?g
x=0 x=30,89735285
Lower=-9e+99 Lft=1000000000
Upper=9e+99 Rgt=1000000000
10" ) R
4. (a) 10=—5=10x10""=10"=> R =6.2
10~
IOR 5.2 R
(b) 2=105_2 =2x107"=10" = R=1log2+5.2~5.5

Exercise 1.5
1. (a) x=log,16=>2"=2"=x=4

(b) x:log162:>16x:2:24":21:>x:i
© x=log 16=+2 =2"=2"=2" > x=8
(d) x=10g2\/5:>2"=\/5:>x=%.

()  x=log,(-16)=2"=-16, but 2 >0, thus, there is no solution.

3
M  x=log, 22 =2 =22 =x=

N | W

3

3 x
@ x=log 222 =22 =227 =22 = x=3

3x
(h) x:10g2J52:><2x/5) =2:>22=21:>ng
@) log4+1log 25 =log(4x25) =10g100 =2

30
j log30—1og300 =log| — |=1og10™' =—1
1)) g g g(3ooj g
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(k) ln(i)zlnl—lnez=0—2=—2

1 1
1)) ne > ne 2

2. (@ log,a’=3log,a=3

0| =

®)  log,a=log,a’ =

(c) logﬁa a=logﬁ(\/;)3=3

@  log, Ya=log,(Va) -2
3 2 % 3
(e log ,a” =log , (a ) =3
- gL
M log.a=log,(a’) =2

1
Lo

log , Yz =log . (a® )6 ==
® log./a=log,(a’) -

3
(h) log,. ava=log, ()t =
a a 4
@) log,a”+log, a*=-3+4=1

3

G log . a” +log ,a" =log , (a2 )_5 +log . (a2 )2 = —%+ 2 =%

(k) log,a’—log,a®>=3-2=1

()] logaa3—10ga\/2=3_l=§
2 2
o 1
3. (@ logyx=-2=>x=3 =5
(b) log,(x—3)=5=>x-3=2"=x=35
1
(© log 3=—2=3=x"=x=—
) 7

@  log, (¥ +2x+1)=0=x"+2x+1=1=x"+2x=0=x=0 orx =2
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Chapter 1 practice questions

1. (a) 4
b)) 2
(©) 1
da 5
(e) 5
®» 1
(g 3
2. (a) 58300
(b) 6110
(c) 124 000
(d) 1.62
(e) 0.00305
) 400
3. (a) 28
(b) 2°
(c 2°
@ 27
(e) 2°
® 2°
@ 2"
(h) 2%
(@ 2°
1) 2%
K 2°
om 2
(m) 22
(n) 2%
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(p)
(1)

(r)
O
(t)

()

)
(W)
()

(b)
()
(a)
(e)
(M

(2)
(h)
(@)

(b)
(©)
(d)

(b)
(©)

5.227x10"
1.31401x10'
6.04x107
9%x10™*
9%107°
3.2001x10'
5.00003x10°
1.0000x10°
1x10°m
1.00x10"
1.52x10'
1.00x107 s
1.62x10°
5=1log, 243
8 =log, 256

1
3 =log,,, 10
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(d)

(e)

®
(2

(h)

(@)

1)

(K)

)

(m)
(n)

(0)

(p)

(b)
(©)

(d)

(e)
4

(@

l =log,, 2

[V, o)

— =log, 93

\9}

-3 =10g0.001
0=Inl

-3 =log, (éj

1
210253

SEWER
2 (242
-3 =log, 64

1o, (ﬁ)

2 9

Base of a logarithm cannot be negative — not possible.

-2 =log,, 100

3=log, (gj

3= log% 242

x=logs y
x=logy
x=Iny

2x=10g2y:x=%10g2y

log,3+x=1log, y=>x=log,y -1

y=71=3"=x=log,(y-=7)

—2x=log,y=>x= —%log2 y
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X

(h) §=10g2y3x=3log2y

@) §=lny:x=2]ny

1)) x+3=log, y=>x=log,y -3
(k) x—l=lny=>x=hy+1

1)) —2x=1ny:x=—%lny

8. (a) x=log,243=3"=3"=>x=5

(b) x=10g2433:>243"=31:>35x=5:>x=%

(© x=1og116:e) —2 =4

2
2 3
(d) x=log33x/§33x=32:>x=5

(e) We can calculate logarithms of positive numbers only. This one is not defined.

3 3
(h  x=log, 22 =4 =22 = 2> =22 :>x=%

(g) log 50 +10g20 = log1000 =3

(h) log 4000 —log4 = log 4000

=1og1000=3

() Ine?=—2Ine=-2
3g) ln(%)=lne_é =—%

9. (a) 2log,8=2log,~/64 =2log, 642 =2x%=1
(b)  log,8% =

(c) log\/§ (\/5)3 =3
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2
I =\ 2

6
(e) logﬁ83=logﬁ(\/§) =6

1
Lo
M log.5=log,(5) =4

(2) log, 97> +log, 9* =log, 97 +log,3* =-3+8=5

w | oo

2\ 2\*
-3 4 Y Y 2
(h) logﬁZ +log, 4 =10g4§(x/§3J +logg(83J =2+ 3

4 3
= 2
(i) log2ﬁ43—logﬁ2:log2ﬁ((2\/§)3) —logﬁ(ﬁ) =4-2=2

: 1" ! 13
G) logl3—log3\/§=logl(§) —log332:—1—5:—5

3 3

1
10. a log.x=-3=>x=5"=—
(@ 8% g 125

1 1

b log —=2=x7=—=x=2

(b) g 1

(©  logy(¥"-2x—5)=1=>x"-2x—5=3=x=4orx=-2
11. (@ m=2,n=4

15
(b) 8 =167 =257 =252 5 6x+3=8x—12 = x= >

12.  Using the fact that log, x = Inx or any other base, we have:
a

In3 In4 In5 In32 In32 In2° 5In2
a= X x X+ eX = = = -
In2 In3 In4 In31 In2 In2 In2

= (ln y)2 = 4(ln x)2

5

13. logxy=4logyx:>ln—y=4lnx
Inx Iny

=Iny=RIhx=+thx’=y=x" 0ry=i2
X
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Exercise 2.1

1. (a) I (origin, gradient, m >1), Yes, it is a function, because it passes the
vertical-line test.

(b)  J (horizontal line), Yes.

(c) H(y=x-2,s0 m=1 and y-intercept = —2), Yes.

(d) K (circle), No, it is not a function, since it fails the vertical-line test.
(e) L(m<0), Yes

® B (parabola, a >1), Yes

(2) C(y= Ix ), Yes. For every x there is only one y-value.
(h) G(y= ﬁ, a>0), Yes, it is a hyperbola
X

) F(y=2-x", a<0), Yes —a parabola.

2. (a) Since we can only take the square root of a number greater than or equal to
zero, x—4>0. So x>4, .a=4

() ()  h(29)=+29-4=425=5
(i)  h(53)=+53-4=449=7

(c) As x > o, h(x) — oo, but when 4 =4 (minimum possible value),

h(4)=+4-4=0,so the range is y >0
3. Outer rectangle is (12+2x) m by (18+2x)m, so the area is
A=(12+2x)(18+2x)~12-18 =12-18 +12- 2x + 2x-18 + (2x)’ —12-18 = 4x” + 60x

4. (a) FP is the hypotenuse of a right-angled triangle, so

FP=+lx*+12% =/x* +1.44

. 2
fime = distance o T(x) ST 4T, = Nx“+1.44 N 4—x
speed 15 25
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(b)  Graphing y=T(x) gives

037y
02

0.1

X
1 2 3 4

The minimum of which is at (0.9, 0.224), so the minimum time is

approximately 0.224 hours, or 13 minutes and 26 seconds.

5. (a)  Initial thickness is at 0 km driven, so k=0, ..7(0)=a+120000 =12

2 12
V120000 /12410000 100

This gives a = ~ 0.0346 mm

(b)  £(90000)= %\/120 000—90000

_E\/}]oo

100
=36
=6mm

6. (@ 0.5 litres =500 ml, so a(r)=500-2¢
(b) 500—-2¢ =50, 2t =450, t =225,.". the time is 225 min (or 3 h and 45 min).

3
7. (a)  Graphing v(h)= 3ﬂ'[10 —%j, he[0,8] gives:

y

80
60
40

20

X
2 4 6 8

Greatest volume from graph, when /= 8, is approximately 93 cm?.
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(b)  Solving for the intersection of v(%) and v=46.75 gives h~2.04cm (3 s.f).
y

80

60

40

20

A

In the figure at left, we use Pythagoras to get the distance from Sarah’s tent (S) to the
burning one (B) parallel to the bank: +/520° —200” =480 m.

This gives us x and 480 — x in the next diagram, and using Pythagoras again will
give us our function, but first we convert the speed units to metres and minutes:

22kmh™' = 22km lh' -looom=1100mmin_1,andsimilarly
lh  60min 1km 3

12kmh™" =200 m min™".

Since time = dlstan:i:e , the total time she runs from s to the river (R) and then to B is
spee
_+x* +400° \/ 480-x)" +200° _ 34/x* +160000 x> ~960x +270400
1(x) =ty +1p +
1100 200 1100 200
3

(b) Domain is 0 < x <480
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(c) The least time is found by locating the minimum point on the graph of t(x)
for the domain stated; here, (397, 2.62) to 3 s.f..
y

(

100 200 300 400

The least time is approximately 2.62 minutes (or 2 minutes and 37 seconds).

Exercise 2.2
1. Note: the following answers all have a > 0.
(a) y=3x—4 gives 3x—y—-4=0

(b)  Using point-slope form, y—y, =m(x—x,), where m is gradient and (x;.,)
is a known point on the line, we have
y—=(-1)=2(x-3), y+1=2x-6,2x-y-7=0.

y,—y _—10=5 -15

c Gradient is m = = =-3
(©) X, — X, 2—(—3) 5
S y=5=-3(x+3).3x+y+4=0
2. (a) Given Celsius, we want Fahrenheit, so C is the independent variable (like x),

and F is the dependent (like y).
F-F _212-32 9
c,-C, 100-0 5

Thus, m = and F—32=§(C—0), S0 F=§C+32

(b) F=%37+32=98.6

© C=§(F—32)=§(9941—32)=5505

(d) Since the difference between freezing and boiling is 100, like Celsius, we can
convert K to C by C = K —273 then use our original formula, giving

F=§(K—273)+32=%K—459.4
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e () F= %(0—273) +32=-459.4

(ii) C=0-273=-273
. e ... P 4 4
3. (a) The ratio of Philippine money to Thai is — = ﬂ, so P= 400 = §T
T 250 250 5

b P :%520 =832 PHP

(©) B=§P=%»1280:800 THB

4. Let n = months and C = cost.

(a) C,=400+50n

(b) C, =150+80n

(c) C,=400+50-12=1000, C, =150+80-12=1110, so A is cheaper by $110.
S. (a) C=0.84+4

(b) C=0.8-12+4=13.6,s0 $13.60

(c) Gradient represents cost per km, which is $1.

(d) The intercept represents the fixed rate, essentially the cost of being picked up.

6. (a) 2x+1=ax+b,2-3+1=a-3+8, 3a=—1,a=—%

()  2:3+1=4.3+b, 7=12+b,b=-5

7. (@ 1-x’=ax+b 1-2>=3q-2+2, 2a=-5, az_g

(b) 1-2>=3-24b,b=-9
8. (@) 60+12-5=x+9-5120=x+45, x=75
b  C(9)=75+9-9=156
9, @ 5-6-5+3.5+10=-5-5"+70-5-225
125-150+15+10 = =125 +350-225

0 =0, hence when x =5, both pieces of the function have a y-value of 0, so
they meet at (5, 0), making the function continuous.
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(b)

YA

AN l
Yo o

(c) Minimum value = —10.4 using the graph.

(d) Maximum value = 20

(e) Adding the line y =4 to the graph and finding the intersections gives
x=1.55,5.21, 8.79

10. (a)
)Kl.
(b) m(0) = % = ? =30 becquerels
30 ,
(c) 3—,=15,3 =2, t=log,2~0.631 days
(d) m=0
(e) It becomes less and less active, hence approaching 0 Bq.
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11. (a)
YA
100 . T
b  P(0)= Tt 4.74 , so we round this to 5 birds initially.
+e

(c) Using the graph intersections, we find 1.61 years.

1004y

80T

60T

407

hd ' 2 ' 4 ' g ' 8 ' 10
(d) P =100 is the value the graph approaches as ¢ — o
(e) The population keeps growing but more and more slowly, approaching 100
birds.
12. (a)
YA

=Y
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(b) The amplitude is approximately 20.0

Facy
W

10 % 20
(¢) M =~log,200+4~6.30

(d) log4 +4=49,log4 =0.9, 4 =10". Similarly, 4, =10

The ratio of the A-values is

Al 1 00.9

A2 - 1003

=10"° ~3.98

Exercise 2.3

L@ @ f(%}f(%]ﬂ%ﬂ

(ii) g(2-5)=g(10)=ﬁ=%
b G f(g(x))=f(x1_3j=2(xi3)=x:
G g(f(x)=e(2x) =3
2 (@ () f(g(o))=f(2 ) f(2)=2-2-3=1
i)  g(£(0))=g(2:0-3)=g(-3)=2-(-3) =-7
(i)  f(f(4)=r(2-4-3)=f(5)=2-5-3=7
™ g(z(-3)=g(-7)=2-(-7) =47
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(«(-0)=/(
0D (/(-3)=2(2(-3)-3)=g(-9)=2(-9) =79
b B f(g(x)=r(2-¥)=2(2-x")-3=1-2+
()  g(f(x))=g(2x-3)=2-(2x-3) =—4x’ +12x-7
(i) f(f(x))=2(2x-3)-3=4x-9
i) g(g(x)=2-(2-2) =" +4x> 2

3. (a) 4(2+3x)—1=12x+7,xeR

()  (2x) +1=4x"+1, xeR

©  1+(Varl) =xe2.x21

2 2

= R —3
(x—1)+4 x+3 X7

(d)

() 3(x;5j+5=x, xeR

® 2—(%/@)3 —x’+1, xeR

1
2| —

2
1
=—- = ,x#20,x 2+~
® P e 2
2
X
2(x—4 -
b = (x=4) 28 LT
L3 5+3(x—4) 3x-7 3
x—4
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4. Graphing f(g(x)) :xx—_ll and g(f(x)) = (sz -1

y

(b)
(c)

(b)
(c)
(d)
(e)

(b)
(c)
(d)
(e)

- 7 P N 3 i
Looking on the graph of g for the y-value when x =-3 gives g(-3)=1,
~g(g(-3)=r(1)
Now we look on the graph of f for the y-value when x =1 to get 5.
Similarly, g(g(1))=g(-1)=4
g(£(-1)=g(1)=-1
F(x+3)=x+3+3=x+6
f(fef(x))=rf(x+6)=x+6+3=x+9
Y (x)=x+9+3=x+12
f(")(x):x+3n
FP(x)=x+3-50=x+150 = 20, x = ~130
f(2x)=2(2x)=4x
f(4x)=2(4x)=8x
/(8x)=2(8x)=16x
" (x)=2"x

" (5)=2"-5>1000000, 2" > 200000, 7> log, 200000 ~17.6,.. n =18
Alternatively, find the intersections of the graphs of y=2"-5 and y =1000000
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8. (a) F(3x-2)=3(3x-2)-2=9x-8
(b) F(9x—8)=3(9x-8)-2=27x-26
(c) F(27x-26)=3(27x-26)—-2=81x-80
@ f(x)=3"x—(3"-1)=3"x=3"+I
@ fOx)=r702),Fx-3+1=3"-2-3"+1,3°x -3 =323, dividing by
3° gives x—1=3-2-3%, x-1=9, x=10
9. (a) The rate is 2 m/15 min = 48 m/2 h without maintenance, and 10 min cleaning
is % h, so we can say the actual rate is 48 m/ % h, which is 21—? mh™! with

cleaning. .. L(1) = 21—%;81‘

(b) S=12L+10JL =12 &t 10 /%t_ﬂ

(c) 3m= % 2 m, so the machine produces L, (t) = 3 288, 432

2 13 13
)12 452 110 B2, 918y

d)  D(1)=5,(r)-S(1)
_si84 o [432 (3456, . [288
13 N13 13
1728 101982, 1, 288t

Vi3 N 13
_1728 10( /432t 21838t]

(e) 1 year = 365-24 h= 8760 h. D 8760) 1165396.23, so the company is

willing to invest a maximum of approximately $1,165,396.

t,and
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Exercise 2.4

1. For inverse functions, if /(x)=y,then /™' (y)=x, giving the following results:
M2 Gi)6 (i) =1 (iv) b

2. 3x—7=5,x=4=g_1(5)

3. x*—8x=-12, x*—8x+12=0, (x-2)(x—6)=0, x-2=0

or x—6=0,x=2o0or 6.:x>24,x=6

4. (a) y=2x—3,x=2y—3,2y=x+3,y=x+3,xe]R
(b) y=x;:7,x=y:;7,4x=y+7,y=4x—7,xeR
(©) y=\/;,x=\/;,y=x2,x20
@ y=—a= b 02l il s
x+2 y+2 X X

(€ y=4-x,x=4-)",y" =4-x, y=+4-x, x<4
)  y=Vx-S.x=yy-5.x"=p-5 y=x"+5x20

x—b

(g) y=ax+b, x=ay+b, x-b=ay, y= ,xeR

M) y=x'+2n =y 42y x=(y+1) L atl=(p+1) Lyl =—x ]

(we use the negative root since the original function is the left half of the
parabola, and its domain, x < -1, tells us the range of our inverse function

should be y<-1), y=—Jx+1-1, x>-1)
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2 2
. x =1 y -1
1 = ,xz
® YT ¥+l

wH+x=y"-1,x7 -y =—x-1
¥ (x=1)==(x+1)
) x+1 x+1

VT T

(again we need a negative root for a negative range as determined by the domain of

the original function). Since we need the radicand to be positive or zero, considering
the signs of the numerator and denominator is necessary.

x<-1 x=-1 -1<x<l1 x=1 x>1
x+1 — 0 + + +
I-x + + + 0 -
x+1
- 0 + undefined -
1-x

Thus, the domainis —-1<x <1

5. (@ y=x+Lx=y+Lx-1=)", y=3x-1

(b)
Y
fix) = + lf /
¥,
f-ifx) = Y& —1
(c) y=x
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X lﬂt_efr:ept _
{_ 2’: ﬂ:'

(b)

=]

| Vertical asymptote
lx=2

| 5_ | } | |

¥ Intercept |

i

]

|

|

I

:

1

|

|

|

|

—2-1 0] | :';
: ==
|

|

|

!
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(c)

| X Intercept
(1,0)

—6—5~4—3—2—11‘] 5 6 X
_2_
_3_ 1 4
(4, —3)
__4_ ! 4

7. (@  g'(0)=x, .. g(x)=0. Using the graph, this x-coordinate is —1
b T (4)=x o f(x)=4x=-2
©  f(g"'(1))=r(0).since g(0)=1.and £(0)=3
@ g'(f'(3))=¢g"(0)=-1

8. (@  f(g(x)=s(2x+1)=(2x+1) +3=4x" +4x+4. 2x+1

is a linear function, which can take on all values, but when squared, the
minimum possible value is zero. So the minimum possible value of

(2x+1)2+3 is 0+3=3. Hence, the rangeis y >3

b g (x) =%(x—l) .s0 f(x)<14g™"(x) becomes x* +3<7(x—1)

We could graph y=x"+3 and y=7x-7 to solve this, by looking at where
the parabola is below the line, or solve algebraically: x*> —7x+10 <0,
(x—2)(x—5)<0. The critical values, where the left side would equal zero, are

x =2,5. The product on the left is positive when x <2 or x > 5 and negative
when 2 <x<5.Hence 2<x<5

9. (a) The domain of the log function is positive real numbers,
so x+2>0,o0r x>-2

Hence, the least possible value of a is —2.
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(b)  y=5logy(x+2)-4, x=5log,(y+2)-4

x+4=5log, (y+2),x;4 =log, (y+2)
y 12 = 3(x+4)/5’ y= 3(x+4)/5 _2, y )
10. (a)
Vi
Z.D_
{ i 15_ - |
X Intercept | / lﬂ'fE'l'{.prt.

& Intercept
(2.44,0)
| xintercept |
207 (0.182,0)

(b) It is not one-to-one, since it fails the horizontal-line test.

(c) The graph is increasing, and hence one-to-one, up until its relative maximum
at (—0.541, 2.51) (3 s.f.). So the greatest a is —0.541

(d)
VA
2871
1_
—
4 Xx
1.  (a) 150 0.1304 or 13.0%.
50
X
b C(x)=
(b) (x) 1000+ x
X
© 2

T1000+x 1000+ y

1000x +xy =y, 1000x = y —xy
1000x

1000x=y(l-x), y=
x=y( x)y Iy
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1000-0.4 400
d = =
@ =204 T os
12. (a) Since he runs 20 km in 1 h, he runs 10 km in 0.5 h.

So the total distance is 10+ 30 =40 km and the total time is
&_ 0.5x+30  x+60

~ 666.7 , so she should add 667 ml of lemon juice.

0.5+
b X 2x
Thus the average speed is 40 + x+60 =40- 2x = 80x
2x x+60 x+60
80y 60x
b X = , xy+60x=80y, 60x=80y—xy, 60x=y(80—-x), y=
(b) 60" Y y y—xy y(80-x). y =g —
60-35
c = ~46.7 kmh™!.
© V73035
13. (a) The distance run at the slower pace, after changing time to hours,
is speed x time =15 a =5 km, and at the quicker pace is 22 SR 22 km
3 60 60
5+& 60-5+60~&
. 60 300+22¢
So the average speed is T = ] =
S+l 602460 L 20H
3 60 3 60

by =022V o0t 2300422y
20+ y

yt =22y =300-201, y(r—22)=300-20r,
_300-20r  20-300
t—22 22—t
300-20-20 100
20-22 -2

=50 min

() ¥(20)

14.  (a)  hisinkilometres, d(8.848)=,/8.848(8.848+26371) ~ 336 km

(b) h=,/y(y+2r), h2=y(y+2r)
W =y2+2ry=(y+r)2—r2
h +r =(y+r)2, y+r=Nhn +1’

y=NI+r" =r, h>0

(¢)  »(200)=+200%+6371> =6371~3.14km
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Exercise 2.5

1. For sketches, see answer section in textbook.

()

(b)
(c)
(d)

(e)
®
(®
(h)

(b)

(c)

(d)

(e)
®)

0
vertical translation of [J

-2
horizontal translation of ( 0 j

reflection in x-axis

2
translation of ( 2)

vertical stretch (x-axis invariant), stretch factor (s.f.) =2
horizontal stretch (y-axis invariant), s.f. = 5
reflection in y-axis

-2
horizontal translation of ( 0 j

AND vertical stretch (x-axis invariant), s.f. =2 AND reflection in x-axis

y=4f(x)=4(3x"-2x)=12x" - 8x

ol Ao
y=f(x+1)+3=3(x+1)" =2(x+1)+3

=3(x" +2x+1)-2x-2+3
=3x" +4x+4
y=f(x-2)-1=3(x-2) -2(x-2)-1
=3(x" —4x+4)-2x+4-1=32" —14x+15
y=—f(x)=-3x" +2x

y=/[(-x)= 3(—36)2 —2(-x)=3x"+2x

3. f(x)=x—4x, f;(x)= F(=x) = (=x) —4(-x) =—x* +4x,

fo(x)=fi(x=2)=—(x—2) +4(x—2) = —x* + 6x* —8x
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4. H(x)==f(x)==x"+4x. f,(x)=f(x)+2=—x"+4x+2
-4
5. (a) 1. Translation of ( 0 ) (since this is in brackets),

2. Stretch by s.f. = 2, x-axis invariant,
3. Reflection in x-axis

Note: Other orders are possible.
3
(b) Translation of ( 2)
(©)  f(-2x+4)=f(-2(x~2)). so. this will be
1. Reflection in y-axis.

1 .. .
2. Stretch by s.f. = > y-axis invariant,

2
3. Translation of (OJ’

(d) 1. Stretch by s.f. =2, x-axis invariant,

0
2. Translation of (4j

(e) 1. Stretch by s.f. = 3, x-axis invariant,

2. Reflection in x-axis,

0
3. Translation of (6]

6. (a) Ground implies /# =0. Graphing gives d ~2.22 m.
Alternatively, use the equation solver, or the quadratic formula.

y

B [HetiRadFomd

=1 aX2 +bX+c=0

X1[ 2.2247

2| T
:

2-J6
2

1 , x | (REPEAT
P LI |
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(b) On the graph we can see the maximum height of 3 m, which we could also
b 4

find using the equation of the axis of symmetry, x =——=———-—-=1, and
2a 2(-2)

substituting this for d to find the corresponding /4 -value.

2
(c) h(d):hold(ld):1+4(ldj—2(ld) =1+2d—2(1aﬂ)=1+2ar—lal2
2 2 2 4 2

200 200
7 a N(0)= = =4 people infected
@ NO)= =5 4 peor
b
y o= _?_-‘»'I:.” _-. l-:I.I|
o 3n
NI =T 40 @)
¥y = N(2f)
Z/ y= 3N
0 i
(€ N=200
(d) See (a).

(e) Horizontal asymptote is only affected by:
vertical stretches, reflections and translations.

() y=%-N(0)=%~4=2;asymptote y=%-200=100

(i) y=N(2-0)=N(0)=4;asymptote y =200

0-4 200
i) y=3N[ 2 |=3N(<2) =3 — 0 ~0.764:
m ( 2 j (=3 s

asymptote y =3-200 =600

® 3N(ﬂ) = 3N(l(t _4)) - 3( 20—(()1/2(1—4)) )
2 2 1+49-4
—(l(t—ét )
In the denominator we have 4 ** which simplifies to

1 -4 -4 t —4 t
(4 2) :% :(%) (%) =16(%) =16(2)", giving

600 600
14491612 1+7842)”
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(8000-6000)" 2000 _ 4000000
40000 40000 40000

(ii) 201—%00 —600 = 2000 — 600 = $1400

=$100

(b)  T,(x)=12(T(x)+200)=1.2T(x)+240

1.2-0+240=240, x<6000

1.2(x-6000)’ 3(x—6000)’
T (x)= -2 +240 =" 1240, 6000 < x <10000
40000 100000
1.2x 3x

—-—1.2-600+240=—-480, 10000 < x
10 25

T, (x) =T (x+ 1000) , 50 6000 < x+1000 <10000becomes 5000 < x <9000

0. x<5000
(x+1000-6000)"  (x—5000)’
T, (x)= - . 5000 < x <9000
40000 40000
¥+1000_ Ch0 =X 1100-600 = —500. 9000 <x
10 10 10

T, (x) = T(2x+1000),
so 6000 <2x+1000<10000becomes2500 < x <4500.

Then
0, x<2500
(2x+1000-6000)"  (2x-5000)" 2°(x=2500)" (x—2500)"
T,(x)= = = = . 2500 < x <4500
40000 40000 40000 10000
2x+1000 0 X 1 100-600=>—500. 4500 <x
10 5 5
3(8000 - 6000)’
(© @)  7,(8000)= ( ) 1240 = 12000000 10— 360
100000 0
8000 —5000)’
7, (8000) = ( ) _ 2000000 _ »,5
40000 40000

];(8000):8()5&—500:1600—500:1100
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3-20000

(ii) 1, (20 OOO) = —480=2400—-480=1920

7,(20000) = 2.i—(())oo—SOO =2000-500=1500

7,(20000) = @—500 =4000-500=3500

9. (@ T(0)=63+22=85
(b)

YA

T(t) = 63(0.85)" + 22

=Y

]
(© T(12)=63(0.85)" +22~31.0

(d Ast—>», (085) =0, so T(1)—>22. T =22 is the asymptote of the graph,

so the most accurate reading we can get for the temperature is 22.0 °C.
(e) This graph must be stretched horizontally by a scale factor of 2, so

1 1
T,(1) = T(%t) =63(0.85)2" +22=63((0.85)2)' +22 ~63(0.922) +22

® Clearly, 7, (24) = T(% . 24) = T(12)

(@ T()=T(3r)=63(0.85)" +22=63((0.85)’) +22 ~63(0.614) +22

(h)  Using the graph, we find the intersection of 7} (r)=63(0.614) +22
and 7 =30 when ¢ =4.23 minutes.

y
60

40

20T
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Chapter 2 Practice questions

M _2850 . 2850 . 19 .

L () R VR
E 600 600 4
19 .
(b) M=7-170=807.50 ringgit
4 4
(c) E=—M =—-3500~ 736.84 euros
19 19
2. x—ﬁ ,3xy—x=2y-5,3xy-2y=x-5, y(3x—2)=x—5, y=3x_52 , xi%
x_

T 3y-1

3. (@ 15min=—h ~.12=3km.
47 4

d total distance

t =—, average speed=——
K total time

3+x

1 x

R + -

4 18

_ 3+x

T 942x

36
=(3+x).

36

9+2x
_ 36x+108

2x+9
v 36y+108

2y+9
2xy+9x =36y +108
2xy—36y =108—-9x
y(2x—36)=108—9x

(b)

108-9x
Y36
108-9-16 36

© ez 4
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. . . 1 .
4. (a) Using the quadratic formula with a = —E,b =3,c=2 gives

—31\/32—4.(—;)-2 .
d= ~ 6.61 metres, as does graphing s =2+3d _Edz

8

Y

\N
FanY :

b ——t— \
(b) We can find the x-coordinate of the vertex using the formula for the axis of symmetry,

X = LA 3, and then substitute this into %(d) or use the graph

)
2
to find the maximum height of 6.5 metres.

y

g-:\+,

©  h(d)=h(2d)= 2+3(2d)—%(2d)2 =2+6d-2d°

~
a
\J
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200

150

100

50

10

(b) From the graph, we see that the maximum is at the endpoint when 42 =10
Finding v(10) or using the graph gives approximately 209 cm’.

(c) From the graph we have (i) 7.56 cm and (ii) 5.50 cm.

1y

200 1

150 T

100

50T

X

10
(d) From the graph, when the height is 3 cm, the volume is approximately

D

51.8 cm?, so this is how much orange juice is in the glass.
51.8

v(h)

The concentration is then C (h) =

e C= % =0.259, or 25.9%.
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6. @ (@) uo f = f(x)-3,s0 the range is [-1-3,1-3] =[-4,—2] or 4 < y<-2
(i) uovof=2f(x)—3,
so the range is [2(—1)—3,2(1)—3] =[-5.-1] or -5<y<-1

(i)  fovou=f(2(x—3))=/(2x-6).50 -3<2x-6<5,

which gives 3<2x <11, so %Sxﬁ%

(b) (i) f fails the horizontal line test, hence it is not one-to-one.

(i) From the minimum to the maximum we have —1<x <3

(iii)  The x- and y-coordinates of the points on the original graph are
swapped, so the y -intercept is at (0,1) and the endpoints are at:

(-1 =1).(L 3).

YA

=Yy

© ) x=2 yrdc=2y-5
y+d
xy—2y=—dx—5, y(x—-2)=—(dx+5)
__dx+5 _ S+dx
x—2’y 2-x
S5+dx 2x-5
ii For h'(x)= = =h(x), d=-2, since
(&) ( ) 2—-x x+d ( )

5+(=2)x _2x-5_ 2x-5
2—x x—2 x+(—2)
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i) A(k(x))= 2kk((;))__25 - xzf 1

Cross-multiplying gives

2x‘k(x)—4x = 2x-k(x)—5x+2k(x)—5,
—4x = —5x+2k(x)—5

X+5=2k(x)

B(x) =5+ 2 =2
7. (@ @) From the point (0,-3), we get /' (-3)=0
G  f(g(1))=s"(5)=6. from (1. 5)on gand (6. 5) on .
Gi) (f_l (—4)) =7 (-3)=0. from (—3,-4) on f and from (i).
(b) It fails the horizontal line test, hence it is not one-to-one.
©  g(g(3)=2(5=-3
To solve g(x)=-3, we find points with a y-coordinate of -3,

which are at x=-1or 5

8. (a)  y-intercept at (0,-3), x-intercepts at —1.62, 0.618, 3

Yy

(b) It fails the horizontal line test, hence it is not one-to-one.

(c) This is the x-value of the minimum, x ~ —0.667
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(d) Drawing the horizontal line y =3 shows the x-coordinate of x ~1.21

y

i
N
v

9. (a) Since log, x =y implies that 17 =x, if a =1,
this function would only be defined for x=1 notall xe R".
Hence a>0, a#1.
(b) Using the base change rule, we have

logy _ M, (log y)2 =9(log x)2 .logy =+3logx, logy =logx’ or logx~,

logx logy
3 1
SO y=x"or y=—
X
10. (a)
]HL
0 X
80
b A(0)=——=80
(®) 0) 1.2°
80 80 80
25 = 12 =—, | —~6.38
©) 12 25 12
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(d) A=0,sinceas t >, 1.2' = o and so 2{—)0
(e) The activity slows, meaning it approaches zero.
) The point of intersection of the two graphs is at ¢ ~ 5.40
\{ ;
80
601
~
401
201
oD 1 I + 1 X
v 2 4 6
(8 B=24= 16? when ¢ ~13.4
801
601
~
401
201
) | | | | | | | | . | X
T 2 4 6 8 10 12 14 16
11. (@ 1-2.2=-3= %(2 - 2)2 -3, hence the function is continuous.
(b) 1-2(=x)=1+2x,1+2(x-2)=1+2x-4=2x-3

%(—x—2)2 —3:%(—(x+2))2 -3 =%(x+2)2 -3, 2(x—2+2) -3=x

x <2 reflected is x > -2, then translated two units right, it is x >0

2x-3, x>0
g(x): %x2—3, x<0
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12. (a) 3+0.8-10=11, x+0.6-10=11—>x=5
(b) C(16)=5+0.6-16:5+9.6=14.6, -.$14.60

13. (a)
}'Jh
0 X
130 130
b P(0)=——="=
(b) (0) 1+47° 65

(c) Finding the intersection of the graphs of P(t) and P =50 gives 2.66 years.

12047

1001
80T

60T

40T
20T
X
- : +

2 4
(d) As t —> o, 47 -0, so 13(; - 130 =130
1+4 1+0

Hence the asymptote is P =130

(e) The population grows rapidly, then more slowly, before levelling off at
approximately 130 birds after a longer period of time.
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15.

=
®Y

(b) The domain of £ is x >1, as seen from the asymptote, so the range of f ' is y>1
(0 f(4)=In(4a+b)=0.4a+b=c"=1,b=1-4a

Also, the domain of the logarithmic function is positive real numbers, so

a
ax+b>0,ax+1-4a>0, ax>4a-1, x> , but we know x >1, so

a
4a—1=1 This gives 4a—1=a, 3a=1,a=%.Then
a
pot_4fL)23_4__1
3) 3 3 3
. . ) . 3 1
(a) / has a minimum at x =0, since x~ >0, so the range is ny(0)=%=E

g has a minimum value of 0, since the modulus function must be positive or
zero, hence its range is y >0

Bx—d) 1 (Bx-4) .| 1( 2, .
(b) f(—lo T 2 ST +3 ‘%(ﬁ(% —24x+16)+3j

x> —24x+166
3750

- i(i(%ﬁ —24x+16+150)j =
75150

. 2, 3 2, 3 . 75x—3 T5x—3
c i X=—y +—, —y =x——,2y " =T75x-3, y" = , V=
© 757 757 757 75 Y R

(i) X2 2LS (from range of f in (a)), ¥ >0 (from domain of f in (a))
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16.  (a) AP =+x>+50> =/x>+2500 and

BP = \/(120 —x)’ +40% =+/x* —240x +14400 +1600 = v/x* —240x +16000

Hence the cost, in millions of dollars, is
C(x) = 63/x* +2500 +2+/x* — 240x +16000

(b) Graphing to find the minimum gives approximately $538 million.

10004y
900 1
800 1
7001
600 1
500 1
4001
30071
200
1001
G

50 100

17. g(x)=—(1n(x—3)—2)=—(ln(x—3)—lnez)=—(lnx_23j=ln(x_23)_l S

18. reflection:—2x° +3x—1.
translation: —2(x—1)" +3(x—1)=1+2=-2(x" = 2x+1)+3x-3+1

=2x"+4x-2+3x-2=-2x>+7x—-4

2
stretch: —2(1.7(7) +7(lXJ—4=—2(lx2)+1x—4=—lx2 +Zx_4
2 2 4 2 2 2
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Exercise 3.1
1. In questions a — c, substitute n (or k) = 1, 2,..., 5 into the given formula.
(a) s(n)=2n-3 =s()=-1,s(2)=1, s(3)=3, s(4) =5, s(5)=7

(b) g(b)=2"-3 =g)=-1,g2)=1, gB)=5, g(4) =13, g(5)=29
- _3 _3 _3 _3 _3
(©) Sk)=3x2 =>f(1)—2,f(2) 4,f(3) 8,/’(4) 16,f(S) %

@  a=)'QY+3 =a=1a=7a=-5a,=19, a,=-29

=5
© —a,=5a,=8,a,=11,a,=14, a,=17
an:an—l+3
o o7 b =3 b =7, b =13, b, =21, b. =31
b =b  +2n ' TR TR

2. In parts (a) — (d), simply substitute n =1, 2, ..., 5 and n = 50 into the formula.
(a) -1,1,3,5,7 as, =97

b 2,6,18,54,162 by, =2-3" =4.786x10%
50

2 26 410 100 50
(c) PO R D R R 7/!50:——:——
3311 9 27 2502 1251
(d) 1,2,9,64,625 a,, =50 =1.776x10%

In parts (e)—(h) with the first term and substitute it in the given formula to find the
second term, and so on. To find the 50th term, we will use a GDC in Sequential mode.
Be careful that some GDCs start with u(n + 1) rather than u(n) as shown in the second
set of screen shots. In this case you start with » = 0 and end with n = 49.

(e) 3,11,27,59,123 aso=4.50 x 105
Flotl Flotz Flots CoE
aMin=1 4., SA3599527VELS
UL Bl e—12+5
Ul nMin BL3s
AL =
viafini=
k=
WipMini=
B FetiRedlom] /ey B Htkedlom] BEes]
Recursion
an+1gB2an+b [—1 _n+l  ant1
Dn+1 : [—] | 0 3
Cn+1 - [~—] { 1 llw
2 27
3 59 0
[SEL+SJDELETE TYPE [n.an~] SET JIFYINa] (FORMULE DEER (EB-EPH EPHECON) GPHEPLT
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® 0, 3, =, =—, — uso ~ 1.00

Flakl Flokz Flatz

_ =12
aMin=1 1. BEEEAERARSG
;Tgn}ﬂlfiiuin—lb
uiaMin BL8:
WAL=
VwinMini=
Wl aa=

(2 2,6,18,54,162 bso ~ 4.786 x 10?3

Flatl Flokz Flokz =ik

aMin=1 4. PB5986585E23
LR BAui =12
utaMin 820
AL =
winMini=
Sl A=
wiaMini=

(h) -1,1,3,57 aso =97

Flobl Fletz Flots Lo

aMin=1 Qv
LR Buen—10+2
uiaMinsB-10
AR =
vinfini=
Ml A=
WwiaMini=

3. In this question you need to observe and spot the pattern. Perhaps trial and error!

u=—a

n T n—1° >
(© u,=u,  +a+k, u =a—5k
4. In this question too you need to observe and spot the pattern. Perhaps trial and error!
(a) u, =n"+3

(b) u,=3n-1

2n-1
(c) un = 2
n
) un=2n—1
n+3
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5. (a) Here is a part of the spreadsheet we used.
n Fn an
1 1 1
2 1 2
3 2 1.5
4 3 1.666666667

29 514229 1.618033989
30 832040 1.618033989

(b)  lima, ~1.61803

n—>0

6. (a) Here is a part of the spreadsheet we used.
n Gn bn
1 1 1
2 1 3
3 3 2.333333
4 7 2.428571

U]

9 26102926097 2.414214
30 63018038201 2.414214

=

N

(b)  limb ~2.41421

n—»w0

Exercise 3.2

a. . —a =|2(n+1)-3|-2n-3)=2 =>d =2

1. (@)  Arithmetic: " " [ (n+1) ] ( )
=ag,=a,+49d =—1+49-2=97

. b, =b =n+14+2)-(n+2)=1 =d =1
(b) Arithmetic:
=by, =b +49d =3+49-1=52

(c) Arithmetic: ¢ =-1,¢,=L, ¢ =3=>d=2=c,=¢, +49d =-1+49-2=97
(d) e,—¢=5-2=3,e,—e,=7-5=2

There is no constant common difference, so the sequence is not arithmetic.

L—t=h-h=fi-fi=-T=d=-T

(e) Arithmetic:
= fio =/, +49d =2+49-(-7) =-341
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2. @ (@ a=-2d=4%a,=a+@8-1)d=-2+7-4=26

(i) a,=-2+n-1)-4=4n-6
(i) a,=a, +4, a0 =-"2

(b @ a,=10.07,d =-0.12: a;, =a,+7d =10.07+7-(-0.12) =9.23
(i) a,=10.07+(n-1)-(-0.12) =-0.12n+10.19
(ii) a,=a, —0.12, a, =10.07

© (@ a,=100,d=-3:a,=a,+7d =100+7-(-3)=79
(i) a,=100+(n—-1)-(-3)=-3n+103
(i) a,=a, -3, 4a =100

n

5 5 27
d i =2,d=—=:a,=a,+7d =2+7-(->)=—"—
(d) (D a 4 az = q ( 4) )
5 5 13
i =2+(n-1)-(—=)=—=n+—
(i) aq, (n=1)( 4) 2"
5
(i) a,=a,, e a,=2
3. We need to find the first term and the common difference

as;=06,a,=42=a,+4d =6, and

a,, =42 = a,+13d =42, and solving the system

d=4,a=-10 =>a,=-10+(n-1)-4=4n-14
4. Similar to Q3:

a, =—4o}:> {al +2d =40

ay=-18]  |a,+8d =-18
L LML
3 3 3 3 3
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5. In all the exercises, we need to use the nth term formula

@) a,=3,d =6,a, =525
a
a,=a+(n-1)d =525=3+(n-1)-6 = n=288

®) a,=9,d =-6,a, =-201
a,=a+(n-1)d =-201=9+(n-1)-(-6) = n=36
g =Lag-1 1.1, 5>
3 2 3 6 6
(© 17 1 1
a =a+n-)d >—==-+(n-1)-— =>n=16

a,=1-k,d=(1+k)—(1-k)=2k,a, =1+19%
a =a+(n-1)d =1+19%=1-k+(n-1)-2k =20k=(n—1)-2k

(d)
=n=11
a,, =147,d =4
6. ay,=a,+29d =147=a,+29-4 =a, =31

a,=a,+(n-1)d =31+(n-1)-4=4n+27

. a,=-7,d =3,a, =9803
| a =a+(n-1)d =9803=—T+(n-1)-3 =n=3271
Yes, 9803 is the 3271th term of the sequence.

a, =9689,a,,, =8996
8.  a,=a-+(n-)d =8996=9689+99d =d=-7

a,,, = a,+109d =9689+109-(-=7) = 8926
a,=1 =9689+(n-1)-(-7)=1 =n=1385
Yes, 1 is the 1385th term of the sequence.

9 a,=2,a,, =147,
' a,=a,+(n-)d =147=2+29d =d=5

a =995 =2+(n—1)-5=995 :n:¥

As a fractional result is not possible for n, we conclude that 995 is not a term of this

sequence.
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10. (a) Use GDC/spreadsheet to calculate differences and then find the average
_43+45+42+43+44+42+44
7

(b) u, =u, +(n—1)d Su, = 4.4+4.33(n—1)= 0.07+4.33n

n

d ~4.329

(©) 0] u, =0.07+4.33x7~30.38
30.38—-30.3

(i) 303 ~ 0.264% . However, if we use 3 sf figures only then
3042303 4 330%
30.3

11. (a) Use GDC/spreadsheet to calculate differences and then find the average
_—25-20----30
5

)  u,=u+(n-1)d =>u,=280-27(n-1)=307-27n

d ~-=27

(©) @) u,=307-27n=u, =307
(ii) An overestimate. The remaining mass includes the mass of the tub, so
the amount of ice cream will likely be less than 307 g

@ () u =307-27n=0=307-27n=>n=1137~12

(ii) An underestimate. When there is only a small amount of ice cream left,
it will be difficult to fill the spoon. So, the final few spoonfuls will
likely be smaller, meaning more spoonfuls will be required.

12. (a) Each year the interest is 500x0.032=3$16 and in 5 years this will be $80.
Thus the amount at the end of 5 years is $580.

(b) 500+16n >2000 = n>93.75 =94 years.
13. (a) v(n) =16500—-1650n = v(4) = $9900
(b) 9900—0.5x16500 = $1650.

14.  Amount after 7 years can be usually found using
) = 450+ 7x 4507 = = 220740 6 6349 ~ 3.5%.
7% 450
15. Let ¢ be the number of years, then the amount outstanding after ¢ years using simple

interest 1is 16000(1 + rt) = 16000(1 + 0.08t)

Nanako pays $3000 per year, and thus, $3000¢ in ¢ years.
So, 30007 =16000(1+0.08¢) =1.72¢ =16 = ¢ =9.30 years
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Exercise 3.3

1. (@) 3, 3¢t 32t 3t The sequence is geometric.
. u 3[l+l 33a+1
(ii) r=u” = 3 ="':32u+1: ’

n-1
i) o, =ur’ =3-(37) =3

2. (i) 0,3,6,9.... The sequence is arithmetic.
(ii) d=an—an_1=(3n—3)—[3(n—1)—3]=3
(i) a,=a4,+9d=0+9-3=27

3. (@) 8,16,32,64,....The sequence is geometric.

(i) r=—t=—"=..=2

(ii) b, =5b7"=8-2" =4096.
4. @ -1,-4,-10,-22...,¢,, =—1534
The sequence is neither arithmetic nor geometric.
5. @) 4,12,36,108,...The sequence is geometric.

. u, 12
ii r =—=
(i) p

n-1

(i)  w, =ur’ =4-3° =78732

=3

6. (@) 2,5,12.5,31.25,78.125.... The sequence is geometric.

(ii) . u, _2_12.5__”_25
u 2 5 '

n—1
(i)  u,=ur’ =2-2.5 ~7629.39

7. (i) 2,—5,12.5,—31.25,78.125.... The sequence is geometric.

. -5 12.5

ii r=—=—=-

(ii) 7 = s

(i) u, =ur’ =2-(=2.5)° ~=7629.39

=22

8. (@) 2,2.75,3.5,4.25,5.... The sequence is arithmetic.
(i) d=275-2=35-2.75=425-3.5=5-4.25=0.75
(i) u,=4,+9d=2+9-0.75=8.75
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. ~12 8
ll —— T —— T e e T — —
@ r=1g 5 3

2Y 1024
iii u. =ur =18| == =— ~ —0.468
(W) g =1 ( 3) 2187

10. (i) 52,55,58,61,---. The sequence is arithmetic.
(i) d=55-52=---=61-58=3
(i)  w,=u4,+9d=52+9-3=79

11. () -1,3,-9,27,-81,---. The sequence is geometric.
3 -9
ii r=—=—=-..=-3
(i) 13

(i)  u,=ur’ =(-1)-(-3)" =19683
12. (@) 12. 0.1,0.2,0.4,0.8,1.6,3.2,---. The sequence is geometric.

_02_ 32
0.1 1.6

(i)  w,=ur’=0.1.2°=512

) 2

13. (i) 3,6,12,18,21,27,.... The sequence is neither arithmetic nor geometric.
14. (i) 6,14,20,28,34,.... The sequence is neither arithmetic nor geometric.
15. (@) 2.4,3.7,5,6.3,7.6,---. The sequence is arithmetic.
(ii) d=37-24=---=76-63=13
(i) u,=u,+9d=24+9-13=14.1
16. () Arithmetic: d =2—(-3)=---=5=a,=a,+7d =-3+7-5=32
(ii) a,=-3+(n-1)-5=5n-8
(i) a@=-3,a,=a,_,+5forn>1
17. () Arithmetic: d =15-19=---=-4=a,=a,+7d =19+7-(-4)=-9
(ii) a,=19+(n-1)-(—4)=23-4n

(i) ,=19,a,=a, ,—4forn>1
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18. () Arithmetic: d =3—(-8)=---=11=a;=a,+7d =-8+7-11=69
(i) a,=-8+(n-1)-11=11n-19
(i) @ =-8 a,=a,+11forn>1
19. (i) Arithmetic: d =9.95-10.05=---=-0.1=a, =a,+7d =10.05+7-(-0.1) =9.35
(i) a,=10.05+(n-1)-(-0.1)=10.15-0.1n
@iii) @ =10.05,a,=a,,—0.1forn>1
20. (i) Arithmetic: d =99-100=---=-1=a, =a,+7d =100+7-(-1)=93
(i) a,=100+(n—-1)-(-1)=101-n
(i) ¢ =100,a,=a, —1forn>1

_

21. (i) Arithmetic: d:l—2=---:—§:>a8:a1+7d=2+7- ER
2 2 2 2

i) aq, =2+(n_1)_(_%)= 7—2311

(i) a=2,a,=a,, —% for n>1

22. (i) Geometric: r=g=---=2:>a8:al-r7=3-27=384
(i) a,=3-2""
(i) @ =3,a,=2a,, forn>1
. . 12 ; ,
23. (@) Geometric: r=?=---=3:>a8=a1~r =4.3"=8748
i) a,=43"
(iii) a=4,a,=3a,, forn>1

24, (i) Geometric: 7 =_?5 SIS PN ag=a,-r’ =5-(-1)" =-5

() a,=5(-1)"

(i) @ =54a,=-a,, forn>1
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-6 12

25. (i) Geometric: r=?——6—---:—2:a8 =a, -1’ =3-(-2)) =-384

@) a,=3(2)""
(i) @ =3,a,=-2a,, forn>1

26.  The sequence is neither arithmetic nor geometric.

,
27. () Geometric: r=i=---=—§:>a8=a1-r7=(—2)- _3) 2187
-2 2 2 64
n-1 n—1
(i) a =_2.(_§) __3 .
2 (=2)"
(i) a=-2,a, = (—%)an_l forn>1
,
28. () Geometric: r:gz---zéza8 =a,-r :35-(5) ~3.32
35 7 7
57" 5

ii a, =35-|=| =

( ) n (7j 7n—2

5

(iii) a =354, = 7an_1 forn>1
29 @) GeometriC'r—_——---—l:a —a-r7—(—6)-(l)7——i

' -6 2 2 64
N3
ii a,=—6-|=| =-
( ) n (2j 2n—2
1

(i) a=-6,a, = Ea"_l for n>1

30. (i) Geometric: r:%:---zzzwzg:al-/=9.5~27=1216

() a,=95-(2)"

(i) @ =95,a,=2a,, for n>1
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31. (i)  Geometric: rzlgTSO:---:O.%:m8 =a,-r’ =100-0.95" ~ 69.83

(i)  a,=100-(0.95)""
@iii) ¢« =100, a,=0.95a,, for n>1
3 ;
32. (i)  Geometric: r=%=---=—:>a8=al-r7=2-(—j

. . E n—1
(ii) a, =2 (8)

(iiii) a=2,a,= %an_l for n>1

33, u,=3x5"=234375

34. It is best if we go backwards, the ratio will be 3, and the first (third backwards) will be
7x3% =63.

35.  Using the nth term, we have

8=ur’ |27 3 32 32 (3 2187
—=r=>r=—=u =—, thus, y,=—x| = | =——
27=ur*| 8 2 9 9 (2 16

Alternatively, 27 is the 4 term in a subsequence starting at 8, i.e.,

27=8r32r=§.
2

Also, u,, is the fifth term of a subsequence starting at 27, i.e.,

3\ 2187
M10=V5=27(5j =?.

36. 8.64 is the third term in a subsequence starting at 6 =>8.64 = 67" = r ==+1.2,

Now, 6 =u, =u,r* =u,”’ = u, :%:% =i12—5
r 36
37. 243 is the 6™ term of a sequence starting at 2 = 243 _ 2 == 3
512 512 4
n-2
19683 is the (n — 1)th term of a sequence starting at 2 = 19683 =2x 3
131072 131072 4

Now, by trial and error, using your GDC solver, or logarithms, n = 11.
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38.  Value = 12000x(1-0.12)" =$2940.97

39.  2300=14900(1- r)g, using your GDC solver, or direct calculation will give

l-r= 8’& =r~0.208=20.8%
14900

40. (a)  483(1-0.062)" ~197.15million tonnes

wy BT 65918~ 59.2%
433

41. (@)  A(7)=2500(1+0.062)" ~$3809.01, or use your GDC TVM

B B
Compound Interest Compound Interest
n = FV =3809.005729
1% =6.2
PV =-2500
PMT=0
FV =0 :
n | 1% | P¥ |[PMT [ FV REPEAT
(b) 5000:2500(1+0.062)n =>n~11.52=n2>12
42. Compound interest formula or GDC:
P=500,r=004, n=4, t=16
nt 4x16
r 0.04
A=P|1+—| =500 1+— ~ 94523
n 4
Jane will have £945.23 on her 16th birthday.
E] [Hormd) +End IR IE] [Hormd) [+End|
Compound Interest Compound Interest
n =64 FV =945.2309347
% =4
PV =-500
PMT=0
FV =0
P/Y=4 4
n [% PV [PMTIJCEV REPEAT]
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43. (a) Compound interest formula or GDC:
P=4000, r=0.047, n=12, t=12x5=60

nt 60
A:P(1+£) =4ooo(1+%) ~5057.31

n
[E] Normd] E [Normi]
Compound Interest Compound Interest
FV =5057.313184

1% =4.7
PV =-4000
PMT=0
FV =0
P/Y 12

[% PV | PMT ][ FV REPEAT]

0.047 Y
(b) 8000:4000(1+ j = t =178 months
B B
Compound Interest Compound Interest
n =177.320098

1% =4.7
PV =-4000
PMT=0
FV =8000
P/Y 12

% [ PV J[PMT | FY REPEAT

44, (a) 1.324x1.012* ~1.389 billion people in India
(b) 1.379x1.005" ~1.407 billion people in China
(c) We need to solve the following for ¢:
1.324x1.012" >1.379x1.005" = ¢ ~ 5.86 years since 2016.

45. Since there is one compounding period per year, then the real rate of return is simply
the difference between the nominal and inflation rates: 4% — 1.7% = 2.3%.

12
0035) —1~0.0356 ~3.56%, then the real rate of

46. The annual rate of return is (1 +

return is the difference between the nominal and inflation rates: 3.56% — 2.1% =
1.46%.
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Exercise 3.4

1. Firstly, we need to determine the number of terms in the series.
a, =11, d =6,a, =365
a,=a,+(n-1)d =365=114+(n-1)-6 =>n=60

The sum of the sequence is S, = %(1 1+365)=11280.

2. This is an arithmetic series with first term =9, common difference of 4 and nth term 85.

=u, =u,+(n-1)d >85=9+4(n-1)=>n=20
Sumz%(u1+un):2—20(9+85):940

3. This is an arithmetic series with first term = 8, common difference of 6 and nth term 278.

=u, =u,+(n—1)d =>278=8+6(n—-1)=>n=46
Sum=§(u1 +u,) =%(8+278) = 6578

4. This is an arithmetic series with first term = 155, common difference of 36 and nth term 527.
=u, =u,+(n-1)d = 527=155+3(n-1)=>n=125

Sum = g(u1 tu,)= 1275(155+527) — 42625

5. This is a geometric series with first term 120 and common ratio

and nth term A
78125

n—1 n—1
A:HOX(lj :(1) S SN
78125 5 5) 390625

1 9
1_(_j 11718744
— 120 —3 ~150
L | 78125
5
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6. The series is geometric. Firstly, we need to determine the number of terms in the series.
3 177147
a =2, r=—=,a,=-—
2 1024
n—1
an=a1r”_1 :>—177147=2- —E =n=12
1024

12
> (2) 0
2 105469

The sum of the series is S, = 3 =~Tooa ~-103.

13
7. > (2-03k)=2+1.7+14+...+(-1.9)

k=0

The series is arithmetic with 14 terms, ¢, =2, and d =-0.3.

The sum of the sequence is S,, = %(2 +(-1.9))=0.7= %
8. 2- 4 + 8 _16 +... 1s an infinite geometric series with @, =2 and r = _2
5 25 125 5

The sumis §, =——F——=—

1,3 1 .43 3

312 16 64 256
|

. 3 4 4+3 _16+43
The sumis S, = .
f 34-B) 4+ 39

e

e . L 1
+... 1s an infinite geometric series with a, = 3 and r =

10.  This is an annuity due! Use your GDC’s TVM solver. Make sure you set the
payments up at “Begin” of the payment period. This differs among GDCs!

E E]
Compound Interest Compound Interest
FV =37008.79212
1% =6
PV =0
PMT=-1500
FV =0
P/Y 1
[% PV [PMTICEV REPEAT]

There will be 37008.79 in the account after 15 years.
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11.  a =2+3k =a =2+3-1=5, a,=2+3n

=S5, =§[5+2+3n]=M

12. For the arithmetic series 17 +20+23... we have:

a,=17,d=3=S, =§[2al+(n—1)d]=g[34+(n—1).3]: n(3n2+31)

_ n(3n+31)

S, >678 >678 =3n*+31n—1356>0

The solutions of the quadratic equation 31> +317—1356=0 are 16.71 and — 27.05, so
the solutions of the inequality are n>16.71 or n <—27.05. Since n €N, we conclude

that we need to add 17 terms to exceed 678.
13. For the arithmetic series —18—11—4... we have:
4 =-18, d=7=5 =§[2a1 +(n—1)d]=§[—36+(n—1)-7]=@

>2335 = Tn* —43n-4670>0

S >2335 :@

The solutions of the quadratic equation 7n” —43n—4670=0 are 29.08 and —22.94, so
the solutions of the inequality are n >29.08 or n <—-22.94. Since n €N, we conclude

that we need to add 30 terms to exceed 2335.
14. (a) For the arithmetic sequence 3,7,11,.....,999 we have:
a,=3,d=4,a,=999
a,=a,+(n=1)d =999=3+((n-1)-4 =>n=250

Sy = %0(3+999) =125250

(b) The removed terms, 11,23,35,...,995, form an arithmetic sequence with 83 terms

and b =11and d =12= S, =%[2-11+82-12]=41749
The sum of the remaining terms is then 125250—-41749 =83501.

15. We have the following system of simultaneous equations that can be solved by any
method of your choice:

a+(a+d)+(a+2d)+...+(a+9d) =235
(a+10d)+(a+11d)+...4+(a+19d) =735

2a+9d =47

=
2a+29d =147

E[a+(a+9a’)]=235
2 { —d=5a=1

%[(a+10d)+(a+l9d)] =735
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20
16. (a) For Z (k* +1), using a GDC in Sequential mode:

k=1

Flotl Flotz Flots UmCsedqiuinin. 1
aMin=1 2 280
Al IBne+l 28948
uiaMinaBL2:
17 1

b F :

®) o ~ i’ +3
Flotl Flatz Floks LM Sl nlsns o
sMin=3 2172
Bl Ene+3d . 2984578854
uiaMinaB4L. 8333

(¢) For %(—1)” 3 :

n

eI PR TR
2. 864516538

Flotl Flatz Flots u
nMin=1 > 1
WACRIBE -1 xS n
uinMin>8L -3

mis
EEE

17. The heights that the ball reaches after each bounce form an infinite geometric
sequence: 16-0.81,16-0.81%,....

(a)  After the 10th bounce: 16-0.81" ~1.945m

12.96

()  16+2:(16-0.81+16-0.81> +16-0.81 +....) =16 +2- 81z152.42m

18. (a) The first shaded areais 4-2—-2-1=6.

The second shaded areais 1-———-— =

8
The third shaded area is ll—li=i
4 8 816 128

Total shaded area is 6+ % + i = &

128 128
(b)  Ifthe process is repeated indefinitely, the total shaded area forms an infinite

. . 1
geometric sequence with @, =6, r = E :
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19. (a) The shaded area in the first square is made up of two right triangles of 8 cm on
each side. When the two triangles are joined at their hypotenuse, they make a

square whose side is 8. Thus, the shaded area is 8 = 64.

In each successive square, each of the shaded triangles is half the previous
ones, thus the area of the new shaded area is one half of the shaded area of the

previous square, so in the second square the shaded area is %'64 =32, in the

third 16, etc.

Total shaded area forms a geometric series with a, =64, r = % .

1 10
)
S, =64 21 1023 _ 157875

1—=

2

m 5 =% 18
1
1——
2

Exercise 3.5

In the following solutions, the use of GDCs’ TVM solver is very important. You are not
expected to know/use the formulas involved. If you have not done so yet, go ahead and learn
how the financial solver in your GDC works. Answers here may differ slightly from end of
book answers due to rounding.

1.01° -1

1. (@ A=300><1.01(1 Jz4877.36

b

(b)  Remember to set up TVM solver at “Begin”.

[E] Hormd] [E] [Normi]
Compound Interest Compound Interest
n =15 FV =4877.359348
1% =1
PV =0
PMT=-300
FV =0
P/Y=1
n || 1% | P¥ J[PMT [ FV REPEAT
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2. (a) $60 is invested at the beginning of every year for 30 years at 1.5% interest,
compounded annually. Solving for the future value gives $2286.11.

(b) A regular payment is invested at the beginning of every year for 15 years at
3% interest, compounded annually. The future value is $1000. Solving for the
annual payment gives $52.20.

(©) $100 is invested at the beginning of every year in an account earning 1.2%
interest, compounded annually. The future value is $2500. Solving for the
number of years gives 21.76.

(d) $50 is invested at the beginning of every month for 30 months at 4% interest,

compounded semi-annually. Solving for the future value gives $1579.38.

3. This is an annuity due (beginning of period). We are given the future value and we
need to calculate the time. TVM solver will give us the result.
El Horind B Hormi]
Compound Interest Compound Interest
=0 n =17.27299779
I% =5
PV =0
PMT=-1800
gyy—50000
P/y=1
Cn ) 1% JL PV J[PMTJLFV 8 REPEAT
It will take 17.3 years for the annuity to accumulate to $50 000.
4. This is an annuity due with all the data except for interest. Here is a TVM output
E [Norm]) ER| |E [orm]) Ban-]
Compound Interest Compound Interest
n =15 I% =8.26132028
I% =0
PV =0
PMT=-2000
FV =60000

P/Y 1
1% [PV J[PMT I FV REPEAT

Interest rate is 8.26%.

5. (a) The future value of this investment is $10524.81. TVM output below

E (orm1) | (B [ormd) [Ban-]
Compound Interest Compound Interest
n =12 FV =10524.80912
1% =3
PV =0
PMT=-720
AN
_
[% PV | PMT ][ FY REPEAT]
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(b) The annual amount paid but the future

value of this investment is $10383.56.

[E] [Norm3] @ Norml
Compound Interest Compound Interest
FV =10383.55819
PV =0
PMT=-60
FvVv =0
P/Y=12 4
c/ Y—
% JPY J[PMT I FV REPEAT AMORTZ GRAPH

Notice that in both cases the annual investment in (b) is the same as in (a)
because 60x12 =720, however, the future value is greater in part (a) because

the investment earns interest for longer.
6. (a) $50 are paid for 360 months. The investment will be $24643.63 at the end of

30 years.

[E] B Form]
Compound Interest Compound Interest

FV =24643.62536

PV =0

PMT=-50

FV =0

e ;

Cn (1% PV PMTI FY REPEAT

(b)  The value of the investment will be $35204.98

E E]
Compound Interest Compound Interest
FV =35204.98061
1% =1.7
PV =0
PMT=-75
FV =0
P/Y 12
[% PV | PMT ][ FY REPEAT]

Even though the interest rate is lower than in (a), but the final amount is
larger.

() In this part, we have all data except for the monthly payment.

[E] Hormd] [E] [Normi]
Compound Interest Compound Interest
111? =260 PMT=-56.80982321

PV =0

_
1% | PV ] PMT [ FV |u3n) | | [REPEAT AHORTZ
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7. (a) This is an ordinary annuity as they are paying at the end of each month not at
the beginning.
B E]
Compound Interest Compound Interest
n =0 n =127.4697025
1% =1.3
PV =250000
PMT=-2100
FV =0
LIy
n [ 1% PV [PMTI[FV ] REPEAT

It will take them 10 years and 7 or 8§ months to pay back the loan. This
depends on their ability to pay the last instalment. If they can pay more than
$2100, then they can finish with 10 years and 7 months.

(b)  The approximate amount paid back is 2100x127.5 = $267 750

(©) Doing the same calculations as above with a payment of $2300 will take the
family 115.66 years, i.e., 9 years 7.7 months to pay the loan back.

They will be paying 115.66x 2300 = $266018 back, which is less than earlier.
If they can afford the extra payment, it may be a better arrangement.
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Chapter 3 practice questions

1. (a)  Denote the terms of the geometric sequence by g, g, and g;. Then

&_&:a+2d_ a
g g a+6bd a+2d

:>2d(2d—a):0
) a
and since d¢0:>d=§.

b)  a+6d=3=a+6xL=3ma= d=>
2 4 8
For the arithmetic sequence
n n 3 3 n(9 3
S =—(2a+(n-1)d)==| 2x=+=(n-1) |==| =+=
» =5 (2ax(n-1)a) 2( it )j 2(8 8")

For the geometric sequence

1 n
Gy
gonoti2d 20 1o o 2 :6(1_(1”

a+6d 4a 2 " L 2

Now, we either use the equation solver on a GDC or graph two functions

f(x)= %(% + %xj and g(x)= 6(1 —(%) ]+200 and look for the point of

intersection as shown below. The first n where the sum of the arithmetic
sequence exceeds that of the geometric sequence by 200 happens at x = 31.68,
implying that n = 32.

B [EXEl:Show coordinates
V$$¥1”¥Q

ROOT
X

-31-6800643——Y¥=0

=
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2. (a) One of several approaches:

This is an arithmetic sequence with first term of 14 and last term 196. This
allows to find the number of terms:

196=14+7(n-1)=>n=27=S5,, =2—27(14+196)=2835

(b) il4+7(n—1)=i7+7n

n=1
© S,= 3(2000— 6(n—1))=n(1003-3n)
Using equation solver or graph we can see that this sum is positive for n = 334,

and it moves to the negative side at n = 335. So, n = 335.

3. (a) a+ar:102a+ar+ar2+ar3:a+ar+r2(a+ar):10+10r2

Thus, 10+10r* =30 = > =2.
10

1+\/§

b () r="2=a+a2=10=a=

) Rt 1_(J§yo
(ii) Slo_l_’_\/z' -2

=310

4. (a) The two conditions given will induce a system of 2 equations
34=u, +3d

=>d=T=u =3
76 =u, +9d

b) S =g(26+7(n—1))>5000:>n > 40.

76=—"—; 36=——
l-r l-r
3
5. S0 I
36 1-r a

29r2+9r—10=03r:§

) ) 5 .
Note that there is another answer to the equation, namely, » = — 3 but it is rejected

since the condition for a sum to infinity is violated, i.e.,

r|:§>1.
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6. (@ u,=1.6+1.5(n-1)=15n+0.1;v, =3x1.2""
u,—v, =1.51+0.1-3x1.2"",

A GDC is needed for the next 2 parts.

(b) u, >v, =>u —v, =1.51+0.1-3x1.2"">0

Bl [EXEl:Show coordinates Bl [EXEl:Show coordinates
¥6=1.Bx+0.1-3x1.2%(x-1) ¥6=1 Bx+0.1-3x1.2%(x-1)

X
DJ YOOT OJ / DOT
¥=2.821049685 ¥=0 %=9.695345979  v¥=0

Since n must be a natural number, then 3<7n<9.

(c) The graph gives us a maximum value of 1.67 at x = 6.53. However, n must be
a natural number and so, the maximum must be at a natural number. Thus, we
evaluate the expression at n = 6, and at n = 7. The maximum is at (7, 1.642).

7. Let the smallest piece be a. Since the last piece is the 10" term of the sequence, then

8a = ar’ = r=3/8. The sum of all pieces (terms) must be 1 m, thus,

1_(%)10 1= ——1_%

a———= a= ~0.02863
1—2/§ 1_<2/§)10

8. (a) The original height is the first term in a geometric sequence, ‘after the fourth’
bounce is the fifth term. Thus 4 =4x0.95" =3.258

(b) We must find 7 such that 4x0.95" <1=0.95" < i

By using logarithms or GDC, n = 28

—In4

For example, n < =27.02
95

(c) Every vertical distance, except the first is travelled twice — once up and once
down. So, the total distance is twice the sum of the geometric sequence minus
one time the original height:

1-0.95
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1
b v,=27x==9;y, =27x—=1
®) ? 3 ) 27

In the arithmetic sequence,
v,=9=v+3d=v,+d+2d =v, +2d =1+2d = d =—4, and hence the first

term is 13.

Sy = §(26—4(N—1)) =N(15-2N)

Due to the symmetry of the underlying graph, a downward concave parabola,
which has an x-intercept of 7.5 after which it becomes negative. N=17.
7n _an 7n—1 _an—l B 7n _an _7.7n—1 +7an—l

10. (a) u, =8 =S = T P

The nth term of a geometric sequence is of the form u, =u, """, thus, we can
simplify the last result to reduce it to this form
7" —a"-7-7"+7a"" (7-a)a"" (7-a) (gj"_l

un = =
7" 77" 7 7

7T—a
(b) It is apparent from the last expression that the first term is u, = ( - ) and the

. o..a
common ratio 1S —.

© @ The sum to infinity exists as long as |r| <1= % <1=0<a<7
(7-a)
ii S=—L= =1
(ii) - | a
7
11.  wu, =1.5u, =7.5 and the sum of all terms is 81 m.

S, =g(ul+un)=g(1.5+7.5)=81:>n=18.

Uy =7.5=1.5+(18—1)d:>d=%.
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12. (a) (i) The first month, P earns interest at the rate of /% which should be
added to the amount owed to the bank. By that time, we pay $R back,
which should be subtracted from what we owe. Thus

S =P+P——_pr=pl1+-L|-r
100 100

During the second month S earns interest at the rate of /%, which

should be added to the outstanding amount becoming S, + S, ﬁ

At the end of this month we pay $R into the account, and so,

SZ:SI+S1-L—R:S1(1+L)—R: P(1+LJ—R (1+LJ—R
100 100 100 100
2
=P 1+L -R| 1+ 1+L
100 100

(ii)  During the following months, the same procedure is followed, i.e.,

2
S3:S2(1+L)—R: P(1+Lj -R 1+(1+L) (1+LJ—R
100 100 100 100
3 2
=P(1+L) -R 1+(1+L)+(1+Lj
100 100 100

Thus, we can generalise to the nth month

n n—1
Sn=P(1+L) -R 1+(1+L)+---+(1+Lj
100 100 100

n—1
Now, 1+]| 1+ L e+ 14 1L is a geometric series with first
100 100

term of 1 and common ratio r = (1 + ﬁ), and its partial sum is

1+L -1 1+i -1 0
r' =1 100 100 100 1
= = = 1+ -1

u, = 7 —
=1 (1), s I 100
100

And therefore

n n-1
Sn=P(1+L) -R 1+(1+L)+---+(1+Lj
100 100 100
:P(HL) ——100R (1+Lj -1
100 1 100
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(b) (i) We will use a TVM solver for this part. Remember to set the solver for
‘End’ because the payments happen at the end of each month.

Notice here that for this TVM, we need to enter the nominal annual
interest rate. The monthly payment is $111.22

[E] Normd] [E] Normd]
Compound Interest Compound Interest
n =60 PMT=-111.2222384
1% =12
PV =5000
PMT=0
FV =0
P/Y=12 1
n [% PV | PMT ][ FV REPEAT]

(ii) We need to know the outstanding amount at the end of 20 months.
Thus we use the formula established in (a, i)

20 20
SzO:P(HL) 100k (1+Lj _1|~$3652
100 1 100

13. (a) This is a compound interest case with annual rate of 3.5% for 20 years.
Phil owes the bank $298.468 (banks would prefer to round up instead -
$298.469).

E] [E]
Compound Interest Compound Interest

FV =298468.3295

I% =3.5

PV =-150000

PMT=0

FV =0

P/Y=1 L

Cn (% P [(PMTICFV ] REPEAT

(b) The amount deposited at the end of the first year will earn interest of 2% for 10
years, and thus, will be worth Px1.02", the amount deposited the second year

will earn interest for 18 years, and will be worth, Px1.02"*, and so on till the
last deposit which is take out immediately. So, the total value is

P+Px1.02+---+Px1.02" + Px1.02" =P(1+1.02+---+1.0218+1.0219)

The amount in brackets is a geometric series with 1 as first term and 1.02 as
common ratio and 20 terms.

. . 1.02* -1 "
Future value at this bank is P-1.— = 50P(1.02 —1)
1.02-1
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(c) Using TVM, we know the future value needed from (a), we need the periodic

payment. Phil needs to deposit $12284 annually in order to collect $298,468
after 20 years.

[E] Normd] E [Normi]
Compound Interest Compound Interest
n =20 PMT=-12283.97691
1% =2
PV =0
PMT=0
FV =298468.3295
P/Y=1 T
n [% PV | PMT ][ FV REPEAT]

Alternatively, you can solve the equation SOP(I 02% — 1) = 298468 for P.

(d) (>i) David’s investment of $Q will grow to O x1.028"

Withdrawing $5000 each year will mean that this amount will be
‘forgoing” potential interest relative to the number of years away from
the last withdrawal:

Last withdrawal will not forgo any interest as it is withdrawn at the
end. The withdrawal before last would forgo interest for one year, and
SO on

The value of withdrawals is therefore

5000+5000x1.028 +---+5000x1.028"""

The deposit will be enough, if the future value of $Q deposited is at
least equal to the total withdrawn

0x1.028" =5000+5000x1.028 ++-+5000x1.028""

5000 5000 5000
=>0= + — -+
1.028" 1.028" 1.028

(ii)  The amount needed can be written as

1
Q=5000(L+--- ! j

+ —+
1.028 1.028"" 1.028"

The amount inside the brackets is an infinite geometric series with fist

term and common ratio . Thus the indefinite sum is the

sum to infinity of this sequence

1
§=_1.028 _ ! ~35.7, thus, David needs to invest at least
1 0.028
1.028
5000%35.7 ~$178572.
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Exercise 4.1

L @ VW =\(4+2) +(-3-5) =10

B)  KL=\(3+1) +(~1-7)’ =80 =45

(©  TG=1[(-6-2) +(7+8) =289 =17

2 @ ﬂ,_3+5)=(1,1)
2
3+1 =1+7
b —_, =(2,3
o (22T
—-6+2 7-8 -
© : ,—){—2,—1
2 2 2
3. (a) gradient = 4 ; perpendicular has gradient _Tl (negative reciprocal)

(b)  gradient = —2 ; perpendicular has gradient % (negative reciprocal)

(©) gradient = _?2 ; perpendicular has gradient % (negative reciprocal)

4. (a)  Using GDC: (4,11), or solving algebraically

3x-1=x+7T=2x=8=x=4
y=3-4-1=11

(b)  Using GDC: (3,9)

Bl [EXEl:Show coordinates
¥ 1=5x-+
¥Y2=2x+

INTSECTS

x=3 O /. v=o I

(
(d) Using GDC: (% , 3)

(¢)  Using GDC: (30,23)

(f)  Using GDC: (2,-3)
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5. Parallel so same gradient: 1
Substitute (2,—4) into y = %x +¢ to obtain: —4 = %(2) +¢ and solve to obtain ¢ = -5
1
Answer: y= 5 x=5
. -2
6. Parallel so same gradient: 3
. . -2 . -2 .
Substitute (—6,-1) into y = 5 x¥e to obtain: —1= ?(—6) +c and solve to obtain ¢ =-5
-2
Answer: y = 3 x=5
7. Perpendicular so use the negative reciprocal to obtain gradient: _?1
Substitute (4,2) into y = ;x+ ¢ to obtain: 2 = _71(4) + ¢ and solve to obtain ¢ =4
-1
Answer: y = jx +4
8. Perpendicular so use the negative reciprocal to obtain gradient: %
Substitute (4,5) into y = %x +¢ to obtain: 5= %(4) + ¢ and solve to obtain ¢ =-1
3
Answer: y = Ex -1

6-12 -1

9. Gradient of segment [PQ] = =5
+

"Perpendicular" so use the negative reciprocal to obtain gradient: 2

"Bisector", so through the mid-point: (_5; ! , 12; 6) =(1,9)

Substitute (1,9) into y=2x+c to obtain: 9= 2(1) + ¢ and solve to obtain ¢ =7

Answer: y=2x+7
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10. Segments [AB] and [CD] are the parallel so they have the same gradient. Let us use

[ 4B] to obtain 10-8 _1
1+3 2

"Perpendicular” so use the negative reciprocal to obtain gradient: —2

"Bisector", so through the mid-point of either [AB] or [CD] . Let us use [AB] to obtain the
-3+1 8+10

id-poi , =(-19
mi pomt( 5 5 j ( )

Substitute (—1,9) into y =—2x+c to obtain: 9 =—2(—1)+cand solve to obtain ¢ =7

Answer: y=-2x+7

11.  (a)  Gradientof [TX] is %:1

"Perpendicular” so use the negative reciprocal to obtain gradient: —1

"Bisector", so through the mid-point [TX] : (%,%j = (%3%)

Substitute 2,2 into > =-1 J +¢ to obtain: 9= z(—1) +c
2°2 2 2 5
and solve to obtain ¢ =7

Equation of the perpendicular bisector of [TX ] Dy=—x+7
[CG] has gradient % =2

Substitute (6,4) into y =2x+c to obtain: 4 =2 (6) +c and solve to obtain ¢ =—8
Equation of [CG]: y=2x-8
The intersection is found by GDC: (5,2)

(b) Regardless of where the point X has moved, the treasure will still lie
somewhere along the line (GC). A trench of indeterminate length may have to
be dug, however.
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Exercise 4.2

adjacent ¢ AB

1. (a) CcoOsd=———=—=—
hypotenuse b AC

We need AB. Using Pythagoras, AC> = AB*> +BC” so AB* =25"—7" =576 so
AB=24.

Therefore, cos 4= 24
25

opposite ¢ _AB _24

(b) sinC=——MWM——"—= 7 =7
hypotenuse b AC 25

opposite _a _BC _ 7

(c) tan A = — —=—
adjacent ¢ 4B 24

(d) arcsin

N\

ﬁ] ~73.73979529 ~ 74°
25

(e) arctan

N
R

7 j~ 16.26020471 ~ 16°

4§) arccos

VR
21

~———— W

] ~16.26020471~16°

2. (a) arcsin ~53.1° (to 3 significant figures)

VR
(O NN

(b) arccos %) ~61.9° (to 3 significant figures)

(c) arctan (1) = 45” (exactly)
. o 1.62
3. (draw a diagram) With trigonometry: € = arctan BN ~ 39.0°

Since the distance from the tip of the shadow to the base of the streetlight is 5 m, we
have height of the streetlight ~ 5-tan39.0°~4.05m.

Without trigonometry: Since there are two similar triangles, we have % = helsght

SO

height = % -:5=4.05m

4. sin(s4)= et

so height = 60-sin(54) ~ 48.541 ~ 49 m (to the nearest metre)
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5. cos(36) = Loight

so height =2-c0s(36) ~1.618m (This is @, the Golden Ratio)
6. (a) (i) Let / be the height of the building
tan(39°) =% so h=50-tan(39°) ~ 40m
(ii) Let H be the height of the top of the antenna (building + antenna)
tan(50°) =% so H =50-tan(50°)  60m

(iii) H-h=50-tan(50°)—50-tan(39°) ~19.09847797 ~19.1m

(b) The part of the diagram containing 11° is not a right-angled triangle

7. We do not need the second piece of information (the angle of depression) to determine the
distance (d) between the buildings. It would be required, however, to calculate their heights.
16
tan(30°)
8. Let 4 be the height of the hill, so that the top of the building has a height of (4 + 30)

from the base of the hill. And let d be the distance from the observation point to the
base of the hill, directly below the building.

27.7m

tan(30°) = % so the distance d =

We then have: tan(55°) = hi+30 and tan(50°) = g
Re-arrange to isolate d: d= h+30 and d = h
tan(55°) tan(50°)
h+30 h

Substitute and solve: =
tan(55°)  tan(50°)

(h+30) tan(50°) = h tan(55°)

htan(50°) + 30 tan(50°) = /1 tan(55°)
30tan(50°) = / tan(55°) — 7 tan(50°)
30tan(50°) = A(tan(55°) — tan(50°))

30tan(50°) B
tan(55°) — tan(50°)

so A~151m

9. We can use Pythagoras' theorem to get d =+/30> —18> =+/576 =24m

or, the ratio of the known opposite side to the hypotenuse siné = 18 = 3 , making this

a familiar 3-4-5 right-angled triangle. The distance along the ground is equal to 4x 6 =24m
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10.  The original distance is d, = and the second distance is d, = ; hence,
tan 4° tan12°
. . . . 50 50
the distance travelled in 5 minutes is d, —d, = - ~479.8
tan4° tanl2°
479.8
Its speed would then be approximately % ~5.7576 km.h™! = 3.11 knots
60

Exercise 4.3
1. (a) Find side a with the cosine rule, the angle B with the sine rule, then angle C

by subtraction from 180°.
Area = %b(c sin A)
(b) Find angle B by subtraction from 180°, then the missing sides with the sine rule.
Area = %b(c sin A)

(©) Find angle C by subtraction from 180°, then the 2 missing sides with the sine rule.

2 . .
Area — l c sn%AsmB
2 sinC

(d) Find angle A with the cosine rule, angle B with the sine rule, then angle C by
subtraction from 180°.

Area = %b(c sin A)

2. (@ C=180—(30+72)=78°

a 10 10sin(30°)
SO 4 =—m7—=

; =— - ~5.11cm
sin(30°)  sin(78°) sin(78°)

- b = — 10 SO b=—10§1n(72 ) ~9.72cm
sin(72°)  sin(78°) sin(78°)

(b) C=180-(36+72)="72°

b 8 o be 8sin(72°)
sin(72°)  sin(36°) sin(36°)

~12.9cm

Since we have two angles of 72°, we have an isosceles triangle and ¢ =b~12.9cm
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(© =6"+10>-2-6-10-cos(60°) so ¢ =+/76 ~8.72cm

Use the cosine rule again to calculate one missing angle (either), but take
care not to use the rounded value 8.72. Use the calculator's unrounded value instead.

Substituting values: 6> =107 +8.717797887% =2-10-8.717797887- cos(A)

and solving by isolating cos(;l) :
2-10-8.717797887-cos(A) =10% +8.717797887% — 6>

2 2 2
cos(A)=10 +8TITTOIBET =6 ) 029550685

2-10-8.717797887

or substitute directly in the re-arranged form of the cosine rule:

2 2 2
COS(A) = u

2bc
Finally, A4~ arccos(0.8029550685)~ 36.6°~ 37°

And B =180—(60+36.58677556) ~ 83°

(d) Substituting in the re-arranged form of the cosine rule:

2 2 192
cos(A):M=i SO Azarccos(%)z4l°

2:15-18 4
Similarly:
2 2 1q2 1
cos(B) = M = l so B~ arccos(—j ~ 83°
2-15-12 8 8

And C=180—(83+41)~56°

10? sin 30°sin 72°
sin 78°

3. (a) Area = l[

J ~24.3 cm?
2

alternatively, Area = %(10) (9.723036846)sin 30° ~ 24.3 cm’
(b) Area = %(8) (12.94427191)sin 72° ~ 49.2 cm®
(c) Area = %(15) (18)sin 41.40962211° ~ 89.3 cm’

(d) Area = %(10) (9.723036846)sin 30° ~ 24.3 cm’
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4. (a) The height of triangle PQR is 7 cm. Since p =10 cm and 7 <p < 14, there are
two triangles possible.
i i ° 14-sin(30°
sin(R) _sin(30°9) . ( R) _ 14-5in(30°)
14 10 10

(b) =0.7

so R =arcsin(0.7) = 44.4° or 180°—arcsin (0.7) =135.6°
If R~44.4°:
O ~180—(30+44.4)~105.6

q  _
sin(105.6)  sin(30°)

so g~19.3 cm

If R~135.6°:
0 ~180—(30+135.6)~14.4

9  _ 10
sin(14.4)  sin(30°)

s0 g~4.98 cm

Careful: the use of rounded values in the previous calculation would lead to
the incorrect value 4.97 cm

5. If R~44.4°, Area= %(14) (10)sin105.6° ~ 67.4 cm®

R~135.6°, Area = %(14) (10)sin14.4°~17.4 cm’
Exercise 4.4

1. (a) V=§-12-20-10=800 om’

(b) The volume would be the same, since multiplication is commutative (switch
the 10 and the 20 in the formula above).

2. Total surface of the ball = 47-11> ~1520.53

1520.53 <475

so the area of one panel =

3. (a)  Volume of the sphere + volume of the cylinder = %72' 25 +7-25-10~262 cm’
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10 cm

H
(b) This is the volume of the whole cylinder minus the volume of the sphere.

7-2.515-262 ~32.7 cm’ (or 11.1%)

4. Since the radius of the hemisphere is limited to the radius of the cylindrical blank, it
can be no greater than 2.5 cm; the height of the inverted cone is therefore no greater
than 7.5 cm.

total volume = volume of the hemisphere + volume of the cone

= l.f.n.2.53+%.ﬂ.2,52.7,5z 81.8 cm’

Percentage used = 81'28 x100~41.7%
7-2.57-10
(The height of this cylinder is 7.5 + 2.5 = 10)
5. Let 2x be the side of the cube. The radius of the sphere is therefore x cm.
4 3 4
. (2x)3——7r-x3 x (8——”j 8——7x
difference of volumes _ 33 _ 33 3 0476401
volume of the cube (2 x) 8x 8
s0 47.6%

6. (a) Flying along the edge of the grid from O to P = 10+20+20=50 metres

Directly back along the diagonal from P to O = 7/10% +20 + 20> =30 metres
so 80 metres all together.

(b) 60 metres is 50 metres (along the edges) and 10 metres
(a third of the way back along the diagonal)

S0 position = % of OP = %(10, 20, 20) _ (20 40 40j

37373
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Chapter 4 practice questions

L @  AB=\(11+1) +(2+3) =13

B  CD=(9-3) +(-3-5) =10

(© EF:\/(5—9)2+(3\/§—\/§)2 =6

6—-4 —1+5
2. a _ =(1,2
@ [S17E]0
-7-1 -2+8
b _ =(-4,3
o [T
© ﬂ,‘“oj:(g,—zj
2 2 2
3. (a) Equations re-arrange to y =2x—1 and y=2x-2 respectively, so parallel.

. | 3 . . .
(b) Second equation re-arranges to y = 5 X+ 5 so intersecting because gradients are

different.

(c) Second equation re-arranges to y =2x—4 so coincident.
4. (a) Using GDC, or substituting/eliminating: %x —1=x+3which leads to x=8

then substituting again: y =x+3=8+3=11 to give (8,11)
(b) Using GDC, or

substituting/eliminating: x —6 =2x+4which leads to x=-10

then substituting again: y=x-6=-10—6=~16 to give (-10,-16)
(c) Using GDC, or

x+2y=3(eq.1)

by elimination
2x-3y=-8(eq.2)

Twice (eq.1) minus (eq.2) gives: 7y =14 so y=2 and (eq.1): x=3-2-2=-1
Solution: (-1,2)
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5. Parallel so same gradient: _?2
) ) -2 . =2 .
Substitute (—3,0) into y = ?x+ ¢ to obtain: 0= ?(—3) + cand solve to obtain ¢ =-2
-2
Answer: y = 3 x=2
6. Perpendicular so use the negative reciprocal to obtain gradient: _73

Substitute (-3,-1) into y = _73 x+c to obtain: —1= _73 (—3) + cand solve to obtain

-11
c=——o0
2
Answer: y= =3 xX— u
2 2
7. Perpendicular so use the negative reciprocal to obtain gradient: 2

Substitute (—1, 5) into y=2x+c to obtain: 5=2 (—1) + ¢ and solve to obtain c=7

Answer: y=2x+7

2410 _
1-7

8. Gradient of segment [RS ] =

: : : : . 1
"Perpendicular" so use the negative reciprocal to obtain gradient: 5

7+1 —1o+2)=(4,_4)

"Bisector", so through the mid-point: (T, 5
Substitute (4,~4) into y = %x +c¢ to obtain: —4 = %(4) + ¢ and solve to obtain ¢ =—6

1
Answer: y = Ex -6

10-6 1

5+3 2

The line through the apex of an isosceles triangle is a perpendicular bisector to the base line,
so use the negative reciprocal to obtain gradient: —2

Mid-point: (_3;5 : 6;10) =(1.8)

9. Gradient of segment [ PQ| =

Substitute (1,8) into y=-2x+c to obtain: 8§ = —2(1) + ¢ and solve to obtain ¢ =10

Answer: y=-2x+10
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10. Split the triangle in 2 to get a right-angled triangle with sides 9, 41 and 41> —9* =40

9
a cosB=—
@) 41

. 40
b sinC =—
(b) 41

A 9
(¢) tan (5) =20

(d) B =arccos (%) ~773°=77°

(e) 4 = arctan(ij ~12.6804 so 4~254°~25°
2 40

11.  Head start = difference in distance = 70+105—+/70> +105> ~ 49 to the nearest metres
12. This pentagon is composed of 5 congruent isosceles triangles with base 24 cm and angle at

the apex equal to % =72° . Splitting in 2, we get a right-angled triangle with angle 36°

and sides 12 cm and distance vertex-centre equal to — 6 ~20.4cm
sin
13. Other 2 angles are M =144° each. The longer diagonal is opposite the obtuse

angles. Use the cosine rule:
¢® =20" +20% —2-20-20-cos(144°) so diagonal ~ 1/1447.21 ~38.0 m
14.  Let x be the height at which the string is tied. Here is a sketch.

X

I m

so x ~0.823 metres

tan (30°) = 1'41_ i
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15. We have 2 right-angled triangles with angles 60° and 72°, both with opposite side of 40 m.
Let n and f* be the distance from the base of the cliff to the near and far bank, respectively.

Then tan(72) = l and tan(60) = %
n

The width of the stream = f —n = 40 40 ~10 to the nearest metre

tan(60) - tan(72)

16. Let x be the distance between the observation points and / the height of the trees (which we
do not need, so will eliminate)

We have 2 right-angled triangles with angles 22° and 40°, both with opposite side 4 and
with adjacent sides 50 and 50-x respectively.

h

O0—x

Then tan(22) = I and tan(40) =
50 5

Eliminating h, we obtain: ~ 50-tan(22) = (50— x)- tan(40)
50-tan(22) = 50- tan (40) — x - tan (40)
x-tan(40) =50-tan (40)—50-tan(22)

_ 50-tan(40)—50-tan(22)

25.9
tan (40)

X

So, 26 metres to the nearest metre.
17. (a) 121=180—(30+45)=105°
c 10 10sin(45°)
: == SO0 C=—F—"—"—"—
sin(45°)  sin(105°) sin(105°)

b 10 0 be 10sin(30°)
sin(30°)  sin(105°) sin(105°)

~7.32cm

~5.18cm

(b) C =180—(110+40)=30°
c 8 8s1in(30°)
= SO c=————
sin(30°)  sin(110°) sin(110°)

b 8 w0 be 8sin(40°)
sin(40°)  sin(110°) sin(110°)

~4.26cm

~5.47cm
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18.

19.

(©) b* =12° +18*—2-12-18-cos(36°) so b =/118.5046584 ~10.9cm
Let us substitute directly in the re-arranged form of the cosine rule:

( 12?2 +10.88598449% —18*
cos A) =
2-12-10.88598449

~—0.2353765896

A~ arccos (~0.2353765896) ~ 103.6° ~ 104°
Finally, C =180 —(36+104) = 40°

(d) Let us substitute directly in the re-arranged form of the cosine rule
(for either of the 3 missing angles):

2 2 2
cos(A)=8 +6°—12 _ 11
2-8-6 24

A~ arccos(_—llj ~117°
24

Again for either of the 2 missing angles
2 2 2
cos(B)= 8 +127 -6 _43
2-8-12 48

B ~ arccos (ﬁj ~26°
48

Finally, C =180 —(117 +26)=37°

10? sin30°sin 45°
sin105°

(a) Area = l(

Jz 18.3 cm?
2

alternatively, Area = %(10) (7.32...)sin30° ~ 18.3 cm’

®) Area — 1 8% sin 40°sin 30°
sin110°

jz 10.9 cm?
2

alternatively, Area = %(8) (4.26...)sin40° ~10.9 cm®
1 . )
(c) Area=5(12)(18)sm36° ~ 63.5 cm
(d) Area=%(6)(8)sin117.2796127°z21.3 cm’
With » =6 cm, the triangle is not closed. For this, we need:

sin(36) = ﬁ so r=14sin(36)~8.23 cm
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20, (a) Arca= %(2\/5 )(6)sin( 4BC)
50 343 =%(2\/§)(6)sin(ABC)
sin(ABC) = % so ABC = arcsin(%) =30°0r 180°—-30°=150°

Since ABC is obtuse, we keep the value 150°

(b) CBD:180—150:30°:%rad 50 Area=rt9=6-%=ﬂ cm?
| .
2. (a) Area=§(8)(6)sm(A)

1 )
16:5(8)(6)s1n(A)
) 2 (2 o
SO sm(A)=§ SO A:arcsm(gjz4l.8 or 180°—41.8°~138.2°

(b) Keep the obtuse angle 138.2°and use the cosine rule:
BC?> =6"+8"—2-6-8-c0s(138.2°) so BC =+/171.565696 ~13.1cm

22.  From triangle ABD: AD> =3*+1>=2-3-1-cos(60°) so AD =47

2
. o (V) +3-2 1 2
Use this value is triangle ACD: COS(DAC ) = 5 \/7 3 = p \/7 = ﬁ or

=

7
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Exercise 5.1

1. (a)  arclength = —( 7)(6) =4z cm
(b)  arclength = —( 7)(12) = —7r cm
45
(b)  area of sector = 7r(8) =87 m’, arc length = %(275)(8) =27 m
(18

(
2 30 5
2. (a)  area of sector = 7r(10) = —7[ cm’, arc length = %(2ﬂ')(10) =37 om
(¢) area of sector = —ﬂ' 180 ) = 46807 mm’
360
(

arc length = —(272’) 180) =527 cm
(d)  area of sector = —71'(15)2 = Sﬂ cm’, arc length = L(2n’)(15) =7 em
360 12
3.0 12=2 (n)@8) = 270=20 = 9=ﬂz85.9°
360 V4

4. (a) 1.5x360=540°s""
(b)  Bicycle speed is equal to the speed of a point along the circumference of the
wheel. Speed =1.5x27(35)~330 cms™,

330 0, 005 G0min, 1m  1KM _ gy p
s 1min 1h 100 cm 1000 m
5 E7r=i7r( )2 = l=i = 0=72°
5 360 5 360
06 , 0 ,
6 =l > —ar’=—02z)r = r’=r = r=0orr=1
360 360

112
7. Maria =——(2 230)~ 450
aria 360( 7)(230) m

66
Norbert = =——(2 ~
orbert 360( 7)(500) 576 m

". Norbert walks 576 -450 =126 m farther.
8. 21—472'(400)2 ~20 944~ 21 000 m*h™'
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9. (a) The watered area is 11.8 m”, so the water requirement is

2.5 mmx——«11.8=0.0295 m’. In cm’,

1 mm
3 3
00295 m* x 120 M _ 59 500 e’
I m
(b) 29 500 ~36.9 min
800

(¢) Newarea = m7[(3)2 ~7.85m’
360

Water requirement = 7.85x 1?)'50 ~0.0196 m’ ~19 600 cm’
Required time = 19 600 ~ 24.5 min

1
10.  (a) %XZE(6370) =1.85km

(b) %x27[(6370) ~ 10000 km

11.  Asthe leash wraps around the build, three sectors are created.

............
T
"""""
e .
é I v,
.
5
.
| .
.
~§
I ~
.
A Sm “
2 I *,
S
.,
3
; I H‘
.
! 5m \
1. i .
" - . P4 [
P 3,
7 LY
///
'
e
5 ” ol
m 7
o
3 7 10m
f'_ //
o" ) C4
)/ A3 2 m ///
I ' //
e

il2m 8 m

.
“
. L
~ .
~ L
~ .
~ .
- -
'''''
------------

A, _Lixs =6.257, A, LIS pg
4 4
-, total area = A4 + A4, + 4, =82.257 ~ 258 m?
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Exercise 5.2

1. 60°x—_ =~
180° 3
2. 1500k F_ 2%
180° 6
3. o700k 3%
180° 2
4 3pox— ="
180° 5
5 1350x_F__3%
180° 4
T Sr
6 50° 27
180° 18
7. —asox——=-Z
180° 4
8. 4000x F_-207
180° 9
9.  _480°x " - %%
180° 3
0. 7,189 350
4 T
1w, 17 I80% e300
2 T
12 2389 iise
T
3. 1780 Hi0e
6 T
14, —25x80 430
T
15, Z,180°_ sh00
3 T
6. 1B s
12 T
17, 15739 90,00
T
18, 37 A80° 4epe
3 T
19.  30+360=390°, 30—360 = —330°
20. 3—7Z-+27r=7—7r,3—”—27r=—z
2 22 2
21, 175+360=535°, 175—360 = —185°
7y SN WSS S S N )
6 6 6 6
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24. 3.25+27r~9.53, 3.25-27~-3.03
25. 900—2(360)=180°, 180-360=-180°
197 T T hY/4

26. ——3(27[):—, ——27z'=__
3 33 3

27.  Slz-25Q27)=n,n-2m=-7
28. s = 6(2%) =47 ~12.6 cm

29. s=1(12)=12 cm

30, 12-80=0=2, 9=2x139_270 ¢sq0
2 2 T
31. 15=r(2—”):>r=£z7.16
3 27

1 1
32. 4= 729 = 5(42)(1'5) =12 cm?

33. A=1r29=l(102)(5—ﬂ)=125”z13lcm2

2 2 6 3
34. 60=20a:>a=l,a=lx@zl9.l°

3 3

3s. s=rt9=2(10)=20 cm
36. 24=ﬂ7rr2:r= ﬁ=£cmz45.8 cm

360 N

1 2007 207

37. (@) A=—x=x20"= ~209 mm?, [ =2 x20 =2 ~20.9mm
2 3 3 3

357

12257 1280 m?. l=%x70=Tz36.7m

(b) A:%x%x702 -

() A:%x2x32 =9 km?, [ =2x3=6 km

(d) A=%><5><52 =62.5cm? [ =3x5=15cm
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38. (a) 257r:%(5)29 = 6=27cm
(b) 3O7r=%(2)20 = 6=157m

(© 36=—(6)'0 = 6=2m

(@) 40=%(2)29 = 0=20m
(e) 757 =(25)0 = O=3zkm
()

(g
(h) 100=(20)0 = 6=5mm
39. () 3+6° =" = [=3/5cm

b)) r=1=3/5cm
(c) 2rx3=67cm

@  67=(35)0 = o= 2”5‘/§ ~2.81
Exercise 5.3
1. We can draw a 30-60-90° in the unit circle and then write down the answers for

part (a). The solutions to (b)—(¢) can then be found using symmetry.

Al
! 1
300 ‘zx
B 1
5
(a) sin30°=l, cos30°=—3, tan30°=£
2 2 3
(b) sin150°=l, cos150°=—£, tan150°:—£
2 2 3
(¢) sin210°=—%, cos210°:—g, tan210°=?
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1 3 3

(d) sin330°=—-—, c0s330°=—, tan330°=——
2 2 3

2. After finding the solutions to (a) using a 30-60-90° right triangle in the unit circle, the
solutions to (b)-(¢) can be found using symmetry.

NG

(a) sin 60° = - cos60° = %, tan 60° =3

N

(b)  sin120°==" cos120° = —%, tan120° = —/3

(¢)  sin240°= -%, cos 240° = —%, tan 240° =+/3

NG

(d)  sin300°= ~=-» 00s300° = % tan 300° = —/3

3. (a) sin0°=0, cos0°=1, tan0°=0
(b) sin90° =1, c0s90° =0, tan90° is undefined
(¢) sin180° =10, cos180°=—1, tan180° =0
(d) sin270° =—1, cos270° = 0, tan 270° is undefined

4.  Using geometry: Start by drawing a right triangle in the coordinate plane with the hypotenuse
as the radius of a circle and € in standard position:

y

>

h

The length of the missing side must be 3 (Pythagorean Theorem or by recognizing the
Pythagorean triple 3:4:5).

Therefore, cos@ = % and tand = E

2
Using identities: since sin’ @ +cos’ @ =1, we have cos’ 0 = 1—(%) = % = cosf= i% ;
4
.. ) i 5 4
since # is in quadrant 1, it must be cosé = E Then tané = sin0 =2
5 cosf 3 3
5
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5. Using geometry:

-2

The missing side is x° +2° =3’ = x =+/9-4 =J5=—/5.
Therefore, cos@ =——5 and tan@ =_—2=£.
3 5 5

6. Using geometry:
If cosd = % , the angle is in quadrants [ or IV. Since 7 <8 <27z implies the angle is

in quadrants III or IV, we conclude the angle is in quadrant IV.

A

(AN |
> *

The missing side is * +3> =4’ = x =/16-9 =7 = -7 .

V7 ~7_ V7
3 .

Therefore, sin@ = e and tand = 3

Using identities:
2
sinf@+cos’0=1 = sin’@ =1—(§) =— = sind =ig; since 6 is in

4
7

sind 4 _—\/7

quadrant [ or IV, it must be sind = ——7. Then tané =
4 cosd 3 3
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) . (7)) ﬁ 1
7. (a1 (b) |cos —), sm(gn—( 5 ,2)
Sy . (Sm)) |1 NE)
8. (a) IV (b) | cos ?), sm(?)) = [ 5,—7J
9. (a) IV (b) | cos 7—”), sin(ZD =(£,—£J
4 4 2 2
10.  (a) onthe negative y-axis  (b) (0,—1)

11.  (a) II (b) (cos(2),sin(2)

)

2. (a) IV (b) (cos(—%),sin(—%jj:[ﬂ,—ﬂJ

13.  (a) IV (b) (cos(-1), sin(—1))=(0.540,—-0.841)
(

ol Sl 225
3

15.  (a) III (b) (cos(3.52),sin(3.52))=(~0.929,—0.369)

Il
|
o
N
—_
2
o
\O
S
\O
~

14.  (a) I (b)

Vs 3 T 1 Vs
16. in—=—, —=—,tan—=+/3
sm3 5 cos3 5 an3 \/_
5z 1 5t 3 5nr 4B
17. sin—=—, coOS—=——, tan— = ———
6 2 6 2 6 3
18. sin —3—7T =—£,cos _3_7r =——2,tan —3—” =1
4 2 4 2 4
19. sinzzl, cos£:0, tanz is undefined
2 2 2
20. sin —4—ﬂ =£,cos —4—7[ =—l,tan —4—ﬂ =—\/§
3 2 3 2 3

21. sin37 =0, cos3z =-1,tan37 =0

22. sin% =-1, 00537” =0, tan% is undefined

(77 1 AN ARG

23. sin| —— |=—, cos| —— |=——, tan| — |=——
6 2 6 2 6 3

24, sinl.257 =—g, cosl.25x = —%, tanl.257 =1
25. 13—7[—2ﬂ':£’ In—=—,¢ SZ:_?’

6 6 2 6 2
26‘ 10_72._272-:4_3 Sin4_ﬂ':_£, COSAI-_ﬂ-az_l

3 3 3 2 3 2
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157 7 . Ir N2 Ix 2
27. — 27 =—, SIn— =———, COS— =
4 4 4 2 4 2
28. 17—”—27Z'=5—ﬂ, sins—”:l, coss—”:—ﬂ
6 6 6 2 6 2

Exercise 5.4

1. GDC screen shown below.

—

1.2y
i Q(.\‘)zsin(.\')

(0.524,0.5) K (2.62,0.5)

LX= {0.524, 2.62,4.71} :

2. GDC screen shown below.

1.89 ]y
I L3
fl(,\)— >

\ AI (0.626,0.3’4
-3.14 0.2 3.14
(-1.07,0.533)

(-1.7977,-0.899) £2(1)=cos(2- )
-1.88
<. x={-1.80,-1.07,0.626} .
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3. GDC screen shown.

f2(x)=4  (22,4) (38,4)
£1(x)=6- sin l x—15
30

. x={22.0, 38.0} (to 3 significant figures)

4. GDC screen shown.
2.16y
(1 23,1.5)/\(1.91,1.5)
f2(.\‘)=1 ]

fl(x)=(cos(2 . x))2 +(sin(x))2
x={1.23,1.91}
5. By the Pythagorean identity, cos® x +sin’ x =1, hence cos’ x +sin® x =2 has no
solution since 1# 2.
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(a)

(b)

(c)

(d)

GDC screen shown

T =sin (x~2)
Fe=0.715%
[2.7966,0.715 41344890, 7T 157
| i B
157 1415 17123 \
1 INTSEC
K=2.Ta6624107 ¥=0.7156

X= {2.80, 4.34}
GDC screen shown

Pl ={sin x)2
Fa=1 (1670713
LEOT B.1015 PR
I 1 INTSECT
K=4.T712388866 ¥=1

X= {1.57, 4.71}
GDC screen shown

3.4y
fl(x)=(sin(x))2+2- sin(x)
(2.71,1)
(0.427,1) 2(x)=1
0.2 \ 558
-1.4

x= {0.427, 2.71}
GDC screen shown

|

£3.61 y
ﬂ(x)=2 . (sin(.\‘))2 +3- sin(,\‘)*Z
(2.62,0)
X
(7(0.524,0) 6.28
-3.74

x={0.524, 2.62}
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7. We first graph the equation with £=0:

6y L
I — - :
f2(.\'):3 5
:0.5
o e . g O —t —t + — O — + —t — ¥ + + i —t r
0.1 3714
- fl(x)=sin(2-x)+k\/

(a) Since k produces a vertical translation, the equation will have one solution
when the maximum or minimum of sin(2x) +k is at 3.5. Since the maximum

is 1 when k =0, the equation has one solution when £ =3.5-1=2.5.

Verify graphically:
—
6V k =25

(0.785,3.5)
2(x)=3.5
:0.5
X
0.1 3.14
Ly ﬂ(x)=sin(2- x)+k

The next solution is when the minimum of —1 is translated to 3.5, so
Verify graphically:

0.1 T 34

Therefore, the equation has one solution when & € {2.5,4.5}.
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(b)  Using the reasoning above, the equation will have two solutions when
25<k<45, k#35.

(c) Using the reasoning above, the equation will have three solutions when
k =3.5. Verify graphically:

—
6V k =35
fl(x)=sin(2 . x)+k r‘*—ﬁ—r‘.ﬁ
£2(x)=3.5
:0.5
— + ettt ——t—t ——t + X,
0.1 3.14
[=1.5

(d)  Using the reasoning above, the equation will have no solutions when
k<25 or k>45.

8. We first graph the equation with k£ =0 and find maxima and minima:

-4 f1(x)={3- cos(x)+

o

«Kk,05x<2' 1

(a) Since 2k produces a vertical translation, we can see that the equation will
have two solutions when the maximum of SCos(x) +2k is at 1. Since the

maximum is 3 when 2k =0, one solution will be when the maximum is
translated 2k =1-3=>k=-1.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

Verify graphically:

-4f1 (x)={3- cosly

As k increases, the function will be translated up, and will continue to have
two solutions until the minimum at —3 is reached. Hence,

2k=1-(-3)=k=2.

Verify graphically:

:-4f1(x)={’- cos(x)+2- Kk,0x<2' ¢ X

Therefore, the equation has two solutions when —1<k <2.
(b)  Using the reasoning above, the equation will have one solution when £ =2.
(c) Using the reasoning above, the equation will have no solutions when £ <—1
or k>2.
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Exercise 5.5

1. (a) (15, 15) is in the cell of site

(b)  Midpoint of WG = (15; / X 15 ; 23) =(11,19) . Gradient of
WG = 273 _1155 = % =-1 = gradient of perpendicular bisector = _Ll =1.

Therefore line is y—19=1(x—-11) = y=x+8.
(c) The cells for sites F, B, C, G, and H will be changed.

(d) By sketching the perpendicular bisectors of nearby sites, we see that cells of
sites B and C will be affected. The new cell will have at least two rays as

edges.
2. The process is shown below.
B
10 ®
8
@
W
4 A
c ®
2 ®
0 2 4 8 ‘ 10 12

Plot the new site .
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0 2 4 6/ ‘ 10 12

Add ray or line segmént between W and A.
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Remove edges inside /s new cell.
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3. (a) We can find Q by reflecting P across the edge shared with the adjacent, empty
cell, which gives Q(4,1).
(b)  Luckily, the cell for site P is a triangle and we can read the base and height

from the graph, hence 4 = %(4)(3) =6 km’

(c) The point X (9,2) is in the cell of site R. Therefore, we find the distance to
point R(5,4)using the distance formula:

d=J(9-5) +(2-4) =¥ +(=2 =20 ~ 447 km.

4. (@ A= %(9)(6) =27 km’

(b) Since the radius of circle L is 4, we know BL = 4. From the graph, NL = 2.
Since ABLN is a right triangle, it is a special right triangle with sides in the
ratio 1 2\/5 : 2, therefore BLN = 60°.

(c) The region can be seen as a triangle (shown in blue) and the sector of a circle
(shown in orange).

//
|\
61O
A
1B
A
7
—/’/ 2 B
h -
\\ ] R
a 2 | o > N 4 12
\\
=2 ! \\
K

Area = Area of triangle + Area of sector

—(2x242)(2)+ 2 (#)

=4\/§+%ﬂ'

~39.2 km’
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5. (a) The partial diagrams are shown below.
() ,
\|
; D
5 1\ e+
PAGE
\ :
o
i
;2,4‘
Iy
0 1 IZ 6 (
(i) .
D
o /
~
3\\\ / OB
,Z,AA \J
4
0 I2 6 7
(iii)
AN
\ D
N
~ e}
3\\ \ ‘B
N
A
REE) 7‘
1 N m INNEE RN L
0 1 2 6 7
F] ‘ |

(b)  Point M (3.5,2.5) is in the cell for site C. Therefore, it is likely to have soil type silt.
(c) N (5, 4) is on the boundary between the cells for sites B and C. Since is it

equidistant to sites B and C, it is not possible to determine the likely soil type.
(d) Cells for sites A and B would be divided. Cell B would be divided because

E(6,0)is in the cell B. Cell 4 would be divided because the perpendicular

bisector of segment EB intersects the boundary of cell A. There are no more
adjacent cells, so no other cells would be divided.

(e) No, the answer to (b) does not change because the cell for site C, which
contains M, does not change.

) The study area likely to be loam is contained within cell E. After we add site E
to the Voronoi diagram, we have the following:
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Pr—
1 B Y ARSI A
(The purple shaded area is the cell for site E.)
Cell E forms a trapezoid. To find the area we determine the height and length
of the two bases. The height = 1.5 (from the graph). We must find the equation
of the boundary between sites 4 and E to find exact coordinates of the points Z

and W.
6+1 0+2
Midpoint of AE = ( s j (3.5,1).
2 2
Slope of AE —Hz—g: slope onW—é
1-6 5 2
.‘.equationonW:y—lz%(x—3.5):>y ; -7.75.

wheny=020=§x—7.75:>x=3.13W(3.1,0)

wheny:1.5:1.5:§x—7.75:>x:3.7:> Z(3.7,l.5)

Therefore the bottom base is 7—3.1=3.9, top base is 7—3.7=3.3.
Areaof cell E =%(b,+b,)(h)=%(3.9+3.3)(1.5) =54 m’

6. The centre of the LEC must be found by checking distances to the nearest site of likely

candidates. Since all possible centres are vertices adjacent to site E, we can find the
distance of each vertex to site E:

v(10,16): d \/(10 1) +(16-8)" =+1+64 =65
w(15,15): d J(15 1) +(15-8) =+16+49 =65
x(16,14): d \/(16 1) +(14-8) =+25+36 =61
7(16,8): d=y(16-11) +(8-8) =v25+0 =25
2(6.8): d=y(6-11)" +(8-8) =25+0=+25

Since V(10,16) and W(IS,IS) are both «/g units from their nearest site, there are two
largest empty circles, centred at each point, both with radius \/5 ~ 8.06.
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7. (a) After adding site H, the Voronoi diagram should look like this:

4o

1
!
I
I
|
I
T

w
1S}

e
1] 3

212 A W
T TN
1 I ‘
|

1
111 |
|
|

HHHHRY
10 20 BO 40 g0

(b) The region bounded by points E, G, H, and I contains three vertices,
labelled as K, L, and M on the diagram below:

I I

\,
o
3

1 I Il ]l
[ I I 1
' aasee

C =124 146
Y 11 124' /
N\ ’ ’
(=1(441-42)
NG 1 @
40
AN __l /
= 7
30 BlEa o7y =1(66-28)
* 1 = (42,126 ®
F1=-(26724 P T == P
® ~d =(48124 =[({7123)
1 e
20
—— M-=\(5 20)
W= \J y L‘U}
7
P — » 4
— 4 = S
= E1="(34112)
@ @ @

10 ] ]
VN ) N = 4 W A W [ N N AN NN =N AN PR
H A 22) S
. JNEEE] I I I

T [TTT
10 \ 20 B0 40 50 60 70 EY;

Since all three are adjacent to vertex E, we will find the distance of each to

vertex E. ForK, d,, =+/(42-34)’ +(26-12)’ =v/260; for L,

d, =)(48=34)" +(24—12) =340 ; for M. d,, =/(50—34)’ +(20-12)’ =320 .
Therefore, the best location for a new bank branch is at L (48, 24) )
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Practice question answers
1. (a) GDC solution:

[1.13y

fl(x)zsin(er%)

N
—X]

9.1 (2.79,0)\3.14

--0.48

Sox=2.79
Algebraic solution:
sin| x+ 2 |20 = x+Z=7 = x=8—ﬂz2.79
9 9 9

(b) GDC solution:

1.2y

Sx=332,541
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2.

GDC solution:

2.4y

f2(.\')=sin(2 . .\')
/R /\/ .................... X
N2 / 9.42
| (1.571. (7 85, 9\7\15 5)
;~2_4 fl(x):2- cos(x)

x=1.57,4.71,7.85

(@)  ACB=0r =§(10) =IOT” ~10.5 om

1 N ,
(b)  Area =5(%)(10 )—5(%)(8 )= 67 ~18.8 cm’

(a) 27:%(1.5)1’2 = r=6cm

()  ACB=15(6)=9 cm

(a) =2§r = r=135cm
()  2(13.5)+37~36.4 cm
(© 1(—”) 13.5) 81—7T~63.6 cm
20 9
Or = 2z = 16’2 il = l(z—ﬂ)r2:4—” - zr_4x = r=4,
3 T30 3 2\ 3r 3 3 3
B 27 _7
3(4) 6
Or =24 = 9=ﬁ,19r2=180 = 1(24)r =180 = 12r=180 = r=15cm,
r 2 2\ r
9=ﬁ=§=1.6 cm
15 5

(a) 15.625 —3.125 = 12.5 hours
(b) Reading from graph, % =3 m
(c) approximately 2x3.25=6.5 hours (between 6.5 and 7 hours)
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9. (a) GDC screen shown.

4.6y
fl(x)=3- cos(2- x)+1

180

2.6

(b) Period = ? =180°

(¢) Use GDC to obtain

fl(x)=3' cos(Z- x)+1
(35.3,2) /

4.6V

-2.6

x=353°
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10. (a) GDC screen shown. (Intersection coordinates not required.)

pl £1(x)=2- cos(4-x)-1
0.2 .

2

(b) 2
(¢) any value 0 <x <24.3° or 65.7° <x <90°
(d)  Reading from the graph, (i) a=24.3° (ii) b =65.7°

11.
(a)

12

10
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(b)

12

10

o 5
0 y 4 6 8 10 1\ 14 16 18

(c) By inspection, the equation is y =2

(d)  Midpoint of XC is (7 J;l 1 %} = (9.6). Gradient of XC is
8-4 4 . : .
m= -7 = 2 =1 therefore gradient of edge is —1. Therefore equation of edge

is y—6=—l(x—9) = y=-x+I15.
(e)

N

N

10
Y C
8 o °
6
B X D
4 ° ° °
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§§) There are 5 vertices to test, labelled as points J, K, L, M, and N.

\<

10

Y c

8 L J L J

| L
6 K

| B X D
4 [ ] L 3 L ]

M

) J

Vertices J, K, L are each V27 +2° = \/g units from site X. Vertex M is 4 units

from site X. Vertex N is v2° +4> =+/20 . Therefore the centre of the largest
empty is at vertex NV at (11, 2).

(@

<N

A

10
Y C
8 ® ®
6
B X D
4 ° ° °
Z

0 y 4 6 8 \o 12 14\ 16 18

11+15 2+4j

(h)  Midpoint of ZD is ( =(13,3) . Gradient of ZD is

m= 11;121 = % therefore gradient of edge is —2. Therefore equation of edge is

y—3=—2(x—13) = 2x+y=29
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(b)

(c) By inspection, the equation is x =1.5
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(d)

()  Midpoint of XY is (%, =2 ; _6) =(1.5,—4). Gradient of XV is
—6—-(-2) —4 . .3 .
m= 3o =— therefore gradient of edge is 7 Therefore equation of

edge is: y—(—4)=%(x—1.5) = —%x+y=%41 = 6x—-8y=41

13. (a) the largest empty circle (LEC) must be centred on a vertex
(b)  All vertices in the diagram are adjacent to cell K and (15,8) is the vertex
farthest from site K, therefore it must be the centre of the largest empty circle.
14. (a) The LEC must be at (6,6). The LEC must be on a vertex and (6.6) is the vertex
farthest from any site.

(b)
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15. Since 4, B, C, and D are collinear, the perpendicular bisectors between each pair of
points must be parallel. Hence, the edges in the Voronoi diagram are parallel which
implies there are no vertices.

16. (a) The Voronoi diagram has 3 edges that meet in a single vertex as shown.

C
®

(b)  The Voronoi diagram has 4 edges that meet in a single vertex as shown.

D C
o o
A B
® o

(c) The Voronoi diagram for a regular n-gon will have »n edges that meet at a
single vertex in the centre of the n-gon; each edge bisects a side of the

polygon. The angle between each pair of adjacent edges will be 360 .
n
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Exercise 6.1

1. (@ J-36=+36xJ/-1=6i
(b) =12 =JAxV3x1 = 24/3i
© =63 =\0x7x/-1=37i
(d) \/Ex\/-_uh(\/zxﬁx\/-_l)(\@xﬁx\/-_l):2@x3ﬁ=1212=-12

2. (@)  4+/-9=44+3i
(b) 3-v-4=-3-2i
(©)  —18++/-9x2 =-18+32i
@) 42-V-4x2 =42 -22i

(€ ~-1x4=2i
(H  12+44-4x3=12+23i
(g -7

(h) 2i+(ﬂ)i=2i+zixi=2i—2
3.0 @ =) xi=(-1) xi=-i
®) =P =(-1)"=(-1)"x(-1)=-1
© =) xi=i
@ () = (1)) =

2 +4/22 _
4. (a) y=2EN2 24X1X10 =—1J_r%\/—3 143

(b)

2
= ZHEVE Zdxix7 =2J_r%\/—12 =2+2:/3i

2

— 2_
©) r= 414" —4x2x5 :—li% =y :—li%\/gi

2
+4/22 -
@ =220 bR
2 2
—6++/6° —
(¢) x= 0ENE 24X1X10 =—3J_r%\/— —_3+j
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34437 —4xIx3 3

=——il B3 =——t—1
2 2 2 2

5. @ (¢ -1)=(x7+1)(7 =)= (& 1) (x=1)(x+1)
So, the four roots are x==%1, x==i

b (¥ -1)=(x-1)(x" +x+1)

() X

so x—-1=0 or xX*+x+1=0

_1++/1? =
so x=1 or x= 141 4X1X1:_1i11/_3:_l+£i

2 2 2 2

G113,

So, the three roots are 1, —l+—1, ————1
2 2 2 2

Exercise 6.2
1. () 2-3-4i+2i=-1-2i
(b) —1+3+i-2i=2-i
© 22-2+i-2i=+2-i
2. (a) 1+4i-4i-16i°=1+16=17
()  —12+23i-24Bi+i’=-12-1=-13
()  9+12i-12i—16i°=9+16=25
3.0 (@ (4-30)(4+30)=16-9>=16+9=25
(b)  (=5+12i)(=5-12i)=25-144i’ = 25+144 =169
(© (—4—2\/§i)(—4+2\/§i) =16-20i> =16+20 =36

5 2+1 10+51
X = =

4. (a) - - = 2+1

2—1 241 441
1-2i 1-2i 1-4i+4i*> 1-4i-4 3 4.

(b) - X - = = =——-——i
1+2i 1-2i 1+4 5 5
2-4i -3-2i -6+8i+8i° -14+8 14 8.

(c) - X - = = =——+—1
—3+2i -3-2i 9+4 13 13 13
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5. (a) Since a, b, and c are real, then the other root is 1+i.

Assume a=1. Then
—b= sumofroots=l1—-i+1+i=2
¢ = product of roots = (1+i)(1-i)=1+1=2
so function is y =x” —2x+2

(b) other root is =7 —1i
—b= sumofroots= -7+i—-7-i=-14
¢ = product of roots = (=7 +1)(-7-1) =49+1=50
so function is y = x* +14x+50

(c) other root is —2+/3 —3i
—b = sum of roots = —2+/3 +4/31 =243 = V3i= 43

¢ = product of roots = (—2\/§+\/§i)(—2\/§—\/§i) =12+3=15

so function is y = x” + 43x+15
6. (a) assuminga=1, —-b=2+3+2-3=4,c=2"-3=1

So function is y =x* —4x+1

(b) -b=l+l=1,c=(1‘_5)=-1
2 2 4

So functionis y =x" —x—1
©  —b=-2.c="+2=5
So function is y =x +2x+5

@ —b=3, 2423
44 4

So function is y =x’ —3x+%

I+5 3
€ —bZI’C:—:_
© 4 2

. . 2 3
So function is y =x —x+5

(H  —b=—43, c=4x3+3=15

So function is y =x" + W3x+15
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7. The conditions in this exercise do not include real coefficients,
thus, the roots do not have to be conjugates.
(@ -b=8+i, ¢c=(5+2i)(3-i)=15+i+2
So, function is y =x’ —(8+i)x+17+i
(b) b=0 . ¢c=(3+2i)(-3-2i)=-9-12i+4=-5-12i
So, function is y =x>—5-12i

() bh=0, c=(3+ﬁi)(—3—«/§i)=—9—6E+2=—7—6ﬁi

So, function is y =x> —7—6+/2i
8. Letz=a+bi
Then (2+3i)(a+bi)=7+i
(2a-3b)+(2b+3a)i=T7+i
Equate coefficients of real and imaginary coefficients:

2a-3b=7 ,3a+2b=1

Solve simultaneously: a=1—7 , D
13 13
So, 2:1—7—£i
13 13

9. 2x+2i+xyi—y=1+3i
Equate coefficients of real and imaginary coefficients:
2x=y=1,xp+2=3

Solve simultaneously: y=2x-1, y=—
X

=2x—x-1=0

1+3 1
= x=——=lor ——
4 2

=>x=1,y=1 or x=—%,y=—2
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10, @ (14331 =143 xBie3x (V1) + (Vi)
—1+331-9-3.3i=-8
) 2 =(2)" =(-8)" =(~1) x(8)" =8
(¢) z%= 2 =g¥® =6 = (26 =2*
1L @) (—V2+V2) =2-4i-2=4i
d) = (2) =(4i) =6 = (-16)
(© 2= z"xz? =(-16)" x—4i=(16)" x4i = (4*) x4i = 471 =2}
12. Let z=a+bi
Then |z +4i" =a® +(b+4)
and |z+i" =a’ + (b +1)
Ja+(0+4) =2Ja +(b+1)
= @’ +(b+4) =4x(a’ +(b+1))
> a’ +b*+8h+16=4a’+4b" +8b+4
= 3a’ +3b% =12
= a' +bh’ =4
= |z|2 =4 =z =2

2i 2 24420 4i-242 22 2. 2

13. = X = = +—1=——+—1
2-2i 2-2i 24421 4+2 6 6 3
= 21 +3=—£+zi+3=9_\/5+—i
2-J2i 33 33

14. expand and equate Re and Im coefficients:
Re: 4x+7y=3 Im: -Tx+4y=2
2 29

Solve simultaneously: X=——,y="2C
65 65
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15. (a) Let z=a+bi
Then (a+bi+1)xi=3(a+bi)-2
Equate Re and Im coefficients:
Re: —-b=3a-2 Im: a+1=3b

b=t

Solve simultaneously: a = 5

N | =

So z=l+li
2 2
(b) (a+bi)><(a+bi)=3—4i

Equate Re and Im coefficients:

Re: a*=b? =3 Im: 2ab=-4

2
Solve simultaneously: b= _2 , substitute: a’ —(_—2) =3
a a

a2—12=3:> a'-4=3d"= a' -3’ -4=0=
a

(a2 —4)(612 +1) =0, real roots a =12

So z=2—-1 orz=-2+1

Exercise 6.3

1. (a) modulus of all these complex numbers = 5
_)Ju
51!35
] 4~ [t
o i |3— e

2|
! I_—

25 ]

¥ T T T ) T T T T | B

_5_4_3_2_1£ | % 3 4 3 %

(b) e.g. —4-3i
(©  Yes | =@V3) +W13)* =12+13=25, |7 =5
d) +3BV2)?=25 a*=25-18, a=+\7

So complex numbers are ixﬁ + 3\/§i
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2 @ | =0 ar. |7 =2
®) | =3+ .o =2
© [d=@" =2
@ | =0 |4 =2
€ | =57 +(127 |7 =13
® | =5 +12)°, |7 =13
©@ |2 =217 +20), |2 =/841=29
) | =(-243) + (V67 =12+496. | =108 =63

3 (@)
VA
| ge
.3_
24 #h
1_ . -2
REETEREE
._1_ 1

(b) |Zl|=*/g ’|Zz|=*/%

(c) z, =6+31
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(d)

X
(e) diagonal Oz3 =z, + z, = 6+ 3i, (sum)
diagonal z1z>=z, —z, =4 —1 (difference)
4. In 3(d), the triangle with vertices O, z; , z3 has sides |z1 NEAREAS z2|.

In any triangle, the sum of 2 sides is greater than the 3" side.

Hence ‘zl‘ﬂzz 2‘zl+zz‘ (‘zl‘ﬂzz‘:‘zl +z2‘ = 0z,,0z, parallel)
A
y
Z3
Zo

v

Z1

5. For z;: |Zl|=\/12+4 =4, tanﬁz—i;hence, arg z, =—%

NG

For z,: |z2|=«/4+4=2\/§, tan@ =1; hence, argz, =%

Since z, = z,z, , Z3|=8x/§,and arg z, =_%+%=_
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For the area: There are several methods available. Some will give you numerical
approximate answers using a GDC and others may require knowledge about matrix
applications.

Below are 2 such methods.
Method I: (A GDC can be used for calculations)
We can find the side lengths and the angles of the triangle:

|le2|:\/(2—2\/§)2+42 —\32-83
|2,2,| = \/(2J§+4)2 +(4/3-2) =80
2,2, = \/(4J§+ 2) +(43-6) =\136-323

Angle 6 between sides |zlzz| and |zlz3| is:

2 2 2
Naz| +lzz] -2z

costd =0 ="76.6689°

2|le2||2123|
Hence, the areais: 4= %|zlzz||zlz3|sim9 ~18.5.

Method I1:

There is a formula for the area of a triangle using the coordinates of the vertices. If the
vertices are: A(x,,¥,).B(x,.,).C(x;,y;). then the area is:

x, oy 1 2 2 1

A:%x2 ¥, 1=% 23 =2 1|=22-23~185

o A la(1443) 4(V3-1) 1
6. (a) Let z=x+yi
Then |Z|2 =x"+)’
So equation of locus is x” + y* =9 : circle radius 3 centre origin
(b) X+yi=x—yi
= y =0 and x may take any value: locus is the Im axis
(c) X+yi+x—yi=8
= x =4 and y may take any value: line x = 4

(d) |Z—3|2 =(x—3)2 +3” =4 : circle radius 2, centre (3, 0)
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(e) If z has an imaginary component, then (z — 1) and (z — 3) form 2 sides of a
triangle with base of length 2, (1, 0) to (3, 0).

= |z-1|+]z-3]>2

So to satisty the equality |z - 1| + |z - 3| =2, zust have no imaginary component
and lie between (1, 0) and (3, 0)

So the locus is a line segment from (1, 0) to (3, 0)

Exercise 6.4

() =437 +3 =32, e=tan-1['3 _37 Z=3x/§cis37ﬂ
(© r=y3+(-3) =32, H:tan'l( 5
@  r=y(3)+(-3) =3v2, O=tan _—ij =
(e r= 52+(5\/§)2 - 10, 6’=tan'1[55—3J=%, Z=10cis§

2 5 T T
=,/5 3) +52 =10, @H=tan’'|— |==, z=10cis—
) r ( \/_) an (5\/3) 7 z c1s6

(2 r:\/(—5)2+(5\/§)2=10, 0 =tan ﬂ]:%’r z=100is27”
5

(h) r=\/(—5\/§)2+(—5)2=10, 0=tan‘1(_—j=%r, z=10cis%r

2. () |le2|=5><3=15,arg(zlzz)=%+

27 2x 4w
_+_—_

(b) |le2|=4><2=8 , arg(zlzz)= T

4 1 3 445

So, z,z, = 8c1s4—ﬂ = 8cos4—+8sm—1 = 8x——+8x——1 =
3 3 3 2 2
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6 T T 7
3. (a) |Zl/zz|=5:3 , arg(zl/zz)zg—gzg
So, z,/z, —3ms£—3cos—+3s1n£i—g+£1
3 3 3 2
16 3z 4nm
b /z,|=—=4 , ar Jz ) =" =
(b) |Zl ZZ| 4 g(zl Zz) R

So, z,/z, =4cis4—”=4cos4—ﬂ+4sin4—”i=—2—2\/§i
3 3 3
8 V4
(c) |Zl/zz|=5=4 , arg(zl/zz)=z——=——
So z,/z, =4cis—£=4cosi+4sinii=2\/§—2\/§i
4 4 4
16 T T 7
(d) |Z1/Z2|=?=8 . arg(Zl/Z2)=g—§=—g
So z,/z, = 8cis — 2 = 8cos = +8sin——i = 4/3 — 4i
6 6 6
4. (a) |—1+i|:\/§, arg(-1+i) ="
3z 3
(ﬁcis—j =(x/§)scis(5x—j
4 4
—4x/_(cos—+1sin157ﬂ)
ol
NCRND
=4-4

®)  |-1-i]=~2, arg(-1-i) :57”

4
(x/zcis S—ﬂj = (\/5)4cis(4x 5—”)
4 4
=4(cos57 +isin57)
_ 4
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(c) ‘—x/g+i‘=2, arg(— 3+i) :5?7[

4
(2cis 5—”) = (2)4 cis (4 X 5—7[)
6 6

=16(c0510—7[+isin10—ﬂ)
3 3
gl L3,

2 2
—_8-83i

@  [Boi[=2 arg(3-i)=T

6
77\ T
(2cis—j :(2)6cis(6x—)
6 6

=64 (cos7z +isin77)
=64(-1)
— 64
5. @ Y2 =2is2”
3
k=0,1,2

k=0 2% =2¢is0=2

k=1= \3/2_3:20i32—ﬂ:2 —l+—31 =—1+\/§1
3 22
k=25 42 =2isXF -2 —l—ﬁ‘ —_1-3i
3 2 2
- T kr
(b) \/20is(§+2kﬂ'j=\/§ cis -3
k=0, 1
7 Vo1 Ve 2.
k=0=> 2 — =2 —+ =1 |[=—+—
\/_(Clsé) \/_[2 21J 2 T
. NS J6 2.
k=1 2|cis<= |=2] X2 _—j|=-X22 Y=
\/_(0156) \/_[ 2 21] 2 2!
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(c) 2 cis (7 +2krm) =2cis ( dd +jk”)

k=0= 2Cis(%j=\/5+\/§i

k=1 =>2cis(ﬂ-;2ﬂ)=20is(3”j:— 2 +-/2i

k=2 =>2cis[ﬂ-;4ﬂ):2cis(%[j=— 2 —\2i

k=3 =>2cis(ﬂ-;6ﬂ)=2cis(%[j:\/§— 2

RE1
6. (a) modz=6x/§, argz=37ﬂ , 50z =6:/2¢ *
(b) mod z = 44/3, argZ:%, 50z =43¢*
Sw Sk
(c) modz =2, argz=?, soz=2e?
T 3n &
7. a z,z2,|=3%x2=6 , arg(z,z,)=—+—=—
(a) | 1 2| g( 1 2) g g8 2

i

—6e?
So z,z, = 6e

(b)  |zz|=4x3=12, arg(zlzz):%+%=57”

Sxi

So z,z,=12e *

8. (a) |Zl/zz|:%:4,arg(i)=3—ﬂ_£:5_ﬂ

2

= St Sz S
So z/z,=4e? = 4cis? = 4(cos?+isin?j

16 z 3 w Swm
b z/z,|=—=8 , arg| =+ |=—-"—="—
® |z/z]=3 g() T

57i
So z,/z,=8e* =80is57”=8(00557”+isin57”)=_4\/E_4\/§i

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics

Applications and Interpretation HL

WORKED SOLUTIONS

9. (a) 2 roots

b) \/I _ e(%+2lm’)i _ e[%ﬁm’)i

k=0,1

k=0> \/I :e(%Ji = cos£+isin£ =—2+ﬁi

4 4 2 2
5.
k=1=4fi =e(le = coss—”+isin5—ﬂ = —ﬁ—ﬁi
4 4 2 2

(c) \/__1 _ 6(37”4—21{;1-} =e(37”+k;z-)i

37). 7.
k=0= i :e(TJI and k=1= =i :6(7}, so not the negative.

10. z=-1=¢"" hence e” +1=0

Exercise 6.5
L. @ Z=R+j(X,-X.)=12+]j(12-3)=12+9j
(b)  [12+49j=15. arg(12+9j)=tan'1(%j=36.9°

So Z =15¢%*""

=6.49¢™""

2. Z=R+j(X,-X.)=4+]j(2-5)=4-3j
3.0 V=V +i(V,-V.)=9+j(15-3)=9+12j
V| =+9” +12* =15 volts
4. V=V+i(V,—V.)=6+j(11.5-3.5)=6+8]
V|=N6" +8> =10 volts
5. V| =l1]x|Z] = [6-3]x[8 + 4] =+/45 x~/80 = 60 volts
6. [V|=l1]x(2] =100=[1}x}4=3]=]1] =22 =20 amps
Z,xZ, (12+5j)x(8-6j) 13" x10e™*"" 130e*¢ """
7. Z= = : = : = 5
Z,+Z, (12+5j)+(8-6j) 20— ] J401e2"
=6.49(cos (~11.4°) + jsin(~11.4° )) = 6.36~1.28;]
s, z-ZxZ (68760 100 _og

S Z,+Z, (8+6j)+(8-6j) 16
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Chapter 6 practice questions

1.

(a)
(b)
(c)
(d)
(a)
(b)
(c)
(d)
(e)
(®
(8
(h)
(@
(b)
(c)
(d)

()

(b)

(c)

(d)

(e)

®

=49 = 7-1 =7

J-18 =/9x2x -1 =32i

V=9 x/-1 =3ixi=3x-1=-3

V=12 x~/=27 = 243ix 3431 = 6x3i* =18x -1 =18
J-16 = 4i

25+ 5v—1=25+5i

545J-1=5+5i

32 9% 2x—1 = =332 + 320

23 —V4x3x—1 =23 -2:/3i

i =i
it =T =-1

—3i+~/=9i =-3i+3ixi=-3-3i
iZ=@)"==D"=-1

P =) = (=" =i

i =) =(-1)"° =1

" =(i2)i=(=1)i=—lxi=—i

—4++4 -
A —dx1x8 =_2i%\/T=_2i2i

2

+/6° —
x=6_ 6°—4x1x10 :3i%\/z:3ii

2

F a1 —
x:8_ 8 —4x1x25 =4i% 36 =4+3i

2

+/47 -
xo 3EVA —4x1x8 =2i%\/—16:2i2i

2
e
oo JOENVIOT—4x1x29 o 1 e oo
2 2
S 1
e 8++/8 24><1><32 =—4i% 64 ——4+4i

WORKED SOLUTIONS
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5. (@) S5-4—-i+3i=1+2i
(b)  4-2+2i+i=2+3i
©  V5+25-3i+i=3/5-2i

6. (@)  36+16-24i+24i=52

(b) —49— 4 +14i —14i =—53
(©) 27+1-33i+3/3i=28
7. (a) (9% +12%) =225

b) (6> +8)=100

© 3 +(3J§)2)= 27

10 3-i_30-10i _
341 3—-i 9+1
®) 14 .X\/§+2%:14\/§+281:2\/§+4i
B3=2i 3+2i 3+4
1-3i —3-9i -3-27 1
(© e -
-3+91 -3-9i 9+81 3

9. (a)  other zero is (1-2i)

3-1

—b = sum of roots = 1+2i+1-2i=2
¢ = product of roots = (1+2i)(1-2i)=1+4=5
so function is y = x> —2x+5
(b)  other zero is (4-3i)
—b = sum of roots = 4+3i+4-3i=8§

¢ = product of roots = (4+3i)(4-3i)=16+9=25
so function is y = x> —8x+25

(c) so other zero is (—3 V2 -+ 2i)

—b=b=sum of roots = =32 +~/2i —3+/2 —=2i = —62
¢ = ¢ = product of roots = (—3\/§+\/Z)(—3\/§—\/Z)=18+2=20

so function is y =x* + 6V2x+20
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10. (a) —b = sum of roots = -2
¢ = product of roots = (-1-1)(-1+i)=1+1=2
so function is y = x> +2x+2
(b) —b = sum of roots = 4
¢ = product of roots = (2+\/2i)(2—\/2i)=4+2=6
so function is y = x> —4x+6

(c) —b = sum of roots = 7+1

¢ product of roots = (3+2i)(4—1i)=12+2+8i—3i =14 +5i

so function is y = x* —(7+1i)x+14+5i

11.

2= 6481
| Rt 2
z,= =8 + 6l
I |

) T T T 0 ™

—10 —8 =6 —4 =2 2 4 6 8 10¥
=

_4_

T L} L L 1 g |

z, =8 -6 z/=8—4

— 14

12, |a+242i]=10

= > +8=100 = a=+J92 =+2/23
13.

0

diagonal Oz3 = z, + z,, diagonal 12> = z, — z,
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4

14. (@ r=v2’+2°=242, O=tan” _Zj:—”, 2\/_018
b))  r=v2’+2=2J2. O=tan’ '—j

7 , 2x/§cis%[

T4

(© r=v22+2>=22, O=tan’ %) = %, Zﬁcis%

@ r=V2+2=2y2, 6O=tan” ij 7 s
2 2 4 243 V4 . T
(e) r=4/2 +(2\/3) =J16=4, O=tan'| =2 |=2, 4cis=

® r= 22+(2\/3)2:\/E:4, 6 =tan™ L\BJ=5”, 4ciss?”

(@ r= 22+(2V3)2=\/ﬁ=4, 0 = tan™' 2—“]:27” 4cis2Tﬂ

(h) r= 22+(2\/3)2:\/E:4, O =tan"' L\B]=4ﬂ, 4cis4?”
15. (@)  |zz|=6x2=12 , arg(zz,)=Z+—="—
S z,z, —12c1557ﬂ=12(—£—giJ:—6x/§—6x/§i

(b)  |zz|=8x2=16 . arg(zlz2):%+%=%

So zz, = 16cis% ~16i

16. (a) |zl/zz|:%=3 , arg(—

CINEYE S arg(i}s—”—fﬁ—”

So zl/zz=5cis3—ﬂ=5 cos3—ﬂ+1sm3—7r =—§\/§+é 2i
4 4 4 2 2
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2 1 z T T 7
c /z)|===—=, arg| L |==-===
@ [alal=3=5 g(j366
1 .7 1( T 72')
So z,/z,=—cis—=—| cos—+isin— | =
2 6 2 6 6
@  |z/zm|=2=4. arg(iJ=1—1=—f
3 z,
o T 7 V2 V2. :
So z,/z,=4cis——=4| cos——+isin—— |=4| ———1 [=24/2 - 2+/2i
al 4 ( 4 4) (2 2 J 2-22
4 4
17. (a) (ﬁcis%) =(\/5) c1s(4><2) 4eism =—4
LTy 4, T .
(b) (\/ECIST) =(\/§) cis 4><T =4cisTr =—4
3
() (2cis2Tﬂj = (2)3cis(3x2?ﬂ):80i32ﬂ'=8

4
(d) (4%%) = (4)'cis (4%) = 256cis2T” = —128+128/3i

!
18. (a) /-8=(2cis7)’= 2cis(7[ +32k7rj
k=0,1,2
k=0:2cisZ =2 lJrﬁi —1+-5i
3 2 2

k=1:2cis(r)=2(-1)=-

Sm 1 3
k=2:2cis 2 =2| —- i |=1-
3 (2 21J V3

(b) 64 = (4 cis O)3 4cis ( 2];”)

k=0,1,2
k=0:4cis0=4

k=1:4cis| 2Z =4 -1 ﬁl =2 +253i
3 2 2

k=2:4c¢ 54?”_4[—1—£1]_—2—2\/§i

2 2
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1

(c) 2 (—3+3\/i) = 6cis(%r+2kﬂ'j2 =\/gcis(2?ﬁ+kﬂ)

k=0,1
2 2
k=1 \/gms 4” =\/—( l_iJ__i_ﬂi
2 2 2
19. (a) mod z =+/2, argz—T, SO z—\/ie
Sxi
(b) modz=\/§, argz=57ﬂ, so z=2+2¢ *
2z el
(c) mod z = 24/3, argz=T, s0 z=2+3¢ 3
7 3z 107
20. (a) |ZIZZ|:2X5:10 R arg(zlzz)=g+7=7
Sxi 57[
So z,z, =10e ° 10c1s?—10[———1J—5 53i
T 7w Sw
b =2x4=8 , =—t—=—
(b) |zlzz| X arg(z,z,) 376" ¢
szi
So z,z,=8e ¢ =8ciss—ﬂ= ( £ l] —4[3 +4i
6 2
5

10 z 3z 7 Sx
20 @ lzl/zzl=7:5’arg(z_l)=7 iy
2

Sz
So z,/z,=5¢e* —5013 ( : ')=—§\/§—%\/§i

12 z V4 37: /4
b /z,|=—=4 , ar 1
®  |z/z[=3 g()z VR

2

o pd 1 1
So z,/z, =4de * =4cis 1 =2\/§—2\/§i
b ( ) (\/5 \/EJ
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22 (@ Z=R+j(X,-X.)=12+]j(3-8)=12-5]

(b) [12-5j|=13 .arg(12-5]j)=tan"’ (5}—0395 rad

So Z=13¢"**
2. Z=R+j(X,-X.)=4+i(7-3)=4+4j
24, V=V,+i(V,-V.)=12+j(4.5-9.5)=12-5j
V=122 +5° = 13 volts
25, V=V, +i(V,-V.)=8+j(45-10.5)=8-6]
V|=/8 +6” = 10 volts
26. V] =|1|x|Z|=]2 + i|x |4+ 2] =v5 %20 =10 volts
27, V|=[1|4|Z]

So, 65 =|1|x[12-5]|=|1|x13

65
I|=—=5 amps
11=3 p
28 7 Zix2, (6+8j)><(6—3j) _36+24+48j-18) 60+30j 60+30jxl2—5j
) Z,+7, (6+8j)+(6—3j) 12+5] 12+5] 12+5) 12-5j
10(72+15-30j+36] j
_ ( J J):10X87+6J:£X(87+6J)
169 169 169
=5.15+0.355] ohms
1 1 1 2-31 1 3-21 2-31 3-21 5-51
29. (a) -+ - = - X -+ - X - = + =
2+31 3+21 2+31 2-31 3+21 3-2i 13 13 13
SOEZS—Sl
w 13
wo_ 13
10 5-51
w 13 5+51

X

10 5-5i 5+5i
L w_13(5+50)
10 50

= w=13+13i
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(b)) w =13-13i

‘w*‘ =13 ,argw’ =tan'1F

w =13e7i
27 3 3 3
30. (a) Z3 =—?=—?=—(Ej R SO|Z| :E
Letz==cis@
3 3
Then(gcisé) =—(3)
2 2
= cis(30)=-1

=30 =r37.57 (7r+2krxfork=0,1,2) +

st

2«9=£,7z,
3 3

3.1 3. Y4
So 3 roots are —cis—, —cisz, —cisS—
2 3 2 2 3

(b)  equilateral triangle with sides of length 2 x%cos30° =

I T T N E I N R Y N )
area = —absinC =—x X xsin60° =———
2 2 2 2 16
7
31.  (a) (cisz—ﬂ) =CiS(7X2—ﬂ)=CiSZ7‘[=1
7 7
Thus z' =1
(b) (i) (w—l)(1+w+w2+w3+w4+w5+w6)

:(w+w2+w3+w4+w5+w6+w7)—(1+w+w2+w3+w4+w5+w6)
=w’ -1
(i) From parti, w' —1=0

= (w—l)(1+w+w2+w3+w4+w5+w6)=0
=w=1or (l+w+w2+w3+w4+w5+w6)=0

But w¢0andhence(1+w+w2+w3+w4+w5+w6)=0
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2
() roots are cis(k x7ﬂj , k=0,1,2,3,4,5,6 and correspond to

. .. 27
Lw . w’w',w',w’, w® (all roots lie on unit circle, angle El between each.

d (@) From symmetry of Argand diagram of roots (reflection in Re axis):
w =w’ w" =w’,w" =w*, and visa versa.
Hence o =(w+w +w") =w +w> +w" =w’+w’ +w’
(i) sumofroots =—b=a+a = (w+w2 + w“)+<w6 +w + w3) =-1
(from b(ii) above)
Hence =1
Product of roots =c=axa’
:(w+w2 +w4)(w6 +w +w3)
=w +w +w + W+ w0+’

= w+w +uw +3w  + P +u’ + '

But w® = cis(sz—ﬂ) =cis(2ﬂ+2—ﬂ) = cisz—ﬂ =w
7 7 7

Similarly w’ =w’ . w'" =w’ and w’ =1

Hence

c=3+w+wr+w +w +uw’ + 1’ =2+(1+w+w2+w3+w4+w5+w6)=2+0
=>c=2

() zZ°+z+2=0

_14+4/1—
roots are z = £ 124X1><2 :—%i%«/— =—%i%\ﬁi,

Im part a=%\/7i

32.  Real coefficients so sum roots =—a, product="b
Roots are 2+3i, 2-3i (conjugates)
Hence 2+3i+2-3i=-a and(2+3i)(2-3i)=b
=>a=-4b=13
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Exercise 7.1

. -2 X x+1 =3
1. For matrices A = and B = , we have:
y=1 3 4 2

@ () A+B:(x_l x_3j
y+3 y+1

. -6 3x x+1 =3 -x-7 3x+3
(ii) 34-B = - =
3y-3 9 4 y=2 3y=7 11—y
(b)  IfA4 = B, their corresponding elements are equal; this leads to a system of
equations:
x+1==-2
x=-3
y—1=4
y—2=3
From each of the first two equations we get x =-3, and from the last two
y=>5.

(©) If A + B is a diagonal matrix, the elements on the opposite diagonal are
zeroes; hence,

x=3=0
y+3=0

Therefore, x=3,y=-3.
—2(x+1)+4x —2(—3)+x(y—2)
AB = [ )(x+1)+34 (y-1 )(-3)+3(y-z)J

(d)
2x-2 xXy—2x+ 6}

(xy x+y+11 -3
D
;

2x-3y+1 x*+x-9
*_3y—-6 4x+3y-6
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P TR

By comparing the corresponding elements, we obtain the following equations:
3x = 6 X = 2

—
4x+2y=-12 8+2y=-12

Therefore, x=2,y=-10.

2 p\(4 18 8+5p 18
(b) == =
3 g)\5 -8 12+5¢q -8
By comparing the corresponding elements, we obtain the following equations:

8+5p=18
12+5¢=-8

Therefore, p=2,g=—4.

3. (a) Here is the completed matrix
VM FS Z L P
Vio1 001 2 0]
M1 01 1110
F{0O1 00 0 0 2
sS/01 21100
Z|1 1.0 0 0 1 0
L2101 100
P0OO 2000 O]
(b) Matrix A showing the number of direct routes between each pair of cities is
input into a GDC.
We square matrix 4 and obtain the answer shown in the GDC screenshot
below right.
[ATZNH [[e 21 &2 3 2 H.
[32 2 3 3 3 2.
[1 29213 1 @.
[2 31 & 12 4.
[Z2 3 31 4 3 @a.
[2 31 2 3 & @.
.[lEIEIEI4IEIIEI4...
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Matrix A’ represents the number of routes between each pair of cities that go
via another city. For example, the entry a,, =3 means that there are three

different routes from Vienna to Munich: two of them through Milano and one
through Zurich. Also, a,, =4 means that there are four different routes from

Paris to another city (all to Frankfurt) and back to Paris.

4. (a)
2 5 1 x-1 5 v x+1 10 y+1
A+C=|0 -3 2 (+] O —X y+1 |= 0 -x-3 y+3
7 0 -1 2x+y x-3y 2y-x 2x+y+7 x-3y —x+2y-1
2 5 1 m =2 17m+2 -6
(b) AB=|0 -3 2 | |3m -1|=|-9m+4 9

7 0 -1 2 3 Tm=2 =17

() BA cannot be found because B is a 3x2 matrix and 4 is a 3x3 matrix; as
such, the number of columns of matrix B does not match the number of rows
of matrix A4, so the product is not defined.

(d) IfA = C, their corresponding elements are equal; this leads to a system of
equations:

x—=1=2; y=1, x=3; y+1=2
2x+y=7; x=3y=0; 2y—-x=-1
These equations all give the same solution: x=3,y=1.
(e) B + C cannot be found because B is a 3x 2 matrix and C is a 3x3 matrix; the
sum of two matrices of different order is not defined.
-1 m? 712
§3) 3B+2|-5 2 |=| 17 1
1 -1 2m+2 7

By comparing the corresponding elements from

m =2 -1 m’ 7 12
3[3m —-1|+2|-5 2 |= 17 1],
2 3 1 -1 2m+2 7

we obtain the following system of equations:
3m-2=17

—6+2m* =12

I9m-10=17

8=2m+2

All of the equations give us the unique solution: m = 3.
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5. By comparing the corresponding elements from

a-1 b 3 -1 -5 5

2 + = ,
c+2 3 0 5 8 c¢+9

we obtain the following system of equations:

2(a- 1) +3=-5

2b—-1=5

2(c+2)=8

2:3+5=c+9

Therefore, a=-3,b=3,c=2.

6 2 3)(x-11 1-x) (1 0

) 5 70 =5 x+2y) (0 1
After performing matrix multiplication, we get:

2x-7  Sx-6y+2) (1 0

—5x+20 12x+14y-5) (0 1

By comparing the corresponding elements, we obtain the following system of

equations:
2x-T7=1
—Sx—-6y+2=0
-5x+20=0
12x+14y-5=1

The first and third equation give us x = 4.
Substituting x = 4 into the second and fourth equation gives us the same solution: y = —3.

7. By comparing the corresponding elements, we obtain the following system of
equations:

m*—1=3
m+2=n+1
n-5=-2

Therefore, m=2,n=3.
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8. Let matrix L = (2 5 3) represent the quantities from your shopping list, and

1.66 1.58
P =|255 2.6 | represent the prices in shops A and B.
0.90 0.95

1.66 1.58

Then LP=(2 5 3)|2.55 2.6 |=(18.77 19.01) gives us the total cost of the
0.90 0.95

shopping in shop A (€18.77) and B (€19.01) respectively.

Therefore, you should go to shop A because the total cost is cheaper.

R N N R e N N )
e 4L D42 G HE O

(b) We conclude that the addition of 2x 2 matrices is associative, which can be
proved as follows:

a b m n ros
A+(B+C)= j+(( j+( D
c d P q t u
_(a b N m+r n+s)| (a+m+r b+n+s
e d p+t q+u B c+p+t d+qg+u
a b m n ros
(A+B)+C = ( )+( D+( j
c d P q t u
(a+m b+n N ros\) (a+m+r b+n+s
N c+p d+gq tou) c+p+t d+qg+u
So, A+(B+C)=(A+B)+C forall real numbers a, b, ¢, d, m, n, p, q, 1, s, t, u.
2 0)(3 -1}-3 5 2 0Y)-11 8 =22 16
(c) A(BC)= = =
-5 1 1 4 )2 7 -5 1 5 33 60 -7
2 0Y3 -1)\)-3 5 6 2\-3 5 =22 16
(AB)C = - -
-5 1)1 4 2 7 -14 9 2 7 60 -7
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(d) We conclude that the multiplication of 2 x2 matrices is associative, which can
be proved as follows:

A(BC)= a b)((m nJ(r SD:(a bj(mr+nt ms+nuJ
c d)\\p g)\t u c d)\ pr+qt ps+qu
amr +ant +bpr +bgt  ams + anu + bps + bqu

cmr+cnt+dpr+dgt  cms + cnu +dps + dqu ]

a b m n)\\r s am+bp an+bg\(r s
(4B)C = =
c d)\p qg))\t u cm+dp cn+dg )\t u

_(amr+ant+bpr+bqt  ams +anu +bps + bqu]

cmr+cnt+dpr+dqt  cms +cnu +dps +dqu
So, A(BC)=(AB)C for all real numbers a, b, ¢, d, m, n, p, q, r, s, , u.

120
10.  AB=(235 562 117)| 95 [=(235-120+562-95+117-56) = (88<t>142)
56

AB represents the total profit (€88<¢>142).
2 3 -12 -18 2 3 2r—12  3r-18 2 3
11. rA+B=A=r + = = -
5 7 s—8 —42 5 7 Sr+s-8 Tr—42 5 7
By comparing the corresponding elements, we obtain the following system of
equations:

2r—-12=2; 3r-—18=3
Sr+s—-8=5, Tr—42="7

From the first two equations we get » = 7 and substituting this value in the third
equation gives us s =—22. r = 7 satisfies the fourth equation too.

o

12. For A= :
0 1
) Az_AxA_1111_12

@ O - “lo 1)lo 1) lo 1

. . (1 2)(1 1} (1 3}

(ii) A =A"xA= =

o 1){lo 1) (o 1

. (1 3)(1 1J (1 4}

(i) A" =A4"xA= =

o 1)lo 1) o 1
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(iv) By observing the pattern of entries in the resulting matrices, we would
conclude that

(3 3)
For B = .
0 3
o @ B =px=|> > (7 B [° 2
l o 3llo 3/7lo 9/ lo 9
. 5_ p2 (9 18](3 3] (27 81) (27 3.27j
(i) B’=B’xB= _ _
o 9lo 3) Lo 27) o 27

‘ 3 27 81)(3 3 81 324 81 4-81
(iii)y B =B xB-= = =
0 27){0 3 0 8l 0 81

(iv) By rewriting the result matrices and observing the pattern of entries,

we can conclude that B" = (?:) n3,,3 J )

13.  For matrices 4 and B we have:
2 3\x 2 2x+3y 13
AB = =
4 1)\y 3 4x+y 11
x 2\(2 3 2x+8 3x+2
BA = =
y 3)\4 1 2y+12 3y+3
From AB = BA we obtain the following system of equations:
2x+3y=2x+8; 13=3x+2
4x+y=2y+12; 11=3y+3
8
3

14. For matrices A and B we have:
3 x\(5 2 I5+xy 6+x
AB = =
-2 1)y 1 -10+y 3

5 2\ 3 «x 11 5x+2
BA = =
vy 1)(=2 1 3y=2 xy+l1

. 11
Solutions: x = 3 y=
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15.

16.

From AB = BA we get the following system of equations:
I5+xy=11; 6+x=5x+2

-10+y=3y-2; -3=xy+1

From the second equation we get x = 1, and from the third y=—4.

This solution satisfies the remaining two equations as well, so we have the unique
solution: x =1, y = 4.

For matrices A and B we have:

1 2 3-8 x+3 12 44 3x—15 0
AB=|x 2 -3|23 x-6 -18|=|-8x+40 x*+5x—6 12x—60
1 0 42 =2 8 0 x=5 44

-8 x+3 121 2 3 x> +3x+4 2x—-10 —=3x+15
BA=[23 x-6 18| x 2 -3|=|x*—6x+5 2x+34 -3x+15
2 -2 8 1 0 4 —2x+10 0 44

From AB = BA, and by comparing the corresponding elements, we get a system of

eight equations. The only solution that satisfies all of the equations is x = 5. Some of
the equations have two solutions, but our final solution must satisfy all the equations
and therefore we cannot accept them.

For matrices A and B we have:

y 2 y+2\(-8 x+3 12 —6y+50 xy+y+2x-16 20y-20
AB=|x 2 -3 1|23 x-6 -18|=|-8x+40 X +5x-6 12x-60
1 y-1 4 2 2 8 23y-23 xy—6y+1 -18y+62
-8 x+3 12 )\»y 2 y+2
BA=|23 x-6 18| x 2 -3
2 2 8 1 y-1 4

—8y+x”+3x+12 2x+12y-22 -8y—3x+23

=| 23y+x"—6x—18 2x—18y+52 23y-3x-8

2y—2x+8 8y—8 2y+42

From AB = BA, and by comparing the corresponding elements, we get a system of
nine equations. The last equation, —18y+62=2y+42, gives us y = 1. Then, for
example, by substituting y = 1 into the penultimate equation (xy—6y+1=8y—8) we

get x = 5. By checking all of the remaining equations, we verify that (5, 1) is the
unique solution of this system.
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Exercise 7.2

1. (a) Your GDC will give you the inverse. However, for demonstration of the
concept, we will describe the method in this exercise.

c

-1 1 d -b a
A = - , where det(A4)=
det(A)\—c a c

a
To find the inverse of matrix A =( J, we use the formula

b
‘=ad—bc.
d

7
‘_4 _9‘ =3(-9)-7(-4)=1

307Y (-9 -7\ (-9 -7

4 —9) 1l4 3) 14 3
, 3 7Y (2 1) (-9 -7)(2 1
(b) As the product of two matrices, M = = .
-4 -9 35 4 3 )3 5

o o OREY CREHE W

(d) (i) As the product of two matrices,
2 13 7Y (2 1)(-9 -7
N = = .
3 5){-4 -9 3 5) L4 3
(i) N -14 -11
ii =
-7 -6
(201 :
(e) In parts (b)—(c) we multiplied 3 s by the inverse from the left to

determine matrix M, whilst in (d) we multiplied it from the right to obtain
matrix V. The results are two different matrices as multiplication of matrices

1S not commutative.

2 o[V OY (U3 oy 11 0y 3 1—50_1_2
' B )3 4lo s) =3 3 4)Us)lo 1))
(Mat A) 'Mat B(Mat Cp

3
1 -5
0 1
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3. (a) Matrix 4 should have an inverse if det(A4) #0.

2 -3 1
det(A)=[1 1 =3==5=0
3 2 -3

Det Mat A 5“

Therefore, 4 is non-singular, i.e. it has an inverse.

2 3 1
(b) Formatrix A={1 1 -3|, we have:
3 =2 3
E
(Mat A)™!
9 11 _ 8
5 b 5
6 9 _1
5 b 5
1 1 -11j
X 4.2
() For X =| y | and B=| —1.1|, the system can be written as AX = B,;
z 2.9

therefore, the solution willbe X =A4"'B .

B
(Mat A) 'Mat B

1
2
-1

CJ1|n—l

1
4 @  det(d)=|> 2{@) +Gj 1 o] 2 j‘
3

2

3

1432 1
2 2 2
a 1
—+1 -1
(b) det(B) = 3 =a(§+lj—(a+2)=1:>B'l= a+
a+2 —+1 a
a -a-2 a
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5. Matrix A is singular if det(4) = 0. We have:

x+1 3
det(A) =

=(x+1)(x+3)—3(3x—1)=x2—5x+6

Siw/(—5)2—4-6_5i1

2 2

Therefore, A is singular for x =2 or x = 3.

3x—-1 x+3

X =5x+6=0 =>x=

6. If one matrix is the inverse of the other, then their product is the identity matrix:
2 -1 432 3 4 -2 -3 4 2 -1 4 1 00
2n 2 O |1 2 =21|={1 2 =22 2 01|=|{0 1 0
2 1 4n)\3n 2 -=5n 3n 2 Sn)\2 1 4n 0 0 1
12n-5 0 10-20n 4—6n 0 16n—-8 1 00
2-4n  4-6n 8n—4 |=|4n-2 1 4-8n |=(0 1 O
-3+12n> 8n—-4 6-20n° 0 4-8n 12n-20n" 0 0 1
By comparing the corresponding elements, we can see that all equations are satisfied
for n= 1 .
2

4 2 2 1
7. For A= and B = , we have:
0 -3 3 5

a XA=B=X=BA"

B
Mat B(Mat A)™*

1

2 0]

3 .1

4 8
b) AY=B=Y=4'B

[E]
(Mat A) 'Mat B

(©) We can see that X # ¥ because, in general, multiplication of matrices is not

commutative.
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8. For this question we will use a GDC and, as such, we need to rename our matrices:
2 0 -1 3 -1 1
P=A=|3 5 4 |andQ@=B=|{4 0 O
1 0 -1 1 -2 -1
Then:
(a)
B [E
Mat AMat B Mat BMat A
5 0 3 4 -5 -8
33 -11 -1 8 0 -4
2 1 2 -5 -10 -8
(b)
[E B e Redliem] (sl
Mat A Mat B
1 0 -1 0 % 0
11 11 11 1
5 &5 5 a3 3
1 0 -2 2 5 1
E E womdmm
Mat A™'Mat B! Mat B"'Mat A™!
2 2 1 1 11
3 3 3 20 20 20
7 8 _4 A7 1 28
5 5 b 15 15 156
4 13 2 11 1 11
E E
(Mat AMat B)! (Mat BMat A)!
7 1 11 22 2 1
20 20 20 3 3 3
171 26 7 _6 _4
15 15 15 5 5 5
11 1 11 4 13 2

(©) We can see that the multiplication of matrices in general is not commutative:
PO+ QP.
For the inverse matrices, the following is valid:

(PQ)" =07'P,(QP) " =P'Q".

3 =2 1 -29
For matrices A=|—-4 1 -3 |and B=| 37
1 -5 1 24

() If AC=B then C=A4"'B.

[AT-TIE]

[ -7]

[3_1]

[-21]

(b) By multiplying the second and third equation by (—1) the system is equivalent
X
to the matrix notation AX =B, where X =| y |. So, X = A'B, which

z

means that the solutionis x=-7,y=3,z=-2.
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10 2 2+x 3 x) 3 x\(2 2+x
’ 5 44x)\x=4 2) (x=4 2/\5 4+x
- X’ =2x-2 4x+4 [ 5x+6 x> +7x+6

xP -1 Tx+8 2x+2 X2

By comparing the corresponding elements and rearranging the equations, we get:
x'=7x-8=0=xe{-18}; x’+3x+2=0= xe{-1,-2}
x2—2x—3:O:>xe{—1,3}; x2—7x—8:03xe{—1,8}

x=—1 is the only common solution for all the equations, so it is the solution.
11. (a) AB = BA

2 1)(2-x 1) (2-x 1)(2 1
- =

5 305 y S5x y)\5 3
N 3x+4  y+2) [ 9-2x 5-x

10x+10 3y+5) \10x+5y 5x+3y

By comparing the corresponding elements and rearranging the equations, we get
5x=5; x+y=3

5y=10; 5x=5

The solution that satisfies all the equationsis: x=1y=2.
(b) AB = BA

3 1Y\l-x x I-x x\(3 1
= =
=5 2]\ 5x y 5x y)N\-5 2
- 2x+3 3x+y | [ 3-8 x+1
15x—=5 —5x+2y) \15x=5y 5x+2y
By comparing the corresponding elements and rearranging the equations, we get

10x=0; 2x+y=1
5y=5; 10x=0

The solution that satisfies all the equations is: x=0,y=1.
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(©) AB = BA
3+x 1 y—X X y—X X 3+x 1
- =
=5 2)\S5x—-y+1 y+x Sx—=y+1 y+x){ -5 2
- xy=x"+2x+2y+1 xX*+4x+y B xy—x" —8x+3y xX+y
15x=7y+2 2y—3x 5x° =xy+11x—8y+3 Tx+y+1

By comparing the corresponding elements and rearranging the equations, we get:
10x—y=-1; x*+3x=0

5x* —xy—dx—y=-1; 10x—y=-1

From the second equation, we get the solutions x = 0 or x =-3.

Substituting our solutions for x into the first equation, we get: x =0, y =1, and
x=-3,y=-29.

Both solutions satisfy the third equation, so both pairs are valid.

x y 1
2. @ -5 —6 1|=0=x(=6-11)— p(=5-3)+(=55+18) =0 = 17x -8y +37=0
' 3011 1
x y 1
®) 5 2 1|=0=x(=242)=p(5-3)+(=10+6)=0 = 2y+4=0= y+2=0
3 21
x y 1
© -5 3 1|=0=x(3-8)— p(=5+5)+(—40+15)=0 = -5x-25=0 = x+5=0
-5 8 1
-5 —6 1
13. (@ Area=|3 11 1|=|-5011-1)+6(3-8)+(3-88)]=|-165=165
8 1 1
3 -5 1
(b)  Area=|3 11 1|=|[311-11)+5(3-8)+(33-88)] =|-80|=80
8 11 1
4 -6 1
() Area=|-3 9 1 =[[4(9-7)+6(-3-7)+(-21-63)] =|-136|=136
7 7 1
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x -6 1
14. (a) Area=%3 11 1=‘%[x(l1—3)+6(3—8)+(9—88)]‘=%|8x—109|
8 3 1

= %|8x—109| =10 = |8x—109| =20

=8x—-109 =20 or 8x—109 =-20 :x=% or x:%
. -5 x 1
(b) Area =|— 3 x+2 1|| which implies that

2 2
x +2x-3 1 1

Area = %[—5(x+2—1)—x(3—x2 —2x+3)+ (B -(x+2)(x° +2x—3))]‘
= |—x2 —6x+ 2|
We have two possibilities:

—x*=6x+2=10 or —-x’—6x+2=-10 =
xl=—2,x2=—4,x3=—3+\/i,x4:—3—\/ﬂ

15. (@ |4 k 1=0=2k+2)+5(4-5)+1(-8-5k)=0=-3k-9=0=k=-3
5 2 1

-6 2 1
(b) =5 k 1|=0=-6(k=5)-2(-5+3)+1(25+3k)=0=>-3k+9=0=>k=3
-3 51

2 7
16. (a) det(A)=‘5 5‘:2-5—75:—25

(1 0) (2 7) (x—2 —7)
(b) xI—-A=x - =
0 1 55 -5 x-=5

x=2 =7

S () =det(xl =)=
5 y_

5‘ =(x=2)(x=5)=(=7)(=5) =x"-Tx-25
We can see that the constant term is equal to det(A).

(©) Coefficient of x appears to be the opposite of the sum of entries on the main
diagonal.
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(d) Replace x with 4
f(A)_2727272510
|5 5 55 0 1
(39 49) (14 49) (25 0) (0 0
135 60) (35 35) Lo 25) (0 o
(e) Generally, we have:

b
det(A) = |a d‘ — ad —be
C

owffs e 2

=(x—a)(x—d)—bc=x*—(a+d)x+ad —bc

x—a b
- x-d

The constant term is equal to det(A).

Coefficient of x=—(a+d).

A_ab2 dab dblo
f()_cd —(a+)cd+(a—0)01

3 a’+bc ab+bd B a’+ad ab+bd N ad —bc 0 B 00
ac+cd be+d? ac+cd ad+d* 0 ad —bc 00

2 7 1
17. For A=|-1 3 2
5 5 -4
’l:let'i [H]2
(a) SR
x=2 -7 -1
(b) x[-A=| 1 x-3 =2
-5 -5 x+4
x-2 -7 -l
f(x)=| 1 x=-3 =2|=x"-x"-22x+22
-5 -5 x+4

We can see that the constant term in the expansion of f{x) is equal to —det(A).

(©) The coefficient of x° is —1, which is the opposite of the sum of the main
diagonal.
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d)  f(A)=A-A4-224+221

1 00
We can calculate this with a GDC, knowing that I={0 1 0].
0 0 1

5]
g B
5]
f(A) is again the zero matrix.
a b c
(e) For B=|d e f | wehave:
g h i
a b c
detB=|d e f|=aei—afh—>bdi+bfg+cdh—ceg
g h i
x—a —-b —c
f(x)=det(xI-B)=|—-d x—-e —f
-g -h x-i

=x —(a+e+i)x’ +x(ae+ ai+ei—bd—cg—fh)—(aei—afh—bdi+bfg+cdh—ceg)
We can see that the constant term in the expansion of f{x) is again equal to det(B).

The coefficient of x* is —(a+e+i), which is the opposite of the sum of the
main diagonal.

f(B) is the zero matrix.

18. (a) First, we need the inverse of the coding matrix. Store it into matrix B.
B
Mat A
4 -1 -5
[ -2 1 2 ]
-1 0 2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

Next step is to set up the message in matrix form using table 7.4. The matrix
will be 10x3 since we have 30. Let us store it in matrix C. Then multiply B
and C, and “clean” the result from numbers beyond [0, 29] by adding or
subtracting multiples of 30. Thus, the result is

7 19 9 1 18 20 1 5 20 9
1 19 19 0 5 0 20 13 9 1
21 0 0 7 1 13 8 1 3 14

Then reading the message column wise:
GAUSS IS A GREAT MATHEMATICIAN.
Exercise 7.3

. ) 5 6
1. Given matrix A = 1 0 :

56y (1 0\ I5-m 6| |,
det(A—mlI) = det —-m = =m>=5m+6
-1 0 0 1 -1 —-m

=>m -5m+6=0=>m =2,m, =3

2. (a) If A4 is the inverse of matrix B, then 4B = BA =1 must be satisfied. So, we
have:

a -4 -6)1 2 =2
AB=-8 5 7|3 b 1

a-6 2a-4b-6 2a+14 1 0 0
= 0 56-9 0 ={0 1 O
0 3b-6 1 0 0 1

BA=|3 b 1 |(|-8 5 7
-1'1 3)\-5 3 4

a—6 0 0 1 00
=|(3a-8h-5 5b-9 7b-14|=|0 1 O
—-a+7 0 1 0 0 1

By comparing the corresponding elements, we find the solutiona=7,b=2
satisfies all the conditions.
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X 5
(b)  The system of linear equations for a = 7, b = 2 can be written as: B| y |=| 0 |.
z 6
X 5 5 7 -4 -6)\(5 -1
So,wehave: | y [=B™'|0|=4|0|=|-8 5 7 |0|=|2
z 6 6 -5 3 4 )\6 -1
3. If the matrix is singular, its determinant is zero.
I m 1
3 1-m 2 |=—-m’+4m—-4=0=>(m-2) " =0=>m=2
m -3 m-1
4. For each of the given systems, we will reduce the augmented matrix of the system to

reduced row echelon form. From this we can conclude whether the solution is unique
(and which one it is), or if there are an infinite number of solutions, or no solution. (a)
will be done algebraically, while the rest will be done using a GDC.

4 -1 1|-5 4 -1 1|5
2R, R, 1
2 2 3|10 =0 5 5(25 -R, =
5R,-2R, 5
5 =2 6|1 0 14 3|48
4 -1 1|-5 4 -1 11|-5 .
0 1 1|5|{l4R,-R,=|0 1 1]5 {HR3:
0 14 3|48 0 0 11|22
(a)
4 -1 1|-5 4 -1 0[-7
R1_R3
0 1 1 =0 1 0|3 |[{R+R,=
R2_R3
0 0 1 0 0 1|2
4 0 0|4 . 1 0 0f-1
01 03 {ZRI: 01 03
0 0 1|2 0 0 11{2

We can read the unique solution as: x=—1,y=3,z=2.

(b)  The unique solution is: x=5, y =8,z =—2.(Rref stands for row reduced
echelon form)
g
Mat A
[4 -2 3 —2]
2 2 5 16
8 -5 -2 4

B FathRadfornd (dFelResl
Rref Mat A

1 00 5
010 8
001 -2
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(c) This system has an infinite number of solutions.

1 11 11
z=16t :>y——92:—:>y=—+19t
16 16 16
5 13 13
——z=— =—+5¢
16 16 16
[E]
Rref Mat A . |
10 —E ﬁ
01 -16 18
o0 0 0

Notice how the last row is all zeros.

(d)  The system has a unique solution is: x=-7,y=3,z=-2.

ref o [HT
[[1 &
B 1
[a

(e) Since the last row is all zeros, the system has an infinite number of solutions:
z=t=>y=2-3t ,x=—-1+2¢

® The last row shows inconsistency as the coefficients are zeros, and the answer
entry is different from zero. So, inconsistent system with no solutions.

rref C [RT 2
[[1 B -2 @]
(8 1 3 #]
8 BEBE 1]1]
(2 system has a unique solution: x=-2,y=4,z=3
Fref [H] 2
[[1 8@ -Z]
(818 41
Ba@a1 3 1]
(h) System has a unique solution: x=4,y=-2,z=1.

ref [H]T 2
[[1 8 8 4_]
( [ B -Z2]
81111
5. (a) When the determinant is non-zero, then the matrix will be not be singular.
1 1 k-1
2 _1 i \/§
det(A)=lk 0 -—1|=2k"+k—-4=det(4)=0=> sz
6 2 3

So, the matrix is not singular for all &£ #

—1+4/33
—
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(b) If 4 is the inverse of matrix B, then AB = BA = I must be satisfied. So, we

have:

AB=BA=1

1 1 k-1\(k-3 -3 &k k-3 -3 k)1 1 k-1 1 00

k0 -1 3 k+2 -1|=| 3 k+2 -1i|k O -1 |=]0 1 0}

6 2 3 -2 -4 1 -2 4 1/)l6 2 3 0 0 1
—k+2 =3k+3 2k-2 4k -3 3k-3 k*-7k+6 1 00

=|k*=3k+2 3k+4 k'-1|=|k*+2k-3 1 2k -2 :[0 1 0
6k —6 2k-2  6k-5 4—-4k 0 —2k+3 0 0 1

By comparing the corresponding elements, we find the solution k& = 1 satisfies
all the conditions.

() For k=1 we have:

1 1 01 0O R, 1 1.0|1 0 O
1 0 -1{0 1 0 R,-R, =0 1 1|1 -1 0| {4R,-R,
6 2 3/0 0 1 6R, —-R, 0 4 3]6 0 -1
1 101 0 O 1 101 0 O
=0 1 1|1 -1 0] {R,-R;,=|0 1 03 3 -1| {R-R,
0 0 1|2 -4 1 0 0 1|2 —4 1
1 0 0|2 -3 1
=0 1 03 3 -l
0 0 1|2 —4 1
The square matrix on the right-hand side of this augmented matrix is exactly
B=4"
6. (a) When the determinant is non-zero, then the matrix will be not be singular.
2 =17 k+9
5 5 5
det(A4) = -2t =B =i(—21k2+71k—63)
5 5 5 25
k-2 3 -2
21 714 63 20 = = LEV2S
42
Because there are no real solutions for &, A4 is regular (not singular) for all real

numbers £.
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(b) If 4 is the inverse of matrix B, then AB = BA =1 must be satisfied. So, we

have:
2 17 k+9
S5 S l(k+1 1k
ag=| L2 B i 3
5 5 5 5 o s
k-2 3 -2 B
el “11k+22  —3k+6
. S S 1 0 0
| k2 237 k42 | |,
5 5 5 0 0 1
(k=2)k+1)  4k-8 K =2k+1

By comparing the corresponding elements, we see that the solution £ =2
satisfies all the equations.

() For k=2:

2—1711100RR14—2110_2
+
—121—13010{R2R‘025—15120215
+
0 15 -10|0 0 1 12015—1000153
21 17
1 4 2|11 1 0 1452_52_50
311 2 -R,+R 30 1 2
0 1 =Z|oz == 0|¢ > =01 —=| = - 0|{-I5R,
5125 25 4R, +R, 5125 25
01 -2 1 0o L. L _2 1
3 15 151 25 25 15
—-ZR,.+R
01 -2|L X 53+1:>0103f—§
5 235 265 §R3+R2 gz
00 112 & 4|V 00 12 &
5 5 5 5
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7. (a) Use your GDC with “rref” command:

2 0 3(1 0 0 3|1 0O
R, +2R,
-1 1 1|0 1 =10 2 5|1 20
R, -R,
2 =2 1/0 0 1 0 -2 -2|-1 0 1
1 oot -1 -1
2 2
:>0101———é
2 3 6
1
00110 = =
3 3

B i1s the inverse of A.

(b) Use your GDC with “rref” command:

_16 19

0 13 13

1 L

0 13 13

2o

13 13

B is the inverse of 4.

8. (a) For f(x)=ax"+bx+c to contain the given points, then

f(=)=5, f(2)=—-1, f(4) =35 and we obtain the following
system of equations:

a—-b+c=5

4a+2b+c=-1

16a+4b+c =35

For the augmented matrix of the system, we solve using a GDC:

[A] et [H]
[[1 -1 151 [[1 8 & 4 ]
[4 2 1 -1] B 1 B -&]
[1e 4 1 35311 [B B 1 -31]

So, the function is f(x)=4x" —6x-5.
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(b) Similarly, f(-1)=12, f(2) =-3 we have the following system of equations:

a—-b+c=12
4a+2b+c=-3
1 0 1 7
(1 -1 1‘12]“_: 2 | 2
4 2 1|3 0 1 1] 17
2 2
E]
Rref Mat A
10 2 <

So, there is an infinite number of solutions:

c=m :>a=%(7—m),b=%(m—l7) =

f(x)== (7 m)x +;(m—l7)+m

9. We use row operations to reduce the system into echelon form
2 1 3| -5 2 1 3| =5
3 -1 4| 2 |~-~10 5 1| —-19
5 0 7|m=5 0 0 O0|2m—4

The system is consistent if last row is all zeros, thus, 2m—-4=0 =>m=2.

(B GeiRadfom) Woled | [E Egeiai e

Mat A c 3
2 1 3 -5 1 05 “F
3 -14 2 01112
5 0 7 -3 000 O
. 3 19

The general solution is x=-7t—=,y =—t——,z=5¢.
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10. We use row operations to reduce the system into echelon form
-3 2 3 1 -3 2 3 1
4 -1 5| =5 |~~~ 0 5 3| -11
I 1 -2|m-3 0 0 O |3m+3

The system is consistent if 3m+3=0 =>m=-1.

-3 2 3 1 15 0 -21(-27
0 5§ 3|-11|~{0 5 3 |-11]~]0 1 BEN N
0 0 0] O 0 0 O 0 00 0 0

The general solution is x = 7¢ —g,y =3¢ —?,z =5t.

3 4 -6
11. (@) det(A)=|-8 5 7|=3(20-21)+4(=32+35)—6(=24+25)=3
5 3 4

(b) here is a sample

3 4 -6 §R +R 3o 0
3007 17 11
-8 5 7 =0 -—— -9 {——R2+R3
5 3 17
-5 3 4 §R1+R3 1
0 —— -6
3
3 4 -6
=0 I -9
3
0 _3
17

17 3
(C) det(B) =3 (—?j(—ﬁ) =3

Note that this is the same determinant as for A. Also, the determinant of a
triangular matrix is the product of entries on the main diagonal.
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(d) Here is a GDC’s output

E]

¥laL A 1
2 1 -3 b5
4 3 -4 -8
6 -8 5 7
-6 -5 3 4

Det Mat A

-1672]

(e) A sample

21—352+21—35 2 L3S

—4LF 7- —

4 3 -4 -6 312012—16 01 2 -16

— }/- +}/~ e ~ e~ —
6-8573‘30—1414—8 0 0 36 -I84
+

6 -5 3 TE o 22 6 19 000—%
det(D)=2-1-36~(—2729):—1672

Exercise 7.4

1. In this exercise you need to recall that finding an eigenvector and eigenvalue for a

matrix is to find A and ¥ such that Av = Av. To that end we need to solve the
equation (A4 —AT)v =0, which leads to solving the equationdet(4—A1)=0.
Thus, the steps followed in all parts are:

e form the matrix 4—A1

e solve the equation det(4—AI)=0; the real solutions are the eigenvalues of 4

e for each eigenvalue N\, form the matrix 4— 4,1 and solve the homogeneous
system (A—2,1)X =0.

e To diagonalize a matrix 4, we write as A= PDP~', where P is the matrix

whose columns are the eigenvectors and D is the diagonal matrix whose
entries are the eigenvalues.

We will show details in one question, but the rest is repetitive, and thus, we will give
the end result.
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@ (A—M){z _OIJJ((I) ?){32& :;J

det(A-AI)=(3-2)(-2)+2=2>=31+2= A=10or 2=2.

For A =1, we solve

eriea=(3 200 =)

For A =2, we solve

. 1 -1)a 0 a-b=90 - [t
(A—2-I)v=0:( J( J=( J:{ :v=(j
2 210b 0 2a-2b=0 t
_ (3 —1J (1 1}(1 0)(—1 1}
Finally, =
2 0 2 100 2/{2 -1
, 2t
(b) AT=9=0;4=43; (t ],(
| (JCFG G S
(©) A"=5A+6;A=20r A=3;| || |;
t)\ ¢t 1 1){0 3){-1 1
s @ (—t (1 —1}(—1 0
(d A" =2A-3;A=-1or 1=3; ) ;
t)\3¢ 1 3 0 3
t Y () (1 1
) \t) (-1 1
| (R 2 2o Y
® A" =31+2;A=10r A=2; , ;
0/)\¢ 0 1/L0 20 1

3¢ t
(g A —-61+5A1=1or =5 ( J,( );

(e) AP =24-31=-1o0r A=3;

t t
(h) A -91+20;41=4 or 1=5; (3J,( j;

. 2 L o [30) (3.
@) A" =111+10; A =1 or A=10; ;b ;
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(k)

M A—64+51=50r A=I; U(_tj; (1 ‘1)(5 0)1(1 1)
e P11 lo 1)2l-1 1
(m) A% —a?b% A= ab or A = —ab; (aj (—a} (a -a (ab 0 JL(!) a)
b)\ b b b )\ 0 —ab)2ab\-b a
(n) A =31-10;A=50r A=-2; (%j,(t j; 3 1)(5 0 l(l 1)
4 )\ =) 4 -1)lo —2)7(4 -3
3W21-7) (=7-3421
(0) ﬂuz—l.’%—S;)t:134_3\/i 0r/1=13_3\/i; 0 | 10 :
2 2
1 1
3W21-7 -7-3421 13*;*5 0 .| 7+138/ﬁ
110 110 0 13— 3J_ W21 L, Wai-7
10
) /12—81;/1=90rl:—9;( Mtj ( j( ) _33 —41)
@  AP=24-34=—1or A=3; @( ) ( j( j{ )
(r) D431+ A="2o0orA=—1; ( j( ) ( _)(_2 0)(35 33)
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2. (a) Given that state 1 has occurred, the chance that it happens again is 30%.
0.3 0.6)(0.4 0.48
(b) TX, = =
0.7 0.4)\0.6 0.52
42
. .15 3
3. The transition matrix is 11
5 3

Assume that Kevin was happy on one day, then the chances for next day are

4 2 4 4 2)\(4 58

< 2l . A | I 22

>3 =| 2 , a day after that > 3S | , and in the long term

1 ITRo ] LN

5 3 5 5 3J)\5 75
42y 10

15 3| (1 13 ., ) . )

lim L1l lo ~ 5 | thus Kevin’s chance being happy on a given day is 10/13

53 13

Use GDC and replace infinity with a large number. Here is a sample

B

Mat A'°’Mat B
10
I 13
3
13
4. (a) The matrix is given below. We chose columns to represent how each grocery

customers are distributed. Thus, every column has to have a total of 1.

0.80 0.05 0.10
=005 090 0.15
0.15 0.05 0.75

0.80 0.05 0.10)(0.4) (0.365
() X, =TX,=[005 090 0.15| 0.3 |=|0.335
0.15 0.05 0.75)\0.3) 0.300

0.3388
(© X,=TX,=T°X,=|0.3648
0.2965
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0.7 0.2 0.6 0.7 0.2)(0.6 0.5
S. (a) T= ; X, = =X, =TX, = =
03 0.8 0.4 03 0.8){04 0.5
vote is evenly split.

0.7 02)(0.5) (045
(b) X,=TX, = =
03 08)l0.5) (055

Liberal with 55%.
0.75 0.05 0.05 0.6
6. (a) T={0.15 090 0.10 ;X,=[0.3
0.10 0.05 0.85 0.1

0.75 0.05 0.05) (0.6 0.3790 A4 03790
=X,=|0.15 090 0.10|]0.3 0.4195 |=<B 04195
0.10 0.05 0.85) (0.1 0.2015 C 0.2015

[B etiRedtom) [lclReal

Mat C2Mat D
0.379
0.4195
0.2015

0.75 0.05 0.05)'(0.6 0.2395 A 0.2395
(b) =X,=[015 090 0.10]]0.3 04971 | =<B 0.4971
0.10 0.05 0.85) 0.1 0.2634 C 0.2634

E GOfdfon) @Rl
Mat C®Mat D
0.239497
[0.4970595]
0.2834435

0.8 0.3)(0) (03 0.8 0.3)(0.3) (045
7. @ X, =TX,= = 0 X, =TX, = =
02 07)\1) \07 02 0.7)\0.7) (055
0.8 0.3)(0.45) (0.525
X, =TX, = =
0.2 0.7)\0.55) (0475

N 0.8 03)'(0) (0.600 .
(b) X, =T X, = = ; long term will stabilize around

02 07) 1 0.400
60% donation and 40% no donations.
0.8 03 0.2)(0.35 0.45 0.56
8. X, =TX,={0.1 02 0.6(0.40|=|0265|=X,=T"X,~|0.23
0.1 0.5 0.2)10.25 0.285 0.21
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0.95 0.03 200000
9. (@ T-= X, =
0.05 0.97 25000

0.95 0.03 (200000 190750
- X1 = TXO = = R
0.05 0.97 )\ 25000 34250

Now 1 year | 2years | 3 years | 4 years | S years

City 200000 | 190750 | 182240 | 174411 | 167208 | 160581

Suburbs | 25000 | 34250 | 42760 | 50589 | 57792 | 64419

0.95 0.03)" (200000 84375
(b) =X,=T"X, = ~ :
0.05 0.97 ) {25000 140625
City population will approach 84375 and the suburbs population will approach
140625.

Exercise 7.5

1. (a)  y-axis reflection. (0, 0), (=3, 0), (=3, 1)
(b) dilation in both directions of magnitude 2. (0, 0), (6, 0), (6, 2)
() x-axis reflection. (0, 0), (3, 0), (3, —1)

(d) reflection in y = x. (0, 0), (0, 3), (1, 3)
(e) dilation in y-direction of magnitude 3. (0, 0), (3, 0), (3, 3)

) Composition: reflection in y = x and reflection in y-axis since

SLOY0 1Y _(0 1)
(o 1)(1 Oj_(l oj’(’ ) (0.3).(=1.3)

. 0 2 0 1)2 O . o L
2. Since = , then it is a dilation followed by reflection in y = x
2 0 1 0)\0 2

L . oy 1 . 1
3. A cannot represent a rotation since there is no angle with siné = 5 and sind = ) at

the same time!
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X
X, 3 0)(x 3x x 3 : :
4. (a) = = = = , now substitute the values into the
yi) \0 3)\y) 3y y) |»n

3

original equation: 3(%} +2 (%) =6 = 3x, +2y, =18, which can be written

as 3x+2y=18
M
X, 0 3)\(x 3y y 3 ) )
(b) = = = = , how substitute the values into the
b2 3 0)\y 3x X pa
3
original equation: 3(%} +2 (%) =6 =3y, +2x, =18, which can be written
as 2x+3y =18
5. The composition of transformations is achieved with matrix multiplication keeping in
. . -1 0}l O -1 0
mind that the order is reversed! =
0 1){0 -1 0 -1
X
X, 2 0)(x 2x x 2 : :
6. (a) = = = = ; now substitute the values into the
») \0 2)y) (2y y) |y
2

2 2
original equation: (gj + (% - j =9=x"+(y- 2)2 =36 a circle with

centre at (0, 1) and radius 3 is transformed into a circle with centre at (0, 2)
and radius 6.

x 2 0)\(«x 2x X il
(b) ( ! ] = ( j( j = ( j = ( ] =| 2 |; now substitute the values into the
vi) \0 =1\y) (-» v) oy,

original equation: 3x — 4y = 12; A line with slope —1.5 and y-intercept 3 is
transformed into a line with slope 0.75 and y-intercept —3.

0 -1
7. (a) As in question 5, product of matrices = =| .
1 sin90  cos90

0
(b)  Product of matrices = 0 1)_ cf)s(_90) —sin(-90)
-1 0) (sin(—90) cos(—90)

cos90 —sin 90}
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8. (a) Translation first: M

one Gk

Then dilation
2 0Y2 3 3 2
(0 3}(3 3 4 4J

4 6 6 4
=[9 9 12 12)

o 2 00 1 1 0 02 20
(b) Dilation first: =
0 3)l0 0 1 1 0 0 3 3

) 0 2 2 0 2 4 4 2
Then translation: (0 J = ( J

(b)

0 3 3 3 3 6 6

X, 1 0)(x X X X ] ] o
9. = = = = , then substitute into the original
w) 3 1\y) Bx+y y) \»n=3x

equation: 3x+y=6=3x,+y,—3x,=6= y=6.

. ) 210 210
For example, here are the images of three points —
0 3 6 6 6 6

. k, 0
10. (a) Eigenvectors: 0 and i

). Images of vectors along the x- and y-axes are
2

multiples of the original vectors.

k k
(b)  Eigenvectors: [kj and [ kj' Images of vectors along the y=x and y = —x

are multiples of the original vectors.

- k
() Eigenvectors: ( i j and (kj Images of vectors along the y=x and y = —x

are multiples of the original vectors.
=2k
3k

are multiples of the original vectors.

k
(d)  Eigenvectors: ( ] and (2]{}. Images of vectors along y = —%x and y = 2x
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cos(a+p) —sin(a+p)

@ (sin(a+/5’) cos(a+ﬂ)]'
_[(cosf —sinffcosa —sina
) M('B)M(a)_(sinﬁ cos J(sina cosa}

(cosacosﬂ—sinasinﬁ —sinacosﬂ—cosasinﬁJ

cosasin f+sinacos S cosacos ff—sinasin S

(c) By comparing corresponding entries we recognise the formulas for

cos(a+ f) and sin(a+ j).
12. (a) The first iteration transforms AD into “broken” line ABECD, which is %unit
longer, i.e., it is g of the original. This process is repeated and at each stage

the previous line is extended to g of the previous line. Thus the length of the

nth iterated line is (%j .

(4
(b) hm(gj =

(c) Each iterated side is made into 4 smaller sides and thus the number on each
side is 4". For the whole triangle it is 3-4".

(d) Every smaller side is %the previous one, and so, on the nth iteration it is (%)

(e) 3-4"-(1) =3(i) ; lim3(i) =
3 3 n—o 3

® Except for the original triangle, each side is made into 4 smaller sides, each of
which creates a triangle, and so, we have 3-4"" triangles.

(2) Each smaller triangle is similar to the previous one and has a side %of its side,

2
thus, the ratio of the areas is the square of the ratio of similarity, (%) = é

Thus the area of each “iterated” triangle is

1 N

a, (5) ,a, = area of original triangle = e
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Chapter 7 Practice questions

2x 3 )
1. det(A) = =2x-x—3(-4x)=2x"+12x
X

—4aXx

det(A) =14 =2x* +12x=14 = x*+6x-7=0=x,=-7, x, =1
2
2 @ wmo[C ][ 2 B[ @ed a2

2 -1 2 —1)\2 -1 2a-2 5

5 -4 +4 2a-2 5 4 *+4=5
(b) M- | + a _ _)a +

-4 5 2a-2 5 -4 5 2a-2=-4
The solution a =-1 satisfies both equations.

-1 2
(¢)  For a=-1, we have M:( 5 J

. 1 (—1 —2) 1(—1 —2J
M= S —
det((M)| -2 -1 3l—2 -1

The system of equations can be written as:
X -3 X (-3 X 1(-1 =-2)\(-3 1({-3 1
M = = :M = = —_— = —_— = .
y 3 y 3 y 32 -1){ 3 30 3 -1
Therefore, the solutionisx =1, y =—1.
11 2 1T 2y
3. BA= =>B= A
44 8 44 8
5 2 . 1(0 =2
A= =>A =—
2 0 412 5
(11 20 =2 1{ 4 -12 1 3
:B=—— = —_— =
4144 8)\ -2 5 4\-16 —48 4 12
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3 1Ya b a b 4 8
4. AX+X=B = + =
-5 6/)\c d c d 0 -3
da+c 4b+d 4 8
- =
—Sa+7¢ -5b+7d 0 -3

By comparing the corresponding elements, we obtain two systems of linear equations:

4da+c=4 4b+d =8
—5a+7¢=0 —5h+7d =3
28 20 59 28
a=—, c=— b=—,d=—
33 33 33 33
1 2
1 2 1 2 19 19
5. @ A= _ L |
5+14(-7 5) 19{-7 5) |-7 5
19 19

b (@G X4+B=C = XA=C-B = X=(C-B)A"
1 2

o w39 8 2
-8 7)\5 2))|-71 5

19 19
_1 -11 -7\y( 1 2 3 2 =3
19l-13 9 )\l-7 5) (-4 1
a b 1 2 a+l b+2
6. (a) A+B= + =
c 1 d c c+d c+1
a bY1 2 a+bd 2a+bc
(b) AB= =
c 1\d ¢ c+d 3¢
7. (a) Using a GDC:
[A]
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(b) The system of equations can be written as:

X 1 X 1
Al y|=|2|=|y|=4"2
z 3 z 3

For A4 as above and

[E] [AT-TIE]
[[1] 1.21]
[Z2] [.E6 ]
[311 [1.5]1]
The solution is x—9 y=E =§.
5 5 5
) -2 4
8. Given C = (1 J ( j and3Q =2C — D, we have:

@ —l(zc—p)—lz_z 4 (5 2\ 1(-9 6 _‘3 2
0=3 31701 7)) e )73\ 3 14ma)T] g 14ze
(-z 4)(5 2j (-10-4 —4+4a) (-14 4a—4j

() CD= - -
1 7)\-1 a 5-7  2+7a 2 Ta+2

© D = 5 2 ! a -2
=1 a) sa+2l1 5

9. (a) If A is the inverse of matrix B, then AB = BA =1 must be satisfied. So, we
have:

a -4 -6)1 2 =2 a—6 2a-4b—-6 -2a+14 1 00
AB=|-8 5 73 b 1 |=| 0 5b-9 0 =0 1 0
-5 3 4 )0-11 =3 0 3b-6 1 0 0 1

2 2\(a -4 -6 a—=6 0 0 1 00
BA=|3 b 1|8 5 7 |=|3a-8-5 5b-9 7b-14|=|0 1 0}

-1 1 -3)\-5 3 4 —a+7 0 1 0 0 1

By comparing the corresponding elements, we can see that the solution
a="17,b=2 satisfies all the equations.
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(b) The system can be written as:

5 1 2 2)\(x
Blyl=|l0|=]3 2 1] yl=|ol=|yl=|3 2 1] ]0
6 -1 1 =3){z

y4

Since AB=BA=1 = B' = A, then:
X 5 7 -4 —-6)(5 -1
yv|i=l3 2 1 0|=|-8 5 7 10|=|2
z 6 -5 3 4 )6 -1
The solution is: x=—1,y=2,z=—1.
10. (a) AB=C = B=A4"'C.
(b) (@) For DA:

(01 IRl

(i) B=AC.

[HI-TIC]

(©) The coordinates of the point of intersection of the planes are given as the
solution of the system of equations that can be written as:

X X
Aly|=C =|y|=4"C=B
z z

The point has coordinates (1, —1, 2).

11 2
1. (@) det(A)=|1 2 1|=110-1)-1(5-2)+2(1-4)=0
215
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(b) We transform the augmented matrix of the system:

11 23 11 2 3
R, -R,

12 14 ~lo 1 1| 1 [{R,+R,
R,-2R,

21 5|2 0 -1 1]|4-6

The general solution of the system exists if A-5=0= A=35.

(c) For A =5 we have:

11 2|3 10 3|2
0 1 —1[1]|{-R,+R,~[0 1 —1|1
00 010 00 0]0

For z=¢t =>x=2-3t, y=1+¢

12.  Eigenvalues:
2 2 A0 5
|[4A- 21| = — =1-1-12=0=>A=-"3ori=4
5 -1 0 A
Eigenvectors:

es= (3 i o)seramome(%)
a3 2o ereo()

0.86 0.62 0.17 0.80
13. (a) Transition matrix: 7 =| 0.08 0.29 0.37 |. Initial state: X, =| 0.11
0.06 0.09 0.46 0.09
0.772
X,=TX,=|0.139 |; D: 0.772; L: 0.129, P: 0.099
0.099
0.755
(b) X,=TX,=|0.139 |; D: 0.755; L: 0.139; P: 0.106
0.106
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1-2
14. (a) Eigenvalues: . /1‘ =0=>A=lorA=-1
! 0 ! 0
Eigenvectors: | 3 | and (1 ) =P=(3 =D=P'4P= ( 1)
1 11 -
8 8 p-1 1 0
(b) A°=PD°P" =
0 1
0.90 0.15 0.10
15. Transition matrix: T =| 0.05 0.75 0.05
0.05 0.10 0.85

Now, in the long run, regardless of the initial state, the distribution will stabilize
around 54.16 inregion 1, 16.6 in region 2, and 29.16 in region 3. See 2 scenarios
for starting initial states below.

With initial state of 80% 10% and 10% respectively, we have

B FEethiRedFom] [dZc]Red

Mat C®°°Mat D
[0.5416666667]

0.1666666667
0.2916666667

With initial state of 40%, 30%, and 30%, have

B EthRedFom] [dZ]Red

Mat C®“Mat E
0.5416666667]

0.1666666667
0.2916866667

0.80 0.90 0.80 0.10)(0.50) (0.45
16. (@ X(0)= X(t-)=X()= -
0.20 0.10 0.20 0.90){0.50) 10.55
|12 3 14 s
0.45 1 0.415 : 0.391 : 0.373  0.361

0.55 0585 0.609 0.627 : 0.639

(b) Channel 1

Channel 2

, 0.80 0.10)(0.50) (0.3
(c) lim X (¢) = = _

s 020 0.90)(050) |06

Channel 1~ 0.3

Channel 2 ~ 0.6
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17. (a) Stage 2 has 9, stage 3 has 27, stage 4 has 81=3", and stage has 243 =3°.

(b) 3
(¢) g51,251,2—751,---, 3 a, area tends to zero.
4 16 64 4
1
LI } LI (L L NIF
@ | 1();2 IU+2;2 IU+I
o =\ o =\ lo)lo 2|V |3
2 2 2 4

0.60 026 0.14
18.  Transition matrix: 7=| 0.29 0.37 0.34 |, Initial state: X, =(0.12,0.32,0.56)
0.16 0.27 0.57

Notice that this is a “horizontal” arrangement, and hence the next stage is

0.60 0.26 0.14
X0T=(0.12,O.32,0.56) 029 037 0.34 =(0.2544,0.3008,0.4448)
0.16 0.27 0.57

N=0 N=1 N=2 N=3 N=4 N=5

0.12 0.254 0.311 0.336 0.346 0.351
0.32 0.301 0.298 0.297 0.296 0.296
0.56 0.425 0.391 0.368 0.357 0.353

Table produced with GDC. Some minor discrepancies are due to rounding.
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Exercise 8.1

. (5[0
. (a) v= 17
. (5 (15
=S5 e
© L R
TITVTET ) e

6 2 10

-3 2 1

6 2 10
(¢) w=3{0 }—4[—1}=[ 4 ]

-3 2 -17

3. Unit vector = |1;| u
E
(@)  |u|=+12°+5* =13 = unit vector = i?;
13
il
b)  |u]= J1? +37 =10 = unit vector = \/;_0
Jio
1
3
(c) |u| = 1% +2% + 2* =3 = unit vector = %
2
3
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(o) (s)
=0

10. A vector v of magnitude 10 and parallel to vector uis of the form

v=10- unitvectoru=10-ﬁ-u
u

AT
|42+32 -3) -6

(b) v=10-—1--(_5 j: 13

5 3
(c) vzlo.—l.. -1 —10
‘\/22+12+22 L3
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Exercise 8.2

1. For a line with gradient m = 9 , a direction vector for the line is of the form v = ( )
_y—k
p q
x—1 y+3
a —_— =
@) 4 3
x—6 y+l1
b =
®) 4 1
x+9 y-5
c =
(© 5 3
x=7 y-1
d =—
@ 5 -2
a
2. A line with direction vector u =| b |, through point P(xo, yo,zo) has a cartesian
c
equation of the form % Y ;y 02" % , with a, b, and ¢ as non-zero real
a c
numbers.
1 -2 -2 2
x+3 +2 z-9
(b) =i
-3 3 6
a
3. A line with direction vector u =| b |, through point P(xo, yo,zo) has a vector
c
X, a

equation of the form r=| y, |+k| b |, with a, b, and ¢ as real numbers.

Z, C
1 3
@@ r=|0|+k| -4
2 5
) 1
() r=| 3 |+k|-1
0 2
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4. (a) If x = 6, then a point on this line is of the form
6 3 1
r= =| |+k|_ |26=3+k=>k=3=y=2+3k=11
y 2 3

=( )

(b) If x = 6, then a point on this line is of the form

6 -2 2
r:( ):(4 j+k( 1):>6=—2+2k:>k=4:y:4—4=0
y —

=C)0

(c) If x = 6, then a point on this line is of the form

6 8 2
r=ly|=|0 |+k|2 |26=8+2k=k=-1=>y=-2,z=2
z -1 -3
X 6
=>|y|=|-2
z 2

(d) If x = 6, then a point on this line is of the form

6 5 2
r=|yl|=|-2|+k|2 :6=5+2k:k=%:>y=—1,z=5
z 7 —4
X 6
=>|y|=|-1
z 5
a
5. A line with direction vector u =| b |, through point P(xo, yo,zo) has a vector
c
X, a

equation of the form r=| y, |+ k| b |, with a, b, and ¢ as real numbers.

Z, C
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0 3
(b) r=|3 [+k| 2
-1 1

1
-3 5
(c) r=| 0 |+k| 5

-2 -2
a m
(d) r=|b|+k| n
¢ p
6. (a) The line has the same direction vector as the one given, but the point

3 2
P(x,, ¥y, 2, )is different = r =[—1}+I{—2}
3
(b) Similar to (a): r=| -1 |+k
=5
3
=|—1|+k| -
-5
1 }

,and P(x,,¥y.2,)=(3,-1,-5),

o O Q

(©) Direction vector u = [

a
(d)  Direction vector u=| b ( ,and P(x,,¥,,2,)=(3,~-1,-5)
U
3
B!
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2 4 -2
7 a=4|,b=|-1|,and c=| -3
6 7 1
. — (143 2 -3 2
8. (a) A direction vector can be AB = = =>r= +k
11-7 4 7 4
. — (-2-2 —4 2 —4
(b) A direction vector can be CD = = =>r= +k
1+5 6 -5 6
-3-8 -11 8 -11
() A direction vector canbe EF =[10+2 |=|12 |=r=| -2 |+k| 12
7-1 6 1 6
7-0 7 0 7
(d) A direction vector canbe GH =| —1+6 |=| 5 |= r=| -6 |+k| 5
0+3 3 -3 3
5-3 2 3 2
(e) A direction vector canbe JK =| —2+4 |=|2 |=>r=| -4 |+k| 2
5-5 0 5 0

2+7 9 =7 9
® A direction vector canbe LM =| —4+4 |=|0 |=r=|—-4|+k| 0
12-2

9. Apply the cartesian form: XN _YTh 275
a b c
x+3 y-7
a =
(@) 2 4
x=2 y+5
b _Yr2
W ==
x-8 +2 z-1
© =2
—11 12 6
X +6 z+3
@ ==
7 5 3
x=3 y+4
e —= ,Z=15
() 5 5
x+7 z-=2
= N =—4
() 5 07

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

5+3k —2+4t 5+3k=-2+4¢
10. n=r,= = = =k=-Lt=1
1-2k 2+t 1-2k=2+t

When we substitute the values into their respective equations, we get the intersection

at (2,3)
11. If we write the equations in parametric form, then equate the respective coordinates
2+t 2+ 24t=2+s

243t |=|3+4s |=><2+3t=3+4s=>s=t=-1
3+t 4+2s 3+t=4+2s

Substitute these values into the equations we find that (x, P, Z) =(1,-L2)

Exercise 8.3

1. The distance travelled is the magnitude of the direction vector multiplied by time.
(a)  |u|=+12%+2% ~2.33, after | minute the distance is 2.33x1=2.33 m.

(b) after 2 minutes the distance is 2.33x2=4.66 m
(c) after 10 minutes the distance is 2.33x10=23.3 m
(d) after r minutes the distance is 2.33x7=2.33tr m
2. If we consider the starting position as O(0, 0), then the observer is at the point (10,0)
(a) After 1 minute the robot is at (1.2, 2) and the distance will be

d=y(12-12) +2* ~11.0m

(b) After 2 minutes the robot is at (2.4, 4) and the distance will be

d=\(24-12) +4 ~10.4m

22
3. The new robot is at (0 J and moving in the direction [2 j, and thus its position ¢

22
minutes after the start at (0 )+ (2 ]t . The position vector of the first robot is

1.2
(2 )t. Distance between the two robots is given by

D=\(22-2t-1.26)" +(2-2t)’ =22-3.21
Since this is a linear function and as a distance has to be non-negative, the minimum

is 0 and it happens at ¢ = ;—22 = 6.875 minutes.
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4. (a) At the point P(24,16,48), the distance from 0(0,0,0) 1S

D=+24>+16> +48* =56m

n s 1t will move +1"4+2"x10=30m.
(b) in 10 s it will \/22 1?+22x10=30

24 (20 44

(c) in10sitwillbeat |16 |+[10 [=| 26 | and thus its distance from O is
48 =20 28

D =+/44> +26 +28% ~58.3m.

24 2 24+ 2t
5. (a) at time ¢ the droneisat | 16 [+|1 |[t=|16+¢ | and thus, the displacement
48 -2 48 -2t
24+ 2t 10 14 +2¢
from the sensoris d ={ 16+¢ |—| 0 |=|16+¢
48 -2t 2 46 -2t

(b) The minimum distance is the minimum of

J(14+26) +(16+2)’ +(46—2t)" =9r" ~961+2568

Using your GDC this minimum is approximately 48.1 m

Bl [EXE]:Show coordinates

w96x+2568)

MIN
X=5.333330669 , , Y=48,08326112, %
6. Positions of the drones are given by
1300 20 1000 30
2800 |+| 20 |# and | 4000 |+| =20 |t
1000 20 2000 -10

(a) One way to look at this, is to find the equations of the paths and find their
point of intersection.

The gradient of the first path is % =1 and it contains the point (1300, 2800)

and so its equation is y—2800=x—-1300= y =x+1500
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The gradient of the second path is _3—200 = —% and it contains the point (1000,

400) and so its equation is y —4000 = —%(x—lOOO) =y= —§x+ @

At the point of intersection x+1500 = —§x+ @ = x=1900= y =3400

Thus, the point of intersection is (1900, 3400).

(b) The time taken corresponds to

1300 20 1900
+ t= =t =30 and also
2800 20 3400

1000 30 1900
+ t= ,t =30.
4000 -20 3400
(©) From appearance, the answer is yes since they arrive at the point at the same

time. (in fact, they don’t collide since at time ¢ = 30, they will be at different
altitudes — the first at 1600 and the second at 1700)

(d, ¢) The distance between the drones is

d =+/(300—10¢)’ +(1200—40¢)’ + (1000 - 30¢)’

Using GDC, the minimum distance is 80.9 at 31.2 seconds.

El [EXE]l:Show coordinates
Y 1m=p(20 3x2-810x+12650))

MIN

X=Bjl . 15384511 ¥Y=80.86075401

Exercise 8.4

1. (a) u-v=4x3-3x3=3

(b) u-v=6x-—2-6x-2=0

(c) u-v=3x-1-1x5+4x2=0

d  wv=-Tx-1+4x—4+3x3=0
2. (@  wuv=6-9-c0s30°=27/3~46.8

()  w-v=12-8-cos45°=48J2 ~67.9
(c) u-v=12-3-cos23°~33.1
(d  u-v=10-13-cosl3°~127
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4. By formula or GDC:

0) (0O 1 0) (0 -1
(a) uxv=|1|x/0|=|0[,vxu=|0|x|1|=
0) \1 0 1 0 0
0) (1 0 1 0 0
(b) uxv=|0|x/0|=|1[,vxu=[0|x/0|=|-1
1 0 0 0/) \1 0
3 4 14 4 3 —-14
(c) uxv=|4 |x|-1[=|-20|,vxu=|-1|x/4 |[=| 20
-2) |4 -19 4 -2 19
-7\ (2 48 -2\ (-7 —-48
(d) uxv=|2 |x|2 |=| 18 [,vxu=|2 |x|2 |=|-18
-3) |6 -10 6 -3 10
Exercise 8.5
. —6+6
1. a 0=cos” LY — cos™! =90°
® W]~ Joridase
. -10+12
b 0 = cos s”! =85°
®) ]~ Jo5+16va:o
() O=cos' = os™' 6-2+4 =109°
|ua|v] VA+1+49+4+4
) 0= cos” 2 — cos™! 12+6+18 _ 390
|ue| ] V9+4+4+/16+9+81
2. If two vectors are orthogonal, then u#-v =0 and if they are parallel then their

components are proportional.

(a) components are not proportional, and u-v=1+1=2#0. So, neither parallel
nor orthogonal.

(b) u-v=48-48=0. So, orthogonal

(c) u-v= 2\/5—2\/5 =0. So, orthogonal
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3. Find the vectors corresponding to the three sides and then find the angles between
these vectors.

@) E{Q’R:@’R:@)

AB -BC =4-4=0= £B=90°

. 4 (£C is between vectors CAand CB. )
X(C =c08 ————=~63.4°

N+oaa
£A=180-90-63.4~26.6°

a5 )7 )
(b) AB= LAC = ,BC =
~11 -6 5

KA =cos™ 44+66 ~41.4°

J16+1214/121+36

XB=cos” 2B 74 .4°

137449+ 25

£C=180-414-744~642°

a a) (3 3
4. Let the vector be ,then . =3a+5h=0=>b=-—=a
b b)\5 5

5t 3
Let a =5t = b=-3t, thus, any vector of the form( 3J will be perpendicular to (SJ

5. Find vectors representing the sides of the triangle and then find the scalar products of
these vectors.

(e ) ne-4)

= AB-AC =8,AB-BC =2, AC-BC =18
Since none of these products is zero, then there is no right angle in this triangle.

6. for the vectors to be perpendicular, then

-6\ (b
(b szJ:o:wf—6b=0:>b(b2—6):>b=o,b=iJ€

(a zero vector is perpendicular to all vectors!)
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3x+4 NE)

7. cos30= === 6x+8=5,/3(x"+1)
3+ 42X +1
By squaring both sides and simplifying, we get
L 253
39
8. A rhombus is a parallelogram with adjacent sides equal in length. Thus, if we denote

the vectors for the adjacent sides by a and b, then the diagonals of this parallelogram
arc d, =a+bandd, =a—b.Now,

d-d,=(a+b)(a—b)=a’—ab+ab-b’
=a’—b =|a] -|p[ =0
Therefore, d, and d, are perpendicular to each other.

9. Let M (x, y) be any point on the circle. A geometric key fact is that AMB s a right

angle.

o (x=1) . (x=3) .
(a) AM:(X J,BM:(X j:AM~BM=0
y=2 y—4

= x-D)x-3)+(y-2)(y—-4)=x"—4x+)y* -6y +17=0
—— (x-3) — (x+1 S —
(b) AM:( J,BM:( j:AM-BM:O
y—4 y+7
= x=-3)x+D+(y-dHy+7)=x>-2x+y*+3y-31=0

Chapter 8 Practice questions

1 (-8
. (a) yv= 5
b (4

b v=|
(12

© v=| ]
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-8
2 (@ w=|10
-10
8
(b) w=|-10
10
34
(c) w=|-26
41
5 _
3. (a) Direction vector is = X+2 = y_2
3 5 3
3 _
(b) Direction vector is = x—4 =Y +1
-2 3 -2
2 _
(c) Direction vector is x_y-4
3 2 3
3 - _
(d) Direction vector is x—11 - y=7
—4 3 -4
4, (@ 2o _ZF2
2 -3 -6
x+4 =z
b =—, pyp=4
® =y
-1 2
5 @ r=|3 |+k| -3
-2 6
-9 2
(b) r=| 3 |+k
-3 -2
6. The boat’s motion is described by uf where uis the velocity vector.

(a) Distance covered in 1 minute = |u| d=+1*+2° = \/g ~2.24
(b)  Distance covered in 2.25 minutes = |u|-2.25=/5x2.25~5.03
(¢)  Distance covered in 10 minutes = |u|-10 = J5x10~22.4

(d)  Distance covered in ¢ minutes = |u]- = 5t~ 2.24¢
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=20
7. (a) Boat’s position is (2 jt and the controller is 20 m west of the boat at (O j

In 1 minute, the boat is at (2 J and the distance between the two is

J(1=20) +(2-0)’ ~19.1m

-1
(b) In # minutes, the boat is at (2 jt and the distance between the two is

J(E=20) +(2¢) =57 =40t + 400

=25

8. (a) (@) The second boat’s position is (0

2
]+ (1 )t and after 1 minute it is at

-23 . : -1
(1 ], While the first boat is at (2 J

Thus, the distance between them is /(-23 + 1)2 +1~22

=25 2
(ii)  The second boat’s position is (0 ]+ (1 )t While the first boat is at

-1
(2 )t. Thus, the distance between them is

J(=25+3t) +£* =107 <1506+ 625.

(b)  Two ways of looking at this:

One method is to look at their positions if they were to collide.

) .. =25 2 -1 —25+2t=—t
At the point of collision, + . |t= =
0 1 2 t=2t

This system is inconsistent, and hence it has no solution, and thus, no
collision.

Alternatively, the minimum distance between the two boats is 7.9 m. Thus, the
distance will not reach zero and consequently they will not collide.

B [EXE]:Show coordinates
Y =4 (10x27150x+625)

nnnnn
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10.

11.

12.

(a) u-v=-5x2+2x1=-8
(b) u-v=-3x—6-6x3=0
(c) u-v=8x-1+2x4-7x0=0
(d) u-v=-2x2+2x-3-1x6=-16
(a) u-v=7x11xcos60=g
(b) u-v=112x5xcos120=-28
(c) u-v=9x9xcos45=¥
(d) u-v=13x6xcos23~71.8
Use GDC or formula.
0
(a) uxv=|0
-1
(b) UXy=
2
(c) uxv=| 2
-3
14
(d) uxv=|-34
1
(@ O=cos' X =cos™ 36436 _gpe
Ju| || V81+144+/16+9
) O=cos" =X —cos™ —195+96 ~109°
Jud| | V169 +144+/225 + 64
© O=cos' L =cos™ 2-2-4 ~116°
|ua| ] Na+1+41+4+4
d  O=cos’ 'V _ cos™ S+12-4 ~76°

lullv| S f114:49:36+4
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13.  (a)  speed of Ryan’s plane = |[v| =4’ +2 +4’ =6ms~!

5 -4 -3
(b) r=[6|+2|2 |=|10 |, the height is the third component, i.e., 8 m.
0 4 8
-4 4
(©) Ryan’s direction = | 2 |, and Jack’s direction = | —6 |.
4 7
—4) (4
2 || -6 |=-16—-12+28 =0, thus, the paths are perpendicular.
4 7

(d) At collision:

5 —4 =23 5-4t=-23
Rayan’s plane: r=| 6 [+¢|2 |=|20 |[=>6+2t=20 =t=7

0 4 28 4t =28
-39 4 -23 —39+4s=-23
Jack’s plane: r={44 |+s| =6 |=[20 |=>44-65=20 —=s=4
0 7 28 7s =28

Therefore, Jack’s plane took off 7 — 4 = 3 seconds after Ryan’s.
-1-(=2) 1
4. (@ ()  AB=| 3-4 |=|-1
1-3 -2

) [4B|=\1P+D+(-2) =6

-2 1
(b) r=ry+ku=4 |+k|-1
3 -2
-2 1 —2+k
(c) v |=|4 |+k|-1|=|4-k |Dk=2=>y=4-2=2
-1 3 -2 3-2k
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0 0 (1
@ @ O0C=|2 |=>0C-AB=|2 ||-1|=0
-1 -1) =2

(ii) The lines are perpendicular, the angle is a right angle.

(e) From (d) OC is the height of the triangle, BC is the base, and hence, the area is
|AB| |OC| —J6-N27 1= £

15. vIiu=vu=0=3x0+1xm+Ixn=>m+n=0=>n=—m

) . 1
v is a unit vector= \m* + n* =1 = 2m> =1:m=i$

=5 or =55

6-(=3)) (9
16 (a) AB=0B-0A4=|4—(-2)|=
-1-2 -3
X
() Let OC=|y
z
X -3 6 X 6 -3
AC=2CB=|y|-|2|=2[|4 |-|y||=3|y|=2|4 |+]|-2
z 2 -1 z -1 2
x 6 =3 9 x 3
=3y =214 |+ 2(=|6|=|y|=|2
z -1 2 0 A 0
© - _IM o 27+12-0 o
|AB||0C| J81+36+9/9+4

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

. ., _DE
(d) (i) sinf = D

Also, since OD = kOC,then CD =0D-0C =(k-1)0C
Consequently DE =|DE|= CDsin6 = (k-1)|0Clsin @

(i) |DEl<3= (k-1]0Clsing <3 = (k-1)/9+4sin15.5°<3
3

J13sin15.5°

Thus, considering the initial condition, 1<k <4.11.

=k-1D< =311=k<4.11
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Exercise 9.1

1. (a) The distance travelled is 900¢, so the distance remaining to destination is
d (t) =3000-900¢

(b) The d-intercept is d (0) , so the distance from the initial position to the final

destination, in this case 3000 km

() The t-intercept is the solution to d (t) =0, so the time required to reach
destination. In this case 0 =3000-900t — ¢ = % ~ 3.33 hours.

(d) A reasonable domain is the duration of the trip, so 0<7 <3.33hours. The
range is the set of distances to destination, so 0 <d <3000km.

2. (a) The average speed of the plane in the first 1.5 hours of its trip is

V= 000-3800 =800km h™!. Assuming it remains constant for the whole

duration of the trip, d (t) =5000-800¢

(b)  The slope is the negative of the speed of the airplane

(¢) The d-intercept is d (0) , so the distance from the initial position to the final

destination, in this case 5000 km

(d) The t-intercept is the solution to d (t) =0, so the time required to reach the

destination. In this case 0=5000—-800t — ¢ = 5800000

~ 6.25 hours.

(e) A reasonable domain is the duration of the trip, so 0<#<6.25 hours. The
range is the set of distances to destination, so 0<d <5000km.

3. (a) The European size is equal to the US size + 33
(b) Writing the model above as EU=USA + 33 and replacing USA=12 gives EU = 45.
() Setting EU = 44 and solving for USA gives USA = 11.

(d) The gradient of our model, which is equal to one, is the number of EU size
steps within one USA size step.

(e) Domain is the set of reasonable USA sizes, so 6 <USA<16. The range is the
set of equivalent EU sizes, so 39< EU<49.
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) ) ) 340 290 290 500
4. (a) The three points are collinear since - oc - .
490 420 420 714

—490  490—420
n—340  340-290

The line through the first two points has equation
7 7
SO t= 490+§(n—340) or t(n)= 14+§n

(b) This is 1(1000) =14+ %-IOOO =1414 ~ 1410 minutes

(c) The gradient is % minutes per page, so it is the time required to read one page.

The t-intercept (14 minutes) is the time required to read a book of zero pages,
so it can be interpreted as the time required for additional activities included in
the reading of book, as e.g. retrieving it from the shelf etc. etc.

(d) We could argue that in order for a book to be a book it has to have at least one
page, so a reasonable domain could be n € N,n>1. The range could therefore

be teR,tZl4+%:15.4.

F-68 212-68

5. (a) The equation of the line between the two given points is = ,
C-20 100-20
or F—68=%(C—20)
9
F(C)=32+ 3 C.

(b) The meaning of the gradient is how many degrees Fahrenheit fit in one degree
Celsius. The size of one degree Celsius is 1.8 times the size of one degree
Fahrenheit.

() The F-intercept is £ (O) =32, so the freezing temperature of water in degrees

Fahrenheit.

(d)  The C-intercept is the solution to F (C) =0, so
0=32+%C—)C=—%=—17.8.

A temperature of 0 degrees Fahrenheit corresponds to a temperature of —17.8
degrees Celsius.

(e) F(10)=32+ % .10 = 50 degrees Fahrenheit
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) Solving the system

F=32+§C

F=C
yields C=32+%C—>5C:160+9C—>4C=—160 N

C =—-40degree Celsius. A temperature of -40 degrees Celsius corresponds to
a temperature of -40 degrees Fahrenheit.

(2 A reasonable domain is C'>-273. The corresponding range is
F > F(-273)=-459.4.

6. (@  C(n)=350+8.50n

(b) Domainisn >0, range is C >350. Any reasonable order would consist in at
least one cup, so more specifically we could have n>1,C >350-8.5=358.5.

(¢ (@  C(100)=350+8.50-100=1200 ZAR
(ii) (200) =350+8.50-200 = 2050 ZAR

C
(iii)  C(400)=350+8.50-400=3750 ZAR
C(100)

(100) 1200
d i = =12 ZAR cup™!
@ o 100 100 P
(200
(i) (200) 2050 _ 125 74R cup™
200 200
C (400
(i) (400) 3750 _ 5205 7aR cup™!
400 400

(e) Because for larger orders the fixed cost of 350 ZAR is spread over a larger
number of cups, thus affecting the cost per cup less.
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) A linear model would be given by the equation of the straight line through the
two given points, (200,2150) and (400,3750) . This gives
D-2150 3750-2150
n—200 400-200
1600

D—2150=(n—200)m

D =2150+(n—200)-8 - D(n)=550+8n

(2 Domain is the same as for C, n> 0. The range starts for the fixed cost for this
manufacturer, D >550.

(h)  The cost per cup for this manufacturer is 8 ZAR cup .

D(600) =550+8-600=5350 7

@) AR

G) For 400 cups, the total cost is 3750 for both manufacturers. Since the cost per

additional cup is less for Cupomatic, 8 ZAR instead of 8.50 ZAR, from
x =400 it is more convenient to order from Cupomatic.

(k) This new fee scheme is described by a piecewise model

350+8.50n 0<n<500
c(n>={

8.50n n =500
@ Graphing both schemes (black for C(7) and red for D(n)) yields

X
250 500 750 1000

[{]

which shows two intersections, one at 550+ 8n =350+8.57 —n =400 and
another one at 550+8n=8.5n—n=1100. It follows that is less expensive
(D < C) to order from Cupomatic if the number of cups to be ordered is
between 401 and 499 inclusive, and then from 1101 onwards. Matching this
information to the required format a <x <b orx >k, we get a=401,
b=500and k=1100.
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7. (a) Putting together all the conditions, we build the following piecewise model for
cost as a function of distance travelled. The cost is constant for the first 234.8
metres, and equal to £2.60. The other intervals are from 234.8 to 9656.1
metres, and more that 9656.1.

2.60 0<m<23438

C(m)=1{ ? 2348<m<9656.1
? m > 9656.1

If the distance travelled exceeds 234.8, then the cost increases above £2.60 by
£0.20 for every 117.4 metres in excess of 234.8, so to account for this we need
to count the excess distance m—234.8, figure out how many blocks of 117.4

metres are there % , and finally multiply this number by the rate

£0.20. This yields

2.60 0<m<234.8

C(m)=12.60+020"=2%8 5348 < m<9656.1
117.4

? m >9656.1

for the second interval. For the third interval, we first calculate the fee for a

trip of exactly 9656.1 metres. This gives 2.60 + 0.20%7_534'8 ~ £18.65.

For every 86.9 metres in excess of 9656.1, the cost increases by an additional
£0.20. To account for this we need to count the excess distance m—9565.1,

figure out how many blocks of 86.9 metres are there % , and finally

multiply this number by the rate £0.20. This yields

2.60 0<m<2348
C(m)= 260402072348 5348 m<9656.1
117.4
18.65+0.207 26561 m>9656.1
86.9

as shown by the graph below where the three sections are visible.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics
Applications and Interpretation HL

x
0 2500 5000 7500 1.40% 1,2510% 15

(b)  C(0.2 km)=C(200)=£2.60

C(5 km) = C(5000) = 2.60+ o.zo%ﬁ“'g ~£10.72

C(15 km) = C(15000) = 18.65+ 0202000790301 _ g5 o
86.9

() Repeating the same process as in a), we have

2.60 0<t<504

t-50.4

D(t): 2.60+0.20 752 504<t<t

£=304 ga0i=l o7
18.7

2.60+0.20

where 7 is the time needed to travel 9565.1 metres which depends on the taxi
average speed, so on traffic conditions, weather, etc. etc. This value would be
accessible to the taxi on-board taximeter. Since the question says “ignoring
distance”, we can disregard the last interval and have only

D(t)=
2.60 0<1<504
2604020294 12504
252
)  D(0.5min)=D(30)=£2.60
300—54.1

D(5min)=D(300) =2.60+ 020 ————~£4.58

D(15min) = D(900) =2.60+ 0.20% ~£9.34
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(e) (i) D(20min) = D(1200) =£11.72
C(4km) = C(4000) =£9.01 so the fare would be £11.72

(i)  D(5min)=D(300)=£4.58 so the fare would be £9.01.

8. (a) If the ball is thrown upwards the initial velocity is positive. The initial height
is the height of the building. This gives h(¢)=-4.9t> +5¢+60 .

(b) (@) The maximum height of the ball is the 4#-coordinate of the vertex of the

parabola h(t). The time when the ball is at its highest is given by
t= _b = S ~0.51 seconds, so maximum height is
2a -9.8

h(0.51) ~ 61.3 metres.

(ii) Since heights are measured with respect to ground, the height of the
ground itself is 4 =0. Solving the equation —4.9¢* +5¢+60=0 yields

—5+4/
the solutions ¢ = S_T18201 ~ 4.05 or —3.03. Discarding the negative

solution since the domain for the model is # >0 gives ¢ = 4.05seconds.

(iii)  The condition is satisfied from the moment the ball leaves the roof of
the building till it falls below 50 metres of height. Solving the
inequality —4.9¢* +5¢+60> 50 with a GDC yields —1.01<¢<2.03.
Putting this together with the domain of the model gives 0<¢<2.03 to
three significant figures.

9. (a) The height of the cliff is the same as the initial height of the rock, so
7(0)=106 metres.

(b) f(4.5)=-025-45"-2.32-4.5* +1.93-4.5+106 ~ 44.9 metres.
(c) Solving the equation f (t) =30 with the GDC yields #=4.91 seconds

(d) Solving the equation g (t) =0 with the GDC yields ¢ =-3.57 or t=5.39.

The only acceptable solutions are positive, so #=5.39 seconds.

(e) Plotting the data points and the two models yields the following graph.
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From the graph above, it is clear that the black curve — Jane’s model —is a
better fit for the data points.

An issue both models share is that they start with a positive slope, which in
this context would imply that a falling rock starts its motion by going upwards.

10. (a) At 13.00, ship A is where ship B was at noon and ship B has travelled 11 km
east. The distance between the ships is 11 km.

(b) At 14.00, ship A is 15 km below the dashed horizontal line and ship B is
22 km to the right of the dashed vertical line. The distance between the ships is

J222 +152 ~ 26.6 km.

() By setting a cartesian frame of reference with origin in the initial position of
ship B and axes aligned with the dashed lines in the diagram, the position of

0
ship A is given by A ()= (15 15J

11¢
while the position of ship B is given by B(¢)= ( 0 J

The distance between the ships is the magnitude of the vector 4— B, so

S(’):[ i }
15¢-15

= J(u) +(151-15)
= \121¢% + 22572 — 450¢ + 225
= \/3461% — 4501 + 225
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11.

12.

(d)

(e)

(@)

(b)

(©)

(d)

(@)
(b)

The graph is given by the blue curve below.

f1Lr)=J346— x2-450- x+225

£2(x)=8
5|

rl 3 1 5

The ships cannot see each other because the distance between them is always
larger than 8 km — see graph above. The minimum value for the function s (t)

is in fact 8.87 km.

profit is given by the difference between income and cost, so evaluating
I(x)—C(x) =150x—0.6x" —(2600+0.4x* ) = —x” +150x — 2600 we obtain the

desired function P(x).

The vertex of the parabola P(x) has x-coordinate b _Z150_ 75. Maximum

2a -2
profit occurs for 75 machines.

For this value of x, the total income is /(75)=150-75-0.6-75> = 7875
dollars. Dividing this by 75 gives the selling price of each machine, 105 dollars.

The profit is zero at x =20 and x =130, and it is positive for 20 < x <130.
The smallest number of machines for which profit is positive is therefore x=21.

The height of the bridge is S(O) =300 metres.
()  Evaluating s(4) yields s(4)=-4.9-4> +300 =221.6b metres

(ii) t,1s the boundary between free fall and constant velocity motion, so in
this case 7, =4 seconds

(iii)  In order for the height function to be continuous at ¢ =¢,, the value of
h(4) has to be the same as s(4).

This gives —7-4+k =221.6 > k =249.6 metres.
(iv) h(1)=-4.9-1"+300=2954m

h(2)=-4.9-27 +300 = 280.4m

h(8)=-7-8+249.6=193.6m
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) At t =4 the height is 221.6, so using the second part of the piecewise
model gives —7¢+249.6 >100. Solving for ¢ yields

t< M ~ 21.4 seconds.

(vi)  Setting & (t) =0 and solving for time gives

249.6

~7t+249.6=0—>1= ~ 35.7 seconds.

(vil) Domainis 0<7<35.7,rangeis 0</2<300.

(c) i) During free fall height is given by s (t) Setting S(x) =100 gives

—4.9x* +300 =100 — x = + /w ~+6.39 5. Keeping only the

positive solution, x = 6.39s.

(i) At t =6.39 the function has to be continuous, so setting
—7-6.39+k =100 > k =100+44.7 ~145 m. The piecewise model is

<0~

(iii)  Setting g(t) =0 and knowing that this will be after 6.39 seconds, we

obtain =7t +145=0—1¢= 1475 ~20.7 s.

—4.9¢ +300 t<6.39
=7t+145 t<6.39

(d) (i) The jumper in free fall would hit the ground when s (t) =0, so setting

—4.9¢* +300=0 we obtain 7 ==, /% ~ 17.82 and we keep the

positive solution only. So the jumper open her parachute at
t=7.82-2=582s.

(ii) d:s(5.82):—4.9-5.822+300z134m

(iii) At r=5.82 the function has to be continuous, so setting
—7-582+k=134—>k=134+40.47 =175 m.

The piecewise model is ¢(7) =
P g(?) —4.9¢ +300 ¢<5.82
=7t+175 t=5.82

(iv)  Solving =7t +175=0—>1¢= 1; =250s
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Exercise 9.2

1. (a) Assuming exponential behaviour, we can fit our data to a decreasing
exponential function d (t) =d,-e”". Replacing the first and the last data point

gives d(0)=d, =56 and

d(20) = 56¢7
=1.71—-> -20k
I e
56

1 ) 1.71

—_—— n_
20 56
~—.174

The exponential model is d (f) =56e™"""*. Observing that e ~0.840, the
model can also be written as d (t) =56-0.840".

(b)  According to our model, d(7)=56-0.840" ~16.5 ms™'
(©) Setting the inequality d (t) <5 and solving it gives

56-0.840' <5 —> 0.840 <—— —> 1 > log, 3y~ ~13.9 s
56 056

(d)  Setting the inequality d(¢) <1 and solving it gives

56-0.840" <1— 0.840" < L — 1 >108440 Ly 23.1s
56 756
2. (@) A(4)=12""=~59

(b)  Setting the equation 4 (t) =400 and solving it yields
400 400 1, 400

12" =400 — ™ = D —504t=In——>¢t= aln— ~ 8.77 hours

() Setting B(4) =60 and solving for k gives

w_ 60 60 1, 60

2465 — 60 = e S4k=In— > k==In—~0.229 5!
24 24 4 24
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(d)  Setting A(n)>B(n) and solving for n with a GDC gives

(4.05,60.7)

X
Fl—5 1 + + + + + + 4 +—10

so the first time population A4 is larger than population B is when n =35 hours,
since the smallest integer larger than 4.05 is 5.

3. (@  4(0)=10(0.5)" =10
b)  A(50)=10-0.5""% ~ 6,16 mg "
(¢)  Setting the equation A(7)=.395 and solving it for # yields

10-0.5""* =0.395 — 0.5*"*

= 0395 — 0.014¢
10

=log,;0.0395 > ¢

1
—log,;0.0395~333

minutes, so Jose can take his medication again after 5 hours and 33 minutes, at
18.33

L(t)=16-(1+8%)' =16-1.08'
()  L(3)=16-1.08'~20.2cm

(©) Setting the equation L (t) =25 and solving it for # yields

16-1.08' =25 -1.08 = f—z —>t=log, f—z ~5.80 years.
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5. (a) Half-life is time after which only half of the initial amount remains. Setting the

A4,

equation A(7)= > and solving it for k yields

1
In—
x 1

=L isk=tnl sk=—2x 00462 5~
2 2 15

(b)  A(2)=50-¢"""? ~45.6 units

(c) Setting the equation A(ZO) =35=4,e"""* and solving it for 4, yields
35=A4,e""?* - 4, =35e"""*?" ~ 88.2 units

(d)  Setting the equation A(7)=120e™"*" =40 and solving it for ¢ yields

1206—0.0462t — 40 N e—0.0462t

= % — —0.0462¢

1
=ln-—1t
3

lnl

= 3 ~238 years
—0.0462

6. (a) Assuming that the data describe the amount of pesticide in the soil,
A(O) =500-0.5" =500

represents the initial amount of the pesticide glyphosate.
(b) Given that the base of the exponential is 0.5 = % , and that the half-life of the

pesticide is 45 days, ¢t must represent the number of 45-day intervals.

(c) A(l) =250 represents the remaining amount of glyphosate after one 45-day
interval, so after 45 days.
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7. (a) Given that the temperature of the cake tends to 150 °C, this value must be the
set temperature of the oven.

(b) Setting the equation 7' (O) =18 and solving it for a yields
150—a-1.1°=18 >a=150-18=132°C

(c) Setting the equation 7' (t) =130 and solving it for ¢ yields

150-132-1.17" =130 > 132-1.1"
=150-130 > 1.1"
20

=—— >t
132

=—log, , % ~19.8 minutes.

Adding 15 to this value gives the total time in the oven as 34.8 minutes.

8. (a) In order to find the two parameters a and » we need two independent
equations in a and b. These are N (0) =850 from the January data point, and

N(4)=100 from the May data point. Replacing these values yields

850=a-b" +40
100=a-b™" +40
From the first equation we obtain 850 =a+40 — a =810. Replacing in the
second equation gives 100 =810-5""+40 > b= L ~1.917.
,[100—40
810

(b) Just like May was the fourth month after January, September is the eighth.
Evaluating N (8)=810-1.917"" +40 ~ 44 we estimate the number of fish in

September.
(c) Setting the inequality N (t) <50 and solving it we have 810-1.917™" +40 <50

1.917° <50"40

10 10
——t<lo —>t>-lo ——~ 6.75months. The
21917 310 £1.917 310

first time the number of fish decreases below 50 is therefore 7 months after
January, hence August.

(d  Ast—+0, 1.917" —0 so that N (1) >40.
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9, (@ As m—>+o0, k" —0 so that 7(m) —> a . Since the temperature of the water
in the cup tends to the temperature of the room, and the temperature of the
room is 20, we have a =20 °C.

(b)  Inorder to find the two parameters b and k£ we need two independent equations
in b and k. These are T(0) =100, and 7(1) =85 from the May data point.

Replacing these values yields

100=20+b-k

85=20+b-k"
From the first equation we obtain 100 =20+b — b =80 °C. Replacing in the
second equation gives 85=20+80-k"' > k™' = 858_020 k= % ~1.23.

()  Evaluating 7(5) gives 20+80-1.23” ~48.3°C
(d) Setting the equation 7' (m) =35 and solving for m gives 20+80-1.23™" =35

m_35-20 15 15 .
1.237" = 20 —-—m=log, ,, 20 —>m=-log, ,, 0 ~ 8.086 minutes, or

& minutes and 5 seconds

Note: Answers may differ by a second due to rounding of intermediate answers.

10. (a) p(0)=200-190-0.97" =10°C
()  p(30)=200-190-0.97" ~124°C
(c) Setting the equation p (k) =40 and solving it for k gives

200—190-0.97 = 40

200-40 160

0.97* = —k=1lo —
20.97 190

~5.64min.

11. (@ C(0)=2.5-2°=1.5 C (Coulomb)
(b) ast—>+%0,2" >0 so C(¢) > 2.5. The equation of the asymptote is C =2.5.

(¢)  Setting the equation C(¢)=2.4 and solving it for ¢ yields

24=25-2">52"=25-24—>—t=log,0.1>¢t=-log, 0.1~ 3.32 hours,
or 3 hours and 19 minutes.
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12. In order to find the two parameters p and ¢ we need two independent equations in p
and g. These are C (0) =47 from the January data point, and C (4) =53 from the

May data point. Replacing these values yields

(@
p2'+q=47
| p-2"*+¢=53
p+tq=47
| 4p+q =353

(b) Taking the first equation from the second gives 3p =6 — p=2. Replacing
this value in the first equation gives g =45.

()  Evaluating C(10)=2-2"""" +45=64+45=109 gives the number of cells at
22.00 on Monday

Exercise 9.3

1. (a) This is given by the difference in the time coordinates of A and B, so
12.5—-6.25=6.25hours, or 6 hours 15 minutes.

(b)  This is given by the difference in the height coordinates of A and B, so
1.5-0.6 = 0.9metres.

() The parameter p gives the amplitude of the oscillation, so half the difference

between maximum and minimum: p = 7 =0.45m.

(d) Assuming the argument of the cosine function is in radians, the parameter ¢

relates to the period T'as T = e . The period is T'=2-6.25=12.5hours, so

q
g=Z -2 0503 radh.
T 125
(e) The parameter r gives the principal axis of the oscillation, which is halfway

1.5+0.6 _1.05.

through the maximum and the minimum. In our case » =
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) Since the period is 12.5 hours, high tides occur every 12.5 hours. The first
high tide is at #, = 0, so the next are at

t, =12.5,t, =25,¢, =37.5,¢, = 50,t, =62.5,t, = 75,... Of these, ¢, is on the 10"
of December at 21.00, #, and ¢, are on the 11" of December, 7, and ¢, are on

the 12" December, etc. In particular the second high tide of Dec. 12 occurs
50 hours after ¢,, so at 23.00.

(2 Graphing # (t) on a GDC and finding intersections with 2= 0.8 gives this

result.

ﬁ[ A [ Scratchpad < raD ] 3¢

.13’5

/. graph f1
;\a 2, 0)/-\’0 7,08

4 3 o 3 16 8,0 8‘)

:. _(\] 0.8

X
2386

A ittt ettt
214 1

29
£1(x)=0 45 cos -x|+1.05
&7 12.5

The height of the water is at most 0.8 m, or /(7)< 0.8, from 4.3 to 8.2 hours

after 21:00, and again from 16.8 to 20.7 hours after 21:00, for a total of
(8.2 - 4.3) + (20.7 —16.8) = 7.8 hours or 468 minutes.

Note: Answers may differ by a minute due to rounding

2. (a) The parameter p gives the amplitude of the oscillation, so half the difference

between maximum and minimum: p = 9.7-53 =22m

(b)  Assuming the argument of the cosine function is in radians, the parameter g

relates to the period T as T = E4 . The period is 7'=2-7 =14 hours, so
q

g=Z =7 radn,
14 7

()  Evaluating d(10)=2.2 cos(%l()) +7.5=7.01 m gives the depth of water 10

hours after high tide.
3. (@  h(0)=-15cos(0)+17=2m
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(b)  Setting the equation A (k)=20 and solving it for k gives
—15co0s(1.2k)+17 =20

—lScos(l.2k) =3-> cos(l.Zk) = —% — 1.2k =cos™ (—%j

k=—cos™ (—%) ~1.48 minutes.

(©) Assuming the argument of the cosine function is in radians, the parameter 1.2

relates to the period T'as T = 12—7; . The period is therefore T = 12—7; ~5.2min.

4. (a) (i) Since 10 minutes is half a period, the wheel has completed half a
revolution and P is at the top. The height of point P is 100 metres.

(i) Since 15 minutes is % of the period, the wheel has completed % ofa

revolution and P is halfway through the descent. The height of point P
1s 50 metres.

(b) (i) ¢ is the principal axis, so ¢ =50 m.

Assuming the argument of the cosine function is in radians, b is
2z 2r 7w I
— ,80 hb=—=—rad min .
period 20 10

|a| is the amplitude, so |a| =50m. At ¢t =0 the seat is 50 metres below
the principal axis, so a =-50m.

(ii) expressing the model in terms of a sine function requires a horizontal
shift fo the left by a quarter of a period, so d =—5 minutes.

5. (a) The parameter a gives the amplitude of the oscillation, so half the

6-(-2)

difference between maximum and minimum: a = =4m

(b) Assuming the argument of the sine function is in radians, the parameter

b relates to the period T'as T = 27” . The period is 7'=30seconds, so

b_27r_7r -1

30 15
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() Graphing the model with a GDC and looking for the solutions to
h(t) <0 gives

& qdpl Scratchpad <= raD ] 26 :‘

5

from which we derive that the bucket was underwater for 27.5—-17.5=10 s.
6. Note: point R is not needed for the question

(a) Since 15 minutes is half a period, the seat is at the top of the Ferris wheel, so
2x50+1=101 metres above the ground.

(b) Since 6 minutes are % of a period, the seat has swept an angle of 2?” radians

from its initial position. Point § in the diagram below

R

P11m

Y

is 50 cos(z?ﬂ) ~ 15.5metres below the centre of the wheel, so it is

50+1-15.5=35.5 metres above the ground. The same is true for point Q.

(c) d is the principal axis, which is halfway through the maximum and the
1+101

minimum, SO0 d = =51 metres.

Assuming the argument of the sine function is in radians, b relates to the

period Tas T = 2z . The period is 7' =30 minutes, so b = i—z =7 tad min™".

15
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|a| is the amplitude, so |a| =50 metres. The seat starts below the principal
axis, so we choose a =-50 m.

The sine function starts from zero, while the seat starts from its maximum

displacement from the principal axis (having chosen a negative a) which is
what the cosine function does. To change a sine into a cosine, a horizontal

shift of a quarter of a period to the right is needed, so c=-7.5.

Finally, h(t)= —50sin(%(r + 7.5)] +51.

Equivalently, a can be chosen as positive, which means that the seat starts
from its minimum displacement from the principal axis which is what the
negative cosine function does. To change a sine into a negative cosine, a
horizontal shift of a quarter of a period to the left is needed, so ¢ =7.5and

h(t)=50 sin(% (r- 7.5)) +51. In fact, graphing the two functions produces

exactly the same curve, which can also be proven with the compound angle
formulae.

(d)  Setting the equation h(t) =96 and solving it for 7 gives with the GDC gives
t =12.8min - see below.

7. (a) The parameter a gives the amplitude of the oscillation, so half the difference
—-1-(-5
between maximum and minimum: a = # =2°C.
. . .. . 360°
(b) Since the argument of the sine function is in degrees, b is wE SO
perio

p=3%0_15 degreesh™!.
24
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(©) c 1is the principal axis, which is halfway through the maximum and the

—1+(-5) _

minimum, SO ¢ = -3°C

(d)  From the graph, this occurs for 16 <¢<20.
8. (a) From the graph, A, =35 cm.
(b)  From the graph, 4, =5 cm.

(¢)  The amplitude is given by L ;h“ﬂ“ = 352_5 =15 cm.

(d) A represents the amplitude, so 4 =15 cm. C is the principal axis, so
P + B 35+5

C= =20 cm.
2
(e) From the graph, 7'=4 s.
® b= 360 _ 360- _ 90 degrees s'.

T
()] Setting the equation h(t) =30 and solving it for 7 gives

15c0s(90¢)+20 =30

15¢0s(90¢) =10 — cos (90¢) = 1—2 —90¢ = cos™ (%)

t=ic0s'1 2 ~ 0.535 seconds.
90 3

(h) This is given by ln;m = 67? =15 times.

9. (a) the amplitude is 4 metres.
(b) The maximum value is one amplitude above the principal axis, so
d.,=7+4=11m.

(©) Assuming the argument of the sine function is in degrees, the period is related

to the parameter 0.5 by 7' = 0& =720min or 12 hours.

min™"

(d) In asinusoidal function, a maximum occurs half a period after a minimum, so

the next maximum after 14:00 occurs % = 6 hours later, at 20:00.
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10. (a) a is the principal axis, which is halfway through the maximum and the
21+17 19°C

minimum, SO a =

b gives the amplitude of the oscillation, so half the difference between
21-17 200

maximum and minimum: b =

b Assuming the argument of the cosine function is in degrees, ¢ relates to the
g g g
period because

o o

. The period is 12 days, so ¢ = 360

period = =30 degrees day .

() Using a GDC, we obtain this graph.

8 -ﬂpz Scratchpad <= DEG ] 3¢ i

1.3990.5 13.6X

The solution to the inequality 7'(x)<18.5 is 3.48 <x <8.52.
Exercise 9.4

1. (a) Using the Logistic Regression features of the GDC, we obtain
L=972ms™,C=912,k=1.17s".

(b) The maximum, asymptotic velocity is obtained for ¢ — +oo, when €™ — 0
and therefore P(1) > L=97.2 ms’

(©) This corresponds to setting the equation P (t) =99%L, or equivalently

1
———=0.99. Solving it for ¢ gives
1+91.2¢7 " S 8
9126 9126 =Ly gy et 12099 T
0.99 0.99 0.99 99
e =LL—>—1.17t=ln ! —S>t=— ! In ! ~ 7.78 seconds.
91.2 99 91.2-99 1.17 91.2-99
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(b)

(©)

(d)

(e)

L is the maximum asymptotic number of infected cows, so L =500.

Assuming d is the number of days after discovering the first infected cow, this

means B(0) =1. It follows that 1= % , which gives C = L—1=499.
+

1

1
— = — . Solving for k
1+499¢7'% 2 5

This means B(IO) =250, or equivalently

gives
1 1 1

1+499¢™'% =2 5 ¢71% :L—>—10k:1n——>k=——1n—z0.621d-1.
499 499 10 499

The graph is shown below, with asymptotes B =500, B=0 and inflection
point at (10,250).

(10,250)
500
: flﬁw:)=
£3(x)=0 1+490- p70:621"x

Setting up the equation B(#) =450 and solving it with the GDC as shown
below gives # =13.5 days.

& qdpt Scratchpad <= pec Ll 26 r

550

- 12(x)=450 (13.5,450) |

500
£1(x)=
1+499- ¢ 0-621'x
*

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.

WORKED SOLUTIONS



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

3.

In order to find the two parameters C and L we need two independent equations in C
and L. Assuming ¢ is the number of years after 2000, these equations are

P(0)=1000 and P(5)=2500. Replacing these values yields

(a)
L 1000
1+C
L
—— ___=2500
| 1+ Ce™*3

L=1000(1+C)

L= 2500(1+£J
e

L—-1000C =1000
2500
e

L— C=2500

solving the system of linear equations with the GDC yields
L=19679.6 19680 and C =18.6796 ~18.7 .

(b) The maximum, aymptotic velocity is obtained for # — +oo, when ¢ — 0 and
therefore P(t) — L =19680rats.
InC Inl8.7

C This is given by —— = ———=14.6 vyears.
(© g Y % 02y y

Exercise 9.5

1.

(a) Always
(b)  Always (direct variation is a polynomial)

(c) Sometimes

(d) Never
(a) Never
(b) Never
(c) Never
(d) Never
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3. y varies directly with x means y = kx, so for any two pairs (x,,,),(x,,,) we have
Ri &(= k). So,
xl x2

¥, =ﬁyl=%462=210

(@ %
672
X, :&x1 =——-1=16
(b) » 462
4. y varies directly with the square of x means y = kx”, so for any two pairs

(x,1).(x,,,) we have y1 y—22(=k). So,
x' X

1

X2 20

(2) i
x22=—xl X, = / ‘/ 5=10
(b)
5. y varies directly with the cube of x means y = kx’, so for any two pairs

(x,1).(x,,,) we have %=%(= k). So,

1 2

3
@@ »= z%yl (Sj 250 =1024

fy 128
b 3:—x —>x—3—2x 312225 -4
( ) 1 2 1 250

6. y varies inversely with x means y = K , so for any two pairs (x1 2 ), (x2 , yz) we have
X
XV = X0, (: k) . So,

X, 5
a =—y =—10=2.5
(a) Y2 Y1 20

Xy
®  x=2x=1%5_100
Y2 0.5
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. . k .
7. y varies inversely with the square of x means y =—, so for any two pairs
X

(xlayl)a(x27y2) we have x12y1 :x22y2 (:k) SO’

2 2
@ oy =ly-= (5) 10—10:5—0625

X, 20
x22=—xl X, = / ‘/ 5=10
(b)
. : k :
8. y varies inversely with the cube of x means y = —, so for any two pairs
X

(xp)ﬁ):(xzayZ) we have x13y1 :xz3y2 (= k)' So,

3 3
NI
(a) X, 15

x,’ =&xl3 —>Xx,= 3/£x1 =3 %5:3
(b) y2 y2

9. (a) S=kd ,and 1.5=k-2.5s0 that k=1?5=0.75. Finally,S(d)=0.75d.

b S(1)=0757=525
10

©  S(d)=10-0.75d = 10>d=-"-x133m

19.6

10. (a) v(t)=kt,and 19.6=k-2 so that k=T:9.8 ms?
®) v(4)=9.8-4=39.2 ms!
(¢) 200 kmh™'=200- 1000 55.6 ms'
3600
55.6
s0 v(1)=55.6>9.8=55.6 >t = 58 5.7 seconds
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11.  Distance travelled varies directly with the square of time, so s (t) =kt*.

(@  s(10)=162 - k-10 :162—>k:%:1.62 ms~

(b) s@)ziqun=¥?=4asm

(¢)  s()=200—1.62¢> =200 —¢* =ﬂ—>t= ,/% ~11.1 seconds

1.62
. . : . k
12.  Radius varies inversely with the square of velocity, so r(v) == .
v
6 k
r(7700)=6.75x10° — ;
(7700)
(a) =6.75x10° > k

=(7700)"-6.75x10°
=4.00x10" m’s™

14 14 —
®  r(v)=7.0x10° X000 56,000 5,2 2 200X10 [ ]400x10
v 7.0x10 7.0x10

v=7559.29 7560 ms™!

4.00%x10"
c 8000)= ————— =6.25x10°m
(©  r(8000)=—2700

3

13.  Volume varies directly with cube of edge length, so V(a) =ka’ .

(a) assuming the edge length is measured in cm,

V(5)=958 > k-5 958 > k=225 ~7.664

5

(b)  V(8)=7.664-8" =3923.97 ~3920 cm’

(©) V(a) =100 — 7.664a’ =100 > a’ = 100 —>a= ‘3/ 100 ~2.35 cm
7.664 7.664

14.  Power varies directly with cube of wind speed, so P(v) =k,

(a) P(8)=314—>k~83=314—>k=¥z0.613 W m™s?
8

(b)  P(12)=0.613-12° =1059.26 ~ 1060 W

(©) P(v) =2000 — 0.613v" =2000 >’ = 2000 —>v=3 2000 ~14.8ms!
0.613 0.613
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Exercise 9.6

1.

—kt

(a) Growth with an asymptote, so exponential M =M ___ —ce™ or logistic

depending on when the growth is fastest (exponential is faster first, then slows
down, while logistic is fastest halfway through).

(b) Large mass — small acceleration, so a decreasing function. As a matter of
fact acceleration varies inversely as mass

(¢) Double the amount of fuel - double the cost, so the cost varies directly with
the amount of fuel.

(d) Growth with an asymptote, and fastest halfway through, so logistic.

(e) Double the width — quadruple the area, so the area varies directly with the
square of the width

) Cyclic phenomenon so trigonometric
(2 Volume varies directly with the cube of the side length

(h) Growth with an asymptote, fastest at first and then slower and slower as
velocity increases, so exponential v=v,__—ce™

(i) Value increases by a constant factor over equal intervals of time, so
exponential growth

Gg) Cyclic phenomenon so trigonometric

(k)  Value decrease by a constant factor over equal intervals of time, so
exponential decay

1)) The cost per person of hiring a bus varies inversely as the number of people

(m)  The cost varies linearly with the number of guests but not directly, because
even a wedding with no guests would have a cost!

Interpolation requires values between the smallest and largest data points, so
(a) 2<t<6

(b) 11<x<100

(¢) 13=<n<85

(a) Rate of change is constant. Graph is a straight line.

(b)  Rate of change increases linearly. Graph is a parabola.

(c) Periodic/cyclical behaviour.

(d)  Dependent variable increases/decreases by a constant factor over equal
intervals of time/independent variable.

(e) Rate of change is small, then large, then small again as asymptote is
approached.

® Graph is hyperbolic.
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Chapter 9 practice questions
1. (@  7(5)=280-1.12° ~ 493

(b)  Setting the equation 7'(n)=27(0)gives 1.12" =2, and solving it for n yields
n=log, ,,2~6.12 years so for the first time in 2007.

P(5)=—2299990 39636

(c) B 10+ 906_0'1‘5 people
2560000

()= 10 v90657
2000, i.e. 26500.

(d)

~ 46807, so less than twice the number at the end of

25600

(e) R(n):M ,50 R(0)= 350

T(n)

91.4.

2560000

10+90e™"

280-1.12"
hand side on a GDC and finding the intersection with R =70 yields » >9.31,
so after 10 complete years.

2. (a) P(0)=-30

) Setting the inequality R(n)< 70 gives <70. Graphing the left

P(20)=50
P(30)=75
P(50)=95
P(60)=90
P(90)=15

(b)

PA
1007

80
607

407

Profit

204

O] oo a6 e B0 00 ”
—204 Number of glasses i

,40'_

A 4
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(©

)] maximum profit = y-coordinate of vertex = 95 Swiss Francs

(i) number of glasses for maximum profit = x-coordinate of vertex = 50
glasses

(iii)  x-coordinates of points with y-coordinate = 80, so approximately 33
and 67 glasses.

(iv)  Selling zero glasses would result in a negative profit, so in a loss, of 30
Swiss Francs. This is the amount they initially invested.

v) The profit for 40 glasses is 90 Swiss Francs. Fiona earns as much as
Baljeet and Jane together, so she earns a half of 90 Swiss Francs or 45
Swiss Francs.

3. (a) “Immediately before™ has the same meaning as “initially”, so 0(0) =25

energy units.
(b) Q(ZO) =0.003-20%> —0.625-20+25 ~13.7 energy units
() energy lost per minute =

total energy lost  0(10)-0(20) 19.05-13.7
total time 20-10 10

1

~0.535 energy units min~

(d) Setting O(7) =0 and solving for 7 gives ¢ ~ 54 or 154. Of course, the domain
of validity of this model is 0 <7 <54, so only the solution ¢ ~ 54 1s acceptable.

4. (a) The amount added every month is the slope of the straight line .S (t), SO
400 USD month™".

(b)  Graphing both S(¢) and P(t)

i & | i/ | Scratchpad <~ DEG i

£2(x)=400" x+2000

and finding their intersection, gives 8.64 months so about 9 months.

()  P(2)-5(2)=8500-0.95" —(400-2+2000) =4871.25 USD.

5. (@  4(20)=20(200-20)=3600 m’
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(b)  Setting the equation 4(x)=3600 and solving it for x gives

200 ++/200% —4-3600

x(200—x)=3600—>x2—200x+3600=0—>x: 5 =20 or 180.
Since site T is different from site S, the answer is 180 metres.
(c) (i) Maximum area when x =— 2i =— % =100 metres.
a

(ii) Maximum area = A (1 00) =100 (200 -1 00) =10000 m?

(d) The area goes from a minimum of 3600 m? for x =20 or 180 to a maximum
of 10000. So 3600 < 4 <10000.

6. (@ T(0)=100°C

T(1.37km) =T (1370) =—0.0034-1370+100 ~ 95.3°C

(b)
(c) Setting the equation 7' (/) =70 and solving it for & gives
0.0034h+100=70 — 7 = 2219 8820 m.
—-0.0034

7. (a) T(O) =20+70-2.727%% =20+70=90°C
(b) T(IO) =20+70-2.727%% ~ 21.3°C

(c) Setting the equation 7'(m) =56 and solving it for m gives

20+70-2.727%" =56 > 70-2.727%*" =36 > 2.727%" = ﬁ — —0.4m =log, -, E
70 270
1 36 )
m=——oIo — ~1.66 minutes
04 o7, 70

(d)  As m—>+0,2.727%" >0, s0 T —>20+0=20°C. This is the asymptotic
value for the temperature.

(e) It represents the rate at which the temperature of the soup is increasing in °C min™".

(i) Setting the equation 20m—40=20+70-2.72""*" and solving it for m with a GDC
gives m ~ 3.8 minutes. This value represents the time in minutes after the
water has been removed from the cooker at which the water and the soup have
the same temperature.

(2) Since the water is cooling down and the soup is heating up, the soup has a
larger temperature than water for 722z > 3.8 . On the other hand, the domain of

S(m) is 2<m <6, so the solution to S(m)>T(m) is 3.8<m=<6.
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8. (@ 7 (0)=25000-1.5"*° =25000 USD

(b)  ¥(3)=25000-1.5"%" ~19601.32 USD

7(0)
2

() Setting the equation V(t ) = and solving it for 7 gives

1.57% =05—>-0.2t=log,, 0.5 > 1= %logl_5 0.5 ~ 8.55 years

9. (a) In 8 hours, the number of bacteria triples twice, so 200-3-3 = 1800 bacteria.
(b) In 24 hours, the number of bacteria triples 6 times, so 200-3° =145800 bacteria.
(©) Setting the equation 200-3' =2000000 and solving it for #, the number of 4-hour

intervals, gives 3’ = %2300 — ¢ =1og, 10000 ~ 8.38361, which in turn
gives 8.38361-4 ~ 33.5hours.

10. (a) C(40)=40+ %4—0(? = 45 euros

(b) Setting the equation C(x)=33 and solving it for x gives

+4/33° -4-
x+@=33—>x2—33x+200=0—>x=33_ 332 4-200 =25 or 8 people,
X

soe.g. a=38 and b =25 (or vice versa).

() Graphing C(x) and finding its minimum on a GDC gives

i[ ﬁp: Scratchjad < DEG _I,‘

200 4,

f1 (x)=:\'+ LU
X

(14.1,28.2)

L X
kS 4 0

(i) n =14.1, so the number of people is either 14.

(i)  the minimum cost per person is C(14) ~28.29 euros.
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11. (a) The maximum height is a diameter plus the height of the bottom of the wheel
above the ground, so 122 + 12 = 135 metres

(b) The wheel completes 2.4 rotations in an hour, so the time for one rotation is

T 1 hour 60min
2.4 2.4

=25min.

(c) The parameter b relates to the period as b = 27”, so b= 2—75[ rad min~! .

(d)  The magnitude of the parameter a is the amplitude, so in this case
|a| = radius of wheel = 61 metres. At ¢ = 0, when the seat is at the bottom of
the wheel, the cosine function is equal to one, so the prefactor a has to be

negative in order for the height of the seat to be smaller than 74. Therefore
a = —61 metres.

()
—_——————
QJ ## | Scratchpad <= rao ] ¢
Tis0 y 27X
f1(x)=74-61 cos
25
d
) The amount of time any given seats spends at a height larger than or equal to

105 m is given by the difference between the time coordinates of the intersections
of h (t) and 4 =105. Finding these intersections with the GDC gives

| & | &} | Scratchpad < ra0 L] 26

1 1160 y 290 x

11 fl()c)=74—61-cos( . \]
T S

(8.37,105) (N6.6,105) ]

8]

f2(x)=105

P

X
52 =
1SN T ee— T W =
t =8.37 and ¢t =16.6. The fraction of time spent at 2 >105, and therefore
the probability during one rotation, is given by P = % =0.329.
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Note: there may be some sl/ight differences with answers at the end of the book. These are
expected and both answers will be acceptable. Differences stem from different accuracy of
graphs/GDC/software used, and in some cases different decisions on the number of classes or
class sizes.

Exercise 10.1

1. Unit. Example of sensible population. Example of sensible sample. Type of variable

(a) No experimental unit. Total number of students. Students in one school.
Qualitative.

(b)  No unit. All 10th grade students taking that exam. 10th grade students from a
particular school or district. Quantitative and discrete.

(c) Usually cm or inches. All newborn children. Newborn children from a
particular hospital or a particular days of the week. Quantitative and continuous.

(d)  No unit. All children aged less than 14 years old. Children less than 14 years
old from a specific location. Qualitative.

(e) Seconds or minutes or any other units of time. All the times people went to
work (all the commuters). The commuters within a city or a company.
Quantitative (and continuous)

® No units. The population of a country. A subset of that population (from a
city, from a given aged group, etc.). Qualitative and ordinal (because there is
an order in the qualities)

(2) No units. All the students in all the international schools. Only international
schools from a given region, or countries. Qualitative.

2. (a) (i) The population is the 1176 students from grade 10—12.

(ii)  Either a random sample or a random stratified sample (based on age
and gender for instance) would be appropriate.

(b) (i) The population is all the bolts produced.

(ii) A random stratified sample (based on the shift) or a systematic
sampling (collecting each kth bolt produced).

3. (a) Blood type is categorical (qualitative)
(b) Number of cars is a discrete numerical (quantitative)
(c) The length of a fish (in whatever units) is a continuous numerical (quantitative)
(d) The amount of time spent studying mathematics is a continuous numerical (quantitative)
(e) The volume of liquid in a canned drink is a continuous numerical (quantitative)
) The number of languages spoken in a community is a discrete numerical (quantitative)
(2 The 100m race time is a continuous numerical (quantitative)
(h) Colors used on a whiteboard is a categorical (qualitative)
(i) The rating of a trumpet solo as superior, excellent and good is a categorical (qualitative)

In this case, we can add that the data is ordinal categorical as the categories
have an order.
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10.

(a) Volume of paint in a can is continuous numerical (quantitative)

(b)  Number of children in a family is discrete numerical (quantitative)

(c) Time taken to finish a marathon is continuous numerical (quantitative)

(d) The length of an average children film is continuous numerical (quantitative)
(e) The height of a student is continuous numerical (quantitative)

) The average carbon dioxide emissions is continuous numerical (quantitative)
(2) The religion(s) practiced in each household is categorical (qualitative)

(a) Inferential statistics. We are going to make an inference based on a sample of
a population (16 years old football players in the UK).

(b)  Descriptive statistics. We will check all free throw of that specific player for
that 10 games season.

(a) To find the average mass of all 12 years in Spain, we will need to collect a
sample. So inferential statistics.

(b)  To find the average amount of money spent on entertainment for the next 3
months, we will record all such expenses. So descriptive statistics.

(c) To find the number of heads after flipping a coin 100 times, we will record the
number of head. So descriptive statistics.

(d)  To determine if the number of woman wearing seat belts is greater than the
number of man wearing seat belts, we will collect a sample of the whole
population. So inferential statistics.

(e) To determine if the IB Mathematics score for boys is greater than for the girls,
we can check the data from the IB (IB statistical report). So descriptive
statistics.

(a) This is a non-random sampling techniques as it is based on his knowledge and
expertise.

(b)  As presented, this would be a judgment sample.

(c) Biased in the sample is introduced with this sampling techniques and poor
generalization will result.

(d)  This sample is random. Actually, it is pseudo-random as it has been selected
through a software who generates pseudo-random numbers.

(e) This is a simple random sampling technique.

® We might still have some differences in profiles between the sample and the
whole class.

This is a stratified sampling technique as the population has been divided in 2 strata
based on gender.

A stratified sample could be used. The strata are the different faculties. It could even
stratified further by considering gender, origin, social classes, etc.

A random quota sample has been used. Same number of men and women has been
chosen. Within each gender, individuals are chosen randomly.
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Exercise 10.2

1. (a) To find the x and y value, add the number of students to the cumulative

frequency.
x=137+31=168, y=194+6=200

(b) Students younger than 21 are either 17, 18, 19 or 20. Check cumulative
frequency for 20 years old. Cumulative frequency when age is 20 = 168.

(c) 25th percentile is the first quartile. So % 0f 200 is 50.
The 50th student is 18 years old.

2. () As mentioned in 10.2, a good rule of thumb is to choose between 5 and 15
classes. With 30 data points, 5 class is an appropriate choice. Height in
metres is continuous. Min is 0.92 m, max is 2 m. The width of each

2-0.92 _ 0.216 which is rounded to 0.22.

class interval can be

Height (in m) Frequency
h<1.14 2
1.14 <h<1.36 4
1.36 <h<1.58 3
1.58 <h<1.80 17
h >1.80 4
(b)
16
14 1
124
5\ 10 4
g
3 °1
i
6-
4 4
24
Oq
0.92 1.14 1.36 1.58 1.80
Height (in m)
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(c)

301

25

N
o

Cumulative frequency
= &

0.92 1.14 1.36 158 1.80
Height (in m)

(d)  Following our 5 classes, one notice that most students are between 1.58 and
1.80 m. The 2 classes, 1.14 to 1.36 m and 1.8 to 2.0 m have the same number
of students (4). We also noticed that the data is skewed to the left, that is quite
a few students have heights less than the modal class.

3. (a) To find the frequency p and r, we consider the cumulative frequency at that
row and subtract from it the cumulative frequency of the previous row.
To find the cumulative frequency ¢, we take the frequency at that row and add
it to the cumulative frequency of the previous row.
p=18-7=11, g=18+28=46, r=60—-46=14

28 1

241

201

-
(=2}
N

Frequency

-
N

0 1 2 3 4
Time studying (in hours)
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(b)

Cumulative frequency
— — N w w e
N ==} S o (=] N

(=2}

0 1 2 3 4
Time studying (in hours)

(c) There are 60 students that have been surveyed. Most students (28) spend
between 2 and 3 hours studying per evening. Few students (7) are spending
less than 1 hours studying each evening.

4. (a) To find the number of students that were included in the sample, add all the
frequency for each class. 3+5+12+18+10+4+3 =55 students.

(b) 4 students achieved a score of 6. SiS =0.0727 (3 s.f.). 7.27% of students

achieved a score of 6.
(c) Score below 3: 3 students have a score of 1 and 5 have a score of 2.

So 8 students have a score below 3. % =0.145 or 14.5%

(d) Inthe bar chart, 3 students received a score of 7. 53—5 =0.05453 s.f.). Ina

population of 800, we could infer that 800-0.0545 = 43.6, or 44 students
would get a score of 7.
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5 (@
A
401 37-30=7
& 354 +
S 30_4 30-13=17
% i A
HE255
5]
2 20
=
= 4
§ 15 «F
O 107
5_
O 1 1 1J 1 1 L 1 1 1 1 ;
0 5 10 15 20 25 30 35 40 45 50 55 60
Mass of students (kg)
Mass of students, M (kg) Frequency
15<M <30 13
30< M <45 17
45<M <60 7
(b) 37

(c) The biggest frequency is 17. This is where 30 < M <45
(d) 27. Weneed to check below 40 and see what the frequency is.

A
40
& 354
g
e
& 251
()
Z 20-
s
=) i
§ 15
O 107
5_
0 >

0 5 10 15 20 25 30 35 40 45 50 55 60
Mass of students (kg)
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(e) From (a) we know that there are 37 students. 25% percentile is the first

quartile. % =9.25. If we check at 9 on the cumulative frequency, we see that

the maximum weight is 28 kg.

(a) Based on the graph, we see that pike measured between 40.4 cm to 54 cm.
Hence a range of 13.6 cm.

(b)

100
90
80
704
60
50
40
30
20
10

Cumulative frequency

’_/\/ T T T T T T T >
40 42 44 46 48 50 52 54
Length (cm)

(c) 11 pike measure more than 47 cm.

A

100
90 +
80
70
60
50 1
40
30
20+
10

100-89=11

Cumulative frequency

V-/\/ T T T T T T T T >
40 42 44 46 48 50 52 54
Length (cm)
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(d) 2 pike greater than 50 cm. Hence 2% .

A

100 - 2 pike greater than 50 em

90 -
80
70
60 A
50 4
40
30
20 A
10 4
O e s e s T T T

40 42 44 46 48 50 52 54

Length (cm)

Cumulative frequency

(e) In the second survey, there are fewer pike (89) comparing to the first survey
(100). The range of pike in the second survey is also greater, going from 40 to
55.2 cm. In the second survey half of the pike are greater than 51 cm when in
the first survey half of the pike are greater than 43 cm. In the second sample
fewer pike were shorter than 42 cm (4), more pike were longer than 47 cm
(70) and a larger percentage are big (40.4%).

7. (a) You get the cumulative frequency by adding the frequency to the cumulative
frequency of the previous row.

Absences (in days) Frequency Cumulative Frequency
0<x<5 30 30
6<x<11 62 92
12<x<17 61 153
18<x<23 30 183
24<x<29 17 200
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(b)

Cumulative frequency
o o o o o o o o o o

o

0 3 6 9 12 15 18 21 24 27 30
Absences (in days)

8. We first make a table with our values and bin. We chose a bin of 0.2 width.
To calculate the relative frequency, we divide each frequency by the total
number of students (45).

R R e
GPA<?2 3 3 0.0667
2<GPA<22 4 7 0.0889
22<GPA<24 4 11 0.0889
24<GPA<2.6 9 20 0.2
26<GPA<2.8 10 30 0.222
2.8<GPA<3 6 36 0.133
3<GPA<3.2 6 42 0.133
GPA>=3.2 3 45 0.0667
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A frequency histogram

Frequency

ES

19 21 23 25 27 29 31 33
GPA

A relative frequency histogram

0.20

=}
o

=}
=

Relative Frequency

=}
(=)
a

0.00

19 2.1 23 25 27 2.9 3.1 33
GPA

A cumulative frequency graph

454
401

351

w
o

Cumulative frequency

17 19 2.1 23 25 27 2.9 31 33
GPA

Most students have a GPA between 2.4 and 2.7. 15 students have a GPA of
2.8 or above and 11 students have a GPA of 2.3 or below. The modal class is
26<GPA<2.8.
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9. To visualise the data, we have chosen a frequency histogram with a class width of 5.

Frequency
£

54 56 53 60 62 64 66 68 70 72 74 76 78 80 82 84 8 88 90 92 94 96
Scores
We see that our data can be clustered into 3 main groups. Students with scores of 55
to 69, students having score between 70 and 84 and students with scores of 85 or
above.

10.  (Slightly different from book answers because of our choice of class width of 5
months while the book chose 2 months.)

(a) We notice that our lowest value is 0.2 and highest value is 32.3.
We have chosen a class width of 5 months.

211

Frequency

o] | | |
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36
Time (in months)

(b)  The symmetry of the graph will of course depend on the choice made for the
class width. In our case, the data does not display any symmetry. Rather, the
data is very positively skewed.
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(c) We notice that 36 drivers have a repeated violation within 10 months. In this

case, E =T72%
50

w w I » o0
o o <) o =}
: ) 2 A :

Cumulative frequency
N N
o (53}

-
[}
L

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
Time (in months)

11. (a) To construct a relative frequency histogram, we first need to determine our
class width, our frequency then our relative frequency. To get the relative
frequency, we divide each frequency by the total number of customer
surveyed (60 in this case).

Time to. wai? to be ey Relative
served (in minutes) Frequency.
t<0.5 8 0.133
0.5<r<1 15 0.25
1<t<1.5 17 0.283
1.5<1r<2 10 0.167
2<t<25 3 0.05
25<t<3 2 0.0333
3<1<35 2 0.0333
35<t<4 1 0.0167
4<t<45 0 0
45<t<5 1 0.0167
r>5 1 0.0167
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A relative frequency histogram.

0.256

o
N
S

=}
@

Relative Frequency

<}
=}

0.05

| [

0.0 0.5 1.0 15 2.0 25 3.0 35 4.0 45 5.0 55
Time (in min.)

(b)  Using a cumulative frequency graph, we notice that around 10 customers (60 — 50)
have to wait 2 minutes or more.

0.00

Cumulative frequency
A e NN W WA A DN OO
N (2] o £ o2} N (2] o £ [e°] N D o

0.0 05 1.0 15 2.0 25 3.0 3.5 40 45 5.0
Time (in minutes)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

12. (a) Based on the cumulative frequency graph, the minimum speed of car passing
through that intersection is 30 kmh™' .

(b)  Based on the graph, we see that there are 150 cars passed through that
intersection. 20 of these cars (150—130) had speed above 55 km h™! which is
20

——=0.133 or 13.3% of the cars.
150

160 150 cars total

140 1 Log shove 35 kmjn /

120

100
80
60
40
20

Cumulative frequency

30 35 40 45 50 55 60
Speed (km h™!)
.4 .
(c) 40% of 150 cars is %* 150=60. So we need to look at what is the speed at

the 60th car.
Based on the graph, we see that the speed is 45kmh™!. k=45,

A
160
140
120
100 -

(e]
(e]
1

Cumulative frequency
(o))
o

30 35 40 45 50 55 60
Speed (km h™")

[N
=) (=) (=)
I 1 1

(d)  The 60th percentile is %* 150=90. Using the same method as above, we

see that the 90th car is travelling around 48 km h™".
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13.
110
100
90
80
70
g 60
f=
£
o 50
2
w
40
30
20
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0
0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 360 380 400 420 440
Time waiting (in seconds)
300
280
260
240
220
>
© 200
3 180
g 1
& 160
o
2 140
o
> 120
g 00
1
(6]
80
60
40
20
0

0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 360 380 400 420
Time (in seconds)

(c) The waiting time that is exceeded by 25% of the 300 customers, we are
looking at the 75th percentile or the 225th customer. We go on the cumulative
frequency graph using the same method as above and see that the waiting time
would be around 288 seconds.

300
280
260

240

S oo
> ® ©
S © S

]
(=)

Cumulative frequency
2 S
8 8

I
I
I
I
1
I
I
I
1
I
I
I
|
I
I
1

0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 360 380 400 420
Time (in seconds)

(d)  The 75% percentile is the same as the waiting time exceeded by 25% of the
customers. So around 288 seconds.
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14. (a) We see that the data are right skewed with a mode at around 7 days. A few
people have long stayed over 20 days. The vast majority of patients stays in
hospital less than 7-8 days.

(b)

5200
4800
4400
4000

>
8 3600
=
2 3200
o
£
= 2800
2
F 2400
=
£ 2000
3

O 1600

1200
800
400

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
Number of days

(c) Based on the above graph, we see that a little fewer than 2000 patients on the

around 5400 patients stayed less than 6 days. % =0.37 =37 % of patients.

(You can expect a small discrepancy depending of your cumulative frequency
graph.)

5200
4800 1
4400 1
4000 1

>

S’ 36001

g

2 32001

(0]

<= 2800 1

(]

=
E 2400 1

=
o R i i

3

© 1600+
12001
8001

400 1

O o o o o - - -

8 10 12 14 16 18 20 22 24 26 28 30 32 34
Number of days
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15.  (a)
Speed (in km h™") Frequency Comrliee
Frequency

60<s5<75 70 70

75<5<90 110 180

90 <5 <105 150 330

105<5 <120 70 400

120<s <135 40 440

§>135 10 450

(b)  For the histogram, we use the end-values of each speed class.

S
o

N
o

o
o

@
=]

Frequency

60 1

401

201

60 70 80 90 100 110 120 130 140 150
Speed (in Km/h)

(c)

N W oW oW W BB
N © W o © N O
o © © © © o ©

N
5
o

Cumulative frequency
o o o o o o o o

60 65 70 75 80 8 90 95 100 105 110 115 120 125 130 135 140 145 150
Number of days
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(d)  Based on the graph, we see that around 425 people drives less than 130 kmh™! .
Hence, 25 people are driving more than 130 km h™! which is

2 =0.556(3 s.f.) or 5.56%.
450

450 1
4201

|
60 65 70 75 80 85 90 95 100 105 110 115 120 125 130 135 140 145 150
Speed (in Km/h)

Exercise 10.3

1. (a) n=4. 8 appears 4 times in the data.
(b)  To find the mean number of visitor, we have a couple of ways to do this.
We can either add all the numbers and divide by the number of data points. All
answers are in thousands.

O+ 7+ 8+ 11+ 9+ 6+ 10+ 8+ 12+ 6+ 8+ 13+ 7+ 9+ 10+ 9+ 10+ 11+ 12+ 8+ 7+ 13+ 10+ 7+ 7

25
Or we can use the frequencies already given in the table (more efficient)

=9.08

6-2+7-5+8:4+9-4+10-4+11-2+12-2+13-2

25
To find the standard deviation, using the raw data and the mean we just found:

=9.08

(9-9.08)" +(7-9.08)> +(8—9.08)" +---+(7-9.08)" +(7-9.08)°
25
Or using the frequencies table, we can calculate the standard deviation this way:

=2.04

(6-9.08)° -2+ (7—9.08)> -5+ (8—9.08)" -4+ +(12—-9.08)> -2 +(13-9.08) -2
25

=2.04

(c) 6 weeks have more than 10 (thousands) visitors. 2£5 =0.24 or 24%.

(d) 7 is the modal number of visitor. So 7 000.
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1+ 1+ 8+ 3+ 1+ 1+ 7+ 26+ 51_

9
Median=3; we need to order the data first, 1, 1, 1, 1, 3, 7, 8, 26, 51.
Mode =1

() (=117 -4+G=112+(7 =112 +(8—11)> +(26-11)> + (51-11)> = 2314

2. (a) Using GDC, mean = 11 or manually 11

(¢) range: 51-1=50
(1=11)2-4+C-11)° +(7-11) +(8=11)> + (26 =11)* +(51-11)°
9

Variance: =257 (3 s.f)

Standard Deviation:
(1-11)7-4+C=-11)>+(7-11)" +(8=11) + (26 -11)* +(51-11)’
9
(d)  For the boxplot, we first calculate the five-point summary:

min=1,Q1=1,Q2=3,Q:=17 (since 26-‘_8j,max= 51

=16.0 3s.f)

0 4 8 12 16 20 24 28 32 36 40 44 48 52
Number of shoplifters apprehended

There is no whisker on the lower side as the minimum value (1) and the first
quartile (Qi = 1) are the same.

(e) IQR=Q,-Q,=17-1=16
Any value greater than Q3 + 1.5 IQR is an outlier.
Upper fence: 17+1.5-16=41. So, 51 is an outlier.

3. (a) Mean (using GDC) =55.8 (3 s.f.).

Manually: 60+30+70+10+140+30+80+70+20+60+90+10 558

12
Median: 60. Order the data, take the middle value (between 6th and 7th value)
10, 10, 20, 30, 30, 60, 60, 70, 70, 80, 90, 140
Mode: 10, 30, 60, 70 (each numbers appear twice). This set of data is multi-modal.
It has several modes.

(b) Range: 140-10=130
Standard Deviation: (using GDC) 36.6
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(c) To draw a boxplot, we need the five points summary.

Min =10, Q; =25, Q2=60, Q3 =75, Max = 140

10 20 30 40 50 60 70 80 90 100 110 120 130 140
Number of car theft

(d)  To find outliers, we will check the fences.
Upper fence: Q; +1.5-IQR =75+1.5-(75-25) =150
Lower fence: Q, —1.5-IQR =25-1.5-(75-25)=-25
There are no values less than 25 or more than 150, so we have no outliers.

4. (a) (Using GDC)
Mean: 71.5, Standard deviation: 7.04
(b)  To calculate the 5 points summary, we first order the data
56, 60, 67, 68, 68, 68, 71, 71, 72, 76, 76, 79, 80, 80, 80
Min = 56, Q1 =68, Q2 =71, Q3 =79, Max = 80

55 60 65 70 75 80
Pulse rate

(c) To calculate outliers, we find the fences.
Upper fence: Q,+1.5-IQR =79+1.5-(79-68)=95.5

Lower fence: Q, —1.5-IQR =68-1.5-(79-68)=51.5
There are no values less than 51.5 or more than 95.5, so there are no outliers.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

5. (a) (Using GDC)
Mean: 163 (3 s.f.). Standard Deviation: 23.1

- //
Median or Q2 /

Q1

Cumulative frequency

160 170
Number of passengers

(b)  Based on the cumulative frequency graph, we estimate the median at 161, the
first quartile at 148, the third quartile at 178.
To draw a boxplot, we order the data first.
Min =117, Q1 =147, Q2=162.5, Q3 =179, Max =218

120 130 140 150 160 170 180 190 200 210 220

Number of Passengers
() (Using GDC).
IQR=Q,-Q, =179-147=32
To calculate the outliers, we find the fences.
Upper fence: Q,+1.5-IQR =179+1.5-(179-147) =227
Lower fence: Q, —1.5-IQR =147-1.5-(179-147) =99
There are no values less than 99 or more than 227, so there are no outliers.

6. (a) The cumulative frequency table
Daily commuting time Number of Cumulative Number of

(in minutes) employees employees
0<t<10 8 8

10<1 <20 18 26
20<1<30 12 38
30<t<40 8 46
40<1<50 4 50
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Cumulative frequency
O R
3 & 8 & 8 8

o

o

0 5 10 15 20 25 30 35 40 45 50
Daily commuting time (in minutes)

(b) Based on the graph, we estimate Q, ~ 12, median (Q,) =~ 19, Q, ~ 29

Q3

Q2 or median

Cumulative frequency

Q1

(c) (Using GDC)
Remember to enter the middle value for each daily commuting time class.
Mean = 21.4, standard deviation = 11.6 (3 s.f.)

7. (a) The average telephone bill is calculated using the middle value of each amount
class.
Amount of telephone bills | Number of
(in €) — middle value families

55 9
85 11
115 16
145 10
175 4

Average bill = 55-9485-11+1 15;)6+145-10+175~4 _ €108

(b) Standard deviation (using GDC) = 35.6
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10.

(c) The mean of just the phone calls will be €24 less expensive, the standard
deviation will stay the same (this make sense as we are not changing the
spread of the data by subtracting an amount).

Mean of phone calls: 108.4-24 =84.4
Standard deviation: 35.6

(a) Using GDC
Mean: $106,500. Median: $76,000. Standard deviation: $93,200
IQR: Q,—-Q, =$97,000-3%60,000 = $37,000

(b)  To detect outliers,
Lower fence: Q, —1.5-I0R=60-1.5-37=4.5

Upper fence: Q,+1.5-IQR =97+1.5-37=152.5.

392 is an outlier as it is bigger than our upper fence.
Recalculate statistics without outlier (all values in thousand $).
Mean: $75,900. Median: $74,000. Standard deviation: $16,600.
IQR:$90,500—$59,500 = $31,000
The standard deviation has changed by a greater amount. This makes sense as
the standard deviation is squaring the values from the mean.

(c) The set without the outlier provide a better summary of the data.

(a) There are 9 students in the class.
5+ 5+ 4+ 6+ 3+ 7+7+3+x

9

5

Solve for x.

40+x=45. Hence x=5

(b) Median = 5.
Standard deviation = 1.51 (using GDC)

(c) The section has then 10 students. For the new average to be 6, solve for x.

S5+ 5+ 4+ 6+ 3+ 7+T7+3+5+x

10
45+ x=60. Hence x=15

6

(d)  There are now 22 people. The 10 from the first section and the 12 from the

second.
*
50+12*4.5 _ 104 _472 3sh)
22 2

() As a detailed summary of the data, we could look for the mean and standard
deviation as well as for the 5 points summary. (Using GDC)
(Using GDC). Mean: 31.4 minutes. Standard deviation: 9.35 minutes.
(Manually, all answers in minutes).
Min = 20, Q1 = 26, Median = 28.5, Q3 = 32, Max = 56, IQR = 6.

(b)  Almost 75% of the customers spent less than the mean time. It is a few
customers who are spending greater amount of time. This can also be seen as
the mean is quite greater than the median, there are values that skew the data
set to the right.
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11. (a) (using GDC)
Min = 20, Qi = 34, Median = 42, Q3 = 48.5, Max = 64, IQR = 14.5.

(b)
T T T edjestoyer
The data are symmetrical around the median. No skewness observed.
(c)
Class freq. rel freq
20< x <30 4 4
30< x <40 7 11
40< x<50| 9 20
50 < x <60 3 23
60 < x <70 2 25
(d)

o
w

o
N

=]

Relative Frequency

[ ]

20 25 30 35 40 45 50 55 60 65
Age of jockeys (in years)

=3
=]

The most frequent interval is 40—50 and the majority of the jockeys are under 50.
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Chapter 10 practice questions

1.

(a) To find the mean temperature, we need to solve the following equation for T
21+12+15+12+24+7+30+24 11

8
138+7 =8-21 or T =168-138=30°C

(b) Mode = 12, 24 and 30°C (as they each appear twice). This is a multi-modal
distribution.

() Median = 22.5°C

(a) (using GDC)
(i) Mean = 13.7 (ii) standard deviation = 2.52

(b)  median=13.1

2,b,3,a,6,9,10, 12

(a) Median (middle value) is 5. So a+6

=5. Hence, a=4

To find the mean, solve for b, replacing a by 4.
2+ b+3+4+6+9+10+12 6

8
46+b=48 or b=2

(a) There are 50 children, hence the sum of the frequency should be 50 as well.
Solving for x. 4+3+8 +x+ 4+ 1=50 Hence x =30

(b) (using GDC)
(i) mean=12.6
(ii) median =3
(iii) standard deviation = 1.06

(c) 2 should be added to each number of filling, so the same should happen to the
mean and median. This does not create a wider spread; hence the standard
deviation stays the same.

(i) mean = 4.6
(ii) median =5
(iii) standard deviation = 1.06

(Using GDC)
(a) mean = 1.75

(b) median=2
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e

Q median Q3

v \ A 4
40 45 50 55 60 65 70 75 80
Weight (kg)

(a) Median or Q2 =61 kg
(b) IQR=Q3-Q1=66-52=14kg

(c) Between 51 and 66 kg, this is between Q2 and Q3 or 25%.
25% of 80 = 20 males.

(d) The lightest 40 males are the ones below the median or Q.. To calculate the
mean mass of adults based on the box-and-whisker plot, we assume the people
are equally spread within their respective quartiles. 20 people are equally
spread between 47 and 52 kg (within Min and Q; ) and 20 people are equally
spread between 52 and 61 kg (within Q; and Qi ). Hence

20'47+52+20'52+61

mean = 2 2 53 kg.
40

7. (a) With 2000 men, the median will be at the 1000th person, the Q; will be at the
500th and Qs will be that the 1500th person. See diagram below:

A

2000+
17504 /
Q3

9

S, 1500-frrerrree

(]

& 12501 /

% 1000_ Median

g 750

3 500+—2»
2501

0 vy B
0 5 10 15 20 25 30
Time t seconds
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(i) Median time =13 s
(i) Upper quartile (Q3) = 16 s. and lower quartile (Q1) =10 s.
(iii) IQR=6s.

(b) We can see that 600 men take up to 11 seconds to carry that task. So 1400
men (2000 — 600) takes more than 11 seconds. On the cumulative frequency
axis, each square is equivalent to 50 men.

A
2000+
& 1750
g
§? 1500
& 12504
=
& 1000
=
= |
5 7501
O 500-
250

0 T T T T T T
0 5 10 15 20 25 30
Time t seconds

(c) 55% of 2000 men = 1100th men. On the cumulative frequency graph, we see
that it corresponds to 14 s. Hence, 55% of men are taking less than 14 s.
to complete the task.

(d) a=500. From 15 to 20 sec., we go from 1350 to 1850 men or a difference of
500 men.
b =150. From 20 to 25 sec., we go from 1850 to 2000 men or a difference of
150 men.

(e) To find the mean, we will use the mid-interval value as we are assuming that
number of men are equally spread within each class interval.

=13.25s.

P 7.5-500+12.5-850+17.5-500+22.5-150

2000
o =4.41s. (using GDC)
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) We estimated the mean to be 13.25 s. and 1 standard deviation to be 4.41, so
the most amount of time to get a bonus is 13.25-4.41=8.84s. Hence,
Pedro’s time of 9.5 s. does not warrant a bonus.

A
2000
& 1750
g
% 1500
E 1250
g’ o
& 10001
=
= al
: 750
O 5001
250
A 4

0 1 T T T T T ;
0 5 10 15 20 25 30
Time t seconds

8. (a) The modal group is 170 to 180 cm.
(b) Using a GDC with the mid-value of each class interval for the values and the

frequencies.
145-2+155-28+165-63+175-74+185-20+195-11+205-2
U= =171.5 cm.
200
o=11.1cm.

(c) With 200 students, the median height is the one of the 100th student. Based
on the graph, we notice that it is 171 cm.

(d) To find the IQR, we need both Qs (given as 177.3 cm) and Q. To find Qi, we
check at the i of 200 or the 50th student’s height which is 164 cm. Hence,
IQR=Q,-Q, =1773-164=13.3cm.

(e) Based on the graph, we notice that 56 out of 200 students measure less than

165 cm.
56
——=0.28 or 28%.
200
A
200
180
2 1607
I
—i; 140
21207
5]
5 1007
0
E 80
2 56 people out of 200
6014
40
204
4 H

DVt T T T T T T T
140 150 160 170 180 190 200 210
Height (cm)
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9. (a) Based on the graph.

A

1207 120-114=6 3

= 3
ey } 114-96=18
100

90
80
70
60
50
40+ /
30
20
10-

96-40=56

Cumulative frequency

0 T T T T T T >
0 10 20 30 40 50 60 70 80 90 100
Examination score

Examn.latlon 40 < x < 60 60<x<80 | 80<x<100
score (in %)

Frequency 56 18 6

40+60

(b) To find the mid-interval value: 50

(c) To find an estimate of the mean, we multiply the mid-interval values by its

frequency.
10-14+30-26+50-56+70-18+90-6

120

46
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Exercise 11.1

1. The total number of outcomes of the three throws is 2° =8 .
The outcomes corresponding to at most one head are (777, HTT, THT, TTH),
4 1
so the probability is —=—
p ty g 2
2. We can use a table of outcomes for this problem:
Dice 1
1 2 3 4 5 6
Lo 1| 23|45
201 o123/ 4
o | 3 2 1|0 | 1|23
3]
A1l 4 32|10 1] 2
> 4 [ 32|10 |1
61 s |4 (3 ]2]1]0
. 10 5
a —=—
@ @ 3613
.. 6 1
i —=—
(i) 366
(b) > 500~139
18
) 4 1
3. () The multiples of 5 from 1 to 20 are four, so 30 = 3

(b) The prime numbers in the bag are: 2, 3, 5,7, 11, 13, 17, 19,
8 2
so the probability is —=—
P "3
(c) The factors of 60 are: 1, 2, 3, 4, 5, 6, 10, 12, 15, 20,

10 1
so the probability is — =—
P Y 20 2
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4. Using a table of outcomes:
Dice 1
1 2 3 4 5 6
Ll 2 3 4 5 |6
202 4 | 6| 8 | 1012
o313 6 9 | 12 | 15 | 18
S [
& 4 8 12 16 20 24
S 15|10 | 15 | 20 | 25 | 30
61 6| 12 | 18 | 24 | 30 | 36
. 6 1
a i —_—==
@ O 366
.. . . . 6 1
(i) This corresponds to the main diagonal in the table, so I = P

(iii)  The triangular numbers are 1, 3, 6, 10, 15, 21, 28, 36.
There are 12 of these in the table

12 1
so the probability is — =—
P Y 36 3

. 1
iv —=—
w) 36 9
v) There is only one case where the product is 36,
1 35
so, P(product <36)= 1-—=—
(produ ) 36 36
1

b)  —-200=33
b) <

5. (a) It we call £ the probability of rolling a number from 1 to 5, the probability of
rolling a 6 is 3k.

Since the total probability is 1, we have

k+k+k+k+k+3k:1:>8k=1:>k:é

The probability of rolling a 6 is then %

(b) Each of the number 1, 3, 5 have a probability of % so the total is %
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6. P(A)=1-P(4)=1-027=0.73

7. (a) There are 13 clubs so 13 = 1
52 4
3x4 3
b =—
®) 52 13
52-1 51
c —_— =
(© 52 52
8. The total number of students is 4+12+8+3+2+1=30
4+12+8 24 4
@ —=e=s
30 30 5
8+3 11
b —_— =
®) 30 30
(c) All the students in the survey studied for less than 6 hours, so the probability is 1.
1221
9 a i —
@ 0 4318
(i) 611+262+87 960 480
4318 4318 2159
w0 220 05 6.8 millions
4318
aiy  OBEOU g5 825 millions
4318
3 1
10. a i —=—
@ @ 60 20
.. 18+15+14 47
(ii) =
60 60
14

(b) 5-50512
11. (a)

=0.899

for drug B is 62
62+7

(b) Drug B as the improvement is higher
(c) 0.862-200=172

For drug A the relative frequency of improvement is

=0.862

75+12
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3633

12.  (a) =0.496
7322
(b) ol =0.0834
7322
(c) 636 =0.0869
7322
13.  The total number of people is 440251
@) 39943 + 62782 0233
440251
(b) 261634 0504
440251
14. (a)
Region Relative frequency
7474
Bangkok ——=0.692
10801
12840
Central ——=0.530
24227
9
North 958 =0.414
14391
Northeast 8367 =0.360
23243
194
South S o463
11218
Whole 39833 _ 0475
kingdom 83880

(b) Possible answers include: better infrastructure, easier access to internet, more
people who can afford it.

(¢) 39833 62.8 = 29.8 millions

83880
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15.  (a)  0.002-10000+0.0015-3000+0.001-2500 +0.0004-100000 +0.003-4000 = $79
(b))  79-1.6=$126.4

Exercise 11.2

1. Rearranging P(A4u B) =P(A)+P(B)—P(An B) to make P (B) the subject, we get
P(B)=P(AuUB)-P(A)+P(4An B). Thus

P(B) _4 3,3 _16215+6 7 46
5 4 10 20 20
2. For this problem it’s better to use a Venn diagram. With the information given we
already know two of the probabilities in the diagram.

>
=}

We also know that P ((A U B),) =1-P(4UB)= % and then from the fact that the

sum of the probabilities of the four regions is 1, we can complete the diagram.

A B
1
B
From the diagram:
3 2
a P(B)=—+—=0.5
(@) (B) 10 10
2
b —=02
(b) 10
7 1
[ —+—=0.8
©) 10 10
1
d —=0.1
(d) T
(e) £+i+i:0.7
10 10 10
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3. Rearranging P(4u B)=P(A)+P(B)—P(AN B) one gets
P(AnB)=P(4)+P(B)-P(4U B)

In this case P(4AN B) =l+z—i =l
39 9 9
Since P(A4 N B) # 0 the events are not mutually exclusive.
Then P(4)-P(B)= % % = 2—27 #P (A N B) and therefore they are not independent.
3
i ) P(4n B) 10 7
4. Since the two events are independent, we have P(B) = —— == —
P(A) 3 10
7
7 3 58 29

3
Thus P(AUB)=P(4)+P(B)-P(dNB)=—+———=—=—
us I=HA+TRE) K )710107035

5. Using a tree diagram for pass (P) or fail (F)

P
0.6

0.75 P
0.4

025>~ F

The probability that the driver does not need to retrain is 0.6+0.4-0.75=0.9
6. (a) 1-0.08=10.92
b @ P(both O-negative) = 0.08-0.08 = 0.0064
(i) P(at least 1 O-negative) = 1 — P(none O-negative) =1—0.92” =0.1536
(iii)  P(only 1 O-negative) =0.08-0.92+0.92-0.08 =0.1472
(c) P(at least 1 O-negative) = 1 — P(none O-negative) =1—0.92% = 0.487
7. (a) There are 10 choices for each of the four digits, so 10* =10000

(b) In this case we have 9 choices for the first and 10 for the other three so the
9-10° 0.9

100

probability is P =

9-9.9.9

C P(at least 1 zero) =1—P(no zeros) =1—
(c) ( ) ( ) 10000

=0.3439
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11.

(a) P(at least one 6) =1—-P(no 6s)=1-

(b) We can list the combinations that give a sum above 10.
They are three: (6,5),(5,6).(6,6)

Since there are 6-6 =36 combinations in total
36-3 2 3 H
36 36 12

(c) The combinations with at least one of the dice showing a 4 are 11.

P (sum is at most 10) =

These already contain two combinations with a sum of 10: (6, 4) and (4, 6).
The only missing one is (5,5).

e . 1201
Therefore the probability is I = 3

700 700 7

a I = = —

@ O 505700 1500 15
G 20 1
1500 75

. 220+180 400 4

(iii) = =—

1500 1500 15

v 220+180420041304190 920 46

1500 1500 75

number of male grade 12 _ 220 _ 11
number of grade 12 400 20

(b)

(c) No they are not as the ratio male:female is different for different years,
sometimes significantly, as you can see by comparing grade 9 and grade 10.

(a) (i) 0.41+0.15=0.56
i)  0.15

015 _0.15
041+0.15 0.56

(c) They are not independent, as the proportion of students using glasses among
those who need them is much higher than among those who don’t need them,
as one would expect.

=0.268

(b)
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12.  Using the information to fill a Venn diagram, starting from the intersection, we get

P

17

Where the 17 comes from 100—(48+12+23) =17

17
a P(M'NnP)=—
(@) ( ) 100

12 60 35 21
b P(MnP)=—; P(M)-P(P)= . = #P(MANP
®) ( ) 100 ()-P(P) 100 100 100 ( )
Therefore the events are not independent

13.  Displaying the information in a Venn diagram,
\4

0.08

0.35

(a) P(MUV):0.08+0.13+0.44=0.65
(b) P(M'nV')=035
(c) P (exactly one card) = 0.08 +0.44 = 0.52

14. From the data we can calculate:

n(S' A A")=300-132 =168 and
n(S A A) = n(S)+n(A)—n(S U A)=T78+84—132 =30

and use these to complete a Venn diagram:

S A
168
168 14
P(S'~ A"y = 08 _ 14
@ =300 25
30 1
b) P(SAA)=-2 -1
®  PEAD=300"10
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15.  (a) P (three 2s) = (éj =

5 91
b P (at least 2)=1-P 28)=1—-| = | =—
(b) (at least one 2) (no 2s) (6) T

(c) P (exactly one 2) = P(2, not 2, not 2)+P(not 2, 2, not 2)+P(not 2, not 2, 2)
15 5 551 5 51 75 25

666 666 666 216 72
16. H = hit, M = miss
(a) P(H,M)=0.7-0.3=0.21

(b)  P(exactly once)=P(H, M, M)+P(M,H,M)+P(M,M,H)
=0.7-0.3-0.3+0.3-0.7-0.3+0.3-0.3-0.7=0.441
(c) P (at least once) = 1—P(none hitting the centre) =1-0.7-0.7-0.7 = 0.657

17.  There are in total 12-12 =144 possible outcomes.

(a) There are 23 combinations where at least one of the dice scores 12, so the
23

144

(b) The combinations that give a sum of 12 are

(1,11),(2.10).(3.9).(4.8).(5.7).(6.6).(7.5).(8.4).(9.3).(10.2) and (11.1)

and so P(sum=12)= %

() There is one way to get a sum of 24 (12 and 12), two ways of getting a sum of 23,

probability is P (at lease one 12) =

three ways for a sum of 22, four ways for 21 and five ways for 20.

1+2+3+4+5 15 5
144 144 48

(d) (i) The combinations that are in 4 B are

(1,10).(2,10).(3.,10),(4.10),(5.10),(10,5),(10,4).(10,3),(10,2) and (10.1)

P (sum is at least 20) =

10 5

Hence, P(4NB) = TR
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(ii)  To count the element in B we can consider that the number of way to
score a sum of 2 is 1, the number of ways to score a 3 is 2, ... the
number of ways to score a 13 is 12, the number of ways to score a 14 is
11 and the number of ways to score a 15 is 10, so
n(B)=1+2+..+12+11+10=99. From these, we are missing the

pairs of scores where at lease on dice contain a 10 but the total is above
15.

These are 13:
(6.10),(7.10).(8.10).(9.10).(10,10),(11.10).(12.10),
(10,12),(10,11).(10.9).(10,8).(10,7) and (10.6)

Therefore P(AUB)= n(AuB) = 9+13 _112 =Z

144 144 144 9
: 5 67
iiiy P{(ANB)|=1-P(4nB)=1-—=2L
(i) (( A )) (40B) 7 72

(iv) P(A'mB')=P((AuB)')=1—P(AuB)=1—g=§
The combinations of scores that give a sum of 6 are 5: (1,5).(2.4).(3.4).(4.2).(5.1).

At each roll then the probability of winning is %

(a)  P(K wins on 2nd roll) =P(K loses)-P(G loses)-P (K wins)

31 31 5 4805

(b)  P(G wins on 2nd roll) =P (K loses)-P(G loses)-P (K loses)-P(G wins)

36 36 36 36 1679616
2 4 6
(© P(Kwins):i+(£) .i+(ﬂj .i+(ﬂ] 2
36 \36) 36 \36) 36 \36) 36
2 3 4
5 31 ((31Y 31Y 31Y
=—|1+|—| +|| — + | =— + | — +...
36 36 36 36 36
This corresponds to the sum to infinity of a geometric sequence with

5
2
u _> and r = 31 . Therefore P(K wins)= 36 _36
: 36

36 | (31)2_67
36
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19.  Total number of people in the survey =51 + 16 + 9 + 9 =85
@ (@) P (both bedroom) =0.51* = 0.2601
(i) P (at least one) =1-P(none) =1-0.49” = 0.7599
(b) 0.09-66.2 =5.958 millions

20. (a)
Driving Centre Pass rate
. . 1947
Singapore Safety Driving Centre —=0.529
3678
3846
Bukit Batok Driving Centre —=0.599
6418
3931
Comfort Driving Centre ——=0.535
7345

From the table we can see that the centre with the highest pass rate is
Bukit Batokn Driving Centre.

b)) () P (both passing) = 0.529° = 0.280

(i) P (none passing) = 36781947 1731

3678 3678
. . 1731Y
P (at least one passing) =1—-P (none passing) =1- 68 - 0.779
3846 3931
c i P(both passing) =—— -——=0.321
(© @ ( P g) 6418 7345
. 3846 7345-3931 6418-3846 3931
. P (exactly one passing) = : + -
(i) 6418 7345 6418 7345

=0.493

1947 +3846+3931 9742
3678+ 6418+7345 17441

Expected number of pass = 9742 18200 =10147
17441

(d) Overall pass rate =
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21.  (a) (i) Since black is dominant only bb will have brown fur so the

probability is %
.. 2 1
W 573

3
b) =-20=15
k) 7

(¢) The possible genes of their kittens now are BB, BB, Bb, Bb
(i) no bb so the probability is 0
.. 2 1
ii —=—
(&) 4 2
(d) The possible genes for fur thickness of the kittens are TT, Tt, Tt, tt.

(i) Since fur and thickness are independent
P (thick brown) =P (thick) -P (brown) = 3.1 = 3
4 4 16
.. . . 13 3
(ii)  P(thinblack)=P(thin)-P(black)=—==—
4 4 16
: . 33 9
(iii)  P(thick black) = P(thick)-P(black)==-==—
4 4 16
(e) Expected number with thin brown = P (thin brown)-32 = % : % 32=2

) If 62 rabbits have black fur, then 80— 62 =18 have brown fur. If 55 have thick
fur, then 80—55 =25 have thin fur. The rabbits with thick brown fur are
18 —4 =14. The rabbits with thin black fur are 25—-4 =21. Finally, the
number of rabbits with thick black fur are 62—-21=41.

With these numbers:

()  P(thick black)= %

21
ii P(thin black)=—
(i) ( ) 80
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Exercise 11.3

1. Total number of males = 42 +23+57 =122
Total number of females = 33 +46+61=140
Total number of visitors = 122 +140 = 262

46 23
@ o=
262 131
46 46 2
(b) =—2=2
46+23 69 3
46 23
¢ —_— =
©) 140 70
42+33 75
(@ ==
262 262
42 21
e — =
©) 122 61
2. The total number of tests is 96
12+15 27 9
@ =S
96 9% 32
2 2 1
b ==
20+15+2 46 23
34 34
© ==
34+29 63
(d) ﬂOIOO:ﬁ-IOOﬂ)Z
34+12+4 50

3. (a) 29% of 105 =30.5 millions
18+40+29 87 29

(b) = =
300 300 100
(c) 0.27
70 70
(d) =
70+36+37 143
40+7+17 64
(e)

300—(70+36+37) 157
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4. (a = -]
21842 220 110
192 192 8

(b)

408+192 600 25

(c) Since the proportion of incorrect responses in the Peer Pressure Group is much
greater than the in the control group, the experiment indicates that group
pressure has an impact.

5. The number of ways of scoring a sum of 10 is 3: (6,4),(5.5).(4.6).
Therefore the probability is %

6. In order to complete a Venn diagram we need to find n(C "N P).
Since 21 ordered neither coffee nor pastry we have n(CuU P)=157-21=136.
Then, n(C N P)=n(C)+n(P)-n(CUP)=125+43-136=32

The corresponding Venn diagram is

C P
21
32
@  P(CAP)==5
n(PNC) 32
®  P(PIC)= n(C) 125
© p(C|p)mCnP) 93 93 31

n(P)  93+21 114 38
7. n(YUE)=n(Y)+n(E)-n(Y NE)=54+47-15=86

n((YuE)’)=90—n((YmE)=90—86=4

The Venn diagram then is:
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_nENY) 15 5
ny) 54 18
_n(YnE) 39 39
n(E')  39+15 43
36 35 34 1839

P(at least Y)=1-P(noY)=1-—-—- —=
© (at least one Y) (no'Y) 90 89 88 1958

@@  P(E|Y)

(b) P(Y| E')

( ) 54 53 52

P(all Y n atleastone Y) 90 gg gg 689

P(all Y |atleast one Y) = P (at least one Y) ~ 1839 3065
1958

8. (@ (@) 0.8
) 09
(b)  (0.74-0.1+0.18-0.18+0.08-0.35)-12000 = 1613

P (a customer has an accident this year) = (0.74-0.1+0.18-0.18+0.08-0.35)

(©)
=0.1344
0.08-0.35 0208
0.1344
. ) e . 82
9. (a) (i) The two events are independent so the probability is still % = g
(i)  P(atleast 1 red)=1-P(no reds)=1—£-£=E
20 20 25
2
55
(iii) 16 =3
25
7
b i —
(b)) @ 19
Since there is no replacement the red ball left for Jessica are 7 out of 19
12 11 62
ii P(atleast 1 red)=1-P(noreds)=1-—-—=—
® ( ) ( ) 20 19 95
8
20 _19
(iii) Q =31
95
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10. (a) 0.3-0.2+0.5-0.1+0.2-0.5=0.21
P(A N he won a prize) 0.3-0.2

b =0.286
®) P (he won a prize) 0.21
11.  Using a tree diagram,
(a)
0.2 Cycles
Rain
0.27
0.8 Not Cycl.
Cycles
0.73
Not Cycl.
0.27-0.2+0.73-0.3=0.565
m 227020956
0.565
12. (@ () P (positive for HIV) =1—'1-0.99+w-0.01 =0.0133
326 326

(ii) P (negative for HIV') =1—P (positive for HIV) =1-0.0133 = 0.987

P (infected AND negative test)
P (negative test)

(iii)  P(infected | negative test) =

1%1-0.01

_ 326
0.987

=3.42x107

P (not infected AND positive test)
P (positive test)

(iv)  P(not infected | positive test) =

3249 04

326
0.0133

=0.749

(b) The probability of a false negative is very low: it is unlikely that an infected
person is not detected by the test.
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(c) The probability of a false positive is very high; actually, %of the people

testing positive are not infected. This implies that centres delivering the test
need to find strategies to improve the accuracy, like repeating the test more
than once.

13.  This problem is similar to Q12.
(a) i) P (positive test) = 0.07-0.98+0.93-0.02 = 0.0872

(i)  P(negative test) =1-P(positive test) =1-0.0872 =0.9128
0.07-0.02

iii P (false negative) = —— =0.00153
(i) ( g ) 0.9128

0.93-0.02
iv P(false positive) = ———=0.213
(iv) ( P ) 0.0872

(b)  The probability of a drunk driver undetected by the test is low (0.15%),
meaning the test is good from this point of view.

(c) When a driver test positive, there is about 20% chance that their BAC is below
0.5. This is an issue as it means that with this test a significant proportion of
punished drivers are innocent.

14. (a P(4nB)=P(4)P(B)=0.6-0.7=0.42
P(AUB)=0.6+0.7-0.42=0.88
(b)  P(4nB)=P(B)-P(4|B)=0.7-0.8=0.56
P(AUB)=0.6+0.7-0.56=0.74

15. P(B')=1-P(B)=1-0.55=0.45.

P(ANB)=P(B)P(4|B)=0.55-0.7=0.385
P(ANB')=P(4)-P(4nB)=0.4-0.385=0.015
(

P(ANB) _0.015
P(B) 045

=0.0333

P(4|B)=

16. (a) P(4)=1-P(4)=1-03=0.7
P(B)=P(4)-P(B|A4)+P(4)-P(B|A4)=0.3-0.5+0.7-0.7=0.64

P(ANB) _0.15
P(B)  0.64

=0.234

(b))  P|B)=

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

17. (@  P(AnB)=P(4)P(B); P(B)=P(4U B)—P(4)+P(4N B)

P(B)=P(AU B)—P(4)+P(4)P(B)=

P(B)=0.8-0.6+0.6P(B)= 0.4P(B)=02= P(B)= g;j 0.5

(b) P(ANB)=P(4)-P(B|4)=0.6-025=0.15
P(B)=P(4UB)-P(A)+P(ANB)=0.8-0.6+0.15=0.35

(© P(A’mB’):P((AUB)'):I—O.S:OQ

P(4'|B)=1-P(4|B)=0.38
P(B)= % %:0.25
P(B)=1-P(B')=1-025=0.75

Chapter 11 practice questions

1. (@ P(4)P(B)=P(4nB)=k(k+0.5)=0.14

k2+%k:%:>50k2+25k—7

(5k—1)(10k +7)= 0=k =0.2
(b)  P(4UB)=P(4)+P(B)~P(4NB)=02+0.7-0.14=0.76
(0 P(4NB)=1-P(4UB)=1-0.76=024

P(A’|B'):P(;l(;f) :06234:
P(4nB) 024
L@ ) P((A|B))= 04

()  P(ANB)#0
(c) P(B|A)=P(B)so the events are independent

(@ P(BNnA)=P(B)-P(BNA)=0.6-024=0.36
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(b)  P(only one happening) =P (AU B)-P (AN B)

9 3 3 24 3
=P(A)+P(B)_2P(AQB)=E+§_23_2=3_2=Z

9 3 3 27
P(AUB)=P(A)+P(B)-P(ANB)=—+———=—
(©) ( )=P(4)+P(B)-P( )1683232
P(A’mB’):l—P(AuB)=1_2=i
32 32
3 4 6 1

4. (@ P(ANB)=P(A)+P(B)-P(A4UB)=—+———=—

11 11 11 11
3 4 12
(b) P(AmB)=P(A)P(B):ﬁ.ﬁ=a

5.  P(4)=P(4ANB)+P(4nB)=03+03=0.6

_P(4nB) 03
P(B)= P(4) 06
P(AUB)=P(4)+P(B)-P(4NB)=0.6+0.5-0.3=0.8

P(4nB)=P(4)P(B)= 0.5

2
6. (a) P (at least one 6) =1—P(no 6s) =1 —(éj _1
6 36
1
36 _1
® =7
36
7 (a) From the information, we can find that the total number of male is

200—90=110. The total Number of employed people is 200 — 60 =140
20 males are unemployed, so 60—20 = 40 are the unemployed females.

These numbers finally give 90 employed males and 50 females.
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10.

40 1
b i ==
(L) 2003
. 9 9
(if) 140 14

(a) Since the systems are independent the probability is 0.002-0.001 = 0.00002
(b)  P(atleast one not failing) =1—P(both fail) =1-0.00002 = 0.99998

() P (at least one failing) =1—P(none failing) =1-0.998-0.99 = 0.01198

0.002

P (main failing | at least one failing) = =0.167
0.01198
The Venn diagram for the problem is
C S
4
66+16+39 121
@ ® ( ) 125 125
.. 66+39 105 21
(ii) =—=—
125 125 25
16 16 8
(b) ==
66+16 82 41
The corresponding Venn diagram is
E H

21909

37
. 14 7
a i —=—
@ M 88 44
.. 22 22 11
(ii) =—=—
22+14 36 18
. 52 51 50 5525
® 0 ===
88 87 86 27434
5525
ii P(atleastone E)=1-P(no E)=1-
(i) ( ) ( ) 27434

27434
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11.  Total number of components in the batch =370
6+120 126 63

@ O 50 T370 18
.. 4 2
(ii) 370 = 185
(iii) 120+80+150+6 356 178
370 370 185
) 6+46+10 z%
(b) The fraction of defective components in the three machines are respectively
111
21°21°16°
Thus, the first two machines show the same quality, whilst machine III is less
accurate.

12 (a) 100—(24.7+20.9+9.4+7.8+7.5)=29.7%

) (@) 0.209” = 0.0437
(i) P (at least 1 Samsung) =1-P(no Samsung)=1-0.753% = 0.433

(iii) 0.078-0.922+0.922-0.078 =0.144
(c) P (at least 1 Lenovo) =1-P(no Lenovo) =1-0.906> = 0.256

(d) 0.075-300 = 22.5 millions

5 @ 120000 3
7600000 190
4 4

b () 2 0277
& O T

(i)  P(at least one PNG)=1-P(none PNG)

7600000
=0.00788

i (] (2] (0 (02 o
7.6 7.6 7.6

(%)

7.6

0.277

i ( 7600000 —30000 T

=0.000898

(iv)
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7600000-114000
7600000

5
(c) P (at least one speaks Eng) =1—P(none) = 1—( J =0.0728

14.  (a)  0.01-16000+0.055-7000+0.09-3500 = $860
()  860-1.5=9$1290

(© 0.01 =0.0645
0.01+0.055+0.09
15 (@ (@)  0.0006-0.995+0.9994-0.01=0.0106
iy 09994001 oo,
0.0106
(i)  0.0006-0.005+0.9994-0.99 = 0.989
Gy 0000600005 o
0.989
) @  0.0006-0.995> +0.9994-0.01* = 0.000694
2
iy | O900H00T
0.000694

16. (a) 0.003-0.005=1.5x10""
(b) 0.003-0.995+0.997-0.005 = 0.00797

(c)  P(atleast one) = P(both)+P(exactly one) =1.5x107 +0.00797 = 0.007985

P(Bea | at least one) = _0003 576

0.007985
17.  (a)  P(failing at least a test) = 1— P (passing both) =1-0.02> = 0.9996
(b)  0.02> =0.0004

(¢)  0.02% =0.0004
18.  Total number of people = 213

. 58
@ @ 13
i 8.3
213 213
® ) (ﬁf —0.0240
213 ‘
2
(i)  P(atleast I comedy)=1-P(none comedy)=1- ( 2131_333j =0.286
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43 )"
¢ i — | =1.12x107
© @ (213)
10
(i) P (at least 1 action) =1-P (none action) = 1—(21;1_343) =0.895
19.  P(disease | positive test) = 0.0001:0.99 =0.00198
0.0001-0.99+0.9999-0.05
4 2
20. a —=—
(a) 6 3
. . oy 12 2
(b)  P(Jill wins on 1st) = P(Jack does not win)-P (Jill wins) = 3379

(c) P (Jack wins) =

UHGECES
ERGRCIREIRCIRS

This corresponds to the sum to infinity of a geometric sequence with
2
2 1
u,=—andr = (—j
3 3

Therefore P(Jack wins) = =

W |

2
3)
3
15
21. a i —
@ @ >
2
(i) P (at least 1 black) =1—P(no blacks) = 1—(2) _29
22 484
15
727 22

12
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22,

(b)

()

(b)

(c)

(d)

(e)

In this case there is no replacement, so the two events are not independent and
the probabilities for Shihui are not the same as for Jasmine.

. 15
i e
() 1
22 21 11
15
T Y M
(iii) "7 6 !
22 21
Test centre Pass rate
3027 +3249
s 7 0.537
Aberdeen 5892 + 5805
1412 +1461
s —0.469
Bangor 3112+3017
1751+1829
T _0.554
Cheltenham 3332 +3130
3682 +3938
T 7T 0460
Doncaster 8506 + 8072

Cheltenham has the highest overall pass rate.

3938

3938

3249+1461+1829+3938 10477

(i) (3249j =0.313

5805
3249
.. 5805 361
(i) 5=
_(5805—3249) 929
5805
@ 1461 1751 _ .,
3017 3332
- 1461 33321751 3017-1461 1751
3017 3332 3017 3332
3027 000 =3082
5892

=0.501
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1
b —-10=5
(b) 5
(c) The possible genes of their chicks now are PP, Pp, Pp, pp
. 3
l pu—
() 2
.. 2 1
ii —=—
W) 4 2
(d) The possible genes for feather structure of the chicks are HH, Hh, Hh, hh.
. 1
l pu—
() 2

(i) Since the genes for pea comb and feather structure are independent

P (pea comb and normal feather) = P (pea comb)- P (normal feather)
_13_.3
24 8
(iii)  P(peacomb and woolly) =P (pea comb)-P(woolly)

111
24 8

13 16-6
2 4

) The number of chickens with a pea comb and a woolly appearance is
87 —55=32. The number of chickens with no pea comb and a woolly

appearance is 38 —32 = 6. The number of chickens with no pea comb and
normal feather structure is 120-87-6=27.

(e)

With these numbers:
32 4
i P(pea comb and woolly) =—=—
® (p ¥) =120 15
(i) P (no pea comb and normal feather structure) = — = 9
120 40
(iii)  P(no pea comb | normal feather structure) = 27 _27
120-38 82
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24. (a) If the accuracy of the PSA test is x the tree diagram for the problem is:

Positive test

Cancer
0.00129
Negative test
Positive test
0.99871
No
Cancer

Negative test

Since the probability of a false positive is 65% we have
0.99871-(1-x)
0.00129-x+0.99871-(1-x)

0.99871-0.99871x B
0.00129x +0.99871-0.99871x

0.99871-09987IX _ .65 = 0.99871-0.99871x = 0.65(0.99871-0.99742x)
00.99871-0.99742x

0.3495485=0.350387x = x

=0.65

©0.3495485
0.350387

Therefore the accuracy of the test is 99.8%

129
100000

0.998

-0.002-800000 =2.064 = 2

(b)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

Exercise 12.1

1. (a) 4; 11; notice that a loop contributes 2 to the degree of a vertex {5, 6, 5, 6}
(b)  4,6;1{3,3,3,3}
(©  5:5142,1,3,2,2}

2. (a) No. Consider people to be vertices of a graph. consider 4 of these vertices,
then there is an edge from each of them to the other 3. When you add the fifth
vertex, then it will add one edge to each of the other vertices, increasing the
edges to 4.

(b, ¢) In fact, with 5 people, each chatting with everyone else, makes the graph a
complete graph, Ks. Each vertex of the 5 vertices is connected to the other 4.
So, Yes. As mentioned in the discussion, this is a K5, whose graph you are
familiar with (page 455).

3. Recall that a simple graph G (V, E) is a graph that contains no loops or parallel
edges. To be connected, there should be no isolated vertices. [The simplest case is
when one vertex is connected to all other n — 1 vertices with n — 1 edges. You cannot
remove any edge because it will render one vertex isolated.] Also, in a connected
graph, no vertex has a degree of 0. First, if there are no vertices of degree 1, then

every vertex has a degree at least 2. This implies that 2|E| = Zdeg(vi) >2n.

This in turn means that |E| > n. However, if at least 2 vertices have a degree of 1
(remember that number of vertices with odd degree must be even), then our argument

can be rewritten as 2|E| = Zdeg(vl) >2n-2=|El>n-1.

4. In a complete graph, every vertex is connected to all other vertices. For one vertex,
there are n — 1 edges connecting it to the other n — 1 vertices. However, there are n
vertices, and thus we have n(n — 1) such cases. Furthermore, every edge is
contributing twice to the counting of edges since the edge is counted leaving vertex A
and incident to vertex B, but it is counted again when leaving B and incident to A.

n(n—l).
2

Thus the number of edges is

5. () K, , has 3 vertices in on part and 4 in the other, thus 7 vertices altogether.

Each of the 3 vertices in one part are connected to the 4 vertices in the other
part, and thus there are 3x4 =12 edges.

(b)  Similarly, K, , has 13 +17 =30 vertices and 13 x 17 =221 edges.
(c) Also, K, , has m + n vertices and mn edges

6. We have to solve the system of equations
mn=128,m+n =24

This can be solved in several ways. Either looking at the factors of 128 and choosing
those that add up to 24, or setting up a quadratic equation in m or n. Therefore, they
are 8 and 16.
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7. (a) If we have v vertices, then the number of degrees is 3|v|.
Recall that Zdeg v=2e= 3|v| =24= |v| =8.
(b) Yes: if e = 14, then Zdeg v=2e=28.
Thus, we can have 14 vertices each with degree 2, or 7 vertices each with

degree 4.

(c) A proof is not required. This is an investigation type of question.
As we know, Zdeg v=2e=rv=2p, withr is the vertex degree of the

regular graph and v is the number of vertices. That means r = 2_p

N
Since p is a prime number, the only viable situation is when v =p and r = 2.
Let us consider cases:

If p = 2, then the possible number of vertices would be 1, or 2, in both cases,
the graph will not be simple because it will either have a loop or two parallel
edges. If v = 3, then we cannot have a regular graph.

If p = 3, we have one such graph, K.

If p = 5, the only viable situation is when v = 5. In that case, we have two
different graphs. See diagram

If p =7, a viable situation is when v = 7. We have 3 different graphs

Other graphs would be equivalent to the ones above.

The number of graphs is then [gJ . In case you need to look at more cases,

your next step is to check the case with p = 11.

(d) Inexercise 3, we showed that the minimum number of edges in a simple graph
is n— 1. In number 4, we showed that the largest number of edges a graph can
have and still be simple is when it is complete. That is with a number of edges

n(n—l).

2
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8. If graph with » vertices is connected then the possible degrees will be any number
from 1 to n — 1. Since we have n vertices, by the pigeonhole principle at least 2
vertices must occupy the same number!

9. A subgraph must contain elements from both components. You cannot have a
subgraph from one side only because each vertex is connected to a vertex from the
other component and once a vertex is selected you need to select another vertex, and
to be connected, there should be an edge, but the edges go to vertices in the opposite
part. Thus, you will have vertices from both parts, and it is bipartite.

10. Use different colours for the vertices. No two adjacent vertices can have the same
colour:

(a) The “vertical” vertices are one part and the “horizontal ones are another part.

(b) Each vertex is adjacent to all other vertices. You cannot divide the graph into
two parts containing non-adjacent vertices each.

(¢) See colours in the diagram blow. The red vertices are one part and the black
ones are another part.
A B
F C
E D

(d) Ifyou take any vertex to be a member of one part, there are two vertices that
are adjacent to it. These two vertices cannot be members of the second part
because they are also adjacent. This is true for all the vertices of this graph. So,
it cannot be bipartite.

11. RecallthatZdeg.v=2+3+---+5:24:2e:>e:12.
12. (@) Y degv=14+3+3+4+4=15; > degv=2e,

so, it must be even. No, it is not a simple graph.

(b) Yes,

(¢) Yes,
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1111
5 @ 1112
110 3
1230

01 11

) 101 1
1101
1110

1 000
001 1

(©) 01 01
0110

00 01

14. (a) (¢)

0
0
0
1
0
(d) >< Q

Graphs in a and ¢ are the same as well as b and e.

01 01 001 01 00 0O0°1
1 01 00 00O 1 01 00 00O
01 010T1TO0O{0OI1 O1O0T12O0
15. 1 01 010O0[,|OO0O1O0T1O01
0001 0T1TO0OL{00O0OT1TTO0OTL1@®O0
001 0101 001 0101
1 000010 1 000010

Adjacency matrices can be rearranged and are similar with degrees: 2,2,2,3,3,3,3

16. A and C are the same with degree sequence: 1,1,2,3,3. We can set up the vertices to
show their correspondence: ABCDE «+ NOMLK. B & D are the same with degree

sequence: 2,2,2.3,3. Vertex correspondence: FGHIJ «» PRSTQ.
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Exercise 12.2

1. Vertices have even degrees.
(a) 123174263456751
(b) 1234543251
2. (a) 1234214241
(b) 12345241
(c) vertices 2 and 5 have degree 5 each.
3. (a) When 7 is odd because then each vertex has a degree of n — 1, which will be even.
(b) When m and » are both even because vertices have either m or n degrees.
4. 1(a) Hamiltonian: 12345671; 1(b) Hamiltonian: 123451
2(a) Hamiltonian: 12341; 2(b) Hamiltonian path: 12345; 2(c) neither.
5. (a) For T1, consider triangle 123 in the diagram: (1231).

10

8 9
For 7>, consider triangle 146 in the

diagram: (6532542136)
For T3, consider triangle 1710 in the

diagram:
(10,9,6,5,9,8,5,4,8,7,4,2,5, 3,
2,1,3,6,10)
(b) For T, consider triangle 123 in the
diagram: (123).
For 7>, consider triangle 146 in the
diagram: (6542136)
For 73, consider triangle 1710 in the
diagram: (10,9, 8,7,4,5,2, 1, 3,6, 10)

(¢) An Eulerian circuit is always possible (n > 3), because the degree of every
vertex is even. Hamiltonian cycle is also possible using the same plan as
above: Visit all vertices except one side, and then go back along that side.
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6. Length 1 = 0.Length 2 =2: abe, ace. Length 3 = 4:
abde, abce, acbe, acfe. and length 4 = 18: abcbe, acbce, acfce, acabe, ...
7. Consider the adjacency matrix for K5 and powers of 4, 5, 6 respectively.

Use GDC/software. We will demonstrate the first one only:

4

01111 52 51 51 51 51
101 11 51 52 51 51 51
(a) 1 1 0 1 1]=[51 51 52 51 51
1110 1 51 51 51 52 51
1 1 1 1 0) (51 51 51 51 52

51 between vertices not on the main diagonal, 52 for vertices on the diagonal.
(b) 205 between vertices not on the main diagonal, 204 for vertices on the diagonal.
(¢) 819 between vertices not on the main diagonal, 820 for vertices on the diagonal.
8. Consider the adjacency matrix for K, and powers of 4, 5, 6, 7 respectively.

Use GDC/software. We will demonstrate the first two only:

4

000 11111 48 48 48 0 0 O O
000 11111 48 48 48 0 0 O O
000 11111 48 48 48 0 0 O O
(a) 1 11000 O0|=0 0 0 36 36 36 36
1 1100 00 0 0 0 36 36 36 36
1 1100 00 0 0 0 36 36 36 36
1 1100 00 0 0 O 36 36 36 36

48 among vertices of the 3-part, and 36 among the 4-part.
(b) 144 from vertices of 3-part to vertices of 4-part.

FathFadMornd) [d7c]Red] (g7 fReal

Ans 1 2 3 4 3 5 8 7
1 0 0 144 144 144
2 4] 0 0 144 144 144 144
3 0 4} 4} 144 144 144 144
4 144 144 144 (4] 0 o o
B 144 144 144 0 o o o
144

3 &4 > 5 ] 7
3 0 4] 0 144 144 144 144
4 144 144 144 0 0 o 0
5 144 144 144 0 0 o 0
[ 144 144 144 o o 0 (1]
7 144 144 144 q 0 0 q
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(c) 576 among vertices of the 3-part, and 432 among the 4-part.
(d) 1728 from vertices of 3-part to vertices of 4-part.
9. (a)  No cycle- If you start at the left, you will need to visit ¢ and d twice.

Path: abcdef.

(b)  Cycle: abcdea

(c) No Cycle since f has degree 1.
Path: eabcdyf.

(d)  Neither cycle nor path: 3 vertices with degree 1

(e) No Cycle, because in any of them a or d would have to be visited twice.
Path: eacdb.

) Cycle: ahgfedcbia.

Exercise 12.3

1. (a) Planar:Redraw, and use Euler’s
formula: v—e+ f=5-6+3=2
b
d
a
e

(b)  Planar: Redraw, and use Euler’s

formula: v—e+ f=6-8+4=2

b
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(c) Planar: Redraw, and use Euler’s formula:
v—e+f=7-T7T+2=2

(d) Planar. Redraw, and use Euler’s formula:

“ d
b e
— f
C
v—e+f=6-11+7=2
2. We can use Euler’s formula for planar graphs:

v—e+f=2=10—-e+7=2=e=15.

3. In both cases that follow, we use the key fact if G is a connected simple planar graph
with e edges and v > 2 vertices, then e <3v—-6

(a) e<3v—-6=e<3x7-6=15
(b) e<3v—-6=e<3x8-6=18

4. Similar to question 3, we use the key fact if G is a connected simple planar graph with
e edges and v > 2 vertices, then e<3v—6

(a) e<3v-6=14<3v-6=2>3v>220=2v>26.6T=>v>7
(b) e<3-6=21<3v-6=3v>27T=v>9
S. We use Euler’s formula:
8—e+f=2=f=2-8+e.
However, if each vertex has a degree of 3, then Zdeg.v =3x8=24=2e=e=12.

Therefore, f=2-8+12=6.
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6. (a) Redraw and then use Euler’s formula as well as the two key facts because it

does not have circuits of size 3: e =10, v=8 and f=4, then 8—10+4 =2, or
e<3v—-6=10<3x8-6, or e<2v—4=10<2x8—4 = graph is planar.

(b) Using Euler’s formula with e = 12, v=_8 and f= 6, then §-12+6=2=
graph is planar. Also, we can apply the key fact that e <3v—6 =12 <3x8-6.

7. (a) label them as 1: inscholastics, 2: ismtf, 3: Pearson, 4: wazir-garry

(b)  Asdescribed in the section, each column represents the links going from a
certain page. Notice that since inscholastics has three links to others, the then

the entry corresponding to each is %

Similar arguments go for the other columns:

[}
[}

1

S
o v~

0

0

(=T Y

0

N = N =

(c) The page rank is the final column corresponding to the long term application
of the transition matrix, i.e., 7" as n gets larger and larger.

Considering the surfer starts with any of the pages at random, the initial state is

0.25
ted b 0.25
represente
P 1025
0.25
3
00 1 L 8
21(0.25 0.3750 1
1 _
7 00 01025 0.0833
After one click, we have| 3 = _| 12
1, 11025 0.3333 1
> 2 21o2s) lo2083) | 3
- — 00 5
3 2 kR
24
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Using your GDC and having large powers of the transition matrix will yield

0.38
0.12
the page rank vector
0.19
Mat A°°Mat B Mat A!°“Mat B
0.3870967742 0.3870967742
0.1290322581 0.1290322581
0.29032258086 0.2903225806
0.1935483871 0 0.1935483871

Exercise 12.4

1. (a) 5,7,10, 11,13, 14, 16, 17
(b) 3,1,9
() 3:12, 13, 14; 7: No descendants; 15: 16, 17.
(d) 4:12; 7: No siblings; 9: No siblings.

2. The number of edges in a tree is » — 1, when »n represents the number of nodes
(vertices). Thus, |e| = |u|-1=>17 =|u|-1=>|u| =18.

Since |v|=2[u|=36,and |f]=[y|-1=36-1=35

3. The minimum number of edges in a connected undirected graph is n — 1 when 7 is the
number of vertices. Thus if the number of edges is 30, the maximum number of
vertices happens when the graph does not have any cycles, that is , when it is a tree.
So the maximum number of vertices will be 30 + 1 =31

4. By definition, in a tree, there is a path between any two vertices, thus there are  C,
different paths.

5. (a) There are 12 of such trees.

Every 6 are equivalent (isomorphic — a concept not in the syllabus)

INVONANZUD A
MITAPL AN
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(b)  One part, V" has two vertices, 4 and B. and the opposite, /¥ has n vertices. In
any spanning tree of K, ,if 2 vertices of ¥ are adjacent to both 4 and B, there

would be a cycle, which is not allowed in a tree. On the other hand, if no
vertex of W is adjacent to both 4 and B, then the tree would not be connected.
Thus, exactly one of the vertices in # is adjacent to both 4 and B. Hence, a
spanning tree can be created if & vertices in W are connected to A4, and we
select one vertex to connect to both 4 and B, then, £ — 1 vertices of the n - 1
will be adjacent only to 4. The remaining » — k will be adjacent to B. The

number of spanning trees with k vertices joined to 4 is n-""'C,
If we join only one vertex to A, there will be n spanning tree. Thus, the total

n n-1
number of spanning tree is n+n» "'C,, =n+n) "'C,
k=2 k=1

Using the Binomial theorem,

>, =2 1= n+n). 7C, =n+n(27 =1) =m2"

k=2 k=2
6. Answers are not unique.
(a) Sample process: remove (1, 4), graph is still connected; similarly, remove (1, 7),
Then (7, 5) and (7, 4), and so on. Below is a spanning tree

2
1 3

7 6 A

(b) Remove (1, 9) and (2, 9), keep (1, 2), and so on. Below is a spanning tree

(c)
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7. In Kruskal’s algorithm, we select an edge, e1. If e; does not create a cycle, add it to the
tree, and set i, the index to 1, and continue till i =»n — 1.

(a) Sample work:

12, does not create a cycle, add it to tree, i = 1, 23, add to tree, i = 2, 34, add, i
= 3,45, add, i = 4, 53, creates a cycle, do not add, 56, add, i = 5, 62, do not
add, 67, add, i = 6, stop. We have a spanning tree: 12 23 34 45 56 67

(b) 12, 23, 34, 45, 56, 67, 78, 89, 9(10)
(c) 12,24, 45, 58, 8(12), (12)(11), (11)9, 9(10), 47, 76, 63
8. Use any algorithm of your choice. Below are samples of answers.
Answers are not unique.
(a) 13, 34, 45, 58, 89, 46, 67, 7 (10), 12
(b) 17,78, 89, 9(10), (10)(11), (11)6, 65, 54, (10)(14), 9(13), 83, 32
(c) 12, 23, 34, 46, 65, 5(10), (10)9, 98, 87, (10)(11), (11)(12), (12)(13),
(13)(14), (14)(15), (10)(16), (16)(17), (17)(19), (19)(20), (20)(18)

(d) Here is a spanning tree drawn in different ways.

9. (a) Here are 2 spanning trees of a I¥;.

0%

(b) Two spanning trees for K.

IS

(c) Two spanning trees for K,
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Exercise 12.5

Whether we use Kruskal’s algorithm or Prim’s the procedure is similar. That is, we select an
edge, e, where e does not create a cycle and it has the smallest possible weight, add it to the
tree, and set i = 1, and add e to the tree 7. In Kruskal’s case, we do not pay attention to
whether the edge we add is adjacent to one already in the tree. We just stopatn —1. In
Prim’s, we look for edges that are not chosen yet but adjacent to an existing edge and has the
least weight.

1. (a) The smallest are AB and CD, we add one of them, say AB. Next add CD as it
does not create a cycle. Next we add AE, and after that ED. By now we are at /
=5—1=4. Stop, and the tree we have is a minimum spanning tree (MST)
with weight 60.

A B

20 E
20

C 10 D

(b) Start with AF, then BF, FD, (at this point AB cannot be added because it
creates a cycle. BD cannot be added either), now, we add BC and lastly (i =
3), we add FE (CD cannot be added — we could have added DE instead) we
have a MST with weight of 24.

Aw % |

3 E )

(c) We start with ab, the cb, and fi (even though it is not adjacent to any edge so
far). Next is he, then fh, followed by db, and finally eg. Tree weight = 38.
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(d) Here is the order. 9 vertices, so we stop at the addition of the 8" edge:
EF, AD, HI, CF, DB, BC, FI, GH. Tree weight = 46.

(e) 16 vertices, so, we stop at the 15" edge addition. There are a few other trees
with the same weight. Order of addition for this tree: AB, AE, CD, DH, BC,
HL, HG, EF, EI, MN, NO, OK, MP, FJ, KL.

2. (a) Possible order of edge addition: AB, AE, AD, CD. The shape of tree is the
same as 1(a).

(b) Possible order of edge addition: AF, FB, FD, BC, FE (can also be DE). This
scenario has a shape similar to 1(b). If we add DE, here is the shape

(c) ab, be, bd, de, eh, hf, fi, eg. Tree shape same as in 1(c).

(d) EF,FC, CB, BD, DA, FH (or FI), HI, HG. Had we added FI instead of FH,
tree shape would have been identical to 1(d)’s tree.
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(e) A few trees are possible, one of which is similar to the one in 1(e). Here is a
possible order:

AB, AE, BC, CD, DH, EF, HL, EI, HG, FJ, KL, OK, NO, MN, MP.

3. 1(a) and 2(a) have the same final tree. However, when building the tree with
Kruskal’s, AB and CD were added first. In Using Prim’s, AB was followed by AE,
ED, and then CD.

1(b) and 2(b), there is no apparent difference. The different shapes are due to random
choices.

1(c) and 2(¢) have the same final tree too. In Ktuskal’s, the order of addition to the
tree is the following: ab, bc, fi, he, fh, ed, bd, and eg. In Prim’s: ab, bc, bd, ed, he, fh, ,

fi and eg.

1(d) and 2(d) may have the same tree too. However, Kruskal’s, the order of edge
addition is: ef, ad, hi, cf, db, bc, fi, and gh. In Prim”s: ef, fc, fh, ih, cb, bd, da, and gh.

1(e) and 2(e) may have the same tree too. However, Kruskal’s, the order of edge
addition is: AB, AE, CD, DH, BC, .... Prim’s order is: AB, AE, BC, CD, DH, ...

4. We can use either Kruskal’s or Prim’s for this purpose. Below is a Kruskal’s
application to the network. We used a spreadsheet to organize work, we first listed the
edges with their weights, then sorted them in ascending order according to weight.
Then we decided to include an edge as long as no cycle is being created and rejected it
if a cycle has been created. 4™ column kept track of the number of edges. Since there
are 11 cities (vertices), we stop at the 10" addition.

Edge weight decision

i
DG 1 Y 1
HJ 1.2 Y 2
El 2 Y 3
HI 2 Y 4
AD 2.1 Y 5
DE 2.3 Y 6
AE 2.5 N
BF 2.5 Y 7
DH 2.5 N
GJ 3 N
FI 3.5 Y 8
EF 4 N
JK 4.5 Y 9
FC 5.5 Y 10 stop
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Exercise 12.6

1. We will use a table to show steps in the process
step 1 2 3 4 5
a b(a, 20) étb—70) d(e, 50) f(d, 70)
ete—39) e(b, 40) fHe—86)
abedyf, 70
2. A table produces the following result
step 1 2 3 4 5 6
A B(A-12) D(C, 18) E(D,21) HbB33} H(G, 48)
C(A,9) EL27 G(E, 36)
ACDEGH, 48
3. The question is put here as a demonstration of the usefulness of the method. It is not

an exam question! Making a table, or writing a short program on a GDC, will find the
shortest path. For now, a short and adjusted version of the table will suffice

a abe abeh abehl abehlo
6 12 14 26
acf acfi acfim acfimp  acfimps acfimpsu
12 16 20 24 28 32
adg acfj
10 20
adgk adgkr adgkrt  adgkrtu
14 18 28 44

Acfimpsu, 32.
4. From the table in question 1, it is abed with weight of 50.

5. For the first one we use the same table as in question 2, we do not cross out F since
we are not using it further. So, shortest route is ACDF, with a weight of 33.

A new table can be set up to start at B. Shortest route is BDEGH with a weight of 45.

6. Starting at A, the nearest neighbour is D. At D, nearest neighbor (nn) is B, then C, and
finally go back to A. TSP: ADBCA with a weight of 85.
7. There are several scenarios. We consider 2 here: we will use the nearest insertion

method. we can start at E or D since they have neighbours that are close: Starting at E,
create a cycle EDC. Now, extend the cycle by removing EC and adding vertex B.
Thus we have the new cycle, EDCBE, Now remove BC and add vertex A, which
completes the tour: EDCABE with a weight of 400. Start at D, create cycle DEB.
Now, remove DB and add vertex A to make a new cycle, DEBAD. Now remove AD
and add vertex C, which completes the route: DEBACD with weight of 400.
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8. We can use nearest insertion. Create cycle, Vienna-Milan-Frankfurt. Remove
Frankfurt Milan and add Prag and thus a new cycle Vienna-Frankfurt-Prag-Milan-
Vienna. Lastly, remove Prag-Milan and add Moscow with the tour Vienna-Frankfurt-
Prag-Moscow-Milan-Vienna: €1070.

9. We can start with a cycle: NY -V — M. Now, we remove NY-V and add L, so we have
anew cycle: NY-L-V-M-NY. Then remove NY-L and add P, So, we now have New
York-Paris-London-Vienna-Milan-New York for €1215.

10.  We read the table from rows to columns. Let us start with D. The lowest entry is 80
which corresponds to A. So DA is an edge in this tree. Now for the row corresponding
to A, 90 is the least entry corresponding to C. Since there is no cycle, we can continue
from here. In column for C the least number corresponds to D, which is already in the
route and it creates cycle. There is only 130, which corresponds to B. Now the edges
are DACB. One vertex is left, E. So, BE is added with 120 weight, and then we go
back to D with 130.

A |B |C |D |E

A 100190 |80 |[110
B | 100 130 120
C |90 |130 120
D | 80 120 130
E | 110 | 120 130

DACBED: 550

11.  No need for lengthy steps. Practically, d(c, 13), g(a, 13), and f{(g, 16) are clear. The
next step is clear too, it is e(g,19) because through for d it is obviously longer than 19.
So, route is age: 19

12.  Here is first the route through f.

step 1 2 3 4 5 6 7

a bla 4) g0, 8) flg, 10) g 12) k(g 16) Ik, 20)
c(a, 4) d(b, 6) f(d 10) h(f, 16) I(h, 21)

efe—

As you see, we have two options. One is to go to f, then to g (possibility of visiting it
twice!), then to k£ and then /. Total weight is 20.

The other option if we do not want to visit g is to go through 4. weight is 21.

If we do not need to pass through 7, then we can show that the route will be acehl with
weight 13.
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13.  We start by using nn algorithm. Start at E as required. Nnis G, add G. Nnto G is Y,
add Y. Since we are coming back to E, we consider another nn, which is P, add P with
edge EP. Nnto Y is S, add S. Here we have a slight problem since we created a cycle.
Accepting to visit Y twice, we see that nn to S is Y, so, add Y again. Nn to Y which
has not been visited before is F, add F, similarly Add I. Here nn is A, however,
choosing A, nn is P and the cycle closes leaving T out. To avoid this, at [, add T, then
A, and lastly P. Thus, the route with minimum weight including a visit twice to Y is
EGYSYFITAPE with weight of 871.

Without visiting any city twice, we end up with ESYFITAPGE and weight of 926.

Note: such complex networks would not appear on an exam. These are cases that help
demonstrate the method.

14.  We need to find an Eulerian cycle for this network. However, two vertices, fand g
have odd degrees. As discussed in the text, we pair these vertices and introduce
another route fg between them. Now we are ready to find a cycle to visit all edges,
once. Here is an Eulerian cycle visiting all edges once except for fg: abcdhghcgbfafea
with weight of 8300.

15. Again, we need to find an Eulerian cycle for this network. However, four vertices, e, /,
h and g have odd degrees. As discussed in the text, we pair these vertices and choose
the pairing that has minimum weight. The pairing is given in the table below.

Pairing Shortest path Distance
ej efj 7
gh gh 5
Now we are ready to find a cycle to visit all edges, once.

Here is an Eulerian cycle visiting all edges once except for ef, fj, and hg:
abcdecjfefibjfgihgha with weight of 9200.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

Chapter 12 practice questions

1. We can arrange our work in a table
step 1 2 3 4 5
B A(B,3) H(A, 18) G(A, 11) F(G, 16)
C(B, 6) D(B, 10) F&24
BAGEF: 16
2. (a) Here is a graph — not unique shape!

(b)  Using the table, first connection is through B for a cost of 25. At B, the row
gives several connection with the route to C being the cheapest, cost is 15.
From C to D the cost is 12. Thus, the cheapest route is ABCD for a cost of 25
+15+12=52

3. With the nearest insertion algorithm, we can start with ACE. Remove edge AE and
extend the cycle by adding AH, HG, and GE. The cycle is now ACEGHA. Remove
EG and replace it with GF and FE. Now remove EF and replace it with ED and DF.
Cycle so far is ACEDFGHA. Remove AH and replace it with HI, and TA. Finally,
remove [A and replace with IB and BA. The route we arrived at is now
ACEDFGHIBA with a distance of 8.6 km.

4. (a) Here is a graph of the network of cities remembering that the position on the
graph does not necessarily represent the geographic position of the town but
only its connection to other cities.
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(b) A sample is the following using nn algorithm: start at A. Annis C, and at C a
nn is D where B is the nn that has not been visited. At B, the next nn not
visited is E, which is very expensive. We will choose to revisit C at 10 000
points instead and A. From A we go to G, then to the nn F then to the last
unvisited vertex E before coming back to our starting city A. The round trip is:
ACDBCAGFEA at a total cost of 130 000, which she can afford.

Other routes are possible such as ACBDCAEFGA with 130 000 too.

5. Here is a sketch of the plan where we marked vertices with odd degrees clearly
A ., B 37 C 5 D
17 D 22 21
P S~ B
0 8
26 1 1 & |
32 31 30
12 13 11

We need to find an Eulerian cycle for this network. However, four vertices, F, G, [
and K have

odd degrees. As discussed in the text, we pair these vertices and choose the pairing
that has minimum weight. The pairing is given in the table below.

Pairing Shortest path Distance
FG FG 11
IK IHK 39

Here is one sample starting at B: BAEFGFBHGJKHILKHICLMDCB with total time
of 481 minutes. He will need to stay 1 extra minute. Other scenarios starting at other
points may be possible.
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6. (a) C, has n edges.

Additionally, W, has another n edges connecting the extra vertex with the »
vertices.

(b) We use adjacency matrices,

(i) n is odd
010 1Y (0 40 4Y(0 1 0 1) (0 16 0 16
101 0| (4040|1010 16016 0
01 01| |0 4 0 4[7lJ01 0 1] |0 16 0 16
1 01 0 4 0 4 0){1 01 0) l16 0 16 0

Using mathematical induction, this can be proven to be true for all odd

numbers
O 1 0 12k+1 O 22k O 22k
Lo 10 |22 0 2% 0
O 1 0 1 - 0 22k 0 22k
1 01 0 20 2% 0

(i) n is even:
010 1Y (2 020)(010 1) (80380
1010_02021010_0808
010 1] |2 020/l0o1 01| |8 0 8 0
1 010 020 21 01 0 0O 8 0 8
Using mathematical induction, this can be proven to be true for all even
numbers
01 0 1y° (22 o 2%
1o1o| | o 2 o 2
01 01 22 2% 0
1 O 1 0 0 22k—1 O 22k—1

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

7. Kruskal’s: BC, AB, AE, CF, GH, AD, DH, EI;
Below is a table with all decisions for Kruskal’s
Prim’s: BC, AB, AE, CF, AD, DH, GH, EI; 26
In both cases, we end up with the same shape and distance

Edge weight decision i

BC 2 Y 1

AB 3 Y 2

AE 3 Y 3

GH 3 Y 4 - B C

CF 3 Y 5 >

AD 4 y 6 I

BE 4 N D E E

EF 4 N

DH 4 Y 7

El 4 Y 8§ STOP & H I
8. We can use Kruskal’s algorithm, using a table and sorting lengths in ascending order

and making sure no cycle has been created. There are 6 cities, so we stop at the
introduction of the fifth stretch of highway. The least distance is PT = 86, then
SU =97, RU =133, PQ =200, and lastly TR =203. Total distance is 719. (making a
graph and marking your choices is a good idea so as not to create a cycle)

0
[J

9. Using Kruskal’s algorithm, we make a tree of the following stretches given by length:
1.6,1.8,2.1,2.5, 3.3, 3.6. (A diagram helps avoid creating a cycle.)
Total length of cable needed is 14.9 m at a total cost of 1043 cents (10.43 Dollars or

Euros).
10. (a)
Adam
Flor Bernard
Eva Cecile
Donatella

(b) Through Adam.

(c) Bernard, without him, Eva is isolated.
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11. (a) (i) Here is a complete graph ks:

E,

5

(ii)  Here is a bipartite k3 3 — not complete. A complete one will need 4
mode edges.

(b) Each vertex has degree 2, so a Hamiltonian cycle is possible.
An example is vy, v,vsv;vev,.
12.  Here is a degree sequence of all rooms considering the outside as a room, call it O.

Starting clockwise from top-left corner, call them A, B, C, D, E, F, G, H, and 1, the
innermost room. 2, 4, 2, 3,2, 4, 2, 3, 4, 2. Requested is an Eulerian circuit, which is
not possible because 2 vertices have an odd degree.

13. Remember that in Trim’s algorithm, a new edge is added if it is adjacent to an existing
one. Tree: h, e, d, a, i, g, weight = 31.

14. (a)

A B C D E F
A 0 1 2 2 2 1
B 1 0 1 2 3 2
C 2 1 0 1 2 1
D 2 2 1 0 2 1
E 2 3 2 2 0 1
F 1 2 I 1 1 0

(b) () City F is the most accessible since its index is 1.5.

City E is the least accessible since its index is 10.
(i) Cities C and F are the most accessible since their index is 1.5 each.

City E is still the least accessible since its index is 10.
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15. (a)
U 12 3 4 5 6 7 8
1 {01 010 0 0 1
211 01 00 0 1 O
3101 0101 0O
4 11 0 1 01 0 0 O
510 0 0 101 01
6 |0 01 01 01 O
710 1 0 00 1 0 1
§ (1.0 001 010
(b)
A E B FC G D H
A (01 01 0 0 01
E 1 01 00 01 O
B (01 01 0100
F 1 01 01 0 0 O
cC (0001 01 01
G |001T 001 01 0
D |01 00 01 01
H {1l 0 001 01 0
() JV'is planar as U is planar.
B 1
7 2
3 3
5 4
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16. (a)
Vertices added| Edge | Weight
to the Tree |added
3 O 0
5 3,5 10
6 3,6 | 20
7 5,71 30
10 6,10 30
1 3,1 40
2 1,2 | 30
11 2,11 30
9 1,9 | 40
4 6,4 | 40
8 7,8 | 40
310

(b)  Any of two paths: Steps that are marked permanent and are minimal and hence
added to the route:

3(1,3), 4(3, 5) [notice here that 4(1, 8) is crossed out], 5(4, 11), 6(5, 18),
8(6, 33), 10(8, 58), 11(10, 80). So, the route is 1-3—4—-5-6—-8—10-11 and the
cost is $8 million.

An alternative route can be 1-3—4—5-6-9-11, also, with weight 80.
17. (a) No, vertices C and E have odd degrees.

(b) Here is the adjacency matrix and its square.

ABCcpEY ,
Ao 1 0 1 0 o B EORED e

Blt o 1 1 0 1||As L 2 E 4 8
clo 1 00 1 1 ;-f i CP ;
Dlt 1 0 0 1 1 . @ X s 5
Elo 0 1 1 0 1 g : ” 5 .
Flo 1 11 v of| ¢ . - " .

When we find the square of this matrix, the entry for (A, C) or (C, A) is 1.
So, there is 1 walk of length 2.
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18.

19.

20.

(c) We will need 5 iterations of the algorithm. Resulting tree:
{4D, CE, CU, BU, AB} with weight of 28.

Edge  weight decision

1
AD 3 Y 1
CE 3 Y 2
cu 5 Y 3
UE 6 NO CYCLE!
BC 8 Y(NO)
BU 8 NO(Y) CYCLE!
9

AB Y 5 sToP

Notice that the choice BC or BU is random. Any of them can be a part of the
tree but not both.

Kruskal’s algorithm:
(a) T: = empty graph for I : =1 to n — 1 begin

e : = any edge in G with smallest weight that does not form a simple circuit
when added to T

T : =T with e added end {T is a minimum spanning tree of G.}
(b)  Arrange the edges in a table similar to question 17.

Notice that there are 13 vertices, and so, we stop adding edges when we reach
12. Also, note that the first 4 edges added has each a weight of 2, then, we
moved on to those with weight 3:

Al, GM, MF, DE, JH, LK, FE, GL, KC, CB, Al, HG.
(¢) Total weight 39

(@@ BAEBCEFCDF
(b)  All vertices have even degree.

Since we are required to start at ./, the first edge we can add is JK, the edge with
minimum weight connected to K is KN. The edge with minimum weight connected to
present edges is now NQ, followed by NM and MP. Last edge added is NL (notice that
even though potentially PQ would have been the next to add after MP, but we did not
add it because it creates a cycle).

Weight = 17. (other trees are also possible)
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21.

22,

23.

24.

25.

(a) Here is a sample. The number next to each vertex is the degree of each.

(b)  Yes. The graph has exactly two vertices (B and C) with odd degree. It means
that there is a path (starting at B or C) that will go once and only once through
every door.

(¢) Yes. O > D - A —» C —» B — O is a Hamiltonian cycle. It means that there is
a path (starting anywhere) that will go once and only once through every room
before returning to its starting point.

(a) Here is a sketch of such a graph
E

/\
5

(b)  Degree of every vertex is even.
(c) Here is one cycle (others are possible): AEBACDBDCEDA

(d)  Also, more than one is possible. Here is one.
E

c D
(a) MQ, QL, MP, PN, NR.
(b) 11
(a) G2 does not have an Eulerian trail since 4 vertices have odd degrees.
(b) BABCECFEFBDEDADC.
(a) If H were planar, then e <2v— 4. However, e=9 and 2v—4=8=¢ £ 2v—4.
(b) delete AD.
(c) Subgraphs would have 8 edges which satisfies the condition e <2v— 4.
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26. (a) This is a complete graph K, with n =5 vertices.

Every vertex is adjacent to all other vertices. To have a Hamiltonian cycle is
similar to arranging n objects around a circle.

Thus, there are (n — 1)! = 4! = 24 such cycles — this result ignores the fact that
some of the cycles are equivalent. Every circuit appears twice — once with one
order and the other in reverse. For example, abcda and adcba. Thus the number

(n —1)! 4
==
(b) (i) BDEC with weight of 20.

(ii)  The 2 edges with minimum weight that are removed and can be added
are AB and AE, which makes the total 33. So, a lower bound is 33.

of “different” cycles is 12.

(c) DBAEC is a min. spanning tree of 26 weight. An upper bound =26 x 2 =52
(d) A minimum tour is ABDCEA with 34. 33 cannot be achieved.
27.  (a) Anexample

F

(b) All vertices are of even order. BEDABCDFEB (not unique).
(¢) ABCDEF (not unique).
28. (a) (i) Eulerian circuit: V1, V2, V3, V4, V2, V6, V5, V4, V6, V1.

(ii) Hamiltonian cycle: V1, V2, V3, V4, V5, V6, V1.

(b)  There is no Eulerian circuit since V2 and Vg are now of odd degree.
There is a Hamiltonian cycle still, same as above.

(c) (i) An Eulerian trail: V2, V3, V4, V2, Ve, Vs, V4, Vg, V1.
(ii) A Hamiltonian path: V3, V3, V4, Vs, Vs, V1.

29.  We adjust Kruskal’s algorithm to give us the maximum rather than the least weight.
The table below shows our steps

edge weight decision i
GH 6 Y
EF
HI
AD
CF
DG
EH
AC
BC

W w s B DA GWG
< Z << =< =< =< =<
N oo WON

8 stop

The weight of this “maximum” spanning tree is 35.
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30.

31.

32.

33.

34.

(a) One upper bound is the length of any cycle, eg ABCDEA gives 73.
Other methods also apply.
(b) () AB, AD, BC in that order.

(ii))  Weight 33. A lower bound is the length of the minimum spanning tree
found plus two of the removed edges with minimum length which are
BE =13 and DE = 14. Thus, a lower bound is 33 + 27 = 60.

(a)  Notplanar, sincee=15 £ 3v-6=12.
(b) BD, DF, FA, FE, EC, in that order. Weight = 12.

(a) Here is a sample of each

H T H

(b) (i) G is not simple since it has parallel edges, G is simple.
(ii) Both are connected.
(iii) Both are bipartite: Gi: components are {p, r, t} and {q, s},
G>: components are {P, R, Q} and {T, S}
(iv) Giisnotatree, it has a cycle. G2 is a tree.

(v) Gicontains an Eulerian trail rgpsrqts. G2 does not have since 4 vertices
have odd degrees.

(a) There are 6 vertices, so, we stop after finding the fifth edge.

The smallest size for edges incident to F is FD, Now F and D are in the tree,
the smallest edge incident to either is FC. Now, F, C, and D are in the tree, the
smallest edge incident to any of them without creating a cycle is CB. Similarly
we add BA and CE.

(b)  Since the minimum spanning tree found has a weight of 38, then an upper
bound for TSP is 2x38 =76.

@ (@ DE
(i) EBD

(iii)  Since D and E have odd degrees, and the minimum part between them
is EBD, we will consider allowing the use of this path twice.

An example: ABEFGCBDBEGDFCA.
(iv) 36
(b) Example: ABEFDGCA.
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35. (a) Edges added to tree in order: HP, KQ, QF, FE, PB, ER, PQ, BC, CD; weight = 31.
(b)  Lower bound is therefore, 31 + 17 =48 [17 is the value of the removed edges.]
(c) Total (non-distinct) Hamiltonian circuits in complete graph Kn is (n — 1)! (n> 3)

This follows from the fact that starting from any vertex we have n — 1 edges to
choose from first vertex, n — 2 edges to choose from second vertex, n — 3 to
choose from the third and so on. These being independent choices, we

get (n — 1)! possible number of choices. Having said that, each Hamiltonian
circuit has been counted twice (in reverse direction of each other, for example

-1)!
ABCA and ACBA. Thus the number of cycles in K}, is (n 5 ) .

(d)  Since G is not complete, then the number of cycles to be examined must be

11-1)!
less than % =1814400

36. (a) (i) Except for C, all other vertices have odd degrees.
(ii) G s bipartite: components are {B, D} and {A, C, E}.

Notice that B and D are not connected, but they are connected to
vertices from the other component. Similarly, A, C, and E are not
connected to each other.

02010
2 0 1 0 2
(i) Ga=|0 1 0 1 0], Theentry corresponding to (A, C)in G} is 36
1 01 0 1
02 01O

and so, there are 36 walks of length 4 between the two vertices.

(b)  We have two routes:

QP8 Q(U,7 R4 S(R,18)
U(P,4) T(Q,9 R(T,12) S(T, 18)

T(Q,9)
Either PUQTS or PUQTRS. Both have length 18.
37. (a) Starting at A, the smallest edge is AD.

Connected to A or D, the next smallest edge is DB. This is followed by BC,
and CF, FE, EH, HI, HG.

(b)  weight=22
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38. (a) Every edge creates 2 degrees, one on each end.

Remember that a loop contributes 2 degrees also by convention. Thus with e
edges there are 2e degrees.
(b) Zdeg v =2e =if we have an odd number of odd vertices and the rest are

even, then the total number of degrees will be odd. This cannot happen
because it has to be equal to 2e. Thus, there should be an even number of odd
vertices so that when added, their sum is even.

(c) (i) Use Euler’s formula first: n+ f—e=2=>n+4-e=2=e—n=2

If we have n vertices, (n — 1) with degree 3, and one with degree d, then
the number of degrees is 3(n - 1) +d. We know that

E V= 2 3 - =

. Thus,
2

3(n-1)+d

e—-n=2= -n=2=n+d="17.

(n,d)=(1,6),(2,5),(3,4),(5,2) or (6, 1). [(4, 3) will not be possible as

(ii) Here is a sample

(1, 6) (6, 1) (2, 3)
3,2
G. 4) sk’ i
39. (a) Here is a sample

(b)  To keep it simple and planar, then e <3v—6 = e <9. We may add one edge.

(¢) ABCDEA, weight 32; ABCEDA, weight 32; ABECDA, weight 29; AEBCDA,
weight, 28, which is the one with the least weight.
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40. (a) (i) Here is a sample

(ii)  Itis possible to have an Eulerian trail since only 2 vertices have odd degree.
(iii) A possible walk is ACBDABCDCEA. Length = 55.

(b)  Since Z deg.v = 2e, thus, with one vertex the degree must be an even multiple

of e, which cannot happen with an odd degree.

41. (a) (i) Let the two parts of the bipartite graph be A and B with vertices in A
called g,and in B, b,. The main diagonal entries in M represent the

paths of length 1 of a vertex in one part of the graph to itself, which
cannot happen because there are no loops in a bipartite graph. When a
number appears on the main diagonal, it represents a path from a vertex
to itself. In a bipartite graph, and since no two edges in the same part
can be adjacent, the number of edges required to get back to any edge
must be 4. For example, leave vertex g, to a vertex b, and then back.

This makes the length of a path from a vertex to itself at least 2, but
always an even number. M7 diagonal entries represent paths of length
37 from a vertex back to itself. Since it has to be an even number, then
the path of length 37 does not exist from a vertex back to itself and
hence the number in the adjacency matrix must be zero.

(i) Number of paths from v; to v; with a maximum length of 3.

(b)  Ifthere is a bipartition (4, B) of the graph, where 4, B are independent sets of
vertices and the vertices {x, y, z} form a triangle. Either 4 or B must contain at
least two vertices from the triangle. However, any pair of vertices in the
triangle have an edge between them, contradicting the fact that A4 is
independent. Thus, a bipartite graph cannot contain a triangle.

(c) A bipartite graph is divided into two pieces, of size p and g, where p + g = n.
Then the maximum number of edges is achieved when each vertex in A is
connected to every vertex in B, that is pg. Now, pg = p(n — p) is a parabola

. . n
with a maximum when mum p=—=—-—=—.
2 22 4
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42.  (a) Not bipartite. It contains more than one triangle.

01000 1
101110
010100
®)  Dig 1 1 01 1
010101
100110

(i)  This is the entry on the main diagonal in the 4™ power of the adjacency
matrix corresponding to (A, A), 13.

B
(Mat A)?
7 10 17 16 5
7 31 13 22 18 25
10 13 12 15 16 11
17 22 15 30 23 16
16 16 16 23 23 13

JUMP JDELETEPMARYCT MATH J

(c)
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Exercise 13.1

1. If you define as D, as the distance between Achilles and the tortoise at step » you can
see that: D, =100m,D, =10m,D, =1m,...,D, =100-10""

The distance between the two gets closer to zero, as lim D, = 0.

n—>0

Moreover, since the sequence is geometric, the total distance travelled by Achilles
100 1

will be S, = o1 =11 15 m which is finite and, therefore will be covered by him in
a finite time.
2. You can use a GDC to plot the function and use the graph to see what the limit is.

Pay attention because the function may not be defined for the limit value (x =2 for
part (a)) and therefore you have to choose a value close to it, but not equal
(in the example x = 2.0000001).

NORMAL FLOAT AUTO REAL RADIAN MP

n NORMAL FLOAT AUTO REAL RADIAN MP D NORMAL FLOAT AUTO REAL RADIAN MP

0

Yiz(R2-Y)e(K-2)

—

¥=2.0000001 Y=H

Y1=(X2-H)e(R-2)

| s

X=2.00000010

Plotl Plot2 Plot3

(b) S5

() 6
(d) Inthis case, from the graph it is clear that there is a vertical asymptote for x = 2.

When the x approaches 2 from the right ( lim ) we can see that the graph tends
x—=2"

towards +oo
W
(e) 3
f) 0.354
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62-0

3. @ (@) — = 3lcms™
(ii) 287262 95 5ems!
2
(iiii) %: 153 cms™

(b)  afew methods are available. Two are mentioned in the textbook answer
section. Here is another one: Draw the tangent at x = 3 by eye and estimate two
points in the line, you can estimate the gradient of the line, which corresponds
to the instantaneous velocity at x = 3. From the graph to the right we can use
(1.5,0) and (5.0, 300) which gives a value of 85.7m s™". Since it is an
approximate procedure similar values are also acceptable.

s
600 .
T 450
J
\é- L]
g 3004
E ']
150
L ]
0 10 20 30 40 50 60
Time (sec)
30-15 _
4 @ @) =3.75kmh™
4.5-0.5

(ii)  See graph below. The gradient of the tangent is between 12 and 13
(iii)  No, as there is no point with gradient equal to 0.

19-11
2.5-1.5
(ii)  See graph below. The gradient of the tangent is around 18 km h™!

) (@) 8kmh™

(iii)  No, as there is no point with gradient equal to 0.

© @) 3578 9 fmn
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(ii)  See graph below.

The tangent is horizontal at P, so the velocity is equal to 0.

(a) (b) 1
30 20 Q
— Q
E 25+ 18
< 20 16
o
§ 15 144
- p
A 104

5_

Distance (km)
=
1

0" 95 1 15 2 25 3 3.5 4 45
Time (h) 6

T T T T T
0" 05 1 1.5 2 25
Time (h)

Distance (km)
b
=

0 as s 2 os qiss g s,
Time (h)

(iii)  The gradient is 0 around P (approximately between 7 = 1.5 and ¢ = 2.5).
5. (a) Reading from the graph we get:

average rate of change = w =-11C min™

(b)  Drawing the tangent at = 1 by eye, one gets, approximately:
A

Temperature (celsius)

T T Tt T T
0 1 2 3 4 5 6 7
Time (minutes)

25-85

instanteneous rate of change = =-20 C min™
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(c) As for (b), drawing the tangent by eye, one gets:

20-40 =—4 C min™

instanteneous rate of change =

A
100

90

Temperature (celsius)

= k) W e U Oy~ 0
L= - N === R e B = S e S e Y e
1 1 1 1 | 1 1 1

T T  — - >

I 2 3 & &5 &6 0
Time (minutes)

=]

6. (a) One can use a GDC to answer this.

The half-pipe can be modelled as a circle centred at (0,2) with radius 2.

The equation of the lower half of the circle is: y =2—+/4—x’

Plotting this equations with a GDC and calculating the numerical derivative
one gets:

NORMAL FLOAT AUTD REAL RADIAN MP ﬂ
CALC DERIVATIVE AT POINT

N/

x

y

dvldx=-1.133894
®=-1.5 ¥=0.6771243

x=—1.5,d—y=—1.13; x=—1,d—y=—0.577; x=0,d—y:0
dx dx dx
x=l,d—y=0.577; x=l.5,d—y=l.13
dx dx

The slope at x is the opposite of the slope at —x.
(b)  Undefined, or, improperly, +o and —o
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7. Using a GDC to draw tangents to y =e”, one gets that, approximately, the gradient
at A is m = 0.368, at B the gradient is m = 1 and at C the gradient is m = 2.72.

/—

// %

¥="1
¥=0.3678795024B5X+0.735758943656..

From a GDC we can also see that e =2.72 and 1 =(.368 . This This seems to suggest
e

that, for y =", the value of the derivative at a point is equal to the value of the
function at that point.

Exercise 13.2
1. (@) 357 +40r=400=>71+8=80=7t"+8—-80=0
(7t =20)(t+4)=0

The only positive solution is 7 = ? =2.86s

(b) 40;)0_0 =140 cms™!
7

(©)
t Distance travelled Velocity
0 0 70-0+40 =40
1 35-1°+40-1=75 70-1+40=110
2 3527 +40.-2=220 70-2+40=180
3 35.3% +40-3 =435 70-3+40 =250

(d)  The toy car at = 3 s is beyond the end of the ramp so the formulae used are no
longer valid.

(e) 70- ? +40=240cms™

(f) 40 cms' (see table in part (c))
3507 +40t =200 = 71 + 8t =40 = 71> +8/—40 =0

(2) t_—8+\/82—4.7-(—40)
- 14

=1.89s
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(h)  Inpart (g) we calculated that the time to reach half-way down is 1.89
seconds, so the velocity at that point is given by d'(1.89)=172cms™

(@) 70t +40=130=>70t=90=1=1.29 s
2. (a) A=7m-10> =1007 =314 cm’
(b)  cm? cm™!, or equivalently just cm.
(¢) The area is equal to 4007 cm® when =20 cm.

Therefore the average rate of change is given by:

4007 =0 207 cm’ cm™
20
(d)  The instantaneous rate of growth for » = 20 is given by:
d4

d—(20): 27-20=407cm® cm™
r

3. (a) %-(2.5)3—%-(2.5)2+%-2.5=17.7km

2 5732 52432 52 :
(b) d(5)_§-(5) ARSI 25km ..
25-0 1
(C) 5_—0—51(1111’1
(d  kmh™

(e) To find the speed we need to use the derivative, so = 0:

d (0) =2~(0)2—3?5-(0)+3?5= 3?5km h"'=175kmh™

whilst at 7 = 5.

d'(5):2~(5)2—§-(5)+§= %km h"=9.17kmh™

) If you plot the graph of the velocity on a GDC you can see that the velocity
(and also the speed) is greater for # = 0. From (e) we know that the speed at
that time is 17.5 km h™.

NORMAL FLOAT AUTD REAL RADIAN HP n NORMAL FLOAT AUTO REAL RADIAN MP n

Plotl Plot2z Plot3

e % o % ........................
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(2 Using a GDC to find the minimum, you find that # = 2.92 s and the speed is
0.486kmh!.

NORMAL FLOAT AUTO REAL RADIAN MP n
CALC MINIMUH
Y1=2K2-(35,3)K+(35,2)

Hinimwm
X=2.9166683 Y=0.4861111

4. (a ms’!

()  s(3)=2-/9=6m= Average speed Sl -

3-0
ds 3 o ds 3 ., ds 3 r
—lz‘f—:1.73 , —2:‘f—:1.22 ,—3:‘/—:1
© dt() 1 ms dt() 2 ms dt() 3 ms

@  s()=2-3=346m, s(2)=2-3-2=4.90 m, s(2)=6m from (b)

5. (a) The rate of change is greater when the function is steeper, so the average rate
of change is greatest between A and B.
(b) () positive rate of change means that the curve is increasing, so at points
A,Band F
(ii)  negative rate of change means that the curve is decreasing, so at points D
and E

(iii) At point C, where the tangent to the curve is horizontal and the curve is
neither Increasing or decreasing.

(c) By eye you can see that the lines BD and EF have similar gradients and so the
average rate of change between these two pairs of points are approximately
equal.

6. The gradient of the function f; is negative before 0 and positive after 0. So its
derivative corresponds to graph (d).

The gradient of the function f> is negative everywhere except at 0, where it is equal to 0.
Therefore its derivative corresponds to graph (e).

The gradient of the function f; is equal to 0 at three different points. Its derivative
corresponds to graph (b).

The gradient of the function f; is constant and negative as it is a straight line. Its
derivative corresponds to graph (a).
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7. A function is increasing when its derivative is positive and decreasing when its
derivative is negative.

(a) The function is increasing (positive derivative) for 1 < x <5 and decreasing for
O<x<lor5<x<6
(b) The function is increasing for 0 < x <1 or 3 < x <5 and decreasing for
I<x<3or5<x<6
8. (a) The function is decreasing when the derivative is negative, so for
—3<x<-2o0rl<x<3

(b)  The graph needs to go through (0,0) and it must have a minimum for x = —2
and a maximum for x = 1. Here there is one possible example, but other graphs
with the same features are also correct.

VA

=Y

I —

2 ) e 1

9. (a) If T (r) is positive, it means that at r the torque increases as the RPM increases.
(b)  The derivative is given by 7 (7)= —0.0000544r + 0.08459 .

Using a GDC to plot the graph of 7' (r) and calculate the x-intercept, the
torque is increasing for 0 <r <1555 RPM and decreasing for

1555 <r <10000 RPM

NORMAL FLOAT AUTO REAL RADIAN HMP n NORMAL FLOAT AUTO REAL RADIAN MP n

Y1="0.0000544K+0.08459 Plotl Plot2 Plot3

E\Y1E-0.0000544X+0. 08459
E\Y2=N
EN\Y3=
I\NY4=

‘ e, BN

ENY?=
E\Ys=
B\Ys=

2Zero
¥=1554.9632 Y=0

(c) Looking at the graph, in the interval given, the Torque has a maximum when
T (r)=0. Therefore r=1555 RPM and
T7(1555)=-0.0000272-1555+0.08459-1555+440.0 = 505.8 N m.
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10. (a)

T e e P e e

; Y1800, 646X 436, 8x"%)x,
e
E\Y3=
B\Yq4=
E\Ys=

| S % \Ys=
E\Y?=
|

(b)  Usea GDC to find where i—f =0, which gives r=57.0.

NORMAL FLOAT AUTO REAL RADIAN MP n
CALC ZERD
¥1=(-0.646X"1.15+36.8K"0.15)%0.98".,

=
v

j&\/ 3
2

X Y=o

ero
=56.965944
[

So the concentration of the drug is increasing for 0 <7 < 57.0 minutes and decreasing
for 57.0 <t <480 minutes.

.. : dC ..
(c) The concentration is decreasing the fastest when d—has a minimum.
4

Using a GDC to find the coordinates of the minimum, one gets # = 110 min and
€ _ 75 ng ml” min~".
dr

NORHMAL FLOAT AUTO REAL RADIAN HP n

CALC MINIMUM
Y_|§.=('G.6'1GX“]..15*35.35‘("8.15)!3.93"..‘

Y

l N X
HMinimuwm
¥=110,84552 ¥=-7.513889

(d)  The concentration has a maximum when (ii—f =0,soatr=57.0
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11. (a) Thousands of people per year
(b)

NORMAL FLOAT AUTO REAL RADIAN HMP n NORMAL FLOAT AUTO REAL RADIAN MP n
Plotli Plotz Plot3

12000
ENY1B
ssoox( 0,828 ) «1.22%418y

(c) Looking at the graph, and considering that the function contains only
exponentials, the derivative is always positive and therefore the population
cannot decrease

(d)  The population grew rapidly from about 1990 to 2010 with a peak of growth
around the first years of 2000s. Then it levels off and the population stabilises.

(e) Using the function value of a GDC for =10 one gets % =8.83, which,

considering the units of P, gives a rate of change of 8830 people per year.

0

NORMAL FLOAT AUTO REAL RADIAN HMP n

NORMAL FLOAT AUTO REAL RADIAN HP

‘?.:12009'(859‘9*(0.82"(H)JH..ZZ"(X...

v

iminimum
i maximum
tintersect
tdusdx
Pff(x)dx

NoOU R WN

¥=10 Y=8.8260416

) Plotting the line y=20 in the same graph as P (¢) and finding the intersections,
one gets 15 <t <30 which corresponds to the years 1995 to 2010

NORMAL FLOAT AUTO REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN HMP MORMAL FLOAT AUTD REAL RADIAN HP n

CALC INTERSECT CALC INTERSECT

Plotl
ENY1B

Plot2

Plot3
12000
sso0x(0.82% ) +1.22%+18y

2|
=30.056674 Y=20
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(2) Use a GDC to find the maximum of P'(¢) . This gives ¢ = 22.8, which means it
happens during the year 2002. At this time P (f) = 32500 people per year.

NORMAL FLOAT AUTD REAL RADIAN HP n
CALC HAXIMUH
‘{'r1=12000I{BSGOHG.82“(8))*1.22“0{..

v

=

Haximwm
X=22.768099 ¥=32.499859

Exercise 13.3
1. (a) (i) %=3~2x—4=6x—4

(i) 6-0-4=—4
. dy
b ——=-6-2
® O X
(i) -6-2-(-3)=0
. L dy . .
© @ y=2x :a=2.(_3).x - _6x
(i) —6-(-D)"=-6
: dy 4 2
d —=5x"-3x" -1
@ @ =53
i) S51'-31’-1=1
© @ y=x2—4x—12:>%:2x_4
(i) 2-2-4=0
® () y=2x+x‘1—3x‘3:%:2_3{2_3-(—3).)64‘:2_x‘2+9x‘4
) 2-17+9-1"=10
i 1 L dy ]
® @ y=x+?:x+x2:>a:1—2x3

() 1-2-(-)7=1+2=3
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2. (@ (0,0
d—y=2x+3
dx
2x+3=3=2x=0=x=0=y=0"+3-0=0

(b)  (2.8) and (-2,-8)

d—y=3x2
dx
3 =12=xl =4 x=12
y=2"=8 y=(-2)'=-8

5 21
o (5%

@ (1.-2)

2x-3=-1=2x=2=x=1=y=1"-3.1=-2
3. Using the fact that the point (2,—4)is on the curve we can create one equation:
~4=2"+2a+b=-8=2a+h

Since % =2x+a and the gradient at (2,—4)is —1 we can create another equation:

-1=2-24+a=a=-5
Replacing back in the first equation we can find b:
—8§=2-(5+b=b=2
4. y =mx+b=mx" +bx°
dy

a=m-l-xl'l+b-0.x°'1 =m-x"+0=m

Therefore the gradient is always m.
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1 1 L1 2 1
5. (a) g(x)=x*=g'(x) =§x3 =§x 3

b i '(8) ==
b @O £O® W 12
(i) g8)=8=2
Therefore the equation of the tangent is

1 1 2 1 4
2=—x-Y)Dy=—x——+2=>y=—x+—
ym2=p 8=y =g TR

is undefined for x=0.

. L
© O 0=

(ii) At (0, 0) the tangent is vertical, so its equation is x = 0

Equation of the tangent:

1 1 3
B=—(x-9) > yp=—x—=
y 2( )=y R

1o+ 182_[19 12

2 J ——13.0 °C min”!

7 () C)-C2) _ 62
6-2 4
3 il
(b) C(t)=19+182¢ ? :>C'(t)=182-(—3)t 1213
2 S
C4y=-213 2B _ _g53°C min”!
d - 32
24 +17-(20 +17) ”
8. (a) Average rate of change = 1] = Y =4.67°Ch™

b)) CH)= 2t2+17:>C(r) 2—t2 3t

© 3J:%jﬁ=%zz:(ﬂj — 0242k

9
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10.

(a) number of cases per year

(b) (11—(; =-222-3- +7260-2-£—12700 = —666t" +14520f —12700

(¢) At 1990 r=7. Hence

ac

" (7)=-666-7> +14520-7 —12700 = 56306 cases per year

At the beginning of 1990, the cumulative number of cases was increasing at a
rate of 56306 cases per year.

(d)  To find the new cases reported in 1990 we need to subtract the cumulative
cases at the beginning of 1990 from the ones at the beginning of 1991:

C(8)—C(7)=-222-8" +7260-8" —12700-8 +13500 — (—222-7" +7260-7° —12700-7 +13500)
=262876—-204194

=58682
This is the average rate of change for 1990, whilst the answer of (c)is the
instantaneous value at the beginning of 1990, so the values are different.

(e) Plotting the graph of (ii—(;we can see that it is negative for 0 <¢ <0.913 years

and positive for # > 0.913 years. Therefore for most of 1983 the cumulative
number of cases decreased, whilst after than they increased.

NORMAL FLOAT AUTO REAL RADIAN HP [] NORMAL FLOAT AUTO REAL RADIAN MP r]
CALC ZERD

Y1=-666X2+14520X-12700 Ploti Plotz Plot3
. I\Y18-666X'-14520%-12700

! \Ye=

2ero
¥=0.9128795 Y¥=8

dP
(a) ’m

=17-2-t=3¢> =341 -3¢*
d
(b)  34r-3¢ >021(34—3t)>0:>%<t£20

The population of bacteria is increasing for ¢ between % =11.3and 20

minutes and it is decreasing between 0 and 11.3 minutes.

dpP

5(10) =34-10-3-10 = 40 bacteria per minute

(c)
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(d) We want to find at what time i—[; =—-165

i—f=165334t—3t2 =-165=31*-341-165=0

(3t +11)(t—15) =0 =1 =15 minutes (the other solution gives negative time)

) By plotting the derivative and finding the maximum, one gets that the rate of
change is greatest for # = 5.67 min and its value is 96.3 bacteria per minute.

NORMAL FLOAT AUTO REAL RADIAN HP n
CALC HAXIMUH
Y1=34%~3K2
v
\ x
Ma.ximum
#=5.666669 ¥=96.333333

11. (@)  h(t)=-9.8¢+16, this represents the velocity of the tennis ball in ms ™.
) H(1)=-981+16=62ms"

(c) Descending means that the velocity is negative, so we get:

-981+16=-10=-98=-26=1 =iz =2.65%

() —9.81+16=0:—9.8t=—16:t=%=1.63 5

This is the time at which the ball reaches its maximum height, before it starts
to fall.

(e) The equations we are using are valid only before the ball hits the ground. To
find the time when the ball hits the ground we can plot /(f) and find the time
when A(¢)=0, which gives t = 3.33.

NORHAL FLOAT AUTO REAL RADIAN HP
CALC ZERD S
Y1="4.982+16K+1 Plotl Plotz Plot3
v I\Y18-4. 9x2+16X+1 i
EN\Y 2= y .
ENY3=
ENY4=
I\Ys=
1 " — X \Ys= “
Zero IN\Y?=
X=3.3266535 y=-1E-12 ¥=3.33 Y=-16.634

Looking at the graph of % (¢) , one can see that the maximum speed
(which is the absolute value of the velocity) occurs at f = 3.33 and
its value is 16.6 ms™'.
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Exercise 13.4

1. (a) (Chain Rule) y = u*,u = (3x-8) = % =4y’ -3=12(3x-8)’

1 1 1
. 5 dy 1 - 1 -
b Chain Rule —uzau—l_xz_—_u 2. (-D==—=(1=-x) 2 =-
(b) ( n Rule) y 1 5 (=D 2( )

241—x
(c) (ChainRule)y=3=3u_1,u=x3:>d—y=3-(—1)-u_2-3x2=—26-x2=—i4
u dx X X
¥ 1 1, 1 dy 1 1
d =t =Xty > === 2 x+— ()X =x——
@ 2 2x 2 2 de 2 2 =D 2x°
) - dy _ 4x
e ChainRule)y=u>,u=(x*+4)=>—==2-y" 2x=————
e )y ( ) ™ e

. dy _1-(x+D-1-x 1
f) (Quotient rule) o Gil) = 1)

1 3
. - dy 1 - 1
(2 (ChainRule)y=u 2, u=x+2=>—=——u 2 - () == ————
de 2 2J(x+2)

(h)  (ChainRule)y=u’,u=Q2x’-1)= % =3u’ -4x =12x(2x" -1)*

1 1 !
(i) (Productrule) y=x-(1-x)?> = %: x~%(1—x)_2 (=D+(1-x)%-1

X —x+2(1-x) —-3x+2
=— +l—x = =
2J1-x 2J1—x 2J1—x

6x—5
Bx*=5x+7)

G4) (Chain Rule) y =u",u =(3x” —=5x+7) = % =—u”(6x—5)=—

1 2
(k) (ChainRule)y:u3,u=2x+5:>%=lu 3.0 = 2

33f(2xesy

) (Product + chain rule) jx—y =2x-1) 4% +(x" +1)-3-2x-1)* -2

=2(2x =1’ [ 2x°2x =) +3(x" +1)]
=2(2x—1)’[ 7x* - 2x* +3]

1 A
(m) (ChainRule)y=u2,u=3x2—2:>d—y=lu2-6x=3—x
de 2 3x* -2

142 2
(n) (Quotient rule) %: 2x-(x+2)—-1-x  x"+4x

(x+2)°  (x+2)
. dy LGx-D-1-(x+D) _ 2
(o) (Quotient rule) o 1) = 1)
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2
(b) d_y=_4.x—5:>d_3;=_4._5.x‘6:2_?
dx dx x

3. (a) (x=D)(4x" +4x+1)=4x +4x" +x—4x" —4x—1=4x" -3x -1

d—y=12x2—3
dx

(b) %=(x—l)-2(2x+1)-2+(2x+1)2.1=(x—1)(8x+4)+(2x+1)2

=8x" —4x—4+4x’ +4x+1=12x" -3
4. (a) Using the quotient rule:
£ = 2x=3)-(x+1)> =2(x +1)(x* =3x+ 4)
(x+1)*
3 2x=3)-(x+1)=2(x* =3x+4)
- (x+1y’
B 2x* —x—-3-2x"+6x-8 _ Sx-11
- (x+1)° C(x+1)

(b)  Using the quotient rule again:
100 = 5.-(x+1)’ —3(x+16)2 -(5x—=11)
(x+1)
~5(x+1)=3(5x-11)
- (x+1)*
_ Sx+5-15x+33 —10x+38
o x+D)t (x4

I-(x+a)—-1-(x—a)
(x+a)2

_ 2a

_(x+a)2

£ = 0-(x+a) —2a-42-(x+a)

(x+a)

5. ()=

.
(x+a)3
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6. Using the product rule:

L dy 1 1 1
=x-(x+1)?=>==x-—(x+1) 2 +(x+1)? 1=
y=x-(x+1) 1 2( )2 +(x+1)

x+2(x+1)  3x+2
2Jx+1 24x+1

X
=—F——+/x+1l=

24x+1

7. We can see that y = x*(x”> —6) and the graphs of this function is negative for

-6 <x< \/g , and therefore it is negative for 0 < x <1, which is contained in the

previous one.
% =4x’ —12x = 4x(x* —3) is negative for 0 < x < NE)

and therefore in the interval requested.

&y

2:

3

12x” =12 =12(x* —1) which is also negative for 0 <x <1.

However, jx—J; =24x 1is positive for all positive x and thus for 0 <x <1.

8. (a) Using Pythagoras’ theorem we get:

h=\(b+1)> +b* =~[2b> +2b+1
(b)  Using the chain rule:
dh 1 -

2b+1

1
h=~u=u>u=20"+2b+1=>—=—u ? - (4b+2) = ——o——
db 2 V2b? +2b+1

Exercise 13.5
(Product) Y =x"-e"+e" - 2x=x"e"+e"2x

1. (a)

dy

(b) (Chain) y =cosu,u =4x = - =—sinu -4 =—4sin(4x)

dy

(¢) (Chain)y=e",u=1-2x= o e (-2)=—-2e"™

_1-(I+sinx)—cosx-x l+sinx—xcosx

oy &
(d) (Quotient) i Atsing)’

. dy e'-x-1l-¢° e'(x-1)
t t —_— = =
(e) (Quotient) 7 2

dy

(1+sinx)’

) (Chain) y = %uz,u =sin2x = i =u-cos2x-2=2sin2xcos2x = sin(4x)
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(e -)-e"-x -—xe'+e' -1

oy &
(2) (Quotient) &

(e —1)° (e —1)°
(h) y=cosx~smx=sinx:>d—y:cosx
CcOS X dx
1 1 .
. . 3 dy 1 = . sin x
(i) (Chain) y=u?,u=3-cosx=>—=—u ?-(Sinx) = ———
g e 2 23— cosx

2. (a) When x = 6e, y =In(2e) =1+ In(2).

dy 1 dy 1
y =In(x)-In(3) r x4 (6e) 6o

Equation of the tangent:

y—(1+In(2)) =L(x—6e):>y=ix+ln(2)
6e 6e

(b)  Whenx=1,y=In1’+1)=In(2).

2
L ze-3 b2
dx x"+1 x+1  dx 2

Equation of the tangent:

3 3 3
—In2Q)==(x-1)=>y=—x—-=—+In(2
y—In(2) 2( )=y 7¥3 2)

1

NG

~cosx=cotx:>d—y(z)=l
dx 4

V4 1
(c) Whenx—z,y—ln( )——Eln(Z).

dy_ 1
dx sinx
Equation of the tangent:

1 s 7z 1
+—InQ)=l(x——) = y=x——-——In(2
v+ (2)=1(x 4) y=x-—7-5 n(2)

(d) Whenx =0,y =In(1)=0.

__ 1 1 1 d_y(o) -1
dr W+l 24x+1 2(x+D) de T 2
Equation of the tangent:

1 1
—0=—(x-0)=>ypy=—x
y 2( )=y >
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(e) Whenx=e,y=e-In(e)—e=0.
Using the product rule for the first component
dy 1 dy
—=x-—+1-In(x)-1=In(x) = —(e) =1
Fiabd (x) (x) i (e)
Equation of the tangent:
y-0=(x—-e)=>y=x-¢

L _ 1.
In(e)

) Whenx =3,y =

Using the chaing rule with y = ™", u = In(x)

d o5 1 1 d 1 1
Y__u 2._:_—2:_3/(6):_—2:__
dx x (ln(x)) x dx (ln(e)) e e
Equation of the tangent:

y—1=—l(x—e)3y=—lx+2
e e

3. @  f(x)=e" -3x";f"(x)=¢"—6x
(b)  Using a GDC so solve e —3x” graphically. one gets x =—0.459,0.910,3.73

NORHMAL FLOAT AUTD REAL RADIAN HMP
R

NORMAL FLOAT AUTD REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP
Rt <X ! CALC ZERD CALC ZERD 1]
Yazen(X)-3K2 Yize (X)-3X2 Yi=e (X)-3X2
y j’\ | /L\ / | /
2ero Zero 2ero
K=3.733079 Y=0 ®=0.91000786 Y=0 K="0.458962 Y=o

(c) Looking at the graph of the derivative above, one gets that the function is
decreasing in the in the intervals (—o0,—0.459) and (0.910,3.73) and

increasing in the intervals (-0.459,0.910) and (3.73,)
4. (a) Let’s first find the points in common:
e =e"cosx=>l=cosx=>x=2rk,keZ

If the two curves are tangent to each other at these points, it means they have
the same gradient. Looking at their derivatives at these points:

Forthelhs:y=e ™", ) =— ;) (27k) =— ™.
Forthe rhs: y =e ™ cosx, )y =e™ - (—sinx)—e ™ cosx =—e " (sin x + cos x);

Y (2rk) =—e ™ (sin 27k + cos 27wk) = —e ™ (0 +1) = —e ™

So, at each intersection, the two curves have the same gradient, so they must
be tangent.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

(b)
h
¥—
2
i 1 2]
5. The particle comes to rest when the velocity is equal to 0.

V(1) =d—j—4sint+2sin2t =—4sint +4sintcost =4sint(cost —1)
s
4sint(cost—1)=0=1=r (and later at 27, 37, etc.)

a(t)= % =—4cost+4cos(2t) = a(r)=—-4cosm+4cos2r=8ms”

XX (2 (2 _ )
6. h,(x):2xe e2Y (x 3):2x (xx 3): X +?x+3
e” e e’
dy . dy _
7. a -~ —_e x;_:_ex. -1 :ex
@ o= S (D)
d 1 1 x _1.d& 1) 1
b = ——2=——2=——=—¥=—(——2)=—2
d« 1 «x X x dx X X
X

(c) d—y=2.sinx~cosx=sin2x;d—);:cos(2x)-2=20052x
dx

(d  y=sinu, u=x

d
—y=cosu~2x

=2xcos x>
2
d—);=2x-(—sinx2 -2x)+2-cosx2
dx

=—4x?sinx’ +2cos x>
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8. (a) sinf = a3:>sin6(a+3)=a:>3sin¢9=a—asint9
a+
a(l-sin@)=3sinf = a = 351?‘9
1-sind

(b)  Using the quotient rule:
da 3cos®-(1-sind)—(—cosd)-3sind

40 (1—sin«9)2
_3cosf—3cosOsind +3cosfsin

(1-sin 6?)2

3cosd
(1-sin 6?)2
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Chapter 13 practice questions

We need to solve the equation £ =7¢> +7t+21=6=1 =71+ 7t +15=0

1. (a)
Using a GDC we find two solutions, =3 and ¢ = 5.

NORHMAL FLOAT AUTO REAL RADIAN HMP n ggfgg;énzmnr AUTO REAL RADIAN MP I:I NORMAL FLOAT AUTO REAL RADIAN MP n
Plotl Plotz Plot3 Y1=K3-7KZ+7R+15 -?x=+7x+15
B\Y1BX3-7X34+7X+15 v v
E\Y2=
E\Y3=
E\Ya=
E\Ys=
INYe=
ENY 7= %
EN\Ys=
()  v(O)=h(@)=3t>-14t+7
++/142-4.3.
(¢) 3t2—14t+7=0:>t=14_ 146 43 7=O.56901r4.105
d aO)=v)=h()=6t-14
(e) () a(0)=6-0—14=-14 cms™
()  a(5.5)=6-55-14=19cms™
2. (a) f(x)=2x= f'(1.5)=3
2 9
(b) f(1.5)=15 =Z
9 3
23| x=2
d 4 ( 2
9
=3x——
4 4
(©)
Vi
. 9 3 3
(d) x-intercept = y =0; O=3x—12x=Z:>Q: Z,O

y-intercept > x=0; y= —% = R:

o2
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3 9
CRAN 3
(e) Midpoint of PR: 2 > = (Z, O) = point Q

® fla)=2a=y—-a* =2a(x—a)= y=2ax—a’

(2 Repeating what done for part (d) one gets 7 : (g,Oj; U: (O, —a2)

a +(-a’
(h) Midpoint of SU: [a-lz-O, (2 )J=(g,0j: point T

3. d—y=3ax2—4x—1
dx

We know that % =3 when x = 2, so:

3=3q-2°-4-2-1=3=12a-8-1=12=12a = a=1
4. @ (@ x=0

() y=lim> "2 =lim—X =3
X—w X x>0 ]

(b) y=3—%=3—2x_1z>%=—2-(—1)-x_2=%
(c) The derivative is always positive, so, within the domain x € R\ {O} , the curve
is always increasing.

5. The derivative of the function is f'(x) =2x—3b . From this we can find out b:
0=2-3-3b=b=2
Then, to find ¢ we can use f{(1)=0:
0=1-6+c+2=c=3

6. @ sO=10-tr=s0)=10ms"
(b) 10-t=0=1¢=10s

() s(lO):IO-IO—%-IO2 =50m
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. : |
(b)  Using a GDC to graph the curve as it approaches 0 one sees that the limit is 2

NORMAL FLOAT AUTD REAL RADIAN HP n

Y1=(T (R+4)=2)2(X)
¥

K=0.001 Y=0.249984Y4
3 _ _ 2
©  limX o im EEDOT XD o s 23
x>l x—1 x—1 (x — 1) x—1

(d) limIn(1-x)=lim Ing = -

x—I a—0"
3 1 1 1
il 3L 1 L 3x 4 3x-4
8. a x)=x2-4x?= f'(x)==x>—-4-—x 2 = - =
@ /™ J'(x) > 2 NN
1 111
b X)=x"—=x= fl(¥)=—x"——=————
b S > S(%) )
7 -13 ’ 7 -14 91
c N=—x"= f(x)=—-—13x" =
© f 3 S(x) 3 e
0.  wo=¥ 31824 a)=Y o618
st dr

(@) 37 —18/+24=0=3(-2)(t—-4)=0; (=2o0rt=4
5(2)=27-9.22124.2=20; s(4)=4’-9.-4’+24.4=16
(b) 6-18=0; 1=3
s(3)=3-9-3+24.3=18
10. (@ (@) v(0)=66—66=0ms"
(i) v(10)=66-66-¢"~51.3ms"

(b) @) a(t)= j— =—66- (—0.15)6_0‘15' 9 9p-015"

() a(0)=9.9¢"=9.9 ms"

v
!
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(c) (i) The exponential term tends to 0 so the velocity approaches 66 m s~!
@ O
(iii)  If the velocity tends to a constant value, then there is less and less

change in velocity, therefore the acceleration tends to 0 (the object
reaches its terminal velocity)

11. () () g'(x)=-3e"" =— ?
e

(i)  the exponential is always positive, so g'(x) =——-is always negative
e

and the function is always decreasing.

(b) (i) y=g(—%j=2+$=2+e

4

12. (a) y=ulu=2x+3=>y ="2u" 2=-———
(2x+3)

(b) Y =e""-cos5x-5="5cos(5x)e™”

(¢) ' =2tan(x’)-sec’(x?)-2x = 4x tan(x’)sec’ (x*)

dy _1-(e"=-D-e"-x_—xe'+e' -1

@ S ey 1

(e) y' =e"-2c0s2x+e" -sin(2x) =" (2cos 2x +sin 2x)

x’ -1

) y'=(x2—1).3ix-3+1n(3x)-2x= +2xIn(3x)

13. (a) E, because fis decreasing and the curvature is negative
(b) A, because fis decreasing and the curvature is positive
(c) C, because f1is increasing and the curvature is negative

14. Using the product rule,
fl(x)=x -l+ In(x)-2x = x+2x1In(x)
X
15. f'(x)= %cos(2x) -2 —sin(x) = cos(2x) —sin(x) = 1 - 2sin’ (x) —sin(x)

1-2sin’(x) —sin(x) = 0 = —(2sin(x) —1)(sin(x) +1) = 0

. 1 )
:>smx=5 or sinx=-1
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| 2
6. @ W=l r

(b) =x=2=2x"-x=2x"-x-2=0
2x—1
x_1+1/1—4‘2-(—2) _1+Jﬁ:1 -
4 4

17. (a) % =sec’(x) —8cos(x)

(b)  sec’(x)—8cos(x)=0

o5 (%) —8cos(x)=0

05 () =8 cos(x)

1 3
= —=cos (x
2 (%)
= cos(x) = 1
2
18.  Using the product rule for the second term:
% = k cos(kx) — (kx - (—k sin kx) — k - cos(kx)) = k*x sin(kx)

dy 2

19. =
dx 2x-1

=2(2x-1)" ;‘;;—?fz 2-(-D(2x-1)" 2= —(2:1)2

20.  (a)  A(0)=650, h(20)=2-h(0)=1300

1300 — e20k =2 20k

1300 = 650e*" = =e

_In(2)

In(2) = 20k = k == =2 =0.0347

(b) h(t) = 650347 — h(t) — 650-0.0347%%347
h'(90) — 650-0.0347e"7% _ 512 bacteria min""

. 2 _ .
2. (a) g'(x)= 2 (x +6) zx 2x _ 2x2+12—;1x2 _ 12_2x22
(x2 +6) (x2+6) (x2+6)
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(b)

22. (a)

23.

(b)

When the derivative changes sign the function has a maximum or a minimum,

and this makes the function many-to-one and therefore the inverse does not
exist. Since for large value of x the derivative is negative, we want to find the

smallest b such that the derivative is negative for x>b. To find this we need to

find the biggest value for which g'(x)=0.

12-2b°
2
(p”+6)
Looking at the graph of the function /' we predict that the derivative is equal to
zero when f'has a maximum and a miminum, and it’s negative between these

—0=>12-20"=0=>b=4/6

two. Therefore, the graph will look like:

The second derivative will have only one zero, in correspondence of the point

of inflection of f The graph will look like:
2w

'
Py 1
N i

. !
'

1

i

1

[

=Y

1]
]
]
;
]
]
:

(a) ¢ (x)=6x>—24x+30
(b) Since the units for x is hundreds of caps, for 100 caps x =1
c()=6-1"-24-1+30=12,

which corresponds to 12000 THB per hundreds of caps.

This means that the marginal cost after producing 100 caps is 12000 THB.
(¢) c(x)=6x"=24x+30=6(x>—4x+5)= 6((x—2)2 +1) >0 forallxeR

Since the derivative of the cost function is always positive, the cost function is

always increasing.
(@ p(x)=r(x)—c(x) =15x—(2x" =12x" +30x) = 2" +12x" ~15x
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()  p(x)=—6x"+24x-15

) Plotting the derivative p (x) with a GDC we see that it is positive for
0.775 < x <3.22, the function p(x)is increasing in this interval and

decreasing elsewhere.

NORMAL FLOAT AUTO REAL RADIAN HP

1]

MORMAL FLOAT AUTOD REAL RADIAN HP NORHAL FLOAT AUTO REAL RADIAN MP
CALC ZERD D CALC ZERD
Y1="6X2+24X~-15

Plotl Plot2 Plot3 Y1=-6K2+24K-15
I\Y1BE6X+24X-15 o i
T | /N :
ENY 3= -
EN\Ya= :
ENYs=

INYs= X £ %
ENY?= 2ero 2ero

¥=0.7752551 ¥=0 ®=3.2247449 v=0

(2 The marginal profit p'(x)is equal to zero at x = 0.775 or at x = 3.22..

Checking the value of p(x) for these two we get
p(0.755)=-5.35 and p(3.22) =9.35.

Therefore the optimum production level happens for x = 3.22 (322 caps) and
the expected profit is 9350 THB.

24. ()  0(10)=300-(20—10)> =30000, O(0)=300-(20-0)* =120000

(10)-0(0) _ 30000 —-120000
10 10

(b)  O(r)=300-(400—40¢ +¢*) =120000—12000: + 300¢’

=-9000 1 min~"'

Average rate = 0

O (1) =-12000 + 600t = Q' (10) = —12000 +600-10 = —6000 1 min~"

(c) 0 (0) =-12000,0 (10) = -6000,0 (20) =0
The rate of change is increasing with time, and this means that the rate at
which the water is draining is slowing down.

25.  (a) Using a GDC, you can see that the graph is always increasing for ¢ > 0 and it
approaches 200 as ¢ increases, so that’s the maximum number of students
infected.

NORMAL FLOAT AUTD REAL RADIAN HP D NORHMAL FLOAT AUTO REAL RADIAN MP ﬂ

Plotl Plotz Plot3 Y1=200,(1+199(1.2)°C"K))

200
nyYig—2 ®
1+199¢(1.2)> 4

ENY2=
E\Y 3=
E\Y4=
ENYs=
NYs=
E\Y 7=

EN\Yg= X=68.181818 ¥=199,84121
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(b)

(c)

(d)
(e)

®

NORHAL FLOAT AUTO REAL RADIAN MP

ﬂ NORHMAL FLOAT AUTD REAL RADIAN MP u

Flotli Flotz Plot3

268
nNYig——"— .
1+199(1.2>

INY 280 (Y1) ]yoy
ENY 3=

ENY4=

ENYs= 1

INYe=H = ; = ' — %y
E\Y?= =

Using a GDC to find the value of %(20) one gets 4.94 students per day

NORMAL FLOAT AUTOD REAL RADIAN MP n
YzznDeriv(Y1,H:%)

-~

3;20 ¥=4.9387031
PRO=PO) 32371 4 57 gudents per day
20 20

Using a GDC to find the maximum one gets 9.12 students per day on day 29

NORMAL FLOAT AUTO REAL RADIAN MP n
CALC MAXIMUM

Ya=nDeriu(¥1:X:X)

-~

Haximum
K=29.037487

¥=9.1160831

We need to plot the line y =1 and find its intersection with the graph of the
derivative. This gives that the infection rate drops to less than 1 during day 49.

NORHMAL FLOAT AUTOD REAL RADIAN HP n
CALC INTERSECT

Yas1
y.

~ |

Intersection
K=Y4B.44Y4003 Y=1
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4500
t2

26.  (a)  M(1)=4500t"+750 = M (t)=—4500t" = —

(b)) M@)=- 4?? 0 which is negative for all the values of t.

Thus M(?) is a decreasing function.

() M (@)=-1000= —4;00 =—1000:>%=z2 =1 =45=1=2.12 years

(d)  From the graph of M (¢), the most negative value within the domain 7 >1 is
reached at 7 =1

NORMAL FLOAT AUTO REAL RADIAN MP n

Y1="(4500,(X2))
T

=1 Y="4508

—4500

4500
<t

> —50=~4500> —50° =

() -

> >90 =t =9.49 years
4500
9.49

27. (a) P(n)=—-6n"+12n+1=—6n>+12n+1=0
—12+.12%2 =4 .(—6)-
n= 122412 124 (£0)-1 = n=-0.0801 or 2.08

Looking at the two roots and considering that » is a positive quantity,
P'(n)>0 in the interval 0 <n <2.08, an in this interval the profit is

M(9.49) = +750 =1224.18 = $1220 (to 3 s.f)

increasing.

(b) Considering what we found in (a) P (n)changes from positive to negative at
n=2.08, so the optimum production level is 2080 t-shirts and the expected
profit at this level is

P(2.08) =$10,000
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28. (a) E (1) =-0.0007-3-1* +0.0278-2 -1 —0.0843 = —0.0021¢* + 0.05561 —0.0843

(b) We need to use a GDC to find when E (¢) is positive.
So a=1972 and 5=1995.

MORMAL FLOAT AUTD REAL RADIAN MP NORMAL FLOAT AUTO REAL RADIAN MP ﬂ HORHAL FLOAT AUTD REAL RADIAN HP n
CALC ZERD CALC 2ERD

Y1=2"00021X2+00556X-00843

Plotl Plot2 Plot3

E\Y1B -00021X +00556X-00843
ENY 2=

INY3=0

ENY4=

ENYs=

\Ye=

INY?=

EN\Ys=

ro
32{22?51'165?3 X=24.861533 Y=o

29. (a) Using a GDC to plot S'(¢) we can see that CD sales increased sharply at the

beginning, kept increasing for the first 9 year at a lower rate of change and then
started decreasing from about 1999.

NORMAL FLOAT AUTO REAL RADIAN MP n NORMAL FLOAT AUTO REAL RADIAN HP n

Plotl FPlotz Plot3

(b)  Use GDC to find the intersection between y =S'(¢) and y =250.
This gives ¢ = 3 and therefore the sales increase by 250 million in 1993.
(¢) The sales begin to decline when S'(f) changes from positive to negative.

A GDC gives t = 8.98, so this happened at the very end of 1998.

NORMAL FLOAT AUTOD REAL RADIAN nMP u
CALC 2ERD

Y1=2,11X2-74.44+498
T

P
=8.9810751 Y=0
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(d)  To answer this question we need to find the minimum of S'(¢).

A GDC gives t = 17.6, so the biggest decrease is in 2007 and the sales
decrease by 158 million.

NORHAL FLOAT AUTO REAL RADIAN MP ﬂ
CALC HINIMUM

Y1=2,11K2-74.4%+498

E

¥

X=17.630331 Y="157.8483

(e) Considering the graph in (a) the sales initially increase and have a peak around
the 9" year. The only graph with these features is A.

30. (a) A= % =4.42 cm

v(1)=% = 4.426in (lbtj L h=-0.463b sin(lbt)
dr 30 ) 30 30
®) dv T T T
a(r)=—=-0.463b cos(— bt) -—b=-0.0485p’ cos(—btj
dr 30 ) 30 30

(c) Max for both quantities is when cos/sin are equal to 1.

v, =-0.463-550=255 cms”'
=-0.0485-550> =14700 cm s*

amax

(d) a o b’ so if b increases by a factor m, then a increases by a factor m”.
Thus k = m?

(e) Taking into account the relation found in (d), large RPMs means that the
engine has to handle significantly high accelerations (and hence forces). And
since the maximum acceleration increases as the square of the RPMs, as the
RPMs grow the acceleration grow much quicker.
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31.  In this question we can use a GDC to plot the function and its derivative to answer all

the questions.

@ @

(ii)

(iii)
() (@)

(ii)

(iii)
© @

(i)

NORMAL FLOAT AUTO REAL RADIAN MP n

Plotl Plot2z Plot3

I\YiENLxcos( 3% (X-202) J+11

BNY 2B (Y1) ey
E\Y 3=
E\Ya=
E\Ys=
NYs=
B\Y?=

using a GDC to find the maximum of 7'(d) we get d=110.75=111th day

NORMAL FLOAT AUTO REAL RADIAN MP n
CALC MAXIMUM

Ya=nDerivlY1.Xs%)

Il

v

O\
N &

¥=0.1893563

Maxtimuwm
¥=116.75194

To find what month this is we can do % = 3.7 which corresponds to
the 4th month April, and therefore mid spring
T(112)-7(111)=0.189=0.2 °C (to the nearest tenth)

Use the DC to find the minimum. This gives d =293.25 = 294" day.

% =9.8, so it’s the 10" month, late October, in the middle of the autumn

30
T7(295)—-T(294)=-0.189 =—0.2 °C (to the nearest tenth)

This happens when 7'(d)=0.

Again, using a GDC we find d =19.5 (20th day) and =202
(see graphs below)

The first one is mid January (winter) and the second is in the 7th month
(July, mid-summer)

NORHAL FLOAT AUTO REAL RADIAN HP
CALC ZERD

Ya=nDeriv(¥1,%:X)
Il

NORMAL I‘;LUHT ARUTD REAL RADIAN HP n

CALC ZER
\/
Zero

;;::nnariuwx.x.x)
X=19.5 Y=o

v

|
( x

2ero
¥=202 Y=o

v
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2. V=20 -2x> o 4omx—rx = 7x(40—x) em’ per cm of depth

33. (a) Using a GDC we find that the level is dangerous in the interval
0.889 <n <11.3, i.e. from late in the first year until the beginning of the 12th year.

ﬂ NORHMAL FLOAT AUTOD REAL RADIAN MP
CALC INTERSECT

n

NORMAL FLOAT AUTO REAL RADIAN MP

CALC INTERSECT
Y1=1300%0.95"(X)-700%06.75°(X)

¥y »
K X 1\ X
el - + I = 4 T
Intersection
Rebsonsasn” ¥=700 X=11.334808 YSre

(b) :TC =1300-(0.95)" -In(0.95)—700-(0.75)" - In(0.75)
n

=—66.7(0.95)" +201(0.75)"

: dC . .
Using the graph of — we can see that concentration is increasing for

(0
0<n<4.67 and decreasing for n>4.67

NORMAL FLOAT AUTO REAL RADIAN HP D

CALC ZERD
Y¥1="66.7%0,95°(X)+201%0.75"(X)
b

u
Zero
%=Y4.666465 Y=0
(d) Froma GDC we get 0<n<2.10, thus from the beginning until early in the

3rd year.

NORMAL FLOAT AUTO REAL RADIAN MP n

CALC INTERSECT

n%ersection

T
¥=2.0988598 Y=50
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(e) Using the GDC to find the minimum of the derivative, one gets n = 11.9, so
late in the 12th Year

NORMAL FLOAT AUTO REAL RADIAN MP n
CALC MINIHUM

¥1="66.7%0,95°(K)+201%0.75"°(X)
¥

i

HMinimum
#=11.960788 Y¥="29.67541
) (i) From the intersection between C(n) and n = 50, we obtain n = 63.5
(64th year)

NORMAL FLOAT AUTO REAL RADIAN HP n
CALC INTERSECT
Ya2=50

v |

Intersection
X=63.518953 Y=50

(ii)  Because (ji_c is negative for all values of n > 63.5 therefore the

n
concentration will keep decreasing.
34. (a) |al= 4.35-3.65 =0.35= a =-0.35 (since we want a minimum at ¢ = 0)
b:2_7r_27r' :4.35+3».65:4

=—; C
T 5.4 2
M(t)=—035 cos(z—”t)+4
5.4

(b) %=0.355in(2—ﬂt)2—ﬂ=0.13Oﬂsin(2—7[tj
dr 54 )54 5.4
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(¢) Plotting % on a GDC, we can find that the derivative is negative in the

interval 2.7 <t <5.4 . Therefore the function is decreasing in this interval and
increasing in the intervals 0 <7 <2.7and 54 <¢t<7.

NORMAL FLOAT AUTO REAL RADIAN HP NORHMAL FLOAT AUTO REAL RADIAN HP n
CALC ZERD CALC 2ZERD
Y1=0.13m#Esin((2m)e5.4%) Y1=0.13m¥sin((2m) 5 HK)
v o 5
X 1 X
Zero Zero
H=54 Y=4.084E"1Y4 n=2.7 Y=o

5. @ 9C_ 3—2~—sin(£t)~£ - 3+sin(£t)

(b) 3+sin(£t)>3.535in(lt)>O.5:>£<lt<5—ﬂ:>2<t<10
12 12 6 12 6

(c) The number of chirps per hour is maximum when sin=1, so when %t = % .

This happens when 7 = 6 (6 hours after sunset) and the number of chirps per
hour are 4000.
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Exercise 14.1
dy
1. a —=2x-2

(a) &
d—y:0<32x—2=0<:>x=1
dx

When x=1, y=(1)2—2(l)—6=—7 so vertex at (1,—7)

b Y_sgei12
dx
dy
—=0=8x+12=0=x=-1.5
dx
When x=-1.5, y=4(—l.5)2+12(—1.5)+17=8 so vertex at (—1.5,8)
dy

[ —=-2x+6

(c) &
dy
— =0 -2x+6=0=x=3
dx
When x=3, y=—(3)2+6(3)—7=2 so vertex at (3,2)

2. @ () % =6x’ +6x-72=0 = (-4,213),(3,-130) are stationary points

(ii))  Sign diagram:

s o
4 (I) — (I) +  signof e
<€ >
I I
—4 3 X

Therefore (—4, 213) 1s local maximum and (3,—130) 1s a local minimum.

(iii)

541.2171y

(-4,213)

/\SO A X
-8,02 JLO'S\/ 7.87

£1(x)=2- x3+3-x2-72:x+5

-474.25 r
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. dy 1 , . .
b —=—x"=0 = (0,-5) is stationa
(b) () R (0,-5) ry
(ii) Sign diagram:
+ + sign of '

>

<€

—— O

0 x
Therefore (0, O) 1s neither a minimum nor a maximum.

(iii)

4.151y

325 - i/isg

First re-arrange (or use the product rule) to get: y =—x’ +6x> —9x

© @
Then b_ —3x*+12x-9=0 = (1,-4).(3.0)are stationary points

(ii))  Sign diagram:
— 0 + 0 = signof e
I I dbx
<€ >
I I
1 3 *

Therefore (1,—4) is a local minimum and (3, 0) is a local maximum

(iii) ) B

8.34 |y

706

-7.69
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2
(i)  (—14) is alocal minimum since /’(x) changes from negative to positive at
x=-1:(0.6) is alocal maximum since f'(x) changes from positive to

negative at x=0; (é —E) is a local minimum since ’(x) changes

d @ % =4x’-6x"-10x=0= (-14). (0.6). (é, _21_769) are stationary points

b

. o 5
from negative to positive at x = 5

(iii)
21.54
’ f‘l(x):x*~2-.\‘3~5-x2+6
(-1,4) (0.6)
N ]
2 0.2 3
-20.98 (2.5,-17.4)
1 dy 1 1 1
e i =x—-x* > >=1-1x"=1-—==0 = x=—,
e @ y & 2 s 1

(ii) Y changes sign from - to + at x =% SO (%,—i) is a local minimum.
(iii)
1.5y
ol fl(x):x~f;
VI Wi 3
L (0.25,-0.25)
_1
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3. @ f(x)=3x"-12=0=x=22 (b) f'(x)=x"—4x=>x=0,2
Using software or GDC Using software or GDC
Local max (-2, 16) ; local min (2, —16) Local max (0, 0) , local min (-2, —4) and (2, —4)

(©) f'(x)=1-xi2=o:>x=iz ) f'(x)=-15x"+15x> =0=> x = 0,1

Using Software or GDC Using Software or GDC

Local min (2, 4) , local max (=2, —4) Local max (1, 2) , local min (-1, —2)

\ AL

\ (2.4) : /T\
T — T =

(-2-4) \ C
\

r

()  f(x)=12x"-12x>-24x=0=>x=0,-1,2
Using Software or GDC
Local max (0, 5) , local minima (—1, 0) and (2, —27)

B f (71.0) 0 \
10 \
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4 (@ (@)
6.671y
(-4.0) 1 /(10) )
10 1 10
ﬂ(x):x2+3- x—4
%6.67 1
(ii)  Local maximum at x =—4 since f '(x) changes from positive to
negative; Local minimum at x =1 since f’(x) changes from negative
to positive.
(b) (@)
5.1Ty
0.5! (2,0) m
(3,66 0.5 '\/(5,0) 10.41
: £1(x)=x2~7- x+10
4.28]
(ii)  Local maximum at x=2 since f ’(x) changes from positive to negative.
Local minimum at x =35 since f ’(x) changes from negative to positive.
(© (@
4.931y
ﬂ(x)—J—X
25-x2
0.5} (0,0) -
-6.60 0.5 7.38
-4.45]
(ii)  Local maximum at x=0 since f '(x) changes from positive to negative.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

5 @ @
4.93%y
ﬂ(x):%( / 36-x2 )
0.5} (0.0) 2
-6.69 0.5 7.38

-4.45

(ii) Local maximum at x=0
Since f ’(x) changes from positive to negative; maximum is at (0,6)

Graph of function:

70 (0,6) £1(x)=36-x2

0.51

-6.76 0.5 7.31
“1.72]

()

0.5%y

fl(x)=%(@ +/257x2)
(-3.16,0) : ({0)

-0.5
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(i)

Local maximum at x =-3.16 since f ’(x) changes from positive to negative;
Local minimum at x=0 since f ’(x) changes from negative to positive;

Local maximum at x=3.16 since f ’(x) changes from positive to negative.

Graph of function:
(-3.16,7.75) 7.96%y
\/(?.1\6,7.75)
(0, 7.24)
ﬂ(x):j;Z+_5+ /257)(2
-6.98 5.39@.5 6.74
© @
20ty
51(0,0) (2.5,0) .
2 (1/0) 0:2 / 3.5

fl(x)Z% (x4~2- x3-5 x2*6)
-15]
(i)

Local minimum at x =—1 since f '(x) changes from negative to positive;
Local maximum at x =0 since f ’(x) changes from positive to negative;

Local minimum at x =2.5 since f ’(x) changes from negative to positive.

8‘y /

Graph of function:

1SN
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6. (a) (i) Increasing on 1< x <5 ; decreasing elsewhere.
(ii) Localminat x=1,local maxat x=35.
(b) () Increasing on 0 <x <1 or 3<x<5 ,decreasingon l<x<3 or x>5

(ii) Local maximaat x=1 and x=35; local min at x =3

7. (@  v(r)=3-8+1 : a(t)=6r-8

(b)  Using GDC: max displacement is —6.88 m when ¢t =2.54 s ( t= 3

4+\/§J
(¢)  Using GDC: Min velocity =—4.33ms!; r=1.33 s

(d) Starting from —6 m (at # =1 s), the object moves toward the origin, passing the
origin at =0 s, before reaching its maximum positive displacement at
0.131 s, then moving in the negative direction reaching minimum displacement
of —6.88 m at 2.54 seconds, where it changes directions again.

8. @  f(x)=-2x+8x=0= 2x(x*-4)=0 so x=0,2,-2
Check the changes of signs by substituting any values in the correct intervals,
for example:
f'(=3)=30>0, /' (-)=-6<0; f'(1)=6>0; f'(3)=-30<0
(alternatively, sketch the cubic to visualise the changes of signs)
So,Max at x=-2,2 , Minat x=0
Substitute into f(x) to find the corresponding y-values: 7(-2), £(0), f(2) to
obtain: Max: (=2, 18), (2, 18); rel. Min: (0, 10)

B [t1/[V]:Select graph
¥Y9=-.6x*(4)+4x2+1 o
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, 16 2x’ —16
(b) f(x):2x—?=O:> = =0 so x=2

Check the changes of signs by substituting any values in the correct intervals,
for example:

Fi()=-14<0; £'3) = % >0

So, it is a relative minimum at x=2

Substitute into f(x) to find the corresponding y-value: f(2)=12so min at (2, 12)

B [EXEl:Show coordinates
¥Yi=x

162 2x' -162
© fo=2 202 10 o33
X X
Check the changes of signs by substituting any values in the correct intervals (note
that there y = f'(x) has a discontinuity at x =0), for example:

f'(-4)=-5.469<0; f'(-1)=160<0; f'(1)=-160<0; f'(4) =5.469> 0

So, both Min at x=-3 and 3
Substitute into f(x) to find the corresponding y-values: f(-3), f(3) to obtain:

Min at (=3, 18) and at (3, 18)

El [EXE]l:Show coordinates El [EXE]l:Show coordinates
Y1=x2+(811(x2)) v Y1=x2+(811(x2)) v
------------------ MIW || o . o .o B MIN
X=-3 Ok=18 X=3 Ok=1s
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d  f(x)=12x"-12x=0=12x(x"-1)=0 so x=0,1,-1
Check the changes of signs by substituting any values in the correct intervals,
for example:
f'(-2)=-360<0; f'(-0.5)=5.625>0; £'(0.5) =-5.625<0; /' (2) =360 >0
(alternatively, sketch the quintic to visualise the changes of signs)
So,Maxat x=0, Minat x=-1, or ]

Substitute into f(x) to find the corresponding y-values: f(—1), £(0), f(1) to
obtain: Max: (0,0); Min: (-1, —4) and (1, —4)

El [EXE]:Show coordinates El [EXE]:Show coordinates
Y1=2x"(6)1-6x2 [y Y1=2x"(6)1-6x2 ¥
2. . . : . . b4
: i MIN \/ﬁf\j MAX
g=-1 = W =-4 %=0 =0

(€  f'(x)=—2xsin(x’)=0so x=0 or x> =0,7 so x=+/7 ~1.77 or 27 ~2.51
(other solutions are out of the domain)

Check the changes of signs by substituting any values in the correct intervals,
for example:

Fi(=1)=-1.491<0; £'(1)=1.6829 > 0; '(2) = —1.6829 < 0; #'(3) =—2.473 <0

So, Max at x=0,+/27 , Min at x = \/;
Substitute into f(x) to find the corresponding y-values:

f(O),f(\/;),f(«/Z) to obtain: Max: (0,1) and (\/Z,l) ; Min: (\/;,—1)

Bl [EXE]:Show coordinates Bl [EXEl:Show coordinates Bl [EXEl:Show coordinates

TN A -
0 \ 0 \ 0 ;

MA MA

=0 v=1 V|l g=2.506628248 v=1 V|| 2=1.7724b3s63 _ v=-1\i

MI

X
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) f'(x)=1e" +xe" using the product rule.
f'(x)=0=¢"(1+x)=0 so x=-1

Check the changes of signs by substituting any values in the correct intervals,
for example:

F'(=2)=¢?(-1)<0; 7'(0)=¢"(1)>0
So, itisamin at x=—1

Substitute into f(x) to find the corresponding y-value: f(-1)= (—l)e'1 = -1
e

So, min at (—1,_—1)
e

Bl [EXEl:Show coordinates
Yi=x(e™x) [¥
X
: MIN
X=-1 ¥=-0.3878794412

(g) f'(x) =1sin(x)+ x cos(x) using the product rule.
Solve f'(x) =0 using GDC to obtain so x =0,2.03,4.91

(other solutions are out of the domain)

Check the changes of signs by substituting any values in the correct intervals,
for example:

f'(-1)=-1.382<0; f'(1)=1.3818>0; /'(3)=—2.829<0; /'(5)=0.4594 >0
so Max:x=2.03 ; Min:x=0,4.91

Substitute into f(x) to find the corresponding y-values:
f(0), £(2.03), f(4.91) to obtain: Max: (2.03, 1.82); Min: (0, 0), (4.91, —4.81)

|[B [EXE]l:Show coordinates |[B [EXE]l:Show coordinates
Y2=xs5ih x Y2=xs5ih x
~ B L™ € g
0

AX
%=2.028757837 ¥=1.819706741 %=4.91318045b7 ¥=-4.81446989
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9. (a) f'(x) is positive,0, negative so f(x) is increasing, stationary, decreasing
hence local maximum

(b) f'(x) is negative,0, negative so f(x) is decreasing, stationary, decreasing
hence neither max not min (we will later call this a point of inflection)

(c) f'(x) is negative,0, positive so f(x) is decreasing, stationary, increasing
hence local minimum

(d) /"(x) is negative so f(x) is concave up hence local minimum
(e) f"(x) is positive so f(x) is concave down hence local maximum
) cannot be determined

10. @  v(r)=s5(r)=3(8-22+9):a()=6(8:-11)
v(0)=27ms™; a(0)=—-66ms
(b v(3)=45ms':a(3)=78ms"
(c) Changing directions means that v(¢) changes sign.

Solve v(t) = % =0 2417 -66t+27=0 for t =0.55 or 2.25s.(by GDC) and

check that v(¢) changes sign at these values.

These are times when the displacement is at a relative maximum or minimum.

(d)  For minimum velocity, look for zeros of a(t) = % = %(241‘2 — 661 + 27)

so 48t—66=0 and t:%=1.375 S

Check that sign changes: a(l) =48(1)—-66 <0 and a(2)=48(2)-66>0

so it is indeed a minimum.
Significance: this time is where acceleration is zero.

100 3x*—100

2 2
X X

11.  (a)-(b) %) =3- =0 which gives x =5.77 tonnes.

Second derivative = 2(10
e

D, =34.6 =34600 dollars.

is positive at x=5.77 = local minimum.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

(c) GDC or Software:

—150

RUABLNE -

(5.774, 34.641)

Q 5 1F 15 20 25

d 1,)
12.  (a) v(t)—a(IOt—Et j_lo t m/s
(b) 10-1=0<1=10s
(©) s(10)=10(10)—%(10)2 =50 m

13.  (a) v(t) =% =14-9.8¢
(b)  Max height is when v(1)=0 so 14-9.8r=0=7r~1.43 s
We then have /4(1.43)=10 m

(c) Velocity at max height is zero.

14. (a) Vertical velocity is given by :

w(r)= —50cos(1(r+5))-1 =57 cos(%(t+5)j,

10 10
h(0)=0< cos(%(t+5)j —0e %(Hs) = 0,7,27....

SO t+5=0,7r-E,27r~m,... or t =-5,5,15,...
T T

Considering £ >0, we have ¢ =5,15
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2
(b)  Vertical acceleration is given by 4"'() = %sin (%(f + 5)) ,

T V4
— or —

(t+5):5—” = 1=0,20,
2 10 2

sine is maximised when %(r + 5) =

sine is minimised when %(f + 5) = 37” = =10

15.  P(x)=R(x)—C(x) ==0.00016x +0.1x* +20x —(0.004x" + 5x +2000)

So, P(x)=-0.00016x"+0.096x" +15x —2000

P'(x) =—0.00048x> +0.192x +15=0 for x = —66.9,466.9

Reject the negative value and round to 467 toys (technically, we should verify that it
does indeed correspond to a maximum, but since the question implies that there is a
mayx, it can only be this one).

Now P(467)=-0.00016-467" +0.096- 467" +15-467 —2000 ~ 9645.93

So, the maximum profit of 9646 (or 59650 to 3 s.f.) Chinese Renminbi is reached
when 467 toys are produced.

16. (a) The derivative of the cost function, also called marginal cost is
C'(n)=0.015n" —2n+20 and it is equal to zero at n ~ 11, or n ~ 122
The minimum is 16630 EUR when n~122

Bl [EXE]l:Show coordinates
Yil=20000+20x—x2+0.006x*(3)

. MIN
2= 2 = 7 =

(b)  Again, using GDC with the new function leads to 112 EUR for 170 wheels

El [EXE]l:Show coordinates
¥e=(¥1)ax

—p——

MIN
ErBgUse20e TR T2 TEs 3T e
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17.  "Fastest" means when the change in percentage of the reactant is a maximum.

So, we want — to be an absolute maximum (here a minimum since the reactant is

consumed). By GDC or Software, we find # #16.4 min.

|
—il)
8 /() =100- —00__ T —

1+60e 7025 \

y=r) \

@-

— =
0 e L Y I ——_, 30

(16.377, —6.25)
\

18.  Similarly, to the previous question, we use technology to find the maximum rate of
change of the given function to find #~47.5 s

>
v -8 E
7() 14726009 //

y=7x) /‘/y

RN Raa P

v

/(47‘519. 0.18)

Mw___—.—

— —
0 20 40 60 80 100

Notice that this time, the rate of change remains positive, indicating that the pH is
increasing throughout the experiment.
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0.13(¢* +1.5)=0.131(21)  0.195-0.132
(7 +1.5) (”+1.5)

(b) C'()=0<0.195-0.13 =0 =t =+/1.5~1.22
Check if it is a Max:
C'(1)=0.0104 > 0 while C'(2)=-0.002 <0 so t=+/1.5 correspond to a max

Finally, C(v1.5)~ 0.0531 mg om”

19. (a)  Using the quotient rule: C'() =

(c) Using a GDC or graphing package to graph y =C'(¢)

(0195 -013+%)
Y= 2., 45)2
(.x +1.:J)

o5 1 I p— ®
(2.1213, —0.0108)

The bloodstream concentration is increasing the fastest at time ¢ =0 (rate of

change: 115—30 ~0.0867 mg cm™ h™") and decreasing the fastest at time

t ~2.12 hours (rate of change: — 1(3)0 ~0.0108 mgem™ h™)
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Exercise 14.2

1. The question asks for GDC verification. Some GDCs have the option of drawing
tangents and normals. We will demonstrate this in one question. The rest is left for
you to use your GDC. If your GDC does not have this option, then use to results
found to visually see that the lines you found are tangent and normal at the specific
points.

@ @ %(3x2—4x)=6x—4 so when x:O,%=—4 S0 y=—4x+c

At (0, O) : 0= —4(0) +c¢ = ¢ =0 so the tangent has equation y = —4x
B
v

(ii)  The slope of the perpendicular is the negative reciprocal so

-1 1
m=—=—
-4 4

At (0,0): 0= %(O)+c = ¢ =0 so the normal has equation y = ix

Bl Select run position
¥1=3x2-4x ¥

X

Normal

®d ) % =—6-—2x so when x = —3,% =—6-2(-3)=0 so y=c (horizontal)

At (—3, 10) : 10 =c so the tangent has equation y =10

(ii)  The normal will be a vertical line with equation x =k
At (-3.10): =3 =%k so the normal has equation x=-3
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() (@) %=2x+2 so when x=—3,%=2(—3)+2=_4 S0 y=—4x+c

When x=-3,y=(-3) +2(-3)+1=4
At (—3, 4) 4= —4(—3) +c¢ = ¢ =-8 so the tangent has equation y =—4x—8

1
4

|||
[ SN

(ii)  The slope of the perpendicular is the negative reciprocal so m =
1 19 :
At (-3.4): 4= Z(_3) +c=>c= " so, the normal has equation
1 19

= —X+—
YTy

3
3 2
When x:_—z,y: =2 + 2 -4
3 3 3 27
At (ﬁ,ij i=_4(£)+030=i
3°27) 27 3 27

So, the tangent has equation y = 2;47

2
@ @& Y3 +2x so when x=_—2,d—y:3(_—2) +2("—2)=0 0 y=c
dx 3 dv 3

(ii)  The normal will be a vertical line with equation x =k

At _—2,i : 2. k so, the normal has equation x =—
3 27) 3 3

) dy dy
e i — =6x-1sowhen x=0,—=6(0)—-1=-1so y=—x+c
e @ = ™ (0) y

When x=0,y=1
At (0.1):1=—(0)+c=c=1 so. the tangent has equation y =—x+1

(ii)  The slope of the perpendicular is the negative reciprocal so m =—=1

At (0.1): 1=1(0)+c = c =1 so the normal has equation y = x+1

. dy 1 1 dy 1
i —=2—— sowhen x=—,—=2-
® @ ™ = X (IT
2

=-2 50 y=-2x+c

1 1) 1
When x=—,y=2 — |+—=3
2" (2) I
2

At (%,3) :3=-2 (%j +c¢ = ¢ =4 so the tangent has equation y =-2x+4
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(ii)  The slope of the perpendicular is the negative reciprocal so m = %

At (1,3) 1 3= %(%} +c=>c =% so the normal has equation

2
1
Ve

@ O % =2c¢0s(2x) so when
x=%,%=2cos(2~§) 2¢co (4) \/_ =2 SO y = V2 x+e
When xzz,y=sin(2.£)=sin(£j:\5
8 8 4 2
At(— £J N \/_( )+c:>c—\/§(4 7)
8 2 8
\/5(4—n')
8

So, the tangent has equation y = V2 x+

(ii))  The slope of the perpendicular is the negative reciprocal so m = —==——

A{z QJ: ﬁ_ﬁ(zjﬂ,:c:ﬁ(sw)
8

8 2) 2 2 16
- 2(84+ 7
So, the normal has equation y = \2/5“_\/_(16 )

. dy dy 2 2
h i —=¢" sowhen x=2,—~=¢” s0 y=e'x+c
h ® o o y
When x=2, y=¢’

At (2, ez) :e’ =¢’(2)+c=c=—¢" so the tangent has equation y =e’x —¢’

(ii)  The slope of the perpendicular is the negative reciprocal so m = —-

e
-1 et +2
At(2,e*): e =—(2)+c=>c=
(o) e =20) .
4
So, the normal has equation y=—i2x+e —:2
e e
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2. (a) d—y=3<32x+3=3<3x=0andwhenx=0,y=0 so (0.0)
dx

(b) %:12@3)8 =12 x=+2 and when x =42,y = (£2)’ = +8
so (—2,—8)and (2.8)

(c)

ay=e2<:ex=ez<:>x=2 and when x =2,y =¢’ so (2, e2)

3. %=1+‘[an2 (x) < I+tan’(x)=1< tan(x) =0 so,on 0<x <27,x=0,7,27

and when x=0,7,27,y =0 so (0,0),(0,7).(0.27)

4. The curve intersects the x-axis when
¥ =327 +2x =0 x(x* -3x+2) =0 x(x—1)(x-2) =0 x=0,1.2

The values of % =3x—6x+2 at x=0,1,2 are % =2,-1,2 respectively,

giving the slopes.

at (0,0), y=2x

at (10), y=—x+c and 0=—l+c=c=1s0 y=—x+1

at (2,0), y=2x+c¢ and O:2(2)+c:>c=—4 so y=2x—-4
1

S. Re-arrange x-2y =1 into y=%x—E

Perpendicular to y = %x —% so we need a gradient of _Tl =-2

2
We need to find the points on y = x> —2x such that %(x2 —-2x)=-2

s0 2x—2=-2=>x=0
When x =0,y =(0)"-2(0)=0
At (0,0) :O=—2(0)+c:>c=0 so the tangent has equation y =-2x

6. At (3.-1), we have %(x2+ax+b)=4 s0 2(3)+a=4=a=-2

Using @ =-2 and point (3,~1)into y =x*+ax+b , we have —1=(3)" +(-2)(3)+b
which leads to b=—4
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7. Perpendicular to y = _?lx +3 so we need a gradient of :—} =3

3
At (3, 2). we need %(x2+ax+b)=3 so0 2(3)+a=3=>a=-3

Using @ =-3 and point (3,2) into y=x"+ax+b , we have 2= (3)2 +(-3)(3)+b
which leads to b=2

8. We need %(xz—x)=5 so 2x—1=5=x=3

When x=3,y= (3)2 —3=6 so point (3.6)

9. Re-arrange x+ 7y =38 into y=_71x+§

Perpendicular to y = _71x + ? so we need a gradient of :—1 =7

7
So, the tangent(s) have equation(s) y = 7x + ¢ for some value(s) of c.

To determine the value(s) of ¢, we need to find the points on y = x’ —5x such that
i(x3—5x):7 $03x’—5=T =y’ =2 c4 s x =42

dx 3

When x =2,y =(2)"-5(2)=-2 so point (2,-2)

When x =-2,y =(-2)" =5(~2)=2 so point (~2.2)

At (2.-2):-2=7(2)+c¢ = c=-16 so the tangent has equation y =7x—16
At (-2.2):2=7(-2)+c¢=c=16 so the tangent has equation y =7x+16

10. d—y:2x+4 so when x:—3,d—y=2(—3)+4:—2
dx dx

We want the normal so we need a gradient of _—; = %

When x=-3,y = (—3)2 +4(-3)-2=-5 so point (-3,-5)
At (-3.-5):-5= %(—3) +tc=>c= _77 so the tangent has equation y = %x—%

The other point must verify x* +4x—2= %x —%

Using a GDC or graphing package, the other point has coordinates (—0.5,—3.75)
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@ »y=03c-35 & ; 9

Q10 cont.

2

11. (a) Below is a sample of GDC output g’(1) = -3

]
d
dx YD

[0

LY | | Xt | Vi | X |

(b)  Using a gradient of —3 for the tangent and _—; = 1 for the normal, we need to

find the corresponding values of c.
For the tangent, using point (1, 0) :0=-3 (1) +c¢ = ¢ =3 so the tangent has
equation y =-3x+3

For the normal, using point (1, O) : 0= %(1) +c=>c= _?1 so the normal has

equation y = %x —%

12. @@ f'(-1)= 3(—1)2 +(—1)=2 so the tangent has equation y =2x+c

At (—1,%):%=2(—1)+c:>c=% so the tangent has equation y=2x+%

(b)  The other point must verify £'(x)=2 so 3x’ +x=2

Using a GDC, we get x = —1,% so the other point has x =§

3 2
When x = g,y = (g) +l(gj +1= 4 (use Table on a GDC)
3 3 2\ 3 27

.. (2 41
so point | —,—
327
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1
13. y=\/;(1—\/;)=x2—x so%= L

dy 1
244

At x=4 , y=\/Z(1—\/Z)=2(1—2)=—2 SO _2:_73(4)4_6.:0:1

At x=4, -1= = so the tangent has equation y = ?x +c

So, the tangent has equation y = ?x +1

For the normal, we need a gradient of :—1 :%
4
At (4.-2):—2= §(4) te=>c= _722 so the normal has equation y = gx —%

14. (a)

1001Y
. f(x)=x-3-x"-x

T f(x)=x"-6-x+20

(b)  Solve i(x2 —6x+20) :i(x* -3x*-x) ©2x-6=3x"—6x-1
dx dx
leading to the quadratic 3x* —8x+5=0

Using a GDC, the 2 solutions are x = 1,% . We want an integer, so keep x =1

(¢)  Using x =1in the quadratic, we obtain y = (1)2 -6(1)+20=15
Using x =1in the cubic, we obtain y = (1)’ =3(1)" —(1) = -3
The slope of both tangent at x =11is % =2(1)-6=—4
(we could also have used the derivative of the cubic for this)

Both tangents have equation y = —4x+c¢ for their respective values of c.

For the quadratic, 15 = —4(1) +c¢=c¢ =19 and the equation is y =—4x+19
For the cubic, -3 = —4(1) +c¢=c =1 and the equation is y =—-4x+1
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15. (a) L has equation y = mx for some value of m.

L intersects the parabola when —x” —6x —4 = mx leading to the quadratic
equation x* +(m+6)x+4=0

If L is tangent to the curve, there is only 1 point of intersection, hence 1
solution to this quadratic equation, so the discriminant A = 5°> —4ac must be 0.

(m+6) —4(1)(4)=0 = m* +12m+20=0 leading to m=—-10,-2
When m =-10, the quadratic equation becomes x° —4x+4 = 0giving x =2
When m =-2, the quadratic equation becomes x* +4x+4 =0 giving x=-2
The corresponding values of y are y = —(2)2 -6(2)-4=-20 and y=4
so the points of tangency are (2,-20) and (-2.4)

(b)  The possible equations of L are y =—10x and y =-2x

16. A line that passes through point (2,-3) has equation y—(-3)=m(x—2)
For a given value of m, we can find the points of intersection of this line with the
curve y =x"+x by solving simultaneously . by substituting y: x* +x+3=m(x—2)
Re-arranging the quadratic for x: x° + (1 — m) x+3+2m=0
We want the general line through (2, —3) to be a tangent to y = x> + x , which means

that we only want one point of intersection, hence one solution to the previous
quadratic. This means that the discriminant must be 0.

A=b*—dac=(1-m) -4(1)(3+2m)=m* =10m-11=0

so (m—11)(m+1)=0 leading to m=—1,11

For m=—-1: y=—x+c passes through (2,—3)so —3=—(2)+c:c=—1 so the first
tangent has equation y=-x-1

For m=11: y=11lx+c passes through (2.-3)so —=3=11(2)+c= ¢ =-25 so the

second tangent has equation y =11x—-25

17.  Using the GDC (the instruction to give a value to 3 s.f. is a clue to using the GDC)
At x=0, % ~1.367879 so the normal has a gradient of —0.731

At x=0, y=1so 1:—0.731(0)+c:>c:1
The normal has equation y =-0.731x+1

18.  The use of the word "Exact" means that we should not be using a GDC here.

d—y=cosx-c052x+sinx-—2sin2x so when x=z , d—y=£'l—2-l-£= _\/5
dx 6 dx 2 2 2 2 4

When x=2 , y=l-l=l S0 lz__\/g.ﬁ_i_czc:&“”\/g
6 22 47474 6 >4
and the equation of the tangent is y = _f x+ 8 +27:/§
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Exercise 14.3

1. This time, the length of the box will be 11-2x, the width 8.5 - 2x and the height x
So, the volume is 7 (x) = (11-2x)(8.5-2x)x = 4x’ —=39x* +93.5x

d—V=0<:>12x2—78x+93.5:0
dx

Using GDC x=1.59,4.91

With the 2nd derivative or a sign table, we find that the max corresponds to x ~ 1.59
7 (1.59)~ 66.1 in’

The dimensions are 1.59 x 5.33x 7.83 inches

2. The first part of the rope (hypotenuse of the triangle with sides 8 and x) has length
\64 + x> while the second part (hypotenuse of the triangle with sides 14 and 30 - x )

has length /14> + (30— x)° = 1096 —60x + x*

So, the total length is 7 = /64 + x> + /1096 — 60x + x*
Using the GDC, we have 7'=0 when x ~10.9 m
which gives a total length of 7(10.9)~37.2 m

3. Running: rate of 3 min 40 sec so 220 sec for 1000 m so, on a straight distance of ¢ m
. . c llc
time running T, = 1000~ 30
220

Swimming: rate of 70 sec for 100 m, on a distance of \/(300 - c)2 +50°

J(300—c)’ +50°

. . . 2 2
So, time swimming 7, = 100 =10 (300—c¢)" +50
70
The total time taken is 7 = %+% (300—c)’ +50?

Using the GDC, we have 7'=0 when ¢ ~ 283 m (that is the running distance)
which gives a total time of 7 (283)~ 99.2 sec (1 min 39 sec) to save the swimmer.
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4. Let x be the abscissa of the bottom right vertex of the rectangle, so the width is 2x cm.

The equation of the semicircle is ¥y =+1 —x , which represents the height of the
rectangle.

The area is therefore given by 4 = 2x+/1—x’
From the GDC, 4'=0 for x ~0.707 cm so dimensions are 2(0.707)~1.41 cm on

V1-0.707% ~ 0.707 cm.

You may recognise these rounded values which correspond to the exact values JE

2
and B which you will obtain by solving algebraically. Try it!

5. Let x be the width of the rectangle, in which case the length y must be such that
2x+2y =40 to respect the constraint of the perimeter. So the length is 20 - x

The volume of a cylinder is given by V' = 71°h where h can be taken, without loss of
generality, to be the width, so 2 = x here, while the length 20 - x will be rolled to

. . . . 20—x
give a circular cross section of circumference 277, S0 r = 5 .
T
2

20—

Therefore, V' =x Y x
2

Using a GDC gives ¥ '= 0 for x ~ 6.67 cm (the width) and 20 -6.67 ~ 13.3 cm (the

height).

Note: Solving algebraically would lead to the exact values 6% and 13% cm

6. Let (x, Jx ) be a general point on the graph of the function. Its distance to the point

3
(5, 0) can be given (using the distance formula) by

o3 40

We can use a GDC, we solve D '= 0 or simply argue that D will be minimum when

x” —2x +% is minimum. Since x* —2x +% =(x- 1)2 +% (by completing the square),

.. . .. ) ) 5
whose minimum value is % , we conclude that the minimum distance is \/; = g
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7. Given that the area of the rectangle is 100 cm?, its width must be 100 cm
X
The perimeter of the entire figure is P = 2x + circumference of a circle of radius
100
v 50
X = (2 semicircles) so P =2x+2x 20 =2x+ 1007
2 x X X
Now P'(x)=2- 102” and P'(x) =0 < x =+/507 = 5+/27 (reject the negative
x
value).
Technically, one should check that this corresponds to a minimum, but the phrasing of
the question indicated that there is a minimum, which can only be this point.
8. Similar to Q3 above.
Again, we will use time as the ratio of distance and speed.
Let 7, be the time spend walking the x km on the road, at a speed of 5 km h™,
X
so T, = i
Let 7', be the time spend walking the hypotenuse of the triangle of sides 10 and 7 — x
10 +(7-x)’
in the desert, at a speed of 2kmh™, 0 7, = )
x 107 +(7-x)’
We want to minimise the total time 7" = g +
Using a GDC, x ~ 2.64 km
9. We want to maximise the volume of a cylinder V' = rh.
Taking a cross section of the figure, one can extract a right angle triangle with sides R,

2 h2
r and gcm, s0 10> =r* + (%) (Pythagoras) that we rearrange to ¥~ = 100—? .

Substituting into the formula for the volume, we obtain
2 72
V:ﬂ.(mo_h?).hzm

4

Using a GDC, we find that V. isreached when 4 ~11.5 cm
2

SO r & 100—11‘5 ~8.16 cm
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10.  Total surface is made of a curved surface (274 ) and 2 disks (each r’ )
so A=2xrh+2nr* so, 547 =2xrh+27r" and, dividing by 27 : 27 =rh+r’
27—r?

(a)  Solving for &, we have /=
r

2
Volume of a cylinder V' = 7r’*h so here: V = 77> (27 —r J =r (27 - rz) .
r

(b) d—V=7r(27—3r2)=O:>r=3cm
dr

11.  Using point (0,10) , we immediately obtain ¢ =10
Maximum at x = 2 so %:2a(2)+b:0<:>4a+b:0
Using point (2,18), 18261(2)2 +b(2)+10<:>2a+b:4

Solving simultaneously, we obtain ¢ = -2 and » = 8
(Try the alternative solution of using the vertex form)

12. (a) Let EM be the cost of Equipment maintenance and x the number of devices
produced each day

So EM < x* or EM=k-x*
4 ,

Substituting: 4 =k -5 = k = 4 we can write EM =—x
25 25
(b)  Adding the 3 sources of costs, we obtain C (x)=2150+85x +24—5x2

(¢c)  Differentiating: C'(x) =285+ 28—5 x

This is positive for all x > 0 hence production costs increase for all x > 0 .
(d)  Average cost is total cost divided by number of devices produced

2
“ C_T(x) _ 0.16x" +85x+2150
X

(e) Using a GDC, we find that the minimum average manufacturing cost per
device is $112.
116 devices should be produced to minimise average cost per device.

|B [EXEl:Show coordinates

[
Yi=00.16x2+85x+2150)1x
A

—c—

MIN
¥=115.0202241. . ¥=192. 094474 . . &
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13. We wish to maximise the volume of a cone V' = %72'7’2]’!

The circumference of the base of the cone is the same as the major arc of the original
207 —x

circle, so 27r =27 (10) - x , simplifying to » =

207 -x
Using the diagram on the right: /#° +7> =10 so #=~100—7" = \/100 —( ;T xj
T

Therefore, the volume of the cone can be written as

2 2
V:lﬂ 20 —x 100 — 20 —x
3 27 27

Using a GDC, we find that the max volume of 403 cm

3 is reached when x ~11.5 cm

| B [EXEl:Show coordinates
Y=o 3)(((20n—x)2(2n)))2({ (100-(((20

: MAX
X=11.52986004  ¥=403, 066528~ X

14.  Placing the origin at the initial position of the 2nd boat, the positions of the boat after
thours (1 knot is 1 nautical mile per hour) is given by:
(0,10 -16¢) for boat 1 and (~12¢,0) for boat 2.

The distance is therefore: \/(0 + 12t)2 +(10-161- O)2 —\J400¢2 —320£+100

Using a GDC, we find the minimum distance is 6 nautical miles
(when ¢ ~ 0.400 h, so after 24 minutes approximately).

El [EXE]:Show coordinates

T@x2—320x+1 00}

MIN;

%=0.490 ¥=6
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Exercise 14.4

1. Given:(;—V=—2,H=8andD=6:>R=3
1t

(a)  Find % when 4 = 5

Model involving V and 4: V = %mﬂzh

where r and 4 are the radius and height at time .

Using similar triangle, we have % = % =>r= %h
2 3
and V = lﬂ'(éhj ~h= 3h
3 8 64
Differentiating with respect to time: a ELY h’ h
dr 64 dr
. . . 3z > dh .
Substituting the given values, we have -2 = o 3(5) o leading to
t
i—h =-0.181 m min~! which is a decrease in height of 18.1 cm every minute.
1
. . r 3 . ro3 8
(b) Ifinstead of re-arranging — == forr wedoitforh: — === h=—r
h 8 h 8 3
, 1,8 8z
We would obtain V' ==7zr"-—r=
3 3 9
dv 8z , ,dr

Differentiating with respect to time: — =—-3r
de 9 dr

When # = 5 , we have r:%5

2
Substituting the given values, we have -2 = %T -3 (%) j—r leading to
!

% =—-0.0679 m min~' which is a decrease in radius of 6.79 cm every minute.
t

2. (a)  Given: a_ 240, find dr
dt de

Model involving Vandr: V= %ﬂ'l’3

Differentiating with respect to time: 4V _47 5,241
d 3 dt
> dr

Substituting the given values, we have 240 = Az 3(8)" ==
3 d¢

leading to j—r =0.298 cm s™!
1t
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(b)  After 5 seconds, the volume is equal to 240x 5 =1200 (assuming we started
1200

with an empty balloon) so 1200 = %72'}"3 and r = ~ 6.59 cm
3

/2

3
2 dr

Substituting the given values, we have 240 = 4% -3(6.59) 1
t

leading to % =0.439 cm 57!
t

dr

3. Given: — =1
dr
(a) Find i—f when r = 4

Model involving Candr:  C =2zr

Differentiating with respect to time: (L—C =2 dr
1

dr

Substituting the given values, we have (ii_c =27-1=27 cmh™!
t

(b)  Model involving 4 and : ~ A=7r"
Differentiating with respect to time: i—A =7-2r i—r
t 1

Substituting the given values, we have (ii—c =7-2(4)-1=87 cm’ h™!
t

4. Given: % =50
dt
Find 99 when 7 = 250
dt

Model involving 4 and 6 , using the right angle triangle with perpendicular sides 150

and 4: tané =L
15

Differentiating with respect to time: sec® & 40 L. dh
dr 150 dr

: . : 250
Using the triangle again, we find that, when » = 250, € =arctan 150 ~1.03 so

sec’ (1.03)~3.78

Substituting the given values, we have 3.78 49 1 50

dr 150
. do -
leading to " =0.0882 rad min
!

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

5. Let x be the length of the string and /4 be the horizontal movement of the kite at a
given time.

We are given ((ji—h: 6 and asked to find 3—x when x =120 (not 7 =120)
t t

From the triangle with sides 72, # and hypotenuse x we have: /* +72° =x

Differentiating with respect to time: 24 h +0=2x Ax

dr

Using the triangle again, we find that, when x =120, A =+/120° -72> =/9216 =96

Substituting the given values, we have 2(96)-6 =2(120) j—x
t

leading to ;ﬂ =4.8 msec!
t

6. Let x be the distance between the feet of the girl and the foot of the lamppost and let s
be the length of the shadow.

We are given ;ﬂ = -2 (since the girl is getting closer to the lamppost, the distance x
t

decreases.

The quantity j_s represents the change in the size of the shadow, so from the tip of
1
the shadow to the feet of the girl which moves themselves at a speed of j—x =2 ms"'
t

First, let us determine the value of ds :

dt

Using similar triangle, we have il -g o %

ds de ds
Differentiating with respect to time: dr p dr _ 1(1_;

ds ds
Substituting the given values, we have dtT = 1(1_2
leading to ds = _?2 m s~ (indeed, the shadow gets smaller as the girls gets closer to
!
the lamppost).
. . .ds dx -2 -8 1
Finally, the speed of the tip of the shadow is d—+d— =5 2= 3 ~-2.67 ms
t t
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7. Let A be the origin, so we are given j—x =—60 (West is "left", so negative x's) and
t
j—y =35 (North is "up").
1
The distance D is the hypotenuse, so D= «/xz +y°

db 1 = dx
Differentiating with respect to time: m = E(x2 + yz) 2 -(2x & +2y —j

After 3 hours, x =-60-3 =-180 km and y=35-3=105
Substituting the given values, we have
l
% =%((—180)2 +(105)2) > (2(~180)-(~60)+2(105)-(35)) = 69.5km h™*

dy 1 = dx
8. Differentiating with respect to time: d_)t/ = E(x2 + 1) 2 -(2x —j

dt
dy 1 > 12
Substituting the gi lues, we have = = —((3)" +1)? -(2(3)-4) =—=~3.79
ubstituting the given values, we have . 2(()+) (() ) 7o

9. Given: (Z—V =0.03, find i—h where £ is the height of the water (water level) at = 25
t 1

Model involving Vand h: V= %-w -h-4.5  where w is the width of the water in

the trough. Using similar triangle, we have % = ¥ =r=1.5h and

v=L.5n)-ha5=2"p
2 8

Differentiating with respect to time: v _27 2h%

de 8 dr
After 25 seconds, the volume is equal to 0.03x 25 = 0.75 (assuming we started with
an empty trough) so 0.75 =%h2 and /= 02—775 ~0.471 cm

8
27 dh

Substituting the given values, we have 0.03 = e 2(0.471) 1
1t

leading to j—h =0.00943 m s or 0.94cm s™!
t
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10. Given: d—r =3, find %when A=10
dr dr

Model involving Vandr: 7V = gﬂ'ﬁ

Differentiating with respect to time: 4V _47 5,001

dr 3 dr
When 4 =10, 10=4m"so rz,fi—o ~0.892 mm
pa

Substituting the given values, we have (ii_V = 4%[ -3(0.892)" -3 =30 mm’ 5!
t

11. Let D be the distance between the 2 cars. We wish to find %
{

Let a and b be the distances from the intersection at a certain time .
Model involving D, @ and b: D* = a® + b> —2ab cos(60) (using the cosine rule)
da

dD db db . da
Differentiating with respect to time: ZDE = ZaE +2b P 2cos (60) (aa +b Ej

(using the product rule in the last part).

We are given i—a =—-40 and ((ji—b =-50 (as they both travel towards the intersection)
t

t
When 4 = b = 2 we must also have D = 2 since there is an angle of 60° so the triangle
is equilateral at that specific time (you can also substitute in the cosine rule)

Since cos(60) = % , we obtain

dD

2(2)—=2(2)-(-40)+2(2)-(=50)=((2)-(-50) +(2)-(-40))
leading to (ii_lt) = —45 km h™! (negative since the cars are getting closer to one

another)

12.  Let x be the length of the side of the cube. Then the length of diagonal is
\/x2 +x2+x? = \/3>x2 = x\/§
We are given that i(x\/§ ) =8
dr

=8and —=—=—"~462 cm s

dt 3 3

soﬁ% dx 8 zsﬁ
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13. P moving at a speed of 3 units s”' means that the arc length »¢ is increasing at a rate

of 3 units every second or di(re) =3
t

Since » =10 units is a constant; 10% =3= % =0.3 rad s

de de
Now, the projection of P on the x-axis is r cos# = 10cos @ and its rate of change is

i(10c0567) =10-(-sin H)d—e =-10-sin#-0.3=-3sin
dr dr
At point P, sin@ = % = % so the projection of P on the x-axis moves at a rate

of —1.5 units s7\.

14.  We are given (;—9 = % and asked to find dx where x is the horizontal displacement.
1

dr
. . . e 10000
Consider the right-angled triangle with sides x and 10 000 m. We have tan @ =
x
. . L . . , dé s dx
Differentiating with respect to time: sec Hd— =10000-(-1)x~ —
1
P 7\ 10000 10000
When 6=—, tan| — (= and therefore X =—F7=
3 3 X \/§
-2
Substituting the given values, we have sec? (lj L~ 10000. (-1 10000 " dx
3) 60 o) ode

leading to ;ﬁ =222 m s~ or about 800 km h™! towards the observer.
t

15.  Let x be the position of the automobile along the straight section of the track.

We are given that % =288 km h™! 50 288000 m h™! and required to find (:1—9
1

Consider the right-angled triangle with sides x and 40 m. We have tan @ = =

Differentiating with respect to time (for which the angle will be initially measured in

radians): sec’ eﬁ _ 1 dx
dr 40 dr
(a) "the car is directly in front of the camera" means that ¢ = 0
SO ld—e L 288000
dr 40
99 _ 2200rad b so 222 Z 5 rad s or 2.18% <115 deg s7!
dr 3600 7

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

, x:288000-L~l:40 m and tané’:ﬂzlso G:Z and

(b) atr=L
2 3600 2 20 1

SO 2(;—0 = %-288000; so, half the speed found in (a), that is 57.2 deg s7!
!l

16.  Letx be the distance due West of the point directly below the plane (so its horizontal
displacement) and y be the altitude. The distance D is D= «/xz +).

We can also use D* = x” + )’

Differentiating with respect to time: 2D dD =2x S +2y- d

dr dr dr
Change 180 m min~! into 10.8 km h™! for consistency of units

So we want to find % given ;ﬂ =-640 and Y =10.8
!

t dr
When x = -6 and y=35 , D:1/(—6)2+52 =/61

Substituting the given values, we have 2@1—? =2(-6)-(-640)+2(5)-(10.8)

leading to (ii_lt) ~ 499 km h™!
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Chapter 14 practice questions

1. (a) The slant height is equal to the radius of the semicircle.

Using A, e = %7‘[7’2 we get:
|

39.27 =—nl
2

25=1
5=1
(b) () The circumference of the base of the cone is equal to the arc length of

the semicircle. Since » =/ = 5, we have
C= %(27[1‘) =7 (5)=57z=157 m.
(ii)  For the distance C to be formed into a circle, it must satisty

C=2nr = 5Sn=27nr = r=§.

2
SJ =¥=4.33

2
i) Pan= = @ iH =5 o he 52_(5
(c) h+2r=933 = h=933-2r

(d)  Using the general model for the volume of a cone, V' = %Bh , we have

14 =%7Z'7”2h = V= %ﬂrz (9.33-2r)=3.11z7 —%72’7"3

(e) d—V=3.117r(2)r—zﬂ(3)r2 =6.22xr 271’
dr 3
) (i) We need to find where a =0 hence 6.227r—27r’ =0

dr
= r=0 or r=3.11. Wediscard » = 0 .

Sign analysis shows that Z—V is positive to the left of » =3.11 and
r

negative to the right, so the volume is maximised at » =3.11 m .
.o 2 2 3 3
(i) V=3.11z(3.11) —572'(3.11) =31.5m

2. (a) f’(x) =5x*
b  f(2)=5-2"=80

(©) y—16:—$(x—2) — 80y—1280=-x+2 = x+80y—1268=0
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(b)
(c)

(b)
(c)

(d)

(e)

(b)
(c)

(b)
(c)

d—y=3x2+2kx

dx

d—y=3-32+2k~3=02>k=—2

dx 2
3 9 .\ 27

y=(3) —5(3) =

0,7)

(=2.3)

J-2.0]

f(x)=-3x>-6x = f'(-3)=-9

F(-3)=7

.'.y—7=—9(x+3)0r y=-9x-20

y

—t—\— H—F+>x
43&10 1 2

(x)=9x _7_xi2
(1.08, 9.92)
(-1.08. 10.1)

T=2rr+4r+41
V=Bh=1xzr’l = 075=1zr’1 = 1.5=nr

From (b), 1.5=7r’1 = I= 1—52 From (a),
nr

2
r

T=2mr+dr+dl = T:2ﬂr+4r+4(£j o T=2aridrs S

6
T=(2 4
= (27 + )r+ﬂr2

2
r
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dr 12
d) “——=27+4-
@ dr ﬂ+ r
dr 12 12
We solve — =27+4———=0 = r=3———=0.719
© © SO 4 7 \ m(27+4) m
®) l=1'52: L3 ~=0.924 m
zr® 7(0.719)
6
(@ T=(27+4)(0.719)+————=11.1m
( ) )72'(0.719)2
7. (@ V=lwh = V=20
() V=20l = 3000=200w = [=120
w
() S=2(20)+4w+21:40+4w+2(@j:40+4w+@
w w
(d
S
soofd
300 { Local Minimum
I\ | (8.66,109.282)
200 § e
N
100 3 Tt
i | ! ! |
T -
0 5 10 15 20
ds 300
Py B
(© dw w?
() %:4—%:0 = w=+75=8.66 cm
150 150
[=—=—==173cm
(g W \/%
(h) S:40+4w+@:40+4(\/%)+ﬂ:40+40\/§:110cm
W J75

8. (a) 16x* —27x
(b)  f'(x)=64x" 27

© f’(x)=64x3—27=O:>x:%
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(b)
(c)

(d)

(e)
®
(@

f(=2)= %(—2)“ ~(-2)" =9(-2)" +20=4

f’(x) =3x’ -3x" —18x

f’(3) = 3(3)3 —3(3)2 —18(3) =0 therefore x = 3 is a stationary point.

Now, we must show that this stationary point is in fact a local minimum.

We can do this by using the first derivative test or sketching the graph on our
GDC.

First derivative test:
£'(2)<0, f7(4)> 0 therefore there is a local minimum at x = 3 .

GDC graph:

-40 (3,-27.3)
(0,20)
£1(2)=3(2) =3(2)° -18(2) =24
O o
(ii) y+12=i(x—2) = 24y+288=x-2
~b=-24,c=-290
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10. ()  f(x)=3ax’-3

(b) 7 (0)=-3
(c) Local maximum implies f’(x)z() = f’(—2)=3a(—2)2—3=0 = a=1.
14
I)=—+(1)-6=9
1. @ f() (D+()
(b) f'(x):-i_‘jﬂ

©  F(¥)=-21120 > =14 > x=+4=37
X

We see from the given graph that the stationary point at x = 3.7 must be a
local minimum.

(d)  From the graph, minimum occurs at x = \/ﬁ .
Therefore, range is 1.48 < f(x)<9.

14
@ S()=r(M-6=3
® w2
(g M= 1%7,%3):(4,6)
(h) f’(4)=—2—§+1=%
@) Point on function is (4,f(4)), f(4) =%+(4)—6=1.5 = (4,1.5)
Therefore equation of Lis y—1.5= %(x—4) = y=gx+4.
12. (a) y= —71—22 +2—27 x75=450 therefore 4 is on the track.
(b) %:-f—g+277=—0.2x+13.5

(c) Stationary point(s) occur at j—y =-0.2x+13.5=0 = x=67.5. Since 4 has
X

X- coordinate 75, it cannot be the farthest point north.

@ G M:(O+2100,0+2350j=(50,175)

. 3500
11 = =
@ m=T00"0

()  y-150=3.5(x-0) = 3.5x-y=-150

3.5
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) Use your GDCs Intersection feature to find the first point of intersection is at
(18.4,214).
500y ~
, "
x= 27
ﬂ(.\)-w*”?‘ X o 2

"~ £2(x)=3.5-x+150

—7(18.4,214)

20 x

13. (@  f(x)=15x"-8x+1
(b)  f(x)=15x-8x+1=0 = xz%, %
Use GDC graph or first derivative test to find which stationary point is a local

minimum and which is a local maximum. GDC graph:

0.1971y

fl(\‘)=5- X 3—-1' \2+\‘

-0.16 02 7 0.53

-0.031

Or, via first derivative test, using sign diagram:

+ 0 — 0 + signof /'
— 1 1
1 1 x
5 3
Therefore,
i) local maximum is at x =

(ii) local minimum is at x =

W= | —
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14.

15.

()

(b)

(c)
(d)

(e)

®

(2
(h)

(@)
(b)

Vertical asymptote occurs when denominator equals zero; therefore,
=0 = x=0.

2
’ =b——
g'(x)=b-=
3:b—i3 = b=5
1

Point of tangency isatg (1)=3 = (1,3), gradient is 3 (given), equation of 7
is y-3=3(x-1) > y=3x.
x-intercept is at (-0.439,0) . Graph:

Al
0.00|text

ﬂ(.\):5~.\—5+L
(-0.439,0)L x
=10 1 10

-6.66

(i) and (ii) shown on graph below:

2517
fl(\)=5- ,\'73+—1_,-
/
‘ ‘( -'o._43‘9,_0.) 2 e X
2 0.2 5
15
(0.737,2.53)
0.737<x<5
d
Y _4x-s
dx

L:6x+2y=-1 = y:—3x—% = Gradientof Lis m = -3.

.'.d—y:4x—5=—3 = x=l.
dx 2
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16. (a)

-10

B f (D)= 42D (D=3 =0
(c) (0,-3)

, 10
(d) f'(x)=—x +?x—1

re_ ___2&__:_E
() f(l)—(1)+3(1)1 3

® 77(~1) gives the gradient of the tangent to the curve at the point where

1
3 \ 2 6
-16 16
f;’( ) —3— \‘-5—\(
10

i @) a:% (i) b=3

G) /(x) is increasing on the interval a <x <5
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17. (@)  4(2x)+4(x)+4(y)=48 = 3x+y=12 = y=12-3x
(b) V=Iwh=(x)(2x)(y)=2x"y=2x"(12-3x) = 24x” - 6x’

(¢) v _ 48x—18x"
dx
drv 2 8 . . .
(d) e =48x—18x" =0 = x= 0,5. x = 0 is nonsensical, so maximum
X
volume occurs at x = % =2.67 m.

(e V= 24(% —6(§)7 =56.9 m’.
3 3

8
f) length = 2x = 5.33 m, height :y:12—3(§):4m

(8 SA =2x?x4+2x§x4+2x%x§=92.4 m?>.

Therefore ——=1.54 = 2 tins are required.

15x4

-1
dy 11 1 2 (-1
soow o3 5
-1

dy -1{1 1,2 (-1
hen x=1, —=—| ———(1 41 —(1)=0.5 so y=0.5x+c
PR 2(2 4()) (2()) Y

when x=1, y=-0.550 -0.5=0.5(1)+¢ = c=-1 and y=0.5x—1

(b)  Equation is of the form y = mx since it passes through the origin.

Angle with x-axis is 34.92

=17.46°. Gradient m = tan (17.46°) = 0.315 ;
therefore equation is y=0.315x.

(¢)  Solving simultaneously y=0.315x and y =0.5x—1 using the GDC leads to
(5.39, 1.70)

(Be careful to use the value tan (17.46°)and not the rounded value 0.315

which leads to an x-value of 5.41)

(d)  The throw is not valid, since the point Q is 5.65 m from the centre of the
throwing circle, which implies that the discus will land outside the sector.

€ ()  R0.795-0.585)
Gi)y  y=0340x—0.855
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19.  The rate of increase of the diameter is twice j—r where 7 is the radius (since it is
t

growing from both sides of the cone).
We are given (;—V =0.5
t

Model involving Vand r: V= %ﬂ'l’zh

From the right-angled triangle with sides » and /4 and angle 34°, we obtain
tan (34) = n S0 h=rtan(34)and V' = %ﬂ'ﬁ tan(34) --- (1)
r

Differentiating with respect to time: (L—V = %ﬂ' tan(34)-3r’ % --(2)
t t

If the pile was started 4 hours ago, its volume is now 0.5 x 4 = 2 m® and, substituting
. 1 .
into (1): 2 =§7Z'}"3 tan(34) gives r ~1.41 m

Substituting these values into (2): 0.5 = %72’ tan(34)-3(1 .41)2 %
1t

which leads to i =0.118 m h™" so a diameter increase of 0.236 m h™!

dr
20. Let x be the distance between the foot of the wall and the base of the ladder so
dx
—=0.5
dr

Let L be the length of the ladder, so (;—L =—1 (negative since the length is decreasing).
t

Let y be the height of the top of the ladder up the wall We are asked to find i—y which
1

should be a negative value since the ladder is falling.
Using the right-angled triangle with sides x, y and L: I’ = x* + )
Differentiating with respect to time: 2L dz =2x A +2y Y
dr dt dt
When x=1.2 and L=3.7 , y=v3.77-1.2* =3.5
Substituting the given values, we have 2(3.7)(-1)=2(1.2)-(0.5)+2(3.5) ((ii_y
t

leading to j—y =-123ms!
t
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21. Boyle'slaw: V' = %

Find dar given that dh _ —4
dr dr

V=n(45) (9)~573 so 573 = sio = k =45800 and

- 45800
P

Differentiating with respect to time:

7 _ 45800.(-1yp2 42
dr dr

First we need to find a knowing dn .

dt dr
2 .

For this we use V' = ﬂ(4.5) h

Differentiating with respect to time: (ii_V =r (4.5)2 j—h
1t t

SO C;_It/: 71(4.5)2 -(-4)=-81z and, when » =2, V=7T(4~5)2 -2=40.57 and

4057 — 45800 P 45800
P 40.57
-2
So —817z =45800-(-1) (Mj ar leading to a7 _ 720 kPas™!
40.57 ) dt dr

22.  (a) Consider the right-angled triangle with sides 2 km and 6 km. The distance is

the hypotenuse. Using Pythagoras: +/22 + 6 = /40 = 24/10 km
(b)  Consider the right-angled triangle with sides 2 km, (6 — w) km and hypotenuse

rkm. Using Pythagoras: 1° = (6—W)2 +2% 50 r= J(6-w) +4

) distance
(c) Time = ‘
speed
(6 - w)2 +4 "
Time rowing is T = f while the time walking is 7, = 3
(6 - W)2 +4 w
Therefore, the total time is 7’ :f +§

(d) UsingaGDCleadsto w = 4.50 kmand so r = w/(6 —4.50)2 +4 =250 km
(e) Substituting, we find 7' = 1.73 hours
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23.  (a) Using a GDC or graphing package, we find :
3.94 min, 43.2 nanograms ml~! min™!

) ‘ (3.944,43.222)
y=(—0.75x2 + 20492) - 0 97

1

(b)  Using a GDC or graphing package, we are looking for a zero of the derivative
function, going from positive to negative. This point has -value 53.3 min.

y=(-075:12 + 40:92) - 0.97%

(53.333,0)
9 | o =

(c) Using a GDC or graphing package, we are looking for the minimum point on

the derivative function, so # = 88.8 min and o =—4.36 nanograms /' min™!
t
P (_O_TleQ +40x0.2) - 0.97 (
i B0 — e Ui =57
(88.786, —4.364)

(d)  Using a GDC or graphing package, we find that this is the case from 0.594 min
to 12.3 min.

= L AN o

(0.594,35) |

y=(—075¢12 + 20:92) - 097

(12.264, 35)

y=35
-10 935 \
~—

0 50 —— 100 50~

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

24. (a) Thousands of new subscribers per year.

(b)  Using a GDC or graphing package, we find that it is when #=11.8 = late in
2011 at a rate of 7370 new subscribers per year.

11.848,7.37
e 2000 ( )
1200+ 0.65" + 1.25% + 250

(c) 15 subscribers per day corresponds to 15x 365 = 5475 subscribers per year, or
S'(#)=5.475 since it is expressed in thousands of new subscribers per year.

Using a GDC or graphing package, we find that it is for 5.51<7#<21.3 =
mid-2005 to early 2021.

|
¥ T — (21.271, 5.475)

1200 0,65 + 125+ 250 s

J ) J / ﬁ.\\

¥ =5475 (5.508, 5.475) \ P
-10 - 10 / =

e

0 10 20 30 40 50

2000

(d)  We can see from the graph that $'(7) remains positive forall e R .

25.  (a) We want to maximise the volume of a cylinder V' = r*h

40 rectangles of 5 cm by 100 cm covers a total (flat) surface of
40x5x100 = 20000 cm?

The total surface area of a cylinder is A =27rh+271" so
20000 =27zrh+ 27"

20000—27zr> 100007’
2zr r

From this, we can isolate /#: /=

And substitute in the formula for the volume:
, 10000— 7’
r

Using a GDC, we find that the radius = 32.6 cm

10000—7(32.6)°
7(32.6)

V=nr =r.(10000—m»2):10000r—7rr3

and, therefore, the height is /= X 65.1 cm
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y=10000r — 3 ‘

7| 10 20 30 40 50 \

(b)  From the graph above, we see that the maximum volume is 217 litres.
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Exercise 15.1

1.

(a) continuous

(b)  discrete

() continuous

(d)  discrete

(e) continuous

) continuous

for example, the even numbers, the number of times you can play the lottery and lose

mean,u:é (1+2+3+4+5+6)= 261 3.5

Variance o =é><(12 +22 4324474524 62)—3.52 =% =2.92

mean ,u:éx(1+2+3+7+8+9)=5
. 2 1 2 2 2 2 2 2 58
Variance o :gx(l +22+3+7°+8+9 )—5 —?—967
1 8
mean ,u:gx(1+1+2+3+4+5)=§:2.67
. 2 1 2 2 2 2 2 2 8 ’
Variance o :gx(l +1°+2°+3"+4°+5 )— 5 =2.06

mean ,u:éx(1+2+3+4+5+6+7+8+9+10+11+12)

useZz —— 1+12
Somean u =13

Variance o’ :é><(12+22+32 +4+5+6°+7 +8 +97 +10° +112+122)—132

1
useZz n(n+1)(2n+1) =>Zz =12x13x25=1950

i=1

So Variance o’ =é><1950—132 =156

E(x)=1x04+2a+3b=1 = 2a+3b=0.6
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8. E(X)=2><O.4+4><0.3+6><0.2+8x0.1:4

Var(X)=(22><0.4+42><O.3+62><0.2+82><0.1)—42 =4
. 1
9. probability of each score =g
1 15
E(X)=§X(1+2+3+4+5):?=3

Variance Var(X) =%><(12 +27 437 +4° +52)—32 =2
10. E(X)=1><0.25+2><0.375+3><0.25+4><0.0625=2

Var (X) = (I°x0.25+2*x0.375+3x0.25+4>x0.0625)-2> =1

2 2

11. (a) E(X):Ixx%xdxzjngdx=|:§x3] zﬂ

3 3
12. (a) J.l x’ dx={L xﬂ =1, i.e. area under pdf = 1 as required

09 27
3 3 s \
) )  E(X)=[rxxxde = x_dx={Lx4} 819
29 2 9 36 |, 736 4
92
Var(X):'[_x2Xx2dx_(_j
0 4
3 4 2
il
19 4
{1 5_% (9 :
=| —Xx N
45 |, \4
=0.3375
2 r -2
(ii) P(ISng): lx2dx= Lxs :l
19 127 ), 27

3 3
13.  area under pdf = 1 requires jkx2dx:1 = [%ﬁ] =1 = 9k—§:1 = kzzi6
1

1
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3
14. (a) Use GDC to evaluate j e dx (graph the function, then e.g. math function 9:
-3

Fnlnt(...))

je dx =1.77

-3
ike"‘z dx = kx ie dx =1.77k
-3 -3

3
So jke-*‘ de=1 = 1.77k =1= k = 0.564 20
-3

(b) (i) repeat calculation with limits -4, 4: k= 0.56419
(ii)  repeat calculation with limits -100, 100: k= 0.56419 (same result to 5 d.p.)

() bell (normal) curve

Exercise 15.2
1. (a) binomial distribution with »=20,p =0.5

E(X)=,u=np=20><%=10

Var(X)=np(l—p)=20x%x(l—%)=5
200 1" 1" ;
(b) P(X=10)=——x— x=— =184756x9.53674x107 =0.176
oo 2 2

or use GDC binomialpdf (20,0.5,10) etc

() P(X=0)=9.54x10"

P(X

4)=4.62x10"

8)=0.120

P(X 12)= 0.120
16

P(X

)=4.62x107

(

(
P(X
(

(

(

P(X 20) =9.54x107
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2. (a) binomial distribution with »=50,p =0.5

E(X)=,u=np=50x%=25
1 1
Var(X)=np(1—p)=50><5x[1—5):12.5

| 25 125
>0! ><l ><l =0.112
251251 2 2

3. (a) binomial distribution with »=10, p =0.8

(b) P(Xx=25)=

E(X)=,u=np=10><0.8=8
Var(X):np(l—p):10><0.8><(1—0.8)=1.6
_gy =19 088002 =
(b) P(X—S)—8!2!><O.8 x0.27=0.302
(c) P(X21)=1—P(X=0)=1—0.210 =0.999999897(9dp)

4 (a) binomial distribution with 1 =60,p =é
(i) E(X)=,U=np:60><é:10
Vaf(X)=np(1—p)=60x%x(1—é)=@

! 10 50
i) Px=10)=—2 15" o137
1015006 6

60
j =1.77x107

AN | i

(i) P(X= )=(

1%
— =2.05x107"
6

(iv) P(X=60)=

(b)
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5. (a) binomial distribution with »=30,p =0.8
E(X)=p=np=30x0.8=24
Var(X)=np(1-p)=30x0.8x(1-0.8)=4.8

30!
2416!

6. (a) binomial distribution with n=6,p =0.3

x0.8%x0.2°=0.179

() P(X=24)=

E(X)=p=np=6x03=1.8

Var(X):np(l—p):6x0.3x(1—0.3):1.26
=0 0307 =
(b) P(X—l)—“S!xOS x0.7°=0.303

()  P(X<6)=1-P(X=6)=1-0.3"=0.9993

60!
10150!

(b) E(X):y:np:60><0.3:18

7. (@ P(X=10)= x0.3"x0.7° = 0.0080 , so not the same

Var(X)=np(1-p)=60x0.3x(1-0.3)=12.6
(¢) variance is factor 10, so standard deviation is factor V10 greater
8. (a) binomial distribution with »=20,p =0.1
E(X)z,uznp=20><0.1=2
Var(X) = np(l—p) = 20><0.1><(1—0.1) =18

20!

(b) P(X:S): 8'12'><0.18><0.912 =0.000356

(¢)  GDC P(X 28)=1-binomialcdf (20,0.1,7) =0.000416
9. binomial distribution with » =10, p =0.9
10.  binomial distribution with n=4,p =0.2

P(X>1)=1-P(X =0)-P(X =1)=1-0.8"-4x0.2'x0.8" =0.181
11.  binomial distribution with n=10,p =0.8

(a) P(X=28)=P(X=9)+P(X=10) :%XOBQ x0.2'+0.8" =0.678

(b) P(X=10)=0.8"°=0.107
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Exercise 15.3

1. model with poisson distribution with mean m =0.01x50=0.5

B 0.5 xe™ 1

T

0.5 xe™’ 1
31 48ve

0.5°xe™ e 1

(¢) PX=0)= R =%=0.607

2. model with poisson distribution with mean m = 0.006x1000 =6

6’ xe™®

(a P(x=2) =0.0758

=0.0126

() P(x=3)=

P(X =5)= =0.161

3. model with poisson distribution with mean m = 0.001x1000 =1

2 -1
P(x=2)= ;e =2ie=0.184

4. model with poisson distribution with mean m = 0.0001x100 =0.01

_ 0.0 xe™ 107 xe™”
==

P(X =2) =4.95x107

5. model with poisson distribution with mean m = Lx 100 = 2

11

6. model with poisson distribution with mean m = %x 20=10

10 -10
P(X:10)=10%=0.125

: . e : 15
7. model with poisson distribution with mean m =

050 earthquakes per day

@ P(x=3)="S% ' ~0.190
‘é 00
® Ppr=0)=1r" e ~0.0164

0!
() P(X>0)=1-P(X =0)=1-0.0164=0.984
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8. model with poisson distribution with mean m =1 absence per 100 days
2 -1
P(x=2)="2 1 o184
2! 2e
9. model with poisson distribution with mean m =% delays per 50 days

0.5"xe™ B 0.5'xe™
0! 1!

P(X >1)=1-P(X =0)-P(X =1)=1-

1 1

e ——

o3
Je o 2Ve 2Je

10.  model with poisson distribution with mean m Z;?T(()) =% accidents per 100 days

=0.0902

2 5
o]
P(X=2)="122_ 0572
21

Exercise 15.4

1. 1=181,0=8
So between 181-8 and 181+8, 68%of population: 173 cm to189 cm
between 181-16 and 181+16, 68%of population :165cm to197 cm
between 181—-24 and 181+ 24, 68%of population :157 cm t0205 cm

2. X~N(67.64) Use GDC normaledf (63.73.67.4)
P(63< X <73)=0.560 s0 56.0%
3. X~N(60.6.2%) Use GDC normaledf (50,65.60.6.2)
P(50 < X <65)=0.737 so 73.7%
4. X~N(165.93)
P(X >180)=1-P(X <180)=1-0.947 = 0.053 s0 5.3%
5. X~N(43.03)
(@  P(X)=0.05= X =425 s042.5km

(b) P(X)=095= X =435 s043.5km
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6.  X~N(30.6")
P(24 < X <36)=0.68 so 68%
7. X~N(160.7.1")
P(X)=0.90 > X =169 so > 169cm
8. X ~N(0.040.1)
P(-0.1< X <0.1)=0.645 so 64.5%
9. X ~N(100.03)
P(X >3)=1-P(X <3)=1-0.748 = 0.252
10. X ~N(100.0°) and P(X >140)=0.31
Use normaledf (100,140,100,5) = 0.50-0.31=0.19, to geto =80.7

So variance = 80.7° = 6500 mm*Hg

Exercise 15.5

2+4+6+8 (=57 +(4=5) +(6-5 +(8=5)" _
4 4

(@  E(X+5)=E(X)+5=5+5=10, Var(X +5)=Var(X)=5

5

1.  E(X) 5. Var(X)
(b)  E(3X)=3E(X)=3x5=15, Var(3X)=3"xVar(X)=9x5=45
2. (@  E(X+5)=E(X)+5=100+5=105, Var(X +5)= Var(X)=4> =16
(b)  E(3X)=3E(X)=3x100=300, Var(3X)=3"x Var(X)=9x16=144
3. (@ E(X,+X,)=E(X,)+E(X,)=67+33=100,
Var (X, +X,)=Var(X,)+ Var(X,)=12"+5" =13’ =169
(b)  E(2X,-X,)=2xE(X,)-E(X,)=2x67-33=101,

Var(2X, - X,)=2"xVar(X, )+ Var(X,)=4x12* +5” =601
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4. difference Y between two 2 kg and one 4 kg is distributed as ¥ =2.X, —X, with
E(Y)=E(2X,-X,)=2xE(X,)-E(X,)=2x2.3-4.4=02,
Var(Y)=Var(2X, - X,)=2°xVar(X,)+ Var(X,)=4x02°+02° =02
ie. ¥~N(0202°)

P(Y >0)=P(¥ <0.2+0.2)(symmetry about mean) =P (¥ <0.4)=0.841

5. E(X)=E(2X,+X,)=2xE(X,)+E(X,)=2x13+12=38,
Var(Y)=Var(2X, +X,) =2’ xVar(X,)+ Var(X,)=4x0.4> +0.3* =0.730
o =/0.730 = 0.854
ie. X ~N(38.03854")

P (X <40)=0.990
6. E(X)=E(X,+X,)=E(X)+E(X,)=3+4=7

7°e”’

P(X=5)="——=0.128

7. (a)  travel agency: mean :% = 5calls per hour, Po(5)

Used car: mean =% =2.5calls per hour, Po(2.5)

() () E(X,,)=5 calls per hour
(i)  E(X,.)=2.5 calls per hour
(iii) E(X,u)=E(X,)+E(X,.)=5+2.5=75calls per hour

710 o =75
10

(iv) P(X, u=10)= =0.0858

total
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8. hummingbird feeder X;: mean =g =1 visit per 10 minutes bird feeder Xo:

12 .. .
mean =— = 2 visits per 10 minutes

@ P(X —2)—126_1 L 0184
! 21 2
2%¢? 2
B)  P(Y,=2)=— =5 =027

(¢)  sum (X, +.X,)is distributed as Po(1+2)= Po(3).

4 -3
e 2 0168
4! 8e

Note P(X, +X, =4)#P(X, =2)+P(X, =2)

P(X,+X,=4)=

(d)  atmost 4 times = (X, +X,)=0orlor2or3or4.

306_3 . 316_3 s 326_3 s 33e—3 . 34e—3
0! 1! 2! 3! 4!

P(X,+X,=0.1234)=

:(1+3+2+2+£)x%:0.815
2 6 24) e
Exercise 15.6
0.8 0.1 0.1
_ x=(0.7 02 0.1)x|04 04 02
L@ O 04 03 03
=(0.68 0.18 0.14)
0.8 0.1 0.1
) x,=(0.68 0.18 0.14)x| 04 04 02
(i) 04 03 03
=(0.672 0.182 0.146)
0.8 0.1 0.1
x,=(0.672 0.182 0.146)x| 0.4 0.4 0.2
04 03 03

=(0.6688 0.1838 0.1474)
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08 0.1 0.1)"
v X%,=(07 02 0.1)x|04 04 02
(iii)
04 03 03
=(0.66667 0.18518 0.14815)
08 0.1 0.1)'" [0.666667 0.185185 0.148148
(b) eg |04 04 02| =|0.666667 0.185185 0.148148 | (6 decimal places)
04 03 03 0.666667 0.185185 0.148148
08 0.1 0.1)"
X0 =(0.7 02 0.1)x| 0.4 04 02
04 03 03
0.666667 0.185185 0.148148
=(0.7 02 0.1)x| 0.666667 0.185185 0.148148
0.666667 0.185185 0.148148
=(0.666667 0.185183 0.148147) (6 decimal places)
0.1 02 05 02
2 @ (@) (025 025 025 0.25) 060 035 01
a 1 X, = . . . . X
! 04 02 0.1 03
01 06 03 0
=(03 025 03 0.15)
0.1 02 05 02Y
. 06 0 03 0.1
() x,= (025 025 025 025)x
04 02 0.1 03
01 06 03 0
=(0315 021 03 0.175)
0.1 02 05 02)
06 0 03 0.1
x = (025 025 025 025)x
04 02 0.1 03
01 06 03 0

=(0295 0.228 0.303 0.174)

Trend: values appear to oscillate with decreasing amplitudes.
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0

0.1 02 05 02)
06 0 03 0.1
04 02 0.1 03
01 06 03 0

(i) x,= (025 025 025 0.25)x

=(0.30225 0.22433 0.30037 0.17301)
Trend: values only changed in 3™ decimal place — approaching a steady state

01 02 05 02)"
06 0 03 0.1
04 02 01 03
0.1 06 03 0

(b) egto6dp, x4 = (025 025 025 0.25)x

= (0.302281 0.224335 0.300380 0.173004)

09 0 0.1
3. @ @  x=(08 015 0.05)x|08 0.1 0.1]=(0.88 0.025 0.095)
08 02 0
09 0 0.1
 x,=(0.88 0.025 0.095)x|0.8 0.1 0.1
(if) 08 02 0

=(0.888 0.0215 0.0905)

09 0 0.1
x3:(0.888 0.0215 0.0905)>< 0.8 0.1 0.1
0.8 02 0

=(0.8888 0.02025 0.09095)

09 0 0.1)"
i) x,=(0.8 0.15 0.05)x|08 0.1 0.1
08 02 0

=(0.888889 0.020202 0.090909) (6 decimal places)
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0.289473 0.368421

09 0 0.1\ (0.888889 0.020202 0.090909
(b) e.g. |08 0.1 0.1 =|0.888889 0.020202 0.090909 | (6 decimal places)
08 02 O 0.888889 0.020202 0.090909
08 0.1 0.1)"
x100=(0.8 0.15 0.05)>< 04 04 02
04 03 03
0.888889 0.020202 0.090909
=(O.8 0.15 O.OS)X 0.888889 0.020202 0.090909
0.888889 0.020202 0.090909
=(0.888889 0.020202 0.090909)(same as x,, to 6 decimal places)
4 (a) T" where n is large,determines the steady state.
(b) sum of columns: coll =0.9, col2=1.1, col3=1.0
so brand B since column 2 has largest sum
0.5 03 0.2
(c) (x1 X, x3)>< 03 03 04 =(0.3 0.35 0.35)
0.1 05 04
multiply both sides of equation by inverse of 3x3 matirx:
0.5 03 02Y"
=;~(x1 X, x3)=(0.3 0.35 0.35)>< 03 03 04
0.1 05 04
2 05 -15
=(0.3 0.35 0.35)>< 2 45 35
-3 55 -15
=(0.25 0.5 0.25)
0.5 03 02)"
(d) e.g. x100+n=(0.3 0.35 0.35)>< 03 03 04
0.1 05 04

0.342105

=(0.3 0.35 0.35)>< 0.289473 0.368421 0.342105

0.289473 0.368421

0.342105

=(0.289473 0.368421 0.342105)

So brand B most popular in steady state.
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0.80 0.05 0.15
5. (a) 0.05 0.90 0.05
0.10 0.15 0.75

0.80 0.05 0.15

since in the multiplication (A B C)x 0.05 0.90 0.05

0.10 0.15 0.75

e.g. the 1% figure is 0.80x 4A+0.05x B+0.10xC

i,e. A retains 80% of own customers, gains 5% of B’s and 10% of C’s.

0.80 0.05 0.15
(b) (04 03 0.3)>< 0.05 0.90 0.05[=(0.365 0.335 0.3)
0.10 0.15 0.75
0.80 0.05 0.15
(c) (0.365 0.335 0.3)>< 0.05 0.90 0.05 :(0.33875 0.36475 0.2965)
0.10 0.15 0.75
. .. (0.7 03) .
6. transition matrix is since
02 0.8

0.7 0.3
(c L)x[o2 08J=(0.7C+0.2L 0.3C+0.8L)

0.7 03

@ (06 0.4){02 0

j =(0.5 0.5) so election is tied

0.7 03

(b) after another 3 month period, (0.5 0.5)><
02 0.8

J=(0.45 0.55),

1,e. liberal wins

0.75 0.15 0.10
7. transition matrix is | 0.05 0.90 0.05
0.05 0.10 0.85

0.75 0.15 0.10
(a) (0.6 0.3 0.1)x|0.05 0.90 0.05 =(0.3790 0.4195 0.2015)
0.05 0.10 0.85

0.75 0.15 0.10
(b) (0.6 03 0.1)>< 0.05 0.90 0.05| =(0.239497 0.49706 0.236444)
0.05 0.10 0.85
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Chapter 15 Practice questions

1. E(X) :ZTT'?:%: 4.5

2. (@ P(X=15)=1-P(X #15)=1-(0.14+0.11+0.26+0.23) =1-0.74 = 0.26
(b)  P(X=12)+P(X =20)=0.14+0.23=0.37
()  P(X<18)=0.1440.11+0.26+0.26 = 0.77

(d) E(X)=12x0.14+13x0.11+15x0.26+18x0.26 +20x0.23=16.29
()  Var(X)=XX’P(X)-16.29"
=(122 x0.14+13°x0.11+15>x0.26+18> x0.26 + 20> ><0.23)—16.292

=8.126

3. sum of probabilities =1 = 5¢+0.5=1 = a=0.1

E(X)=1x0.1+2x0.15+3x0.2 +4x0.25+5x0.3=3.5
Var(X)=(1"x0.1+2”x0.15+3*x 0.2 +4’ x025+5° x0.3)-3.5" = 1.75
4. E(X)=40x0.05+20x0.1+10x0.25+5x0.6=9.5

Var(X) =(40x0.05+20° x0.1+10°x 0.25+5*x0.6)=9.5* = 69.75

5. (a) sum of probabilities =1 = i+l+k+i+£=1: k= —ﬁ=L
20 30 10 60 60 10
3 7 37
b P(X>10)=1-P(X=5)-P(X=10)=1———=—
®)  P(X>10)=1-P(X =5)-P(X =10)=1-_"~—0="0
(©  P(5<X<20)=P(X =10)+P(X =15)+P(X =20) =+ +> =1
30 10 10 30

(d) E(X):5xi+10xl+15xi+20xi+25x£:16
20 30 10 10 60

Var(X)=(52 D107 X 1157 X 4207 - 4 25 XEJ—W
20 30 10 10 60

=49
= o=7
3 3
6. jioc3dx=1 = 5x4 =1= 5x34-5x24=1 = k=L=i
> 4 ], 4 4 3* -2 65
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5
8. (a) kj(—x2+2x+15)dx:1 :k{——x +Xx +15] _ﬁ+25+75_%
0
175 1 3
= —=— =D k=—
3 k 175

(b)  mean yziioc(—x2+2x+15)dx= fre(=x* +2x7 +15x) dx
0

0

5
ki 2e B
4 3 27,
(—l 54+ ><53 15><52)
4 2
(625 250 375)
2

3.
175
3

175

1375 55
175 12 28
Mode = xcoordinate of maximum of function
= f'(x)=0whenx=1, iemode=1

m

(©) jk(—x2 +2x+15)dx = 0.5

0

= k.[—%f +x’ +15x} =0.5

0

:>i>< —lm3+m2+15m =0.5
175 3
:>—%m3+m2+15m =£

——m’ +3m*> +45m—-87.5=0
Use GDC to solve: m =1.857
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10.  binomial distribution: n =60, p =0.4

|
@ () P(X =24)=60C,, x0.4* x0.6* = %x 0.4*x0.6° =0.105

(or use GDC binompdf function)
(ii)  Use GDC: binompdf (60,0.4, 22) =0.0925,
binompdf (60,0.4,26) = 0.0902
(iii)  Use GDC: binompdf (60,0.4,20)=0.0616,
binompdf (60,0.4,28) = 0.0595
(b) E(X)=np=60x0.4=24
So peak at expected value and decreasing on either side: bell-shape
11.  binomial distribution: n =20, p =0.25
use GDC binomcdf function

probability of less than ten correct = binompdf (20, 0.25,9)

So P(X 210) =1-binomedf (20,0.25,9) = 0.0139
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12.  binomial distribution: » =10, p =0.98
(a P(X=10)= 0.98"=0.817
(b)  use GDC binomcdf function
probability of 5 or more =1—P (X <4)=1-binomcdf (10,0.98,4)
binomedf (10, 0.98,4) <107 and so probability of 5 or more is very close to 1.
(c)  probability of 8 or less =P (X <8) = binomedf (10,0.98,8) = 0.0162
13.  binomial distribution: n=15, p =0.40
(@  P(X210)=1-P(X <9)=1-binomcdf (15,0.4,9)=0.0338
(b) P(X =10)=binompdf (15,0.4,10) = 0.0245
(c) at most ten are younger than 30 yrs = at least 5 are older than 30yrs
=P(X >5)=1-P(X <4)=1-binomedf (15,0.4,4) = 0.783
14.  binomial distribution: » =100, p = 0.03
(a) E(X)=np=100x0.03=3
(b) P(X =5)=binompdf (100,0.03,5) =0.101
(c) P(X >10)=1-P(X <10)=1-binomedf (100,0.03,10) = 0.000215
15.  Poisson distribution with mean m =6 calls per minute

6" xe™*

(@ PX=0)= =e =0.00248

(b) P(X22)=1-P(X <1)=1-P((X =0)-P(X =1)
6°xe™ 6'xe”
0! 1!
(c) Poisson distribution with mean m =12 calls per 2-minute period

P(X 22)=1-P(X <1)=1-P((X =0)-P(X =1)

=1- =1-7e°=0.9826

0 -12 1 -12
112 ;'e 12 T'e =1-13¢™ =0.9999
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16.  Poisson distribution with mean m =8 passengers per 10 minutes

8 -8
8 xe  _0.1396

(a P(x=8)=

(b)  P(X <5)=poissoncdf (8,5)=0.1912
()  P(X>4)=1-P(X <3)=1- poissoncdf (8,3) = 0.9576
17.  Poisson distribution with mean m = 0.2 hits per second
(a P(X=0)=e¢"=0.8187
(b)  P(X=0)in Ist and 2nd and 3rd second
=P(X =0)xP(X =0)xP(X =0)=P(X =0)’

=e—0.2><3 :e—0A6 — 0.5488

18.  Poisson distribution with mean m = 4.4 faults per m?

(@ P(X=21)=1-P(X=0)=1-¢""=0.9877

(b)  prob of at least 1 fault in 3 m? = 1- prob of no faults in 3 m?

prob of no faults in 3 m?
=P(X =0)xP(X =0)xP(X =0)=P(X =0) =™ =¢ ™2

So prob of at least 1 fault in 3 m?> =1-¢""* =0.999998
(c) prob of 3 pieces contain exactly one fault between them
=3xP(X =1)xP(X =0)xP(X =0)
=3xP(X =1)xP(X =0)’

1 —44
- 3><4‘4%xe-4-4*2 —3x4.4xe3? =0.0000244

19. (a) use GDC normal cdf function: normalcdf(700,800,510,106)
P(7OO <X< 800) =0.0334

(b)  use inverse normal function: invNorm (0.9,510,106)
P(X <x)=0.90 = x=646
()  P(X<720)=0.978 = score720 is in98th percentile
20.  use GDC normal cdf function: normalcdf (7,1EXP1000,6.8,0.25)

P(X 27)=0212
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21.  (a) use GDC normal cdf function: normalcdf (1010,1EXP1000, 1012,5)
P(X >1010)=0.655
(b)  use GDC normal cdf function: normalcdf (—1EXP1000,1000,1012,5)
P (X <1000) = 0.0082

(c) expected value =10000x 0.0082 = 82 bottles
22. (a P(200<X <239)~0.227

Sample GDC results
E [RadFix6] [ab/d)[a*bi] E] [Rad)[Fix6) [ab/c](atbi]
Normal C.D Normal C.D
Data :Variable p <0
Lower 1200 Z:Low=0.
Upper :239 z:Up =2.5
o 122
1) 1184
Save Res:None N7
[(List ) Var ]

(b)  P(X >249)~0.0055=0.55%

E] RadFix6  [brdrbl B RedFix8l (il
Normal C.D Normal D
Data :Variable p =5.4568E-03
Lower : 240 Z:Low=2.54545455
Upper :1e+06 z:Up =45446.1818
c 122

1184
[(None JINERP

() This is an inverse normal calculation; we need to find Q1 and Q3.
IQR =29.7

| B RadFix6l [eb/dfahi
Inverse Normal
xInv=198.838775

| B RadFix6]  [abZe](a*bi
Inverse Normal
xInv=169.161225

(d)  Also an inverse normal calculation. We find the number above which we have
2% of the population. Alternatively, we find the number below which there
98% of the population: 2% of the population have a level above 229.

23. (a) use GDC normal cdf function: normalcdf (64000,1EXP1000, 52000,4000)
P (X 264000)=0.0013 so not likely
(b) normalcdf (—~1EXP1000,48000,52000,4000)
P (X <48000)=0.159 i.e. 15.9%
(c) normaledf (48000, 56000, 52000,4000 )
P (48000 <X <56000)=0.683
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(d) for lower quartile use GDC invNorm (0.25,52000,4000)
lower quartile = 49300, so inter quartile range = 2 x (52000 - 49300) =5400km
(e) GDC invNorm (0.02,52000,4000)
P(X <x)=0.02= x=43785 km
24.  Model book-shoppers and souvenir —shoppers per hour with poisson distributions:

X, (mean =2_(;0 = 25)andXS (mean =8?0 = 10)

Then sum X, + X is Po(25+10), i.e. poisson with mean 35 visitors per hour

40 _-35
P(X,+X, =40) =22 —0.04475
0.6 02 02
25, @ ()  x=(035 035 03)x|04 03 03|=(0.41 0265 0.325)
02 03 05
0.6 02 02
 x,=(041 0265 0325)x|04 03 03
) 02 03 05
—(0.417 0259 0.324)
0.6 02 02
x;=(0.417 0259 0.324)x| 0.4 03 03
02 03 05

=(0.4186 0.2583 0.3231)

06 02 02Y
x, =(035 035 03)x[04 03 03
02 03 05

=(0.419345 0.258067 0.322588)

(iii)

06 02 02)"
X =(0.35 035 03)x|04 03 03
02 03 05

=(0.419355 0.258065 0.322581)

(b) e.g.
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s _[075 025)" (0666667 0333333
' o5 05) 10666667 0.333333

) 6dps, so steady state is (% %j

0.75 0.25}100

(0.5 0.5) 0.666667 0.333333
. . X
(a) 0.5 0.5

(0.5 o.s)x(
0.666667 0.333333
=(0.666667 0.333333)

0.75 0.25j‘°°

0.666667 0.333333
w O)X(o.s 05 )X( J

0.666667 0.333333
(0.666667 0.333333)

0.666667 0.333333
(0.666667 0.333333)

0.75 0.25j‘°°

0.666667 0.333333
@ 1)X(o.s 0s5) )X( J

by (06 04 " (0333333 0.666667
' (02 08) 10333333 0.666667

6 decimal places, so steady state is (% %), ie. % short, % tall

28. (a) (i) normaledf (60,1EXP1000,53,8)

P(X > 60)=0.1908

(i) normaledf (70,1EXP1000,53,8)

P(X >70)=0.0168

P(X >70andX >60)
P(X 260)

_P(X>70)
 P(X 260)

_0.0168

0.1908
—0.0881

P(X >70given that X >60)=

()  P(X260)xP(X >60)=P(X>60)" =0.1908" = 0.0364
© (@ 100x P (tall) =100x 0.191 =19.1trees
(ii)  binomial distribution » =100, p =0.191
1-binomialcdf (100,0.191,25), P(X >25)=0.0869
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29. (a) Use the standard normal distribution. 50— o corresponds to z =—1;and
50+20 isz =12

P(50-0c<L<50+20)=P(-1<Z<2)~0.819

E] [abelfzbi] B [ab/ellatbi]
Normal C.D Normal C.D
Data :Variable P =0.81859461
Lower -1 Z:Low=-1
Upper +2 z:Up =2
4] 01

10

(b)  Again, we use the standard normal distribution.
Z that corresponds to 0.975 is 1.9599.

53.92-50 3.92
—— =0 = R
o 1.9599

() P(L21)=075=P(L<1)=025

1.9599 =

invNorm (0.25, 50, 1.96) = 48.678 so 48.68 mm (2 d.p.)

d (@) prob of selecting from all nails
P(48.68 < X <50.1) = normalcdf (48.68,50.1,50,1.96) = 0.27

prob of selecting from large nails:
P(X <50.1and X >48.68)
P(X >48.68)
_ P(48.68<X <50.1)
P(X >48.68)

~0.270

0.750
~0.360

(ii)  binomial distribution n =10, p=0.36

P(X <50.1given that X >48.68) =

P(X 22)=1-P(X <1)=1-(0.64" +10x0.64’ x0.36) = 0.9236
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30. (a) poisson with mean 7x5.84birds per week = 40.88
P(X >40)=1-P(X <40)=1-poissoncdf (40.88,40) =1-0.4867 = 0.5133

probability there were more than 10 on Monday AND more than 40 over the week
probability there were more than 10 on Monday

(b)

possibilities for the numerator are:
there were more than 40 birds on the power line on Monday
11 on Monday and more than 29 over the course of the next 6 days
12 on Monday and more than 28 over the course of the next 6 days ... until
40 on Monday and more than 0 over the course of the next 6 days
hence if X is the number on the power line on Monday and Y, the number on
the power line Tuesday — Sunday then the numerator is
P(X >40)+P(X =11)xP(¥Y >29)+P(X =12)xP(Y >28) +---+ P(X =40)xP(Y > 0)
=P(X > 40)+§:P(X =r)P(Y >40-r)
r=11
Hence the solution is

P(X>40)+§:P(X=r)P(Y>40—r)

r=11

P(X >10)

31.  P(3in Isthour given that 5 in st to 4th hour)

P (3 in 1st hour and 5 in 1st to 4th hour)
- P(5 in 1st to 4th hour)

~ P(3 in 1st hour and 2 in 2nd to 4th hour)

equivalent description
P(5 in 1st to 4th hour) (eq ption)

P(3 in 1st hour)xP(2 in 2nd to 4th hour)

independent events
P(5 in 1st to 4th hour) (indep )

( 1* hour: Po mean A, 2" to 4™ hour: Po mean 3 A, 1% to 4™ hour: Po mean 4 1)

Ve ' Gre 1R

(4r) e 4 2
31 5!
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Note: The form of answers to integration exercises may differ from one user to the
other. The answers usually differ by a constant. In all integration results, the constant
term, we will mostly denote it by c, is a real number.

Exercise 16.1

1. (a) j(x+2)dx=%x2+2x+c,ceR

As mentioned at the beginning, if we substitute « for x+ 2, then du = dx and

the integration will result with I(x +2)dx = %(x +2) +¢. ¢ eR.

The two answers can be consolidated by observing that

l(x+2)2+c1 =lx2+2x+2+cl.
2 2

By comparison you can see that ¢ =2+ ¢,, which are constants.
(b)  Direct application of the power rule:

j(3t2 —2t+1)dx=3%t3 —2%# ti+c=L—+t+c,ceR
() j(%—%x3)dx=§x—%-ix4+c=%x—%x4+c,ceR
(d)  Simplify the integrand first and then apply power rule:

[(e=1)(20+3)de = [ (21 +1-3)de

=2-lt3 +lt2 —3t+c=gt3 +lt2 -3t+c,ceR
32 32

g+1
5

2 1 2a 1 5 1
(e) Iu5—4u3 du==—u’ —4-Zu4+c=7u5—u4+c,ceR

(H j(zx/_— 2}}@:[(25—%{;}@

3 1

3 1 3 1
=2~lx2 —§~lx2 +c=ix2 -3x2+c,ceR
30 21 3
2 2

(® j(3sin0+4c0s6’)d9=3(—cost9)+4sin9+c=—3cos6’+4sin¢9+c,ceR

(h) I(3t2 —2sint)dt=3%t3 —2-(—cost)+c=t3 +2cost+c,ceR
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1

(i) jx/;(Zx—S)dx=j(2x;—5x2de=2- Los.

1)) j(3c050—00§2 )d6’=3sin9—2tan6’+c, ceR

(k) Ie3"1 dt=J.%e3"1d(3t—1)=§e3"l+c, ceR

1)) J.%dt=2j.%dt=2h1|t|+c, celR

2
m LgqLordr 1 d(37 +5) 1

> =|=-z5—== 5 =—ln(3t2+5)+c, celR
3t°+5 63t°+5 6 3t°+5 6

(n) J.esmg cos@do :I e’ d(sind)=e""+c, ceR
©  [(3+2x) dx= I%(3 +2x)"d(3+2x)

=%><l(3+2x)3 +c

:%(3+2x)3+c, ceR

2. (a) f'(x):j(4x—15x2)dx=4x%x2—15x%x3+c:2x2—5x3+c,ceR,
Integrate again,
f(x)=J.(2x2—5x3+c)dx=2x%x3—5xix4+cx+k

=zx3 —éx4 +ex+k,c,keR
3 4

(b) f'(x)=‘|‘(1+3xz—4x3)dx=x+3><%x3 —4><%x4 +e=x+x—-x"+c,ceR

With the initial condition that f '(0) =2, so we can calculate the constant c:

f'(0)=2=>0+c=2=c¢=2= f(x)=2+x+x"—x". Hence,
2 4 5

3 x° X x
f(x)z_"(2+x+x%—x4)dx=2x+?+7—?+k,keR.

Also, the initial condition that f (1) =2, so we can calculate the constant :
11 ¥ oxt N 11

1 11
D24t tiporsp=-L I RN S SO
f)=24 g mgrh=22k=po f(¥) ==t T e 2xm
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(c) f'(l‘)=J.(8t—sim‘)dt=8><%t2—(—cosz‘)+c=4t2 +cost+c,ceR
f(t):j(4t2+cost+c)dt=§t3+sint+ct+k;c,keR.

@ f(x)zj(12x3—8x+7)dx=12><%x4—8x%x2+7x+c

=3x'—4x*+7x+c, ceR

With the initial condition that, f (0) =3, so we can calculate the constant c:

7(0)=3=0+c=3=>c=3= f(x)=3x"—4x" +7x+3.
() f(0)=I(Zcos@—sin(Z@))d0=25in0—jsin(29)x%d(26’)+c
=2sin6—%(—cos(26’))+c:2sin6’+%cos(26’)+c,cGR

3. (@ Use substitutionu:3x2+7:>du:6xdx:xdx=%du

P 6
jx(3x2+7)5dx=ju5x%du=%x%+c=%+c
(b)  Use substitution  =3x” +5=> du = 6xdx
e T by L 1
j(3x2+5)4dx—ju ><6du—6><_3 +c= 18(3062_’_5)3+c

() Use substitution # = 5x° +2 = du =15x"dx

5

84/(5x* +2)

L 2 ut
2x* Y5t +2dx = u* x=—du=—x—+c=—1~— 7 4¢
'[ I 15 15 5 75
4

Note: in the rest of the exercises, substitutions are implied by the work and not given
directly. Some “obvious” intermediate steps are also not included.

(3+2J§)5 (3+2\/§)6

(d) IdezjusduzT+c

3 2 3_ )
(e) It2\/2t3—7dl‘=J‘u;xédu=%x(2t 7)2 +c= (2t 7) +c

3 9

2
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2+

0 j(zﬁf (xl_zjdx:jus «(=3)du ?gﬂ,:_

X 18

(® jsin(7x—3)dx=jsinu><%du=%x(—cos(7x—3))+c

(2x+3)’

180 ¢

cos(7x—3) .
=—— " e
7

(h) Iﬂ —I (——) =—%1n(cos(26?—1)+3)+c

cos(20-1)

. do an (56 -2)
- = d =
® J.cos2 (56-2) 5".cos2 u ! 5 e

1 1
j 3 dx= —d = _q] 3
1)) Icos(ﬂx+ ) Icosux” u ﬂs1n(7zx+ )+c

2 1 1 >
k xe* dx = | e x—du =—e"Tte
® | .

1 1 1
1 gy = tzez'zdt— ' x—du=— 2’2 ye=—eye
O [ | [er Jdu=—e 3

3
(m) I%(ln9)2d9=fu2x2du=@+c
(m) Letu= 1n2z:du—E:j du =Inln2z|+¢
z ZanZ u
: (3-52)

1 3
4. (a) jt«/3—5t2 dt=Iu2x(—%jdu=—ix§u2+c=—

o’ 1 1 1 ;
)  [—=do=—] du =~ tan ¢+

cos’ 6’ 374 cos’u

(¢) J.s;n\/\[dt—jsinuxdu=—cos(\/;)+c

(d) J.i:zzzttd =Ju5x—du=l£+c=ta1;;2t+c

(e) j\/_(jx_ 2)=jlx2du=21nu+c=21n(&+2)+
xX{Vx + u

®) I#—f”dx=jix%du=%m‘x2+6x+7‘+c

+c
15

c
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__k3|a|\/1—012x4 e _k3\/1—azx4 te

2] 20
(h)  In this question we are going to use a slightly different method of substitution,
since a direct one may lead to a more complex set up.
x=l=t=>x=t+1=>dx=dr
[3xx—Tdx = [3(r+1)rds
Al o
3
t? t2
=3 E'F? +cC
2 2
23
; =12 (3r+5)+c
=§\/x—1 (3(x—1)2 +5(x—1))+c =§(3x2 —x—2)\/x—1 +c
. 3
1 1 0)2
@) J\/l+cos6’ sinfd@ = qu x (—du) = —%+c = —% (1+cost9)3 +c
2

In questions (j) — (I) we will use 2-stage methods of substitution.

G) Start with the substitution 1-¢t=u = 1-u =t = dt =—du

3It2\/:dt=_"(1—u)2\/;(—du)=—j(u; —2u% +u§Jdu

3 5 7
1

3 u? ur  u? 2 5 3
=—3+2= 7+c—105u(35u+42u 15u)+c

2 2 2
2\1/(;( 35(1-1)+42(1-1) ~15(1-1)" )+
2\1/(;( 1)(15 +121+8) +¢
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) o 1
(k) Start with the substitution 2r—1=x=r = % =dr= %

(x+1j2_1
3 1 1
- ;2—%=lj[xz+2xz_3x‘z]dx

JT Jxoo2 8
3 3 1 X
I x? x?  _x? 1
-2 ?+2? 3T +e=—x> (3" +10x—45)+¢
2 2 2
\/ —1(3(2r=1) +10(2r —1)—45) +

( +2r—13)+c

1)) Substitution: e +e™" =t = (2xe"2 —2xe™ )dx =dt

2

Iﬁ Ildr:ll t+c—%ln(e +e” )+c

(m) Substitute u=¢t-5=¢t=u+5and df =du

1 1
It +2 dt=Iu_5((u+5)2+2)du=Iu_5(u2+10u+27)du
3 1

3 1 B 2 g 20 3 3
I(u 2 1002 +27u 2 )du 3 +?u +54u’* +c¢

1
=g(t—5)5 +?(t—5)5 +54(t=5)2 +¢

5. @ C(x)= j MC(x)dx = j (0.0006x> —0.02x—10) dx = 0.0002x* —0.01x> =10x + ¢
Fixed costs €2500 are incurred with and without production, i.e., x = 0:

C(0)=2500=0.0002x0-0.01xx=10x0+¢c = c=2500

= C(x)=0.0002x" —0.01x* —10x + 2500

[8€9]
X

=0.0002x> —=0.01x—10+ 2500

(b) AC(x) = . Graphs given below.
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(c) To find the minimum, we either delegate the whole process to GDC, or we use
our knowledge of function behaviour. That is, the minimum average cost

happens at the point where the derivative is zero.

4
dUACE) _ 00045 —0.01- 230
X
Soipcenz o= el | Sosscess B

B [EXE]:Show coordinates B [EXE]:Show coordinates
Vi=0.0002%2-0.01x-10+({2600.x) Ye=0.0004x~-0.01-(2600.(x2))

ROOT

: MIN
¥=189:893961 7 Y=8<473164648-— =109, 0232567 ——H=1 i

So, the minimum average cost is €8.5 and production level is 193 wallets

(d)  Evaluate MC(193) ~ €8.5. Same as in (c¢). This is so because at minimum

average cost, average cost and marginal cost are equal.

(e) AC(400) ~ 24.25, They should sell it for 26.25.
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6. (a) Let P be the amount of pollution added to the lake. Since the only pollution
comes from the plant, then, (ji_]; = 40\/t_3

3 3
9P 4P = ) =30 v 16t 4o
dr 5
We are assuming that there was no pollution before the plant started, then

P(0) = 0, thus, ¢ = 0. Therefore a model that is appropriate to this case is
5
P@)=16¢>.

(b)  Asdescribed by the model, for the first 3 years, the amount of pollution is

5

P(3)=16x32 ~ 249 tons.
(c) We have to find the time, ¢ that corresponds to a pollution of 400 tons

58 2
400 =161> = t? =%=25:>t=255 ~3.6

7. (a) let f be the number of cases at time ¢ days after the epidemic started. Then the

rate per day is given as% =12e".

So, the number of cases at any time 7 is given by

£(6)=[12e"dr = 60" +¢

At time ¢ = 0, there were 4 cases, thus,
4=60e’ +c=>c=-56= f(t) =60e"* - 56
(b) f(30) ~ 24150.
8. Let the consumption of tin be C(¢) where ¢ is the number of years after 2013.

0.01¢

L dC .
The rate of consumption is given as = =0.22¢""" million tons per year, thus,

A
C(t) = j 0.22e""ds = 22e""" +¢

With the assumption that we are starting the measurement from 2013 onwards, and so,
C(0)=0.

Then, C(0)=0=22e’ + ¢ = -22 and so, C(t) =22e""" —22

For the reserves of 156 million tons to be exhausted, then we need to find 7 such that

22e""" —22 =156. Use your GDC to solve the equation, or otherwise

22e""" =178 =+ =1001n (%) =1~209 Thatis in year 2222.
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9. Let the consumption of silver be C(f) where 1 is the number of years after 2017.

0.015¢

L dc
The rate of consumption is given as = =12e" """ thousand tons per year, thus,
1

C(1) = [12e"""dr =800e°*" +¢

With the assumption that we are starting the measurement from 2017 onwards, and so,
C(0)=0.

Then, C(0)=0=_800e° +¢ = ¢ =-800 and so, C(¢) =800e"""* —800

For the reserves of 533 thousand tons to be exhausted, then we need to find ¢ such that
800e”"" —800 = 533.

Use your GDC to solve the equation, or otherwise

800e""" =1333 =1 = #m(@j = t ~ 34, that is in year 2051.
0.015 \ 800
10. 5(x)=j—10?0dx=1000+c,with5(100):25:25:10+c:c:15.
X X

= 1 . . -
So, C(x)= @+ 15. Total cost is the average cost per unit multiplied by the number
X

of units produced: C(x)=xxC(x)=15x+1000= C(0)=1000 SF,and that represents
the fixed costs.

1L () =[(042+0.1062t—0.00747¢*)dt = 0.42¢ +0.0531¢> ~0.00249¢ + ¢

But £(0)=0.0242=0+c = ¢ = 0.0242, thus,
F()=2.42+0.42¢ +0.0531¢> — 0.00249¢°

In 2020 we will have f(2020) =12.18%
. 100 e e
12.  (a)  Quantity produced = j P +5 |dt =1001n (¢ +1)+5¢ + ¢, with initial
+

production at 0, ¢ = 0.
(b)  The entire useable life is 20 years, and thus,
Quantity produced = 1001n (20 +1) +5x 20 ~ 404 thousand barrels
13. @ @@ Cx)= j(12+l01)dx —12x+500In (x+1)+¢
X+
With fixed costs of €2000,
C(0)=0+¢=2000= C(x) =12x+5001n(x+1)+2000

_C® sy, 5001n(x+1) , 2000
X X X

i) Cx) = C(1000) =17.45
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(b) R(x)= j(40— 0.02x+£01]dx =40x—0.01x" +2001In(x+1)+¢
X+

With no revenue when production is zero, then ¢ = 0, and thus,

R(x) = 40x - 0.01x> +2001In (x +1)

() Since profit = revenue — cost, then
P(x) = R(x)—C(x)=28x-0.01x>-3001In (x+1)—2000

To maximise profit, we need to find the maximum of the profit function. A
task that can be delegated to GDC.

|[B [EXE]l:Show coordinates
Wl=28x—-0.01x2-300ln (x+1)-2000

: | MAX
X=1/689.210286 . ¥=15427.67273 . %

1389 pairs and 15428 Euros profit.

Exercise 16.2

All calculations of definite integrals can be delegated to GDC. We present a minimum
algebraic procedures here for explanation purposes. You don’t need to do the algebra on
exams. You need to set up your integral properly, then give the GDC output. We will
demonstrate a GDC output in few cases.

L@ (3x2—4x3)dx=[x3—x“]1 =(P-1)-((-2) - (-2)") =24

1
2 -2

7 7
() [ 8dx=[8x] =56-16=40

B
1
1_2(3x2—4x3)dx
24
.
I 8dx
2
40
(B

52 2T 1 1\ 24
o o] 202

(d) Jj (cost—tant)ds =0, since the upper and lower limits are equal.
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(e) Simplify the integrand before attempting to evaluate it

7
5 3 1

7 2 _~q 7 3 1 1 2 2 5
jwdx [2x2—3x2+5x 2de 2%—3%+5
1

5773771
2 2 2
_176V7-44 o s

B
v

E] [abrclfatbi]
7
% IlYldx

84.3304486

@ '[Oﬁcost@:[sinH]g =sinz —sin0=0
You can get the result without integration if you notice that the graph is
symmetric about the point (%, 0) and the negative area will “cancel” the

positive one!

(@ J‘O”Siné’dﬁ =[-cosO]; =—cos 7 —(—cos0)=—(-1)—(-1)=2

(h) j:(5x4+3x2)dx {5?+3?} =(I"+1°) (3" +3’) =268

3

4 AP 4
O [ 2= s zdu_[Tz_J &gj (12)-
u —

) &—[ﬂnx] =2lne—-2In(1)=2

d(x* +2)
(k) fx +2 f ;:2 [1n(x2+2)}f=1n11—1n3 ln(l;)

This integral could have been evaluated without going back to the original
variable too

[ av= "2 ] =in11-1n3 - h{“)
Px™+2 Su 3
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) j13(2—&)2dx=j13(4—4\/§+x)dx= 4x—4ﬁ+%2 _M o

=3

~—— N W

(m) J.OX3 sec’ 0df =[3tand]s = 3(tan (%J —tan 0

8 1
(m) j;(8x7+\/;)dx={8%+\/;xx} =1++/7
0
3 >0
(0)  Use the fact that |3x|={ o
—3x,x<0

2 2
J.2|3x|dx=jz3xdx={3x—} 6
0 0 2

0

0 0 2 ‘
) j_2|3x| dx = j_2 ~3xdx {—3 ?L —0—(-6)=6
(@)  Inthis part, we simply split the definite integral into the two previous parts:
[ J3x]dr =] [3x|dc+ [ [3x|dx =6 +6 =12

A GDC demonstration is shown below Questions (0-q)
]
¥

O [gree )] 26 )

(t) Ifz(ex —e'x)dx = (e" +e )}: = (62 +e'2)—(e'2 +e2) =0

If you recognise the symmetry about the origin, the result will be obvious
without integration.

Note: In the integrals where we use substitution, if we change the limits of
integration we do not need to go back to the original variable.
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2. (a) Use substitution: x* +1=¢;2xdx =d¢
'[4 x3dx _.[17( __'[17 dt 1 213 _21‘% 17
3 1
~ 14Jﬁ +2
3

(b)  Use substitution: 7lnx = t;zdx =dt
X

J,Jgsin(n-lnx)dx zﬁ sintdr =l(—cost) _
| X 0 V4 V4

Note that when x =1, = 0, and when x:\/g,t:ﬂln\/g=§

E
A
f0x3+Jx2+1dx
19.907826
el 1
j«ll sin (mln x) di

X

- 0.318310]
=

(c) Use substitution: Inz = u;%dt =du

¢ dr 2du ?
T 17=ln|u| | =In(2)-In(1)=1In2

(d)  Use substitution: 9—x* =¢;—2xdx =dr

S e (L N [ H 1643545

(e) Use substitution: 3+ cosx =¢;—sinxdx = d¢

[P e[ <>}ff

1 * Inx 2T 1 3
Inx=r—dv=di= [ " Sde= =T | 22027
@ ¥ j I 2} 2 2

1
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(g2)  Substitution: e** +9=¢; 2e’*dx =dt
1

2x —dr 13
qu 2e dx = 31732_:(11n|t|j =l ln13—ln(ﬂ) :lln(g)
-2 49 Tt 2 w2 4 2 \37
4

E

In 2 ezx
I-ln 2 e2x+gdx
0.170163
(h)  Substitution: tanx =1,———=dr
cos” x
T 1
= 1

jmar;xdxzwdt:(ztﬁj _2
0 cos”x 0 3 o 3

T

a4
L Jtan x+(cos x)?dx
0.686687

(i)  Substitution: x* =¢;2xdx = dr

Jz x g
j 7xcos(x2)dx='[ Zcostdt=(zsim‘ﬂ =Z(sin7r—sin0)=0

0 0 0

1)) Substitution: \/; =1 dx

N

dr

4 sin\/;
fi o

(k)  Substitution: 1-sin3f = x = —cos 3¢ x3d¢ = dx

dx = J-:EZSintdt =(-2 cost)]i” = —2[cos(27r)—cos(7r)] =—4
1

-1

z Ll
Ié(1—sin3t)cos3tdt=onx(—l)dx:lj‘lxdx=lxx—} _1
0 UT3)T T T T

()] Substitution: sin 26 =1;2 cos 260d 6 = dt

1

Fe““z‘gcos29d6’=Iletxldt=le’ _e-l
0 R R

(m)  Substitution: tan 2¢ = x;2sec’ 2t d¢ = dx

V.4 1
'|.0§(3+e“‘“2’)sec2 2tdt=f$(3+ex)x%dx=%(3x+e*)} =1+%

0
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(n)  Substitution: ¢ =x=>2re" dr = dx

‘|M/E4te’2 sin( )dl—Zj sinxdv=2(- cosx)] =2+2cosl

52
32 1 31

T

(b) av(f) =%J.O2cosxdx =%(sinx)];2r =%(sin(%)—sin O) =%

2
I S e
(c) av(f)—ﬂ_ﬂj‘,6r sec’ xdx
4 6
12 z
12 3
71_(anx)],6r
=—1| tan| — |—tan| —
V1 4 6
\ﬁ/—/
1 V3

() av(f)=Lj4e-2de

8
_et-1
8t
4 @) _ijmd _s1nx
(b) i 3smxdx=i r(_smx)dxz_Lnt
drdr x dr 3 X t
d ¢ cos cost
© 2 dy=

drd-=1+° e
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k

5. (a) j0k3xdjz=%1n(3x+2)}

= L3k +2)-m2)=1m (3“2)
3 300 2

0

2(e’ -1
(b) lln(3k+2j=1:ln(3k+2)=33§k+1=e3:>k=( )
30 2 2 2 3

1 . . .
6. To evaluate L x? (1 - x)q dx we can use substitution. Substitute ¥ =1—x = dx =—-du

and change the limits of integration to the new variable. Remember that when x = 0,
then =1, and when x =1, then # = 0.

J.lel’ (l_x)quz_J‘l()(l_u)puqdu :"'Ol(l_u)p widu

Now replace the variable name in the answer by x, and the result follows.

7. (a) We use the substitution method applied in question 7 above:
l-x=t=-dx=dt

i . fk+2 [k+1
[x(1=x)"dx=[(1-1)¢ (-dr)= j("l—t")dt:k+2—k+1+c
k+2 k+1
=(1—x) _(1=x) +c, keNceR
k+2 k+1
1
(b) jlx(l—x)kdx=(l_x)k+2—(l_x)k+l =0—( - j: 1
0 k+2 k+1 . k+2 k+1) (k+2)(k+1)

. @ F@3)=[sr+2dr=0
(b) F'(x):%j:\/5ﬂ+2dt:\/5x2+2:>F'(3)=\/5><32+2:\/E

R E Y Nererey R L SE/E R s B E R K

24/5x% +2 W5x3 42 V4T 4T
9. If the function f'(x) is constant over the set of positive real numbers, then it is neither

increasing nor decreasing. Thus, its derivative is equal to zero.

—f() wdf (J-kdt 3vdtj Usvdt dtj
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10.  In both cases, we will use the trapezoidal rule. We can either use a GDC or a
spreadsheet for the calculations. Recall that you need to use the trapezoidal formula —
we chose n = 5.

b A
[ Fende~Ts =7x(yo+2(y1+yz+y3+y4)+ys)

h—
:1—0a(yo+2(y1+y2+y3+y4)+y5)

1

2z

2
; X
(a) In this case we have to approximate L e 2dx.

We first calculate

fe‘xzdm T, =%( FO+2(fQ4)+ F(1.8)+ F(2.2)+ £(2.6))+ £(3)). and

then multiply with ; Here is the output of a spreadsheet.

2z

x  fx) T
1 0.6065 0.6065
1.4 0.3753 0.7506
1.8 0.1979 0.3958
2.2 0.0889 0.1778
2.6 1 0.0340 0.0681
3 0.0111 0.0111

1 J'Oz e_édx.

2z

j:erszs =%( FO)+2(f0.4)+ £(0.8)+ f(1.2)+ £(1.6))+ £(2))

(b)  Similarly, we approximate

and finally

x  fx) T

0 1.0000 1.0000
0.4 0.9231 1.8462
0.8 0.7261 1.4523
1.2 0.4868 0.9735
1.6 0.2780 0.5561

2 0.1353 0.1353
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11.  Since the function is symmetric about the y-axis, then it is enough to find the integral

I o [ j dx and multiply the result by 2. Given the large domain we do need
to use a spreadsheet or program a GDC to do the calculations. Below is a part of a
spreadsheet output.

We divided the interval[0, 400] into 40 subintervals, each of size 10.

Recall that the trapezoidal rule will evaluate the following

400 400-0
.[ (1000) dszzto = 2% 40 (yo +2(y1+y2+y3+.--+y39)+y40)

The second column contains the values of the integrand at each point in the interval,
and the last column corresponds to the corresponding trapezoidal values:

(3o +2(3 + 2+ 35+ +Y39) + Vo)

The entry before last in the third column adds all the terms, and the last entry
-0

multiplies the sum by 5, which is the value of and by 2 as explained earlier.

X
So, the length is approximately 821 m.

x fx) T
0 1 1
10 1.000049999 2.0001
20 1.00019998 2.0004
30 1.000449899 2.0009
! ! !
400 1.077032961 1.077033
Sum of the function values 82.08547
Sum *5%*2 820.8547
12. For convenience, we will use 6 intervals.

6 6
Area:J-O f(x)dx ~ T, =ﬁ(yo+2(y1+y2+y3+y4+y5)+y6)

&) r
3 3
12
10
8
10
12
3

AU A WN R O =
w o b~ U o
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13.  Asyou notice from diagram, we have 8 intervals. Consider the left corner of the pond
to be at the origin.

16 A
Area=fo S (x)dx ~ T} =7x(yo +2(y +yy 4+, )+ )

=%(0+2(6.2+7.2+6.8+5.6+5+4.8+4.8)+0)=80.8 m’

14. The table implies that we can use 10 intervals, each of size 0.5 second. Thus,

Distance z$(0+2(4.67+7.34+8.86+9.73+10.22+10.51+10.67+10.76+10.81)+10.81)
X
= 44.49m

15.  Note: on exams, you will be given information to enable you to use the appropriate
model. No need to memorize these models. Refer to example 16.16 for this model.

@ (Capital) _ J-OT el

value

Well's 10 0061
(b) . = I 240000e™dt ~ $1804753
capital value 0
16.  To make a decision, you will need to compare the present value of an investment to

the price you pay for it. The present value represents the value of the investment

Well's
, =P(T)=| "100e™e™ "dr = 500(1-¢™) ~ 316, That is, it is worth
capital value 0

316 thousand dollars in Today’s estimates. Yes, buy it since it is more worth than the
price to be paid.

17.  Remember that the mean value of a function is av(f) = % I ' f(x)dx and
—-d a

considering b = 12 and a = 1, then the mean temperature is modelled by

1 ¢12 . 12 .
0 /(x)dx. We use Trap. method to estimate L f(x)dx with Ax=1

lef(x)dxz%(15+2(20+25+31+32.5+32+30+30+28+23+18)+15)
=284.5
284.5 .. .
Thus, mean temp = ETH =25.9°C. This is the average temperature. There is also

the maximum and minimum that are usually reported. Also, some may consider the
284.5

average to be =23.7 since the 284.5 is the total for 12 months and we average

by dividing by 12.

For the following two questions, refresh your knowledge by looking at the discussion
leading to example 16.16 and the example itself.
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18.  The initial gift is the present value of the income stream of £20 000 per year. Thus,
the amount of the gift should be

10 ~0.085¢
Present value = L 20000e dr ~ £134726

19. (a) Vending machine produces a total income = J.OS 5000e"*"dr ~ £27675

(b)  The future value of the income stream at 12% compounded continuously is
FV =" [ 5000¢" e dr ~ £37545

Total interest = £37545 — £27675 = £9870

Exercise 16.3

1. We will alternate writing solutions with and without using a GDC.
(a) For this exercise, we will demonstrate two types of answers — without and
with a GDC
Without a GDC:
Firstly, we sketch the line and the parabola, and then shade the enclosed area.

BIy

-

y=7-x? /

Now we need to find the points of intersection by solving the system of equations.
=x+1 =x+1 =x+1 =x+1
Y , = Y ,p= 2y = o =
y=T7-x x+1=7-x X +x-6=0] (x-2)(x+3)=0

Y1 :3,)/2 =-2
-3,-2 2,3).
x1=27x2=_3}j( ’ )Or( ’ )
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So, the integral that we need to calculate is:

Jz.‘(7—x2)—(x+l)‘dx=J._23(6—x—x2)dx=[6x—%—%}

=(12—2—§j—(—18—2+9J=E
3 2 6

With GDC: You will not need to show every step of calculating intercepts and
evaluating the integral. It is enough to write for example:

The area of the required region is bounded by the graphs of the two functions and
hence it can be found by subtracting the areas between each of the functions and the x-
axis between the vertical lines at the x-coordinates of their points of intersection.

Area = j‘(7—x2)—(x+l)‘dxz20.83
-3

E

i ; L ®

]
LOWER= PER=2 \
Jdx=20f8333333 1=20.8333333

(b)  Firstly, we sketch the cosine curve, the oblique line and the vertical line, and
then shade the enclosed area.

y
41 y=x—m/2
X=—T P N
e D
,/ \\‘\
) N X
-7m/3 2w —smsw o1/~ w3 w 4w 53 2w 73

y=cosx
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Now we have to find the point of intersection of the curve and the oblique line.

. ) .. (
By inspection, we can see that the point is (5, O]; therefore, to find the area,

we need to solve the following integral:

2 % 2 2 2 2
cosx—(x—zjdx= sinx——+2Zx| =[1-2 42 |-|0-Z -2
2 22 ] 8 4 2 2

2 2
=1+%+7z2=1+9i

8

4

I

(¢) The two functions intersect at points with x-coordinates 1— J3and 1443

The area of the bounded region shown below is given by
1+/3 2
L-ﬁ 2x—(x —2)‘dx

B
v

LOWER=-0.732
Jdx=6.92820

=6.92820323

The required area is 6.93 units’.

(d)  Sketching all the given curves and shading the enclosed area gives the
following graph.

-

y=x

;
t t
-4 -2

x=1
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So, by inspection, we can see that the point of intersection of the curves is
(—1,—1). Therefore, the integral that we need to calculate to find the area is:

4 3

1
e e

(e) The two functions intersect when x° = x*. Thus,

X —x* =x (x2 + 1)(x2 —1) and the points of intersection are at the points with

x-coordinates —1, 0 and 1. At x = 0, they are tangent to each other making the
graph of y = x” above that of y = x°. Thus the area is

[ ]« —x6‘dx:%z0.381

E
iy

LOWER=-1 UPPER=1
Jdx=0.38095238 [1=0.38095238

) Sketching the given curves and shading the enclosed area gives the following
graph.

y=5x—x?

One point of intersection is obviously the origin, while the other looks like it
has an x-coordinate of 2.5, but since we are not sure we will solve the
simultaneous equations.
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5
=5x—x’ x, =0, x2=5
Y 5 =S>x=5x—x" =2 -5x=0=
y=x =0,y =£
1 > 2 4
So, the integral we have to calculate is:
5
3 3 2 3 2
'[2‘(5x—x2)—x2‘dx=I2(5x—2x2)dx= sxX_oxX =12_5
’ ’ 2 3], 24

(g)  Note that there are two areas that are defined by the two curves and the
curves alternate

between being the upper and lower graphs. In order to get both the areas
enclosed by the curves shaded, we need to pay attention to the absolute value
of the difference between their integrals. This can be done directly or some
GDCs will also give the right answer. We demonstrate both cases below.

E &
iy v

LOWER=-0.618 UPPER=1.618
Id%ﬂ. 93169499 /[]1=1.08333338%

Writing the functions separately and then evaluating the absolute value of the

difference:
E E
Graph Func :Y= \ o /
Y1=2x-x3 [—1 |
Y2=x—x° —
v3gly1-v2 [—1
Y4 : [—] o
e [—1 |Lower=-0.608  UPPER=1.619
SELECT ) (JANa13 HATZP RPFIW(MODIFYI[DRAW] | fdx=1.08319778

So the required area is approximately 1.083 units?.
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(h)  Sketching the given curves and shading the enclosed area for one period only
gives the following graph.

4ty

y=2=sinx 3

x

//211' -:IT T\/ﬂ'
)=Sinx
y=si - -1

-2
By inspection, we note that the points of intersection are

(—%,lj and (%,lj . so the integral we have to calculate is:

T

'él‘@ —sinx)—sin x‘ dx = Jél(2 —2sinx)dx =[2x+2cos x]_%,r
2 2

2

= 2xZ +2c0sZ |-| 2 37 +2cos 3z =4
2 2 2 2

(i) Sketching the given curves and shading the enclosed area gives the following
graph.

6ty
5 V

B

Again, note that there are two areas bounded by the curves and that the curves
exchange positions of being upper and lower. By inspection, we can see that
the points of intersection are the origin and (4, 2). Therefore, to find the total
shaded area, we need to find the following integrals and add them up.
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GDC work demonstration:

E]
Graph Fune :Y=

Y2=1 [—1

y3gly1-v2| [—1

xﬂ: [_] LOWER=0 UPPER=9

SELECTINANSFRETEP ERWMIDIFY[DRAW] | | fdx=4.91666666

Or

Bl [HathRadFormd] [Rea]
v

LU 4] UFPER=Y
Jdx=-2.2499999 =4.,01666666

G) This question cannot be done algebraically since we cannot solve the equation
of the fourth degree for finding the boundaries of the integral. Sketch the
graphs first.

8
y

"

In cases similar to this, you have to pay attention that the graph you see may
not be the whole one. We know that in general a quartic function decreases
faster than a cubic function. Therefore, apart from the three points of
intersection that we can see on the graph, we expect to find one more to the
left. To find the fourth point of intersection, we need to adjust the window.

B
y

-]
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Apparently, there is another point of intersection on the left.

It is wise to have the GDC do the calculation of finding the area between
curves

E
y

LOWER=-8.679 UPPER=1.6076
Jdx=-356.63835 |/1=361.946781

Areais 361.95.

Examiner Note: By using the absolute value function, we can skip all the points in
between and simply calculate the integral from the first point on the left side until the
last point on the right side. The final answer in the IB exam would be given correct to
three significant figures, 362, if not otherwise stated in the question.

El B
Graph Func (Y= y ;
| ;i
Yl—ﬁ |
Y2=3x-x3 /

v3gly1-y2|
X4: B, UBPﬁIR=1.,6076 i
SELECT ) ANA13 RETI BRI MODIF Y| [DRAW] Jdx=361.946781 0|Z1=361.946781

(k)  Sketching the given curves and shading the enclosed area gives the following
graph.

N

y=1/x

=2

Points of intersection are given by

= L} = x(x—1)(x+1)=0 where the only two possible points are
x

-1, =1) or (1, 1).

= |-

~~
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1

8

Area = j —
1 O
X

8
1 dx=[1n|x|+iz] =(1n8+ij—(1n1+lj=31n2—ﬁ
X 2x% |, 128 2 128

)] Sketching the given curves for the restricted domain and shading the enclosed
area gives the following graph.

y=\/3tanx

D

_2 -
To find the points of intersection, we need to solve the following equation:

ﬁ]zo

sin x

2sinx=x/§tanx:>2sinx—x/§

B3

COS X

COS X

=0=sinx| 2—
CcoS X

= (sinx =0 )0{2—

:Olz(sinx:O )or(cosngJ

—x =01, =—2,x, =2

1 s Ay 6 s A3 6
Since we have two areas, one in the first quadrant and one in the third,
bounded by the curves, and since both functions are odd (symmetrical with
respect to the origin); therefore, the enclosed areas must each have the same
area. So, the final area is obtained by finding the area of one region and
multiplying it by 2.

'[f(2 sinx—\/gtan x)dx = [—2003x+\/§ln|cos xﬂ;ﬁr

- (_z cos(%} +\3 ln(cos(%jn ~(~2c050++/31n(cos0))
=—2xg+\/§ln(£J+2=2—\/§+\/§(lln3—ln2j

2 2
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Area=2x{2—x/§+\/§(%ln3—ln2)]=4—2\/§+\/§(ln3—2ln2)

sin x —d(cosx)

COS X

note: jtanxdx=j dx='[ :—ln|cosx|+c

COS X

In questions (m) — (q), we will integrate with respect to y since, in both equations of
the curves, the variable x is linear and therefore it is easier to express it in terms of y.

(m)  We sketch the curves, find the points of intersection and swap the variable of
integration.

. (5. 4) 4

YN\2=2x+6

Eo(r-o-pif-3-afa{5-5-0]]

:(8—£+16)—(2+f—8):18
3 3

(m)  We sketch the curves, find the points of intersection and swap the variable of

integration.
4ty
x=4+y"2
3t /
| .
x=2y"2
1.
X
-1 1 2 3 5 6 7 8 9 10 11 12 13 14 15 16
-1t
_2 E
-3 \
-4t
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(4o - o= oo -2 -2

Note that since the functions are symmetrical with respect to the x-axis, we
could have used an integral from 0 to 2 and multiplied it by 2.

(0) To use a GDC, we need to express x explicitly in terms of y and then use the
finite integral feature on the calculator.

2
{4x+y2=12 x=3-2
= 4

y=x x=y

R 44

Next step is to partially solve the simultaneous equations to find the limits of
integration. We will use x instead of y on the GDC.

Solving the system, we can either use GDC or directly. This system is simple

2

x:3—y_ 2
4 1=y +4y-12=0= y=—6 ory =2. Thus,
X=y
2 y2 64
Area=| 3———-yldy=—
-2
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g
2
f_BIY1—Y2Idx
64
3
O
LY | o | Xt [Vt [ X |

(p) Touse a GDC, we need to express x explicitly in terms of y and then use the
finite integral feature on the calculator.

x-y=17 x=T+y
{x=2y2 —y+3:>{x=2y2 -y+3
Next step is to partially solve the simultaneous equations to find the limits of
integration. We will use x instead of y on the GDC.
Solving the system, we can either use GDC or directly.
T+y=2y"—yp+3=2)"-2y-4=0=31y"—y-2=0=>y=—lory=2
El
f: ly1-v2ldx

[]

JUMP [DELETE PMATVCT] MATH

(q)  Since the variable x is already expressed explicitly in terms of y, we simply
need to partially solve the simultaneous equations to find the borders of
integration.

y2=2y2—y—2:>y2—y—2=O:>y=—1 ory=2
El

2
f_l lV1-v2ldx

[

JUMP [DELETE PMATVCT] MATH

Note: We don’t have to simplify the expressions and, if we are not sure which
function is the upper one and which is the lower one, we don’t need to spend
too much time on graphing and identifying. We can simply use the absolute
value of the difference of two functions; the result will always be positive and
therefore it is the area between the curves.
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(r) In this case, since the boundaries of integration are given by the vertical lines,
we don’t even have to sketch the curves. Since there are multiple areas
enclosed by the two curves (alternating upper and lower curves), we can
simply apply the absolute value function.

20ty

151

101

g
2
f_3IY1—Y2Idx

19
[

JUMP [DELETE PMATVCT] MATH

(s) The sketch of the region is given below.

-~

y

,
\

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

]
2
f_llm—vzldx
3.083333333

[

JUMP JDELETEPMATVCT] MATH

Area = [ (" +1)= (x-+1)’|dx =3.083

Even though the GDC does not offer an answer in fraction form, we
can find the exact value by splitting the work into two intervals:

0/ 3 2 2 2 3 37
Areazj_l((x +1)—(x+l) )dx+_[0 ((x+1) —(x +1))cbc:E

(t) Firstly, we need to sketch the functions and find the points of intersection.

ty
10

4+ y=x’+x

_2 -
To find the points of intersection, we need to solve the system of simultaneous

_ U3
y=x +x}:}xs+x=3x2—x:x(x—1)(x‘2)=0

equations
y=3x"—x

Since there are two regions enclosed by the curves, we will need to split the
integral into two integrals, exchanging the upper and the lower function.

Area = I;((x3 +x)—(3x2 —x))dx+J‘12((3x2 —x)—(x3 +x))dx
= I:(x3 —3x’ +2x)dx+f(—x3 +3x7 —2x)dx

:——1+1+(—4)+8—4+l—1+1=l
4 4 2

B Gl
ahn -Y2ldx

O
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(u)  The sketch of the region is shown below

i

To find the intersections exactly, we solve the system of equations

—&:2‘/;” :>2x—4\/;+1=03x=§ix/§
21x 2
\/;+1

2\/_fb(

B IEmem ke
1.5
115 lY1-Y2|dx
' 0.9428090416

Area = Jl_ 5

Using a GDC

N

JUMP [DELETE PMATVCT] MATH

This is approximately equal to the exact answer above.
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2. In order to calculate the area, we split it into 3 different intervals as shown below
ALy
12
11
y=4-4x
10
9
8 y=8x
s
A )
7 5
/ 2\
y=3¢
\ 3
=
: 1
; : i 44
2 <1 N 2 4

The first one is between y =4—4xand y =3x’, the second between y = 8x”and
y =3x", and the third between y =4—-4xand y =3x".

We need to find the points of intersection of the curves so that we can establish the
limits of integration by solving the corresponding systems of simultaneous equations.

=3y’
y=o% :>4—4x=3x2:x1=—2,x4=g
y=4-4x 3

=8x’
VI g rdx—4=0=x, =Ly, =1
y=4—4x 2

Note that in both cases we did not calculate the y-values since, for the integration, we
simply need the x-coordinates of the points of intersection.

The area in question is therefore

-1
2

Area = [ (4—4x—3x2)dx+j_%(8x2—3x2)dx+j§(4—4x—3x2)dx

1
= (4x—2x2 -x )I: +(53iﬂi +(4x—2x2 —-x )ﬁ = %

2

3. Firstly, we need to find the equation of the tangent at the point (1, e) .
y=e¢"'=y'=e" m=y'(l)=e=Tangent:y=e(x—1)+e=y=ex

Since y"=¢" = y"(l) =e¢ >0, we can conclude that the curve is above the tangent;

therefore, to find the area of the region enclosed by the curves, we calculate the
following integral.
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UPPER=1 _
/1=0,35914091

4. In this question, we can do all the calculations with respect to y since x is expressed as
the subject in both equations.

The y- coordinates of the points of intersection are found by solving

3y’ =12y-)y" -5=4)y" -12y+5=0= y, =%,y2 =§

5

116
-

3
Therefore, Area=jf‘l2y—y2—5—3y2‘dy=[6y2 —§y3 —Sy} 3
2

2

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

5. If we sketch the graphs, we get the following

1y

The x-coordinates of the points of intersection cannot be found exactly. We will use a
GDC for this.

One method is first to find the points of intersection

El [EXE]l:Show coordinates El [EXEl:Show coordinates
Y1‘§(x—2)2)‘y Y1§(x—2)2|v
Y22 (x—4)2 Y23 (x-4)2

: ANTSECT ANTSECTE
X=0.221@,ﬂ28817 ¥=3.162909721 X=5.489@_'88572 ¥=12.17513474

Then we find the area
Bl
5.5
f ly1-v2ldx
0.22
25.36291029

[

JUMP JDELETE PMARVCT] MATH

However, some GDCs can do the whole process in one step after entering the
functions.

E
v
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6. The area under this curve is given by

m

'[:lerdx :(%e2x):| :%(eZm _1)

0
Now, if the area is 3 square units, then

%(e2m—1)=3:ez’"—1=62m=ln—7

A GDC can also be set up to solve the equation
[B ERdfom] ([@CRe) |
Eq: f:; e dx=3
x=0.9729550745

7. Firstly, we need to find the zeros of the function.

X —4x’ +3x=0=x(x-1)(x-3)=0=x,=0.x, =1,x,=3

Sketch the graph

'y

To calculate the area enclosed by the function and the x-axis, we need to take into
account the fact that the region between the second and the third zero is below the x-
axis and hence we need to take the opposite expression.

Area =I (x3 —4x? +3x)d.>c+f(—x3 +4x7 —3x)dx

1
0

x4t 3x? 1 xto4x 3x? ’ 37
=+t || || ==
4 3 2 . 4 3 2 | 12

Using a GDC, we find the integral of the absolute value.
B [drc) el
3
(J¥1ldx

3.083333333

-
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8. Parabola passes through(17,37) = y=ax’ =37 =ax17" = a= % ~0.128

Thus, the parabolic cross section is y = 0.128x> = Area = LH 0.1280x"dx = 209.62 m>.

Rectangle area =5 x 37, Triangle area =12 x 18 x 37
Total area of cross section = 727.62.
Thus volume needed is 727.62 x 175 =127333.5 m’.

9. Before doing this problem, look at the explanation of market demand, consumers’ and
producers’ surplus in the section.

(a) Market demand here corresponds to the quantity at which there is equilibrium,
i.e. point of intersection between demand and supply functions:

uanti
Quantity

To find the point of intersection, you either equate the two expressions and
solve for x:

360—0.03x” = 0.006x> = 0.036x° =360 = x =100, y = 60
Market demand x = 100,

Consumers' 100 5
=I (360—0.03x —60)dx=2000O
surplus 0

Producers' 100 R
= j (60-0.006x" ) dx = 4000
surplus 0

E | B
v y

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

(b)  Market demand is at (119.48,90.83) = market demand x = 119.48

El [EXE]l:Show coordinates
¥©=300(e*(-0.01x))
¥10=100-100(e"(-0.02x))

INTSECT
: X

Consumers' 119.48 001
=j0 (300e‘ —90.83)dx~10,065

surplus

Producers' 119.48 00
=j (90.83-100+100¢™") dx ~ 3446
surplus 0

(¢) Also, similarly, market demand is at (97.63, 150.69).
So, market demand is 97.63.
(Consumers'j

97.63 001
=j (400e : x—150.69)dx~10,220
surplus 0

Producers' 97.63 -
=j (150.69—0.01x : )dx~9966
surplus 0

+y

N =

Complete
income
equality—Q

N
\\\\ ‘—Lorentz curve
N\
N
A\
N

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

10.  This is the coefficient of inequality L discussed in the section and it is equal to
(x—f(x))dx
L : =2 (x=/ () dx
L xdx

L=2[ (x- f()dr =2 xdx=2[ f(x)dc=1-2 f(x)dx

It is enough to estimate J.Ol f(x)dx , multiply by 2 and then subtract from 1.
We will use Trap. method

I f(x)dx = —2(0+2(0 087 +0.226+0.405 + 0. 633)+1) 0.3702

L=1-2x0.3702=0.2596

11.  Recall that the mean, u = E(X) = z xp(x), and thus in the continuous case

E(X)= j xf(x)dx.

(a) This is a piecewise function, so, the mean life of batteries is

DY (e e 2)ar [ 15X 5y 101
076 8056
g
IRIVLE
5
38

8.0667
fl Y13dx

2.340058479|

The mean is (2.34 +%)>< 10 ~ 24.7 hours

(b) 20 hours correspond to 2 in the given model
P(X22)=1-P(X <2)

So, we need to find the integral up to 2 and subtract the result from 1.

Probability that a battery lasts at least 20 hours is

115 15
1-[]076( ~2x*+2) dx+j15 0sc 155~ 121)de:0.514
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(B o [Feal

‘ 1 2

§= 0Y12d$¢+ 1}r'li’n:l:mc]
0.5139647468

[

Ly [ o [Xt[Yt[] X |

12. (a) Use your GDC

T

1 2 3 4

(b) The mean is the expected value.

2y 4y’ 7
E() = [y (ndy =] %y dy+f2%(4—y)dy=§,

that is gx 100 ~ 233 barrels

(c) Since J‘;% yidy = % > 0.1, then we only need to consider the function on the

first interval.

The question can be interpreted as finding the number m such that

J.Om%fdy =0.1= m =1.339, that is, 134 barrels.
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5
13. (a) To find k, we solve the equation: jkyz (5—»)dy =1, the solution is 0.0192 = %
0

Eq:inkx {5—x}dx=l
K=0.0192

Alternatively, symbolic integration will also give the same result

:]_ =

12 625

52 X' 625 12
=—k k
4 0

jky2 (S—y)dyzlzk{T——

12 ¢
b) Mean: —— [ y* (5—y)dy =3,
(b)  Mean 625!)}( v)dy

I (12 625}x (5 x)dx

3

Mode: corresponds to the maximum of the function, mode = 3.3

[EXE]:Show coordinates
Y141 Z.625)x%(5-x)

T e

MAX
=3|. 333333258 ¥=0.3666666660

) 12 m
Median: corresponds to the value m such that aj‘ ¥ (5 - y)dy =05, m=3.1
0

hi . [Ezall
|Eq: Omx (5-x)dx=0.»

| M=3.071362159

et Fadbunl) (9/c)ea)

3

ﬂ(12+625)x2(5—x)dx
0.4752

5
(d)  Variance :6172&[ y'(5-y)dy—3 =1, so, standard deviation = 1.
0

B HatiRdfm) ([Tl

i2(12+625)x4(5—x)dx—9\
1

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.




Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

()  Weare looking for P(3-1<X <3+1)=P(2<X <4)=0.64

E Mt RadMoml (dic]Resl]
(12 625)x? (5-x)dx
0.64

14. (a) In this model, it is clear that the price is the response variable (dependent),
while the quantity, x, is the explanatory variable (independent).

J- —-6000 2000
(3x+50)’ " 3x+50

+c

With the initial conditions: 8 = ﬂ +c=>c=4
3x150+50

2000
3x+50

+4.

Thus, the price-demand equation is d(x) =

2000
3x+50

x =250, that is 250 000 bottles.

(x):j 300 _ 100
(3x+25) 3x+25

(b)  We solve the equation 6.50 = +4 for the quantity x.

+c

(c)

With the initial conditions:
-100 -100

T 3x75+25 3x+25
(d)  Market equilibrium is where demand and supply are equal
2000 -100
+4=
3x+50 3x+25

5(484) = ¢+ 54=533= d(484) , that is equilibrium is at 484 000
3x484+25

bottles with a price of £5.33 each.

15.  (a) j6 2 dt:—[i} _1-1 075

+e=>c=54=s5(x)= +5.4

+5.4 = x =484

°(t+2) (+2), 4
P 12
® o l 0.1

0.1071428571
&
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WORKED SOLUTIONS

Exercise 16.4

We chose to exclude a few intermediate steps in calculations as the objective is to have you
practice the new concepts. The algebraic manipulation steps are assumed to be mastered at

this stage.

1. We will sketch the region and a typical disk with the created volume in the first 2
questions. We will leave the drawings for you to complete in the rest of the exercises.
These exercises are meant to give you some practice in symbolic integration.
However, most of your exam questions will assume that you use a GDC for such

tasks.

(a) We begin by sketching the lines and shading the region that is rotated about

the x-axis.

To find the volume, we need to evaluate the following integral:

2
3 X
V=n (3—5
B HatRadoml
3 x 2
T[J‘E[ S_E] dx

2

3 3
dx=7rjj(9—2x+%}dx=7{9x—x2 +x_} - 127

—7
27 27

2

(Efclfeal

127

ag *

(b)  We begin by sketching the parabola and shading the region between the x-axis
(y = 0) and the parabola that is rotated about the x-axis. By inspection, we find

that the parabola intersects the x-axis at the points (—\/5 , 0) and (ﬁ , 0).
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So, to find the volume of the solid, we need to evaluate the following integral:

Na)
5 2 4 s 642
V= ﬂj_ji(Z—ﬁ )2 dx =ﬂj_j5(4—4x2 +x4)dx =7r[4x—§x3 +x?1ﬁ =T7r

[aeh) RadForm)
z (2-%2) *dx
2
18.95630054

(c) We begin by sketching the curves and shading the region that is rotated about
the x-axis.

T

4y

So, to find the volume of the solid, we need to evaluate the following integral:
2

V= ﬂf(\/l6—x2 ) dx

On an exam paper, you only need to write down

2 2
V=ﬂjl3(\/16—x2) dx=7—307r, or just V:ﬂf(\/l6—x2) dx ~23.37 ~ 73.3
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59 97
(d) Volume=ﬂ‘[1 —2dx=7r[——} =6rx
X

X 1y

3 2 3 X X ’
(e) V=7rL(3—x) dx=7rj0(9—6x+x2)dx=7{9x—6x?+?} =97

0

(i) volume = ﬂ'J.O”(\/sinx )2 dx = ﬂj.oﬂ sinxdx = z[-cosx], =27

(2) V=7Z'J._§”(\/COSX)2dx=7Z'J‘§”COSXdX=7T[SiIlX]3 =ﬂ(§+1}
3 > r

2

2 BT _S12rx
K

(h) V=ﬂj_22<4—x2)2dx=ﬂjf2(l6—8x2 +x4)dx=7{16x—8><?+?

(i) This is apparently a GDC active question as we need to find the point of
intersection between the cubic curve and the x-axis.

El [EXE]l:Show coordinates E
Y1=x~(3)+2x+1 J‘ (Y1)2d
-0.453398 x
5.937483504
2
(-0.453,0) e X f_0.453398E (Yl) dx
18.65315456
ROOT | | i
X=-0 /1533976515 Y=0 Y [ r [ Xt[Yt] X |

So, the volume is ﬂjjo 45;4(x3 +2x+ 1)2 dx ~ 5.947 ~18.7 correct to three
significant figures.
3g) We sketch the parabolas and shade the region that is rotated about the x-

axis. By inspection, we find that the points of intersection of the curves are
(=2.4) and (0.0).
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To find the volume, we need to evaluate the integrals of the upper function and
the integral of the lower function, and then we subtract them to obtain the
eventual answer. (can be done in one)
0 2 0 2
_ _ _ _ 42 _ 2
V=V I/low'er_ﬂ_[_z( 4x —x ) dx—7 _2(x ) dx

upper
= ﬂ_[o ((—4x—x2 )2 —(x2 )2)dx = @7[—27[ = 27:
-2 15 5 3
(k)  We begin by sketching the curve, shading the region that is rotated about the x-axis.

ty

’ ((x3 +1)2 —(1—x2)2)dx=7rj‘_01(x6 —xt+2x° +2x2)dx

0
X Xt 2 237
=7 ——-—+—+— =
75 2 3 )], 210
)] We begin by sketching the curve, shading the region that is rotated about the x-axis.
¥

N

w

(38

—

-1t

Before we find the volume of revolution, we firstly need to find the limits of
integration by solving the simultaneous equations.

_ _ 2
{y‘“% Y o 4=36-x = x =245 x, =25
y=4

Since both functions are even (symmetrical with respect to the y-axis), we can
simply calculate the integral from 0 to 24/5 and then multiply it by 2.
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3 2J§
V= 2ﬂjzﬁ((\/36—x2 )2 —42)dx = 2ﬂjzﬁ(20—x2)dx - 2;;(20;;_’6_”
0 0 3
:27{40\/3_ 40;/5]2 1607+/5

3

(m)  We begin by sketching the curve, shading the region that is rotated about the x-axis.

6ty

5.

41

3 y=2x /’/

y |
/ x:\/y
Y 4 X

o + +

-2 -1 1 2 3 4 5 6

To ease your calculations, note that x = \/; & y=x",x2>0. By inspection, we
can find the limits of integration.

e o {22

(m)  Sketch the curves and shade the region that is rotated about the x-axis.

-~

»

V= ﬂjf(sin2 x—cos’ x)dx = ﬂjf(—cos2x)dx = ﬂ(—%sin2xﬂi =%
4

(0) V=7zf((2x2 +4) —x2)dx=;zf(4x4 #1557 +16)dx =27
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3
> 2527

®) V:,,f(\/ﬁfdx:nf(x“ +1)dx=7z(%+xﬂl -

(@)  We begin by sketching the curve, shading the region that is rotated about the x-
axis and find the point of intersection by inspection.

v=af ((16=x) ~(Gu+12) Jdv=r[ (-8x* ~104x+112)dv
3 1
=n(—81—57x2+112xﬂ _ 036m
3 R

(r) We begin by sketching the curve, shading the region that is rotated about the x-
axis. We can find the points of intersection by solving the simultaneous

equations.

* :>l=§—x32x2—5x+2=0=>x1=%,x2 =2

N\

ro

—

i 3 \a
2 2
V=7Z'J‘12 (é—xj —(l) dx=7rﬁ(£—5x+x2—i2)dx=9—ﬂ
5\ 2 X S\ 4 X 8
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2. One method of solving a rotation about the y-axis involves swapping the variables of
integration from x to y, which means that we need to express x in terms of y to find the
volume of revolution (disk method).

A second method, known as the shell method, is described in the HL textbook. In
most cases, the shell method is simpler. In the IB syllabus (this cycle), it is not
required. Unless it is specifically requested that you use the “disk” method we
recommend using the shell method.

(a) V=7IJ.01((3—x2)2—(2x)2)dx=7rj.:(9—10x2+x4)dx=818—5ﬂ

(b)  If we want to use the disk method, then we need to split the region into two
regions and change the limits of integration from 0 to 2 for the first integral
and from 2 to 3 for the second integral.

y=3-x"=x=.3-y, y=2x:>x=%

3 2 5 3
V= ﬂj[ de+ﬂI( )Zdy=7z(i}—2ﬂo+ﬂ(3y—%ﬂz
=ﬂ(g+9—2—6+2j=7—ﬂ
3 2 6
The shell method:
3 28]
V= 272"[( 3 X —2x))dx 27r'[ 3x x'=2x7 )dx 2 (;—%—iﬂ

=2ﬂ(§_l_2)=2ﬂxwz7_”
2 6
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3. (a) For demonstration purposes, we will do the calculations here using both
methods.

104ty l/

2.

.\J\/ ’ .
-1 1 2 h

Disk method: We need to express x in terms of y: y=x" = x = \/;

e Yoo (5 oo o o[- ]

1

=7Z'(8+81—E—9+lj=4072'
2 2

The shell method:
4 3
V=2ﬂj.3(x(x2))dx=2ﬂ'rx3dx=2ﬂ A | 81 1 =27x20=407
1 1 4 | 4 4
(b)  Disk method
4ty 7

y=\(9—x?) e /

Note that these two curves intersect at the point with equal x- and y-
coordinate:
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NCES =x:>9—x2=x2:>9=2x2:>x=\/g=¥ , and that x and y are

symmetrical in the equation of the curve; therefore, x =1/9— )" .

We need to split the integration into two parts.

b ,,ijyz dy+ﬂj%5(m)2 dy=r (y?%ﬂoz +K9y—%ﬂ

B RS P ERLACR PN
4 2 4
(c) This question cannot be done by swapping the variables, so we will use the
shell method.

y=x—4xi+dx

1 4
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(d)  Shell method may be simpler.
7ty
] =5 x=11 L

4 y=\(3x)

The shell method:

E é 11
V=2ﬂj;l(x 3x)dx=2ﬂ\/§I;1x2 dx=27r\/§(§x21| =@—20ﬂ\/ﬁ

5

(e) Given the intensive work with expressing x in terms of y, we will use the shell
method instead.

It is enough to rotate the region in the first quadrant to create the solid.

AT
V=2 : x( 2 2—x2) dx=2ﬂjl( 2x2—x3)dx=27r ln(1+x2)—x—
0 1+x o\ 1+x 4

0

=2ﬂ(ln2—l)=2ﬂln2—£
4 2
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) This one lends itself to the shell method too.

. %

A

y:\/(xz_'_z) P -

“

11
V:27r'|.03(x\/x2 +2)dx =27r-[211\/;x%dt =7{§t3ﬂ =2T”(11\/ﬁ—2\/§)

2

(2 Again, this question cannot be done by swapping the variables, so we will use
the shell method.

I
~d
dr = 1472'-[73437; = ”T”(zﬁ )f

szﬂjj(xxm)dxzzﬂ ;(Wj

We used the substitution ¢ = x° + 7 and df = 3x”dx for the integral.
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(h)  Using the disk method will involve expression containing powers of inverse
trigonometric functions which will require lengthy calculations. We will use
the shell method instead.

2

nﬁ)

These two curves meet at the point (Z,— .

+y

V=2ﬂj.g(xsinx—xcosx)dx
4

This requires finding the following integrals using integration by parts
jxsinxdx = —xcosx+J.cosxdx =—xcosx+sinx+c, and
Ixcosxdx = xsinx—jsinxdx =xsinx+cosx+c

Now,

T s
Vz27rj,} (xsinx—xcosx)dx:27[(—xcosx+sinx—xsinx—cosx)]}r
T

=2ﬂ{l—z+ﬂJ=ﬂ(2—ﬂ+&J
2 4 2

4
(i) Using the disk method first. Points of intersection can be found by inspection
and left for you to verify.

25%y I/

207
y=2x2+4

151
x=3

107

sl A y=x
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et

Atz =

The shell method:

V=27 (x(20 +4-x))dv =27 (20" +dx—x")dx =2 EAPEE 3
= ﬂ'l X 4X X = ﬂ'l X X—X =47 5 X 3 1

:2z(ﬂ+18—9—1—2+1)=%
2 2 3 3
3g) This question cannot be done by swapping the variables, so we will use the

shell method.

ALy

T
0

V= Zﬂ'ff(xsin(f))dx = ZﬂIOESintx%dt = 7Z'(—COSt):| =27
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(k)  The shell method is more straight forward.

Due to symmetry of the graphs, it will be enough to evaluate the integral over
the interval [0, 2] and multiply by 2.

4 | 256
V:47r'|.02(x(5—x3—5+4x))dx:47r-[:(4x2—x4)dx:47{%—x?l= 157[

We will use the shell method here as it will not require that we swap variables and
deal with two functions.

V=2r mef (x)dx ; we use Trap. Method to estimate the integral

10-2

Ax g 1;
mef(x)dxz%(2-f(2)+2(3.f(3)+4.f(4)+--.+9.f(9))+1o-f(10))
1

=5(2'0+2(3-1.5+4-2+--~+9-3)+10-0)z127

Volume ~ 27 x127 ~ 798 cubic units.
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5. (a) As the diagram shows, the cross section of the dam is made up of three parts.
The parabolic part generated by a parabola whose vertex is at (=95, O) and

passes through the point in the upper corner with coordinates (—68, 40) . The
volume generated by this part, and the other parts is half of the full rotation.

The equation of the parabola is of the form y = a(x + k)2 because its vertex is

not at the origin, but 95 units to the left. So, the equationis y = a(x + 95)2 and
since it passes through (—68,40), then a = 0.0549. Thus, the equation is

y=0.0549(x+ 95)2 and the volume generated by this part is
1 68 2

V= —‘274 0.0549x x +95) ‘dx
2 95

The middle part is generated by y = 40 and hence

1 -59
v, = —‘277 [ 40x{dx
2 -68

The third part is generated by the segment between (—35,0) and (-59,40)

and whose equation is y = —%(x + 35) and hence
1 35 5x

v, =5‘2;¢J'_59 —?(x+35)‘dx

Volume of concrete required is ¥, +V, +V, ~ 233310 m’>.

233310

(b)  Number of trucks = ~ 27449 trucks

6. Due to symmetry of the sphere we can consider it to be rotated around the x-axis.

The cross section of the sphere is a circle whose equation is

x* +3? =25= y=+/25—x7 is the upper part. If this part is rotated around the x-axis,

it will generate the whole sphere. However, when we bore the whole inside the
sphere, the part of the sphere that remains is restricted between —4 and 4. The hole is
generated by rotating y = 3 around the x- axis.

NS
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The volume remaining for the ring is
2
Vz,,;;((\rs_xz) _3zjdx=2536”

7. We take the disk approach for the paraboloid.

~ 268.08

. h 2 _ h _ 2 h _ 2
V= 72"[0 x'dy= ﬂ_[o 2pydy =7 py ‘0 =7 ph
r is the radius of the cylinder and is on the parabola => r> = 2 ph and volume of
cylinder is
xr’h=rx-2ph-h=2xph’

Therefore, the volume of the paraboloid is one-half that of the circumscribed cylinder.

8. In general, the volume would be V' = J:SA(x)dx where A(x) is the area of a cross

section. Since the function is given by a table and not a formula, we will use the
trapezoidal rule with 6 intervals to estimate the volume:

Ac=8_3
6

21/=%(141+2(82+35+25+14+5)+0)z694.5 m’

Cost is therefore 694.5x9.80 = €6806.1
9. We consider rotation around the y-axis, and use disk method expressing x in terms of y.

The point of intersection of the cylinder with the paraboloid has x-coordinate of 3,
thus,

y=25-3"=16

.. . 00 5 10 3
Remaining volume is V = ﬂjo (x -3 )dy = 7[_[0 (25-y-9)dy =1287 ~ 402 cm’.
If we had used cylindrical shells instead, then

V=2;zj;x(25—x2)dx=128z
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Exercise 16.5

1. (a) To find the displacement (net distance), we evaluate the following integral:

3 ) 10
Displacement = [ " ( —11t+24)dt:{%—11x%+24t} =¥—550+240=7—30 m
0

To find the total distance travelled, we find I:O‘t2 —-11r+ 24‘ dr.

We can evaluate both using GDC
E] FralT
i0
, (x?-11x+24)dx
23.33333333
10) 4
J‘ﬂ Ix =T 1x+24|dx

. 6bh
x| 20| .

(b)  To find the net distance, we evaluate the following integral:

2 1
[ (t—lzjdr —| 24 215-10.005=-8.505, .. 8.5 m left.
0.1 t 2t

0.1

1

To find the total distance travelled, we find LIO t _t_2 dr=8.5m

B Wat)Radorn)) (dlclesl
1 1
IOJ x o) dx

8.505

(c) We note that the whole graph is above the x-axis within the given interval, and
therefore the displacement and the total distance travelled are the same, i.e.

: 1 z 1

J?sin(Zt)dt = —5005(21‘)‘0 = 5+%=1 m.

E Hatifadlom] (diclfes]

sin (2x)dx

© ml=

1
(d)  Net distance = J.:(sint +cost)df =—cost +sint|, =—(-1)+1=2m

Net and total distance — with a GDC

B FethRadFornd) (dFc)Real
n
o(sin x+cos x)dx

2
F14
stin x+cos xldx

242
MATIVCT logab | Abs | d/doe d2/doc2 BN
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(e) By looking at the curve v(r)=¢"—8¢* +15¢ =1(¢—3)(r-5), note that

within the interval 0, 6[ there are two zeroes, 3 and 5; therefore, the velocity
changes its direction twice. To find the (net distance) displacement, we
evaluate the integral within that interval; but to find the total distance travelled,
we take the integral of the absolute value since the curve is below the x-axis in

the interval ]3, 5[.

6 £ A 2 6
Displacement:"‘o (f3 —8t2 +15l‘)dt:|:z—8><?+15x?j| =18m
0

Total distance = J.:‘ﬁ -8 +15t‘ dr = % ~28.7m

(B tifdtml Gk
]
0{x3—8x2+15x3dx
18
By 3 2
J‘olx -8x +15x||:!x
| 28.66666667
| N 5

) Note that the function is always positive on the given interval and therefore net
distance and total distance travelled are going to be the same.

~2(0+141-0)=%* m
( )
T T
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2. (a) v(t)=Ja(t)dtzv(t)=I3dl=3t+c,ceR.

To find the value of the constant, we use the initial velocity:
v(0)=0=3%x0+c=0=c=0. So, the velocity function is: v(r)=3t.

Since there is no change in the direction, net and total distance are the same
2
2 2 2
Distance='|‘ 3tde = 3t— = 3><2— -0=6m
0 2, 2

2

(b) v(t)=ja(t)dt:>v(t)=j(2t—4)dz=2%—4t+c=r2 —4r+c.ceR.

Also, v(0)=3=0’-4x0+c=3=>c=3.

So, the velocity function is: v(¢)=¢> —4r+3.
3 r r ’

net distance = [ (¢ —4r+3)dr =| ——4x—+3t | =(9-18+9)-0=0
; 3207,

Note that the zeros of the velocity parabola are 1 and 3; therefore, there is a
change in the direction at 1.

Total distance travelled = Jj‘tz — 41+ 3‘ dr = g ~2.67m

3
i (x2-4x+3)dx

0
Izlxgm4x+3|dx
2.666666667

©  v()=[a(t)dr=v(r)=[sintdr=—cost+c.
Also, v(0)=0=—cos(0)+c=0=-1+c=0=c=1.
So, the velocity function is: v(¢)=1-cosz.

The cosine value is always between —1 and 1 so we see that the velocity
function is never negative. There is no change in direction and therefore the
displacement and the total distance travelled are the same.

37” . 22 (37 . (3« 3r
I (l—cost)dt=[t—smt]02 = —=—sin| =— ||-0="=+1~5.71m
0 2 2 2
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(d) v(t)=j (r)dr = v(r J\/tTdt=—2\/t+l+c,ceR.

Also, v(0)=2=-2/0+1+c=2=>2+c=2=c=4.

So, the velocity function is: v(1)=-2vr+1+4.

4
Displacement—J‘ (4 24t +1 )dt—[ t—g(t 1) } =%m2.43m
0
Total distance travelled = _[04 ‘4 -2t + l‘dt
=I3(4—2x/t+1)dt+j4(2x/t+1—4)dt
0 3
~291m
(4 2J ]dx
2.426213483
[ la-24x+T lax
2.90711985
1
e v(t)=|a(t)dt=v(t)=|] 61 - dr =3t + +c,ceR

Also, v(0)=2=0 +%+ c=2=c= % So, the velocity function is:

3

S+
2(r+1)° 2

The velocity function consists of a sum of positive terms and as such the
velocity function is never negative. There is no change in direction and
therefore net and the total distance travelled are the same.

Distance=j2 3t + ! 2+E dr=|r - ! +2 :ﬁz11.3m
° 2(r+1) 2 2(e+1) 2| 3

2

3 (a v=9.8t+5:>s(t)=j(9.8r+5)dr=9.8><%+5r+c=4.9f2 +5t+c.ceR

v(r)=3r"+

s(O) =10=10=c. The position of the object at time ¢ is given by:
s(1)=4.9¢ +5t+10

(b)  v=32-2=5(r)=[(32t-2)dr =16 =2 +c.ce R
5(0.5)=4=4=16x025-2x05+c=>c=1

The position of the object at time 7 is given by: s(¢)=16¢> —21 +1
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(c) v=sin(zt)=s(1)= jsin(m)dt = —lcos(m‘)+c,c eR
r

s(0)=0:>0=—lcoso+c:>c=l
Ty T
The position of the object at time 7 is given by: s(¢)= —lCOS(ﬂT) +—
r r

izln(t+2)+c,t>—2

1
d =— -2, )=
(d) v ; > s(1) s

S(—1)=%2%=In(1)+czc=%

The position of the object at time 7 is given by: s(¢)=In(r+2)+—

4. @ a=d=v()=[edt=c+cceR v(0)=20=20=c"+c=c=19
v()=€ +19=5(t) = [(¢ +19)dt =¢' +1% +k.keR 5(0)=5=k=4
So, the position of the object at time 7 is given by: s(r)=e'+197+4.

)  a=98=v(r)=[98dr=98t+c. v(0)=-3=>-3=0+c=c=-3
2
v(t):9.8t—3:s(t):j(9.8t—3)dt:9.8x%—3t+k,s(0):0:>k:0
So, the position of the object at time 7 is given by: s(t) =49 -3¢

() a=-4sin2r=v(1)= J—4sin2tdt = —4(—%)cos2t+c,v(0) =2=¢=0

v(t)=20052t:>s(t)='|-2c052tdt=2x%sin2t+k,s(0)=—3:c=—3

So, the position of the object at time 7 is given by: s(t) in(2 )
(d) a=%cos(2j:>v(t)=j%cos( )dt—— ( tj+c,v =0=c=0
T T T T
3 3t 3 3t 3t
[)=— 1 — | = [)=1|— 1 J— dl‘:_ —
v(7) ﬂ_sm(ﬂj s(1) Iﬂsm(ﬂ_) cos(ﬂ_)

So, the position of the object at time 7 is given by: s(t) =—C0s (zj :
7T

In questions 58, we denote displacement of a point by s and total distance
travelled by d.
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5. @ v()=u-4ms=| (u-4)drd=] [u-4d

[l Eral ]

:(2x—4)dx

. 12
[C12x-a1dx
20

The displacement is 12 m and the total distance travelled is 20 m.

B v(e)=f-3=s=d=]|r-3fdr

ﬂﬁﬂﬂﬂﬁﬁﬁm [dZc] Real
olx—BIdx

6.5

In this case, both the displacement and the total distance travelled are 6.5 m
since the function is always positive.

© ()= -3 +u=s=[ (A =30 +2)dd = [ |7 -3 +2e]dr

3
0

B FathRadferni
3
u(x3—3x2+2x]dx

5 2.25
L|x3 -3x2+2x|dx
2.75

So, the displacement is 2.25 m and the total distance travelled is 2.75 m.

() v(t)zxf—2:>s=jj(\/;—2)dt:2t:2—2t

0

—2/3-6~-2.54,

3

d:jj‘\/;—z‘dt:j:(Z—«/;)dt:21—2?2

=6-23~2.54,

0
Since the function is always negative on the given interval, the displacement is
—2.54 m, whereas the total distance travelled is 2.54 m.

2

o @ a(t):t—2:>v(t):I(t—Z)dt:%—2t+c,v(0):OzO:czv(t)ztE—%

2 3 >
s=[L-arfar=| Do || = 125 os)-(1o1)=- 533 m
12 6 )| e 6 3

d:f 2t—§

df=—=5.67m

Wt}

o

x%+2-2x) dx
-3.3833333333

I?|x2+2—2x|dx

H.666666667
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2 8
b a()= \/5t_+ _J.\/St_+ \/51+1+C‘ v(O)—2:>c_g

Since the function v(t) = %\/ St+1 +§ is always positive, the displacement
and the distance travelled are the same.

3 3
—s—J.( 5t+1+— )dt=(i(5t+1)2+§t) —84+24—204—816
75 5)), 25 5 25

(c) a(t)==2=v(t)=-2t+c v(0)=3=>c=3=v(r)=-21+3

s=['(-2043)dr=(~ +31)] =-16+1241-3=—6m
d=["l2r+3dr=2=65m
! 2
7. @ s=[(98-3)dr=497-3] =332
(b) s=f(9.8t—3)dt=33.2

©  s=[(9.8-3)dr=332

Note: The displacement does not depend on the initial conditions since the
displacement is the integral of the velocity function.

8. (@ v(r)=s'(r)=50-20r

(b)  The maximum displacement takes place when the object stops and starts
returning towards point O = v(r) =0.

v(t)=0:50—20t=0:t=%, s(%j=%=1062.5 m

5t, 0<t<l

9. v(t)= 6\/-_1’
!

For the distance to be 4 cm, we actually need to look at the integral of the velocity

1
2
function. The first part of the integral between 0 and 1 is: Ll Stdt = (S%H = S
0

5
therefore, we need to find the time after 1 second in which the particle covers another
1.5 cm. We first need to find the correct displacement function so that the motion is
continuous. Thus, our initial condition for the second part of the displacement
function is that s(1) = 2.5.
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10.

1 5 3
s(f)= j(@/;_;jdt =477 —In(t) +c;5(1) = 3 =c= 5 thus, the displacement
function after 1 second is s(¢) = 4/ —In(7) —% :

The solution can be estimated using GDC

Bl [EXE]:Show coordinates
Y1=Ax*((3142))~ln x-1.5
Y2=4

INTSECT
X

X=1-272366564— V=4 —

So, the time at which the particle is 4 cm from the starting point, is 1.27 seconds.

The velocity of a projectile fired upwards is going to be influenced by gravity and
hence the deceleration is going to slow the projectile down. The deceleration we are
going to use is 9.81 m s2. (answers may slightly differ if we use 9.80 for deceleration)

(a) It will reach the maximum height when v = 0.

v(t):49—9.81t:>v(t):0:49—9.81t:0:t:%z 4.995 ; so, we can

say 5 seconds.

(b) To find the maximum height, we need to find the height formula.

2

v(t)=49—9.81t:>h(t)=I(49—9.81t)dt=49t—9.81%+c

2
h(O) =150=>c¢c=150=> h(t) = 49t—9.81%+150
The maximum height is reached when the velocity is zero, i.e., at t = 5s. Thus,

the maximum height is 4(5) = 272.4 metres.

(c) Since the parabola is symmetrical with respect to the vertical axis of symmetry
that passes through the vertex, we can say that the time taken to reach the
maximum height will be doubled. So, the answer is approximately 10 seconds.
Alternatively, you can solve the equation A(f) = 150.

2 2

49t—9.81%+150=150:>49t—9.81%=0:>t1 =0

ort:£~9.9898z10 S
9.81

(d)  Thisis simply v(10)=49-9.81x10 ~-49.1 ms™'

The velocity will be approximately —49 ms™'.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

(e) The projectile hits the ground when its height is zero.

2

49t—9.81%+150:0:> (~12.447 s

So, the projectile will take 12.4 seconds to hit the ground.
) This is simply ‘v(12.447)‘ = ‘49—9.81><12.447 ~73.11ms™
So, the speed at impact is 73.1 ms™.
11. By the Net Change Theorem, the increase in velocity is equal to I : a(t)dr.

We use Trap. Method with n =6 and Ar = 6;% =1.

j:a(t)dz ~ %(o+2(0.5 +2.1+5+6.5+4.8)+0)~19ms™

T
e |
1
12.  With 6, =40° and f(t)=—2, we use 7 = 10, At=2_ =" and obtain
1—(ksint) 10 20
T =% 1+ 2[f )+ + fO)]+ ! ~1.57

J1-(0.342sin 40’
/ 1
We multiply by 4 98 to find the period 7 of the pendulum to be approx. 2 seconds.

13.  If deceleration is 4 ms2, then velocity is V(¢) = I—4dt =—4¢+c, but vo = 44, then ¢ = 44.
So, W(t)=—4t+44.
The car comes to rest when v=0 =>W)=—4t+44=0=>r=11s
Now, distance travelled is d(¢) = .El v(1)dt = J‘OM (-4t +44)dr=242m.

14. First, we should have all measures in the same units. Thus, the truck is initially at a

distance of 1500 m and going with a speed of % =13.89ms™

Distance of truck from booth = vt + 5, =13.897 +1500.

Car is accelerating from 0, and distance from booth is also zero, i.e., v, =0 and s, = 0.
Now, v(t) = at =4t = s(t) = 2¢°.

Car catches up with truck when they are at the same distance from the booth

21°=1500+13.89t = 1 ~31s
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Distance from booth:

car:21° =2x31° #1922

truck :1500+13.89x31~1930

(discrepancy due to approximations made: r = 31.1 for example)

15.  Description of this athletes route is given below

4 <2 4 <2
a(t)= =>v(t)=
0 r>2 8 1>2

The distance covered during the first 2 seconds is s,(¢) = 2> =2x2° =8
After the first 2 seconds, the athlete will therefore cover s, (7) = 8f metres

Therefore, to cover the 100 metres, s, () must be the remaining 92 metres.

The time after the first 2 seconds is then % =11.5s. Total time for the 100 m is 13.5 s

16. (a)  Calculations are similar to the example with a change in the angle to 6°.
The vertical component of the velocity is
v(0) = 54sin(-6°) = —-5.645 ms™'

This means
V()= I—9.8dt =-9.8t+c=-5.645=)'(0)=c='(t) =-9.8:—5.645

Since the initial height is 2.44 m,

W(t) = j V(t)dt = j (—4.91—5.645) dr = —4.9¢% —5.6451 + ¢ = (1) =—4.91* —5.6451 + 2.4
The horizontal component is determined by x"(0) =0 with initial velocity

x'(0) = 54 cos (—6°) ~ 53.704 ms™'

So x(f)= j 53.7dt =53.7t

To clear the net, the height of the ball, y must be at least 0.914 m when
x=11.90m
That means x(¢)=53.7t=11.90=¢=0.22160. At this time, the height is

7(0.22160) = —4.9(0.22160)° —5.645(0.22160) +2.44 ~ 0.948 > 0.914.

Thus, the ball is high enough to clear the net.

The second condition is that we need x < 18.29 when the ball hits the ground
@ =0). y(t)=-4.9"-5.645t+2.44=0= ~0.3349

However, x(0.3349) =53.7(0.3349)~17.98 <18.29 . The ball is in
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(b)  with a speed of 52 ms™!, the calculations are:
v(0)=52sin(-5°)=-4.532ms™"
This means )'(£)=—9.8+c=>-4.532=)'(0)=c =)/(1)=—9.8—4.532
Since the initial height is 2.44 m,
y(t)=—4.9 —4.532t + ¢ = y(t) = —4.9t> —4.5321 +2.44
The horizontal component is determined by x"(0) =0 with initial velocity
x'(0) =52cos(-5°)~51.802ms™!
So x(r)=[51.8dr=51.8

To clear the net, the height of the ball, y must be at least 0.914 m when x =
11.90 m

That means x(¢)=51.8t=11.90=17=0.22973. At this time, the height is

¥(0.22973) = —4.9(0.22973)2 —4.532(0.22973) +2.44~1.14>0.914. Thus,
the ball is high enough to clear the net.

The second condition is that we need x < 18.29 when the ball hits the ground
(y=0).
Y(t)=—4.9" —4.532t +2.44=0=1~0.3812

However, x(0.3812) = 51.8(0.3812) ~19.75>18.29 . The ball is out.
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Chapter 16 practice questions

1.

(a)  Gradient of the tangent through the origin and passing through the point

. q
(p.q)is —-

However, ( p, q) isapointon y=e¢" = g =e”. Also, the line being tangent to
y=¢" at (p,q)will have a gradient of €’

P

Thus e” = =e—:>p=1 and g = e

q
p

Examiner’s Note: Even though you might not know how to find the parameter in part
(a) it is advisable to proceed with part (b) and attempt to write the definite integral.

(b)  Tangent has the equation y = ex, and hence the area is

1
jl(e'” - ex)dx =|e' - lex2 = le —1square units
0 2 2

0

(a)  Pisthe y-intercept of y =2¢" = P(0,2).
Q is the point of intersection between y =2e* and y = e*™ Thus,

2e¥ =¥ =2 =¥ 3x:1—%ln2:l—ln\/§

y= 2e™V2 —e 2 = Q(l—ln\/z,e\/z)

R is the intersection between y =2 and y =e* . Thus,
e*=2=>2-x=In2=>x=2-In2= R(2-1n2,2)

(b)  The solid is made up of two parts: one between y =2¢* and y = 2, and one
between y=¢’“and y = 2.

_In2

V= ﬂj: 2((26" )2 —22)dx+7tj‘12_h11n;((e2”‘ )2 —22)dx

2
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1 . : 1
4. (a) y=Inx= y'=—. At the point (e, 1) the slope of the tangent is: m = y'(e) =—
X e
The tangent can be found by using the formula for the tangent:
y=71"(x)(x=x)+y, where (x,,,) is a particular point on the graph of the
function.

y=l(x—e)+1:>y=lx—l+12y=lx.
e e e

Since (0, 0) satisties this equation, then the origin is on this line.

(b)  direct application of derivative rules.

(xlnx—x)'=1nx+x><l—1=lnx+l—1=1nx
X

(c) Note that the shaded region can be split into two regions.

The first region is a triangle bounded by the tangent line, x-axis and the
vertical line x =1. Since that is a right-angled triangle, the area is calculated
1

1x—

iangle = —=C = In order to find the area of the second region, we
2 2e

evaluate the following integral:

2 e
je(lx—lnxjdx= l><x——(x1nx—x) =le—L—1
e e 2 . 2 2e

Now, the total area is the sum of those two areas; therefore,

A=L+le—L—1=le—l.
2¢ 2 2e 2

5. @ @) s(1)=800+100—4> = 5(5)=800+100x5—4x5> =1200 m

as: A,

Distance travelled = 1200 — 800 = 400 m.
(i) v(t)=s'(r)=v(r)=100-8/=v(5)=100-8x5=60m|s"
(iii) v(t)=36:100—8t=36:>64:8t:t:85
(iv)  s5(8)=800+100x8-4x8> =1344m

(b)  Firstly, we need to find the time at which the plane stops after touchdown:

v(t):02100—8t:0:>t:%:12.5 s

Now we need to find the distance the plane will travel after touchdown:

2
s(z_;)—s(o)=800+100x§—4x(%) ~800=1250-625=625m
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We notice from part (a)(iv), the remaining runway length is 20001344 = 656 m;
therefore, there is enough runway to stop the plane if it makes a touchdown before
point P.

6. Note: Parts a) and b) cannot be solved without using a calculator.

(a) To draw the function, we input the function into GDC and use its features to
make your

estimates. Samples giving the maximum and minimum are given below

E [EXE]l:Show coordinates El [EXE]:Show coordinates
Yl=nsin x—x ¥ Yl=nsin x—x ¥y

\ __________________ x\ x
% o’ \

X=1.24685015 ¥=1.731337887 X=-1.2486850241 [¥=-1.731337887

(b)  The solution is approximately x 2.314 as shown

Bl [EXE]l:Show coordinates
Yl=nsin x—x ¥

N x

ROO

X=2.313734132 Y

1l
o

2
(c) I(ﬂsinx—x)dx=—ﬂcosx—%+c,ceR

2 1
Area = I:(ﬂsinx—x)dx = {—ﬂcosx—%} = ﬂ(l—COSl)—% ~0.944

0

7. (a) To find the maximum rate, we find the derivative and equate it to zero.
120(1-17)
(t2 + 1)2

We can also graphically see that at # = 1, production is greatest.

=0=1r=1, that is after one year, the production rate is the greatest.

r'(t)=

E [EXE]:Show coordinates
| YIR(120x) a(x2+1)3+3
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b 0= j r(t)dt =601In (s> +1)+3¢+C and with initial conditions. C =0
(¢ 60In(r’+1)+3(=250=>1~6.7 years.

20 2 20
@ OW=| rd= [601n(r +1)+ 3@0 = 601401+ 60 ~ 420 thousand barrels

E Hatifadum] [d7c]Redl

20
io Y15dx I
419.6376856

8. For parts (a) (i), (ii) and (¢) we can use a GDC.

1K : (1.077,0.55)

0,0

(2, —1.664)

(a) (i, ii) See the diagram above.
(b) xzcosx:O,x>02cosx:0:>x=§
() (i) See diagram above.

(i) Area= _‘? x” cos xdx

4

(d) sz2cosxdx xzsmx+2xcosx 2s1nx]

EEGEHEHERHR

2
T

=L _2~0467
4

9. (a) Since sin’ x is periodic of period 7 and cos x is periodic of period 27 , then
the period of this function is 27.

Moreover f(x+27)=sin’(x+27z)cos(x+27)=sin’(x)cos(x)= f(x). so
the fundamental period of fis 27.
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(b) By looking at the graph, we estimate that the range would be [-0.4,0.4].

El [EXEl:Show coordinates
Y1=(sin x)2%cos x ¥

VAR RV

X=0.9b6b3166117 [¥=0.3849001795

© @) /'(x)=(2sinxcosx)cos x +sin’ x (—sinx) = 2sin x cos’ x —sin” x.
(i) f'(x)=0=2sinxcos’ x—sin’ x=0= sinx(2cos2 x—sin’ x) =0
Since the value of sine cannot be equal to 0 at A, we can conclude that:

2C0$2x—Sin2x=032COSZX—(1—COSZ x)=0

:3coszx—1:0:cosx=\/§

(iii)  Point 4 is at the maximum of the function, and thus,

£ (x) =sin’ (x)cos(x) = (1_1)\ﬁ % 25’

(d) f(x)=0=sinx=0o0r cosx=0=>x=0,x=7x orx=§, so0, the x-coordinate

of point B is %

X
+c,ceR

(e) () Isin2 (x)cos(x)dx = '[(sin x)zd(sin x)=

T s.3 E
(i) J- £ sin’ x _sm (2)_sin30_l
0 B 3 B

3 3
®  f"(x)=0=9cos’ x—7cosx=0:>cosx(9cos2 x—7)=0. Since the x-

) . /4
coordinate of C is less than By the second factor must be equal to 0.

9cos’ x—7 =O:>cos2x:gzcosx=g:>x:arccos[ngO.49l
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10. (a) &n:jslﬁw:j@o-memjm=mpnomwh+c
With initial condition that S(0) = 0, S(r) =107 +100e™" —=100, 0 <t <24
(b)  S12)=10x12+100e™* 100 ~ €50 million

(c) 100 =10z +100e™*" =100 = between 18 and 19 months

B Hukdlm) @k
Eq:10x+100e %' *-100=0»
x=18.4140566

11. (a) Using scatter plot, second degree polynomial appears appropriate.

The equation by running regression is M'(t) = 4009 +423.2¢ +51.2¢>.

An appropriate model since 72 = 95%. (A cubic model is also possible)
(b) M(t)= L (4009 +423.2t+51.2¢ )dt ~ 69316

12. (a) A cubic model seems to fit best with 7> = 99.3%.
y=-0.01214+0.6177x—2.235x* +2.615x°

This is an estimate and may have some discrepancy, since it does not pass
through (0, 0), nor (1, 1)

(b) Gini index = 2'[( 001214+0 6177x—2.235x> +2.615x ))dxz0.2945

13.  Assuming that the supplies are freely falling, then with an initial height of 78 m, the
height at any point is given by A(t) =78 —%gt2 =78-4.9¢

The supplies will reach the ground when the height is zero
h(t)=78—-4.9t =0=t ~ 4 seconds.

The horizontal speed is given to be 30.5 m s™!, and thus the horizontal distance the
supplies will go before reaching the ground is d =vt =30.5x4~122m
14.  We know that acceleration is the derivative of velocity with respect to time, 7.

. dv d’s
Thatis, a= o = R However, in this exercise s is implicitly defined with respect to
1

t, and velocity is expressed in terms of s. We can use the chain rule for this:

:dv dv ds dv <y 3(2S_1)_2(3S+2)x3s+2:_7(3S+2)

& ds drds (2s-1)’ 25-1  (25-1)
s=23a—_7(6+32) —56
(4-1) 27
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15. (a) The production should be stopped when the marginal revenue and marginal
cost are equal. This is so, because at that level every extra unit produced will
bring in revenue as much as it costs, which is economically not feasible.

C'(t)=R'(1)=>2 = S5te" =1 ~3 years
(b)  Area= [ (R(1)-C'(r))de = (50" ~2)dr ~ 5,836

The total profit over the useful life of the game is approximately €5836.

16. (a) Drawing scatter plots indicate that the present model is a power function and
the new one is a quadratic model. Running regression for both, we get the

following present: y =x>*, New: y =0.4x+0.6x” both with 72 = 1.

(b)  Gini index for the present system: 0.394
Gini index for the new system: 0.2

Interpretation: Yes, income will be more equally distributed after the changes.

17.  We are given that a(t)=—%t+2,v(0)=0.

(L __1p _ _ __1p
v(t)_j( 20t+2)dt— ol ke ceR v(0)=0=c=0=v(r)=— o1 + 2

d _ J-060

18.  Firstly, we need to find the zeros of the parabola.

3 60
dr = [—t—+t2ﬂ — —1800+3600 = 1800 m.
120 O

—Lt2 +21t
40

y=a’-x’ =>y=(a-x)(a+x)=>x =-a,x,=a
The area of the rectangle is 4, = 2ah, where & is the height of the rectangle.

The area under the parabola is calculated by the following integral.

a Al a a) 4
A, = I_a(az —x2)dx = (azx—?ﬂ_a = (a3 —?)—(—Cf +?) = 5613

Since the two areas must be the same, we can find the height of the rectangle:

2ah=£a3 :>h=zat2
3 3

. . 2
So, the dimensions of the rectangle are: 2a by Eaz.
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19. (@  fi(x)=xInx—kex>0=f'(x)=Inx+1-k,x>0
(b)  If'the function is increasing, the first derivative is positive; therefore:
Inx+l-k>0=>Ihx>k-1=>x>e" xe ]ek'1,+00[
The question asks us to find the interval over which f (x) is increasing;

. . . o4 1 1
therefore, the value of k is 1 and the interval is: x >e™' =—,x € ]—, +00[.
e e

(© (@) i (x)=Inx+1-k=0=Inx=k-1=> x=¢""
(i) f(x)=xInx-kr=0=x(Inx-k)=0=>x=0o0r Inx—k=0
So, the other x-intercept is at: nx—k=0=Inx=k => x=¢"
(d)  The area between the curve and the x-axis is given by J.:k |x1nx— kx| dx.

The integral can be evaluated partly using integration by parts and the rest is
just the power rule:

2

2 2 2 2
jxlnxdx==x—lnx—j x—xl dx=x—1nx—ljxdx=x—lnx—x—+c
2 2 x 2 2 2 4
2 2 2k 2k
k| =[S (2lef -1-2)
4

2 ¢
Sl P =
2 4 2
0
2%

.. €
So, the area enclosed by the curve and the x-axis is: e

J.ek|xlnx—kx|dx:
0

() A(ek,O),m=fk’(ek)=lnek+1—k=1:>T:y=1><(x—ek)+03y=x—ek

) The y-intercept of the tangent is —e*, so the area of the triangle enclosed by

2k 2k
~

the tangent and the coordinate axes is: 4 = %‘ek x (—ek )‘ == 2% e which
is twice the area enclosed by the curve.
(€] k=1=x =ek=2=x=¢k=32x=¢k=4=x=¢",

To verify the statement, we are going to take two consecutive x-intercepts, for

k+1

X e
kand k+1: 2 =——
X, e

=e . The ratio is constant and therefore the intercepts

form a geometric sequence with common ratio e.
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20.  We are given the rate of consumption per year, thus, the total consumption within ¢
years from the start, 2016 is given by the integral

C(t) = j 5.3¢"""dr =530e""" +¢; C(0)=0= ¢ =-530
If consumption continues at the same rate and no new reserves are discovered, then
130 million tons will be exhausted by year # that satisties the equation:
530e"°" —530=130=>¢ ~ 22 years, i.e., in year 2038.
21.  The mine’s capital value is its present value as discussed in the chapter.
The present value formula gives us the following:
( Mine's

) = [5600007 ¢ **'d ~ $189.805, 52
capital value 0

(answers may slightly differ due to approximations.)

22. (a) The consumers’ surplus is the area between the line corresponding to market
equilibrium and the demand function. The producers’ surplus is the area
between the supply function and market equilibrium.

nsumer's surplug

(b) GDC: (0.6937, 0.618), i.e, 694 units at 6.18 Euros.

0.6937 2
(c) consumer’s: IO (e'x —0.618)dx=0.168

Producer’s: j:'”” (0.618 - (e"z - 1))dx = 0.299

23.  (a) Here is a scatter plot where the horizontal line represents the present of lowest-
paid income recipients and the vertical axis the percent of income those groups
receive.

[E]
v

1] L]

ol
CALC
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24.

(b)

(c)

(d)

()

(b)

A cubic model is a good fit since 7> = 0.991. the model is

y =1.858x" —1.931x* +1.040x —0.005

Below is a Lorentz curve for the data. We have to accept slight discrepancies

since this is not an exact function.

5] [Rad/forn]) [dc](Real
v

1]

]
CALC

L= 2'[01(x— f(x))dx ~ 0.3184 as shown in GDC output.

B FetfiRedfon]  Red
v

-

L R=0
Jdx=0.31843414 \

v(t)=0:>tsin(%tj=0:>r=00r %tzkﬂ:w=3k,keZ

Using the restricted domain, we can calculate the values of #:
t=0ort=3ort=6.

(i) We use the absolute value of the integral for the total distance.

. (7
tsin| —t
5
(ii)  Weuse GDC for this part.

[dic]Real

8

alxsin (mx+3)ldx
11.4591559

So, the total distance travelled is 11.5 m (correct to three significant figures).

Total distance travelled = Jj dr

Note: If not using a GDC, we should split the integral into two parts, from 0 to
3 and from 3 to 6, where the last one has a negative value and we take its
opposite value. The anti-derivative can be found by using integration by parts.
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25.  (a) Since the velocity function is positive for all values, there is no need to
consider absolute value:

Distance travelled = j;v(t)dt = Il ! dr = Larctan (L) ~0.435m

02442 2 NG

B
¥

Low UEPER=1
Jd#2l0. 43620987

dv =2t
a=—=a 5
dr (2+t2)

(b)

26. (a) Clothing: FV =¢"*° I:1200006_0'04’ dr ~ 664208

Computer: FV =e”*® josloooooeo-“'e'“o“’dr ~ 626227
The clothing store is the better investment over 5 years.

(b)  Clothing: FV = "0 j;olzooooe'““’dr ~ 1475474

Computer: FV =" I;OIOOOOOeO‘OS’ e *dr ~ 1568966

The computer store is the better investment over 10 years.

27.  Total distance is given by the integral of the absolute value. v (t) =61 —61,1>20=>
. _ 2 2 _ 1 2 2 2
distance = IO ‘61 —64 dr = JO (6t — 6t )dt+ L (6t —6t)dt

- (3 —2t3)1 (20 =30 )12 —6m

B Hatifedfon] [dfc)fed)

i§|6x2—6x|dx |
B8

28. Same as before-absolute value.
[E] (Sc)Fead

2
i:le'ﬁsin x'dx |
0.852324873

The total distance travelled is 0.852 m (correct to three significant figures).
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29. (a)

(b)

(c)

The function can be simplified and written as follows using partial
fractions

1 1 1

F )= i) e 3041 31 9)

Since the numerator’s degree is less than the denominator’s, it has the x-axis as
a horizontal asymptote. The vertical asymptotes are clearly x =—1 and x = —4.

2x+5 5 4).
- - = (——,——) is an extreme value.
(x+4) (x+1) 9

When x=0,y=%. Also f’(x)z— :

1
0 (x+4) 30

J-l dx IJ-Idx IJ-I dx

G 3G 3

B EadiRedfunD (dc]fes)
1 1

]°x2+5x+4dx I
0.1566678764

As is clear from the graph, the required area is twice the area of the function
bounded by the y-axis, the curve and x-axis.

Therefore, the required area is 21n i/g ~0.313

B
7

LOWER==1
dx=0,31333E676
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30. (@ P(r<12)= j:20.01e'°'1’dtz0.070

()  P(12<r<24)=[ 0.01e™"dr~0.021

B HatFadFormd [dic)Real
12
io 0.01e %% dx
0.06988057881
24 =-0.1x
1?l‘IJI.L'Jle dx
0.02104762586
S dx ] 20 &)

(¢)  Solve for n such that P(r<n)<0.06:

I:0.0le_o‘“dt <0.06=>n=9

B m@mnmt@ﬂt'
Eq: iOD.Ole'°""dx=0.06
N=9.162907319

31.  We will use the trapezoidal method with n = 12.
Ax=50,n=12

T, =%(O+2(165+192+--~+215)+0)z91150m2

32. (a) A possible model using GDC: y =—0.00083¢" +0.0531¢> +0.1434¢ + 58.2689,

? =0.99, which means that 99% of changes in consumption can be explained
by this model.

31

(b) Ll (—0.000831° +0.0531:> +0.14341 + 58.2689 ) d/ ~ 832.0782 million barrels
33. (a) This is a continuous income flow. WE need to solve for the annual rate S:
FV =" ["5e*dr = 50000 = S ~ £4870 per year

Use your GDC Solver.

B Eofdbm) Lk
-]
Eq:iﬂseﬂ“m*dx=50000ei
S=4869.541713

(b)  This is a present value calculation. P(7')= J‘:4870e‘°‘°6’dt ~ 30942 or

equivalently, since we know the future value:

50000 = Pe”"® = P ~30939.17 the discrepancy is due to our rounding up
the answer in (a).

B [d7c]Real

Eq:50000=Pe® 9%¢
P=30939.16959
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34.  Solve the following equation for 7-

IOT t24t 1 dt=16=T is between 54 and 55 years.
+

T 4x -
EQ' 0x2+1 dx—lﬁ
T=54.58899142

35. (a) See scatterplot below
E

CALC

This appears to be an exponential decay. If we run Exponential regression we
get: Depreciation ~ —976.3¢*"* with 7> = 0.996 indicating a very good fit.
(an attempt to fit a cubic model will also have a high 7.

However, when it comes to estimating the value of the machine, we observe
that its value first decreases but it then increases, which does not fit a realistic

situation. A quadratic model is also a good fit, but depreciation starts to
increase in absolute value.)

(b)  The model should give the total depreciation after ¢ years and that amount
should be subtracted from the original value of the machinery.

Value(t) ~ j —976.3¢7 "% dr =9782.6e " + C
With initial value of 20000, the model will be: Value(¢) ~ 9782.6e*** +10217
(¢)  Maintenance = I 200e"*df =1000e”* + ¢, with initial condition of £1000, ¢ = 0.

Solve 9782.6e™ "™ +10217 =1000e"* for ¢. t = 12.8 years

(8 Eordmm o
Eq:9782.8e %999 102p
x=12.80282598
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Exercise 17.1

1. (a) Descriptive statistics. The focus is on the sample.

(b) Inferential statistics. We are making an inference from the sample of 30
students to the whole students’ population.

() Inferential statistics. From a sample of 12 students, we infer the average hours
spent gaming of the whole school.

(d)  Descriptive statistics. The bar chart is just based on the voter support found.

2. Repeated sample of dentists in the regions the sugarless chewing gum is sold could
ensure reliability.

3. The validity of the requirement is difficult to establish. Even if there is a correlation,
there would be little causation as the relevance of the mathematical understanding in
the nursing program is not evident.

4. (a) Retesting would increase the total sample size and may produce results closer
to what might have been expected.

(b)  Parallel testing may address any issues about the way the survey questions
were phrased.

5. To address reliability, we could retest at other malls and location, other times of the
day and other times of the week, months, year. This would ensure better
randomisation.

6. To ensure the reliability of the finding retest will need to be done at other low

frequency times of the day.

7. To check the validity of the claim, we could ask other students if they find it
appealing.
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Exercise 17.2

1.
Unbiased estimate: 4.3. To get the unbiased estimator of the variance, o, we

multiply it byi1 , which is always greater than 1. To get the unbiased estimator of

the standard deviation, o, we will multiply it by

S
1S
—

, which is also greater than 1.

Hence, the unbiased estimator of the standard deviation is always greater than the
standard deviation.

2. Unbiased estimate of the population mean = sample mean. Hence, X =15

n

Unbiased estimate of the population variance, s, = —
n —_—

2 2
-s; . Hence, s, =7.5

3. Using GDC with values and frequency list.
Unbiased estimate of population mean = sample mean. Hence, X =45.7

Unbiased estimate of the population variance, s, = Ll 52

n —_—
Hence, s>, =36.2 (3 s,f)

4. Using GD. C

Unbiased estimate of population mean = sample mean. Hence, X =501 (3 s.f))

Unbiased estimate of the population variance, s._, = % 52

Hence, s, =36.6 (3 s.f)
5. The unbiased estimator of the variance: % o’ = l—i 6.1 =39.9(3 s.f)
6. Solve the equation for 7.

%-5.22 =531,

522-n=5.31-(n-1)
0.09-n=5.31 and n=59.
7. Solve the equation for n

101 or n> 101 . Hence a sample size of at least 102.
n-1 0.01
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Exercise 17.3

1. Answers will vary. Here is a sample produced by a software package

[ X2 | .. [ X30 |
6

=
=

[

O IN|O N BIWIN|-

(o]

10
11
12
13
14
15
16
17
18
19
20
7 28 | 4

WD WAL, OODNDND—=ONO N WV —
NDO O ONVOWERrEANSDNNDNDEAEJAN——

4
2
3
4
6
4
0
8
6
2
8
7
1
6
2
5
2
2
3
.0

5 | [ 415 |

Looking at the last row, we estimate the population mean by find the mean of all the
values and it is equal to 4.42 and the variance is 0.26.

2. Using GDC, unbiased estimate of the population mean:

u=>574kg.
From GDC, o =8.01 kg.

2
. o
Using, 0')?2 =—.
n

Hence, unbiased estimate of the population variance,
o’=0."-n=8.01"-21=1350(3 s.f.)

2
3. Using o = 9 and o> =0.03s. We calculatec’ = ;> -n=0.03-30=10.9
n

2
4, Using o;” = 9 and oy =6.2min. We calculates’ =0’ -n=6.2"-10=384 (3 s.f.)
. 4 ;

5. Data are re-written as {90, 85, 80, 85, 80, 81, 82, 70, 72, 76, 73, 76, 73, 74, 68, 65, 68,
65, 63, 67, 66, 63}

The estimate for the mean carbohydrate intake in grams is x =73.7 g.
Using GDC, we findo ;> =7.69g. (3 s.f.).
Hence, we calculate 6> =o;* -n=7.69"-22=1300(3 s.f.).

An estimate for the population variance from X is 1300.
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Exercise 17.4
1. The standard normal distribution has mean of 0 and standard deviation of 1.

(a) (—1.48, 1.48)

(b) (—1.96,1.96)

(c) (—2.58, 2.58)

. . 8
2. (a) (i) p= 20 =0.1
(ii)  Using the GDC to find the inverse normal of a 90% confidence
interval, gives us the value of 1.64 (3 s.f.). So,

0.1-1.64- /0'1'0‘93pso.1+1.64- 0109
80 80

(0.0488, 0,155) for the interval.

(iii)  margin of error = CI- pa=p .
n

0.1-0.9

Hence, margin of error: 1.64- =0.0553(3 s.f))

(b)  This will reduce the margin of error as the sample is bigger; indeed, n is in the
denominator of the CI - M . The new confidence interval for the
\ n

proportion is calculated: 0.1—1.65-‘/0'1'0’9 <p<0.1+1.65- f0'1‘0'9 or
400 400

(0.0753, 0.125) for the interval.
3. (a) To calculate the 95% CI of the proportion of the population, p, we calculate:

0.65+1.96- 0.65-0.35 <p<0.65+1.96-, /M , Which gives as
400 400

interval (0.603, 0.697)

(b) () The standard error for the proportion is calculated by pa=p) .
n
So, SE = 065-0.35 _ 0.0238 (3 s.f)
r 400
(ii)  The margin of error is calculated by CI -, /M , in this
n
case with a 95% CI: 1.96- % =0.0467 (3 s.f)
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4. (a) Margin of error at 95% CI is 1.96- 1/% To maximise the margin of

error we need to maximize the product p-(1— p). In the interval [0,1],
p- (1= p) is maximum when p =0.5 (maximum of the parabola opening
down with  vertex at 0.5). Hence, maximum margin of error is

1.96- /M =0.0566 (3 s.£.)
300

(b)  Using GDC and the inverse normal function (88% CI has lower bound at 0.06
and upper bound at 0.94). Hence,

margin of error = CI -, IM =1.55-, /w =0.0449
n 300

o

"

5. CI on true population is estimated with x —CI < HU<x+CI-

N

In this case, 30000—1.96- 2287 <u<30000+1.96- — 2287 or (29182, 30818).
V30 /30
o
6. CI on true population is estimated with X —Cl/ - —< u <x+Cl - — .
pop \/; H \/;

In this case, 45—-1.96- 3'—7<,u<45+196 37

V30 30

The previous mean was 4.7 min., and now we are 95% confident that the new mean is
within 43.7 min. and 46.3 min. Hence, we can say that the changes were effective in
decreasing the mean manufacturing time.

or (43.7, 46.3).

7. CI on true population is estimated with x — HEX+

(o}
cr-=-.
Jn

or (112, 118).

o
cr-=—

A\/_

In this case, 115—1.96-—5'1 S,uS115+1.96-—5 !

7o )

In Golf, less is more! Hence, there is improvement from earlier as we are 95%
confident that his average score is now between 112 and 118 (better than the 120 from
earlier).
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Chapter 17 practice questions

1. (a) Descriptive statistics. No inference are made from this sample.

(b) Inferential statistics. We use that sample to make an inference on the whole
student population.

() Inferential statistics. We use that sample to make inferences to all vehicle of
this specification.

(d)  Descriptive statistics. What has been published is from the sales only.

2. To check the claim of “most-delicious” dessert, we will need a random sample of the
school cafeteria users to ask them if it the most delicious dessert. As for the other
claims a careful analysis of the amount of fat, carbohydrate and protein will need to be
conducted and compared to the other dessert.

3. Although the proportion is indeed 40% (8/20), one classroom sample (even if random)
could hardly be reliable to make an inference on the whole students population. As
for the validity of the claim, we do not see how “skipping breakfast” could lead to the
claim “not eating together”.

4. (a) (Answers will vary). Retesting could increase our overall sample (and later
increase our confidence in our inference). Retesting done at other times of the
day, or days of the week, or location of the school could improve the
representativeness of the sample.

(b)  (Answers will vary). Parallel testing might help improve the quality of the
survey in re-wording some part of it.

5. (Answers will vary). Use a random number generator to choose days of the week,
times of the day and tally number of girls and boys. Redoing this over several weeks
will increase reliability.

6. Two ways we could improve the reliability of the survey. First, prior to the blind test,

ask if there is a preference (some students might recognise the taste). Second,
alternate the order in which the sodas are given as one taste might affect the other.

7. Unbiased estimate of population mean is sample mean. So unbiased estimate of
1 =248 (3 s.f.) years old.

For the unbiased estimate of the population variance, ¢” , we uses, ° = Ll -5’
n f—
Hence, s, ° = 2-sn2 _25 142-148 (3 s.f).
24 24
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8. Unbiased estimate of population mean is sample mean. So unbiased estimate of
1 =145(3 s.f) Km h™! years old.

For the unbiased estimate of the population variance, ¢° , we uses, * = Ll 5,7
n —
Hence, s, ° =%-sn2 = %'38.45 =42.7 (3 s.f).
9. Unbiased estimate of population mean is sample mean. So unbiased estimate of
=110 (3s.f).
For the unbiased estimate of the population variance, ¢° , we uses, * = Ll 5,7
n f—
Hence, s, =%-sn2 = %'0.0091 1=0.0101 (3 s.f.).
10 Ass ' =—1_.57,
n—1

we calculate s, | = \/L.SHZ = \/L S =, fﬂ -4.3=4.37(3 s.t).
n-1 n—1 39

11.  Solve the equation for n. 2.66> = ——.2.612

n—1
2 ) 2.66° )
2.66"-(n—1)=2.61"-n or n=————-~26.85 . Rounded to the nearest integer,
2.66" -2.61
n=27.
12.  As X = u, population mean is 5.2 mm.

2
) o . .
Using 0'?2 =— and o X,z =0.4mm. We calculate the population variance,
‘ n

c’=0;"n=04-20=8mm.

13.  As X = u, population mean is 38.5 sec.

2
. o : .
Using o;” =— and o’ =5.3*sec. We calculate the population variance,
n

o’ =0y -n=>5.3"-20=562 mm.

14.  As X =, population mean is 11.9 g.

2
) o ) .
Using 0'?2 =— and o )?2 =5.3%sec. We calculate the population variance,
‘ n

l=0.2-n=53>-20=562 mm.

Q
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15.  The standard normal distribution has mean of 0 and standard deviation of 1.
(a) with a 80% CI, that means lower bound = 0.1 (10%)
and upper bound = 0.9 (90%).
Using GDC with inverse normal at 0.9, we get the interval (—1.28, 1.28)
(b)  with a 90% CI, that means lower bound = 0.05 (5%)
and upper bound = 0.95 (95%).
Using GDC with inverse normal at 0.95, we get the interval (—1.64, 1.64)
(c) with a 97.5% CI, that means lower bound = 0.125 and upper bound = 0.985.
Using GDC with inverse normal at 0.985, we get the interval (—2.17, 2.17)

. 18
16. a = =0.18
(a) =100

(b)  Using the GDC to find the inverse normal of a 90% confidence interval, gives
us the value of 1.64 (3 s.f.). To find the 90% CI, we calculate

0.18-1.64. 218082 0184164 [218:082
100 100

Hence, 0.117 < p<0.243

: : / p-(1-p) .
(c) The margin of error is calculated by CI - r-d=p) , in the case of'a 95%
n

CI: 1.96-, /% =0.0753 (3 s.f))

17. (a) Using the GDC to find the inverse normal of a 95% confidence interval, gives
us the value of 1.96 (3 s.f.). To find the 95% CI, we calculate

0.58-1.96. [ 228042 1 5841.96., /28042
200 500

Hence, 0.512 < p <0.648

A

p-(1-p)
n

(b)  The standard error for the proportion is calculated by

So, SE = ‘/w =0.0349 (3 s.f)
P 200

: : / p-(1-p) . .. .
The margin of error is calculated by CI - r-d=p) , in this case with a 95%
n

CI: 1.96-, /w =0.0684 (3 s.f)
200
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18. (a) Inthe case of a 95% confidence level, the margin of error is 1.96- %

(b) To half the margin of error, we would need a denominator twice as big. As
there is a square root, we will need it 4 times as big. Hence, we need a sample
of 400 people.

o 7
Jn Jn
60

with a 95% ClI, 1240—1.96-E3,u31240+1.96-ﬂ or 1214 < 4 <1266 . It does

V20

seem like the oven will need repair as the confidence interval for the mean
temperature is below the 1300°C

19.  CI on true population is estimated with X —C/-—=< u <x+CI - . In this case,
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Exercise 18.1

1. Degree of freedom v is in this case n—1.
(a) v=20-1=19
(b) With 12 randomly selected individuals, v =11
() With 30 plants selected randomly, v =29
2. (Using GDC and the invT function)
(a) v=12 a=0.05_—r=1.78
(b) v=18 a=0.01 = r=-2.55

© v=24 a:%zo.ozs o 1=42.06

@ v=12 QZO-TOS:O.O% . 1=42.18

3. (a) Right-tailed test is a one tail-test and the p-value, 0.01 is less than a (0.05), the
confidence level. Hence, the result is statistically significant.

(b)  Left-tailed test is a one tail-test and the p-value, 0.001 is less than o (0.05), the
confidence level. Hence, the result is statistically significant.

(c) With this two-tailed test, the p-value, 0.03 is more than% (0.025), the

confidence level. Hence, the result is not statistically.

(d)  With this two-tailed test, the p-value, 0.006 is more than% (0.005), the

confidence level. Hence, the result is not statistically significant.

(e) As the t-statistic value is greater than the t critical value on a right-tailed test,
the result is statistically significant.

) As the t-statistic value is greater than the t critical value on left-tailed test, the
result is not statistically significant

4. We first find the f~-value with v =17, o = 0—25 =>t=2.113s.f)

120—2.11-1—53 ,usl20+2.11-% , or true mean is in the interval (112.5, 127.5)

V18

5. We first find the #-value with v =17, o = 0701 =>1=29(3s.1)

120-2.9 A3 <pu<120+ 2.9»% , or true mean is in the interval (109.8, 130.2)

N
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6. We first find the #-value with v =25, a = % =>1=2.06(3 s.f.)

540- 2.06-8—0 < p<540+2.06 % , or true mean is in the interval (507.7, 572.3).

V26

Hence, the statistics refute the claim that the true population mean is £ =500 as it lies

outside the true mean interval. This calculation could be achieved using the TInterval
command of your GDC. Another way to solve this problem is to use the 7-test
command of your GDC which gives you a probability of 0.0173 of getting a 7-value
0f2.55.0.0173 being less than our 0.05 threshold, we refute the claim of the true mean
being 500.

7. We first find the #-value with V=9, a = & =>t=2.26(3s.t)

2

4.8—2.66-£ <pu<4.8+2.66 16 , or true mean is in the interval (3.66, 5.94).

N V10

Hence, the statistics support the claim that the true population mean is ¢ =4.5hrs as it

lies inside the true mean interval. This calculation could be achieved using the
T'Interval command of your GDC. Another way to solve this problem is to use the
T-test command of your GDC which gives you a probability of 0.568 of getting a
T-value of 0.593. 0.568 being more than our 0.05 threshold, we do not refute the
claim of the true mean being 4.5.

Exercise 18.2

1. The null hypothesis represents the status-quo, the no-difference and is represented by
h, ; the alternative hypothesis represents the opposite and is represented by h, .

(a) h, : £ =128 (the claim) and h, : £ <128
(b) h,: <100 (the claim) and h, : £ >100
(c) h, : £ >42 (the claim) and h, : £ <42
(d) h, : £ <13 (the claim) and h, : £>13

2. The claim or null hypothesis is h, : 2> 48 hence, h, : £ <48 . This is a one-tailed

test. Using GDC with 7-test. We get a probability of 0.00322 to get the 7-value of
—3.16. Hence, we reject the null hypothesis and the claim as the probability is less
than the threshold of 0.05 (one-tailed test).

3. The claim or null hypothesis is h, : £ <0.1mm; hence, h, : > 0.1mm.

This is a one-tailed test. Using GDC with 7-test. We get a probability of 0.663 to get
the 7-value of —0.433. Hence, we reject the null hypothesis and the claim as the
probability is less than the threshold of 0.05 (one-tailed test).
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4. We first find the f~-value with v =7 (as n=8), & =0.05. Using the invT command, we
get £ =2.36(3 s.f.). This is the #-value corresponding to a tail area of 0.025.

9.5- 2.36-£ <pu<95+236 2 , or true mean is in the interval (6.91, 12.1).

N &

Hence, we do not have enough evidence to reject the claim that there is between 7 to 9
pieces of salmon per package as this interval contains the claimed interval. This
calculation could be achieved using the TInterval command of your GDC.

5. The claim or null hypothesis is h; : 2£<120 min; hence, h, : £ >120 min.

This is a one-tailed test, using GDC with 7-test. We get a probability of 0.00013 to get
the 7-value of 4.47. Hence, we reject the null hypothesis and the claim as the
probability is less than the threshold of 0.05 (one-tailed test). Based on the random
sample, we can reject the claim that it takes at most 2 hrs to climb the Grouse Grind
trail.

6. The claim or null hypothesis is h, : £ >23 kg; hence, h, : £ <23 kg.

This is a one-tailed test. using GDC with 7-test. We get a probability of 0.0521 to get
the 7-value of —1.81. Hence, we do not reject the null hypothesis and the claim as the
probability is more than the threshold of 0.05 (one-tailed test). Based on the random
sample, we do not reject the claim that at least 23 Kg of salmon and halibut are caught
each day.

Exercise 18.3

1. (a) h,: £ =158.2 andoh, : £ =167.2

(b)  Using GDC, keep all decimals for accuracy by storing values. First, find the t-
value for a =0.05 level of significance using invT on your GDC. #-value for

a=1.75305
Second, find the critical value for g, .
critical value =158.2+1.75305 204 180.288

J16

Third, find the #-value for g : 180'2232167'2

Ji6

Lastly, find the probability to get that #-value, using the tcdf function and you
get £=0.842 (3 s.f).

=1.0387

(c) Remember that the power of the test is the probability that we correctly reject
a false null hypothesis and is found using 1—- /4 .

Hence, power of the test is 1-0.842 =0.158
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2. Given: y, =2.4Mil, p, =3Mil, n=40, x =2.3Mil, s,_, =0.325Mil
(a) h,: =24 andoh, : 4 =3
(b)  Using GDC, keep all decimals for accuracy by storing values.
First, find the #-value for & = 0.05using invT. #-value for o =1.6848

Second, find critical value for g, .
0.325

critical value =3+1.6848 - —— =2.4865
V40
. 2.4865-3
Third, find the #-value for g, : 035 9.91

This is a very big f-value.
We can expect a low probability to get that into our next step.
Finally, find the probability to get that -value, using the tcdf function.
B=131-10"" (3s.1).
3. Given u=500ml, o =5ml, x =502.4ml, s, =0.325Mil , a =0.05

(a) The chance of a type I error is & . Hence, type I error = 0.05

(b)  Since we know the population standard deviation, we do not need to use the t-
distribution. Instead, we’ll use the z-distribution.  First, find the critical
value of Z for x=500m/. Use invNorm of your GDC.

critical_value = 508.244

Second, find the probability to get that critical value, using the true mean
(normalCdf on GDC). Hence, Type II error =0.878 (3 s.f.)

4. Given: p, =230mg, w =241.6mg, n=20,s ,=202mg, a=0.05
Using GDC, keep all decimals for accuracy by storing values.
First, find the #-value for & = 0.05using invT: t value for a=1.7291
o . 20.2
Second, find critical value for g, . critical value =230+1.7291 % =237.81

Third, find the r-value for 4, ;% ~~0.839.

V20

Finally, find the probability to get that -value, using the tcdf function.
£ =0.206 (3 s.t).
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Exercise 18.4

1. The situation is a f-test with 9 observations. So df=8 as v=9-1=8.

(a) We are looking to test if the difference between the before and the after
training is statistically significant. Hence, h,:d <0 andoh, :d >0, where d is
the difference of time between ‘before’ and ‘after’. This is a one tailed test.
The null hypothesis is the training makes no difference in time.

(b)  Using GDC and the spreadsheet we calculate the difference in times and run a
t-test on the difference. Use t7est with g, =0.

As seen below, we noticed that with d=0.289 ,8,=0322,v=9-1=8, we

get a f-value of 2.69 with a probability of 0.0137 (3 s.f.).

As this is below our 0.05 threshold, we can reject the null hypothesis, that is
we accept the claim that the training decrease their times at the « = 0.05 level.

Al =tTest(0,d ],1,1): CopyVar Stat., Stat3.

® A B C differe... P E F G
= =tTest(0,c
1 121 11.6 0.5 Tile  tTest

2 13.4 12.8 0.6 Alternate...j > pO

3 13.8 13.8 0. t | 2.69246
4 14 13.7 0.3 Pval  0.013696
5 13.6 13.8 -0.2 df | 8.
6 12.8 12.9 -0.1 % 0.288889
7 13.4 12.9 0.5 sX 1= sn-... 0.321887
8 14.2 13.5 0.7 n | 0.
s 139  13.6 0.3 |

1n |

With a GDC, some may have the feature of matched — pairs, but some do not.
Thus, we need to prepare the data for the test. As suggested above, we create a
list of the differences, which gets tested. The hypotheses here are

H,:d <0
H,:d>0
B [abre]fa+bi) B (ab/c) b El b/e)fa+bi)
List 1 | List 2 | List 3 | List 4 1-Sample tTest 1-Sample tTest
SUB| BEFORE| AFTER |D Data :List n >0
1 12.1] 11.6 R :O>p0 t =2.69245794
2| 13.4| 12.8 0.6 1o 10 p =0.01369606
3| 13.8 13.8 0 List :List3 X =0.28888888
4 14| 13.7 0.3 Freq 01 sx =0.32188879
0.500000 [Save Res:None L n =9
(IS (DT ] [DELETE | RN RSERTI & ]
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2. As we do not know the population o, the situation is a 7-test with 11 observations.
Sodf=10asv=11-1=10.
(a) We are looking to test the new mass-reducing program creates weight loss

greater than 10 kg. Hence, h,:d >10kg andoh, : d <10kg, where d is the
difference of weight (‘before’ — ‘after’). This is a one tailed test.

The null hypothesis is the mass-reducing program does not make a difference
less than 10 kg.

(b)  Using GDC and the spreadsheet we calculate the difference in weights and run
a t-test on the difference. Use t7Test with g, =10. We noticed that with
d=6.77, s,,=3.76, v =10, we get a r-value of 2.84 with a probability of

0.00871 (3 s.f.). As this is below our 0.05 threshold, we can reject the null
hypothesis, h, :d >10, and do not corroborate the claim that mass-reduction

program help loose at least 10 kg.
3. As we do not know the population o, the situation is a 7-test with 10 observations.
Sodf=9asv=10-1=9

(a) We are looking to test if the tutoring service program makes a positive
difference. That is the difference in scores between ‘after’ and ‘before’
training is greater that 0 (and is statistically significant). Hence, h,:d <0 and

oh, :d >0, where d is the difference of scores (‘after’ - ‘before’). This is a
one tailed test. The null hypothesis is the tutoring program makes no
(positive) difference in scores.

(b)  Using GDC and the spreadsheet we calculate the difference in scores and run a
t-test on the difference. Use fTest with g, = 0. As seen below, we noticed that
with d =2.1, s, =3.45, v =9, we get at-value of 1.92 with a probability of
0.043 (3 s.f.). As this is below our 0.05 threshold, we can reject the null
hypothesis, h, :d <0, and do support the claim that the tutoring program help
increased scores at the o = 0.051evel.

FI’ ="t Test"

® A B C differenceD E F G
= \ _=tTest(0,c|
E 62 63 1 Title tTest |
2 58 64 6 Alternate Hyp  u>p0
3 75 7 3| t 1.92687
4 53 57 4 PVal 0.043052
5 81 85 4 df 9.
6 46 51 5 % 2.1
7 51_ 55_ 4 SX = Sn-1X | 3.44642_
8 91 87 -4 n 10.
s 63 63 0
10 45 49 4
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4. As we do not know the population o, the situation is a ¢-test with 11 observations. So
df=10asv=11-1=10.

(a) We are looking to test if the speed reading program makes a positive
difference. That is the score between “after’ and ‘before’ training is greater that
0 (and is statistically significant). Hence, h, :d <0 andoh, :d >0, where d is

the difference of scores (“after’ - “before’). This is a one tailed test. The null
hypothesis is the speed reading program makes no (positive) difference in
scores.

(b)  Using GDC and the spreadsheet we calculate the difference in scores and run a
t-test on the difference. Use t7est with g, =0 . As seen below, we noticed that
with d = 336, s, ,=5.22, v =10, we get a t-value of 2.14 with a probability

01 0.0292 (3 s.f.). As this is below our 0.05 threshold, we reject the null
hypothesis, h, :d <0, and support the claim that the speed reading program

help increase scores at the o = 0.051evel.

H =1Test(0,c[i },l,l) : CopyVar Stat., Stat3.
® A B

C differenceD E F G
= =tTest(0,c
1| 94 100 6 Title t Test
2 102 113 (i Alternate Hyp M > o
2 143 145 2 t | 2.13691
4 120 125 5 PVal 0.029169
5 128 130 2 df 10.
6 98 107 9 X 3.36364
7 | 111 111 0 SX = Sn-1X 5.22059
8 131 133 2 n Al
9 150 145 5
10 134 130 -4
" 106_ 115 9
5. Because we are dealing with 12 boys and 16 girls randomly chosen, we are in the 2

sample /-test situation. We choose as null hypothesis h, : s, < 14, and as

alternative hypothesis h, : s, > f4,,, . As the variances are considered equal we can

pool the data and the degree of freedom v =16+12-2=26. Using GDC and
the 2-Sample r-test, we get a t value of 0.776 with a probability of 0.222 (3 s.f.). As
this is above our 0.05 threshold, we do not reject the null hypothesis, h, : s, < t4,, »

and also do not support the claim that the mean score for girls is higher than the one
for boys at the o =0.051evel.
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6. Because we are dealing with a school with 26 candidates and another one with 23
candidates, we are in the 2 sample 7-test situation. We choose as null hypothesis
hy t oo = Horoo, a0d as alternative hypothesis h, @ 2,1 # Howor - AS the variances
are considered equal we can pool the data and the degree of freedom v =23+26-2 =47
.Using GDC and the 2-Sample #-test, we get a t value of -2.22 with a probability of
0.0310 (3 s.f.).  As this is below our 0.05 threshold, we reject the null hypothesis,
hy t 2 won = Moo » @0d also do not support the claim that the scores are equivalent at

the o =0.051evel.

Exercise 18.5

1. We first create our table of observed and expected outcomes

Outcomes | 1 2 3 4 5 6 Total
Observed | 7 10 | 12 | 14 8 9 60
Expected | 10 | 10 | 10 | 10 | 10 | 10 60

We set the null hypothesis H, : the observed outcome fits the indented model and as

alternative hypothesis H, : the observed outcome does not fit the indented model.

Using a GDC, we calculate the Goodness of fit. Samples from 2 GDCs below

B b7datbi ~ @ [Eya]E] ] EbrdR#bl
List 1 | List 2 | List 3 | List 4 %2 GOF Test x2GOF Test

SUB|O E Observed:Listl x2=3.4

1 7 10 Expected:List2 p =0.63856992

2 10 10 df :5 df=5

3 12 10 CNTRB :List3 CNTRB:List3

a 14 10 Save Res:None

GphColor:Blue N

leﬁlwmml—h)“

E =x2GOF(a[i,, }!7[]5) : CopyVar Stat., Stat4.

€A B c ;D = F
= | =x*GOF(a
1| 7 10 Title X2 GOF
2| 10 10 G 3.4
3 12| 10 PVal 0.63857
4 14 10 df | 5.
5 | 10 CompList  {0.9,0.,0...
6 10

=

As seen above, the p-value is 0.639 (3 s.f.) which is above our 0.05 threshold. So we
do not reject H, and support the claim that the observed model fits the intended

outcome (in this case, the dice is not biased).
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2. We first create our table of observed and expected outcomes. As the regions are
equal, each regions is expected to equally likely than the others.

Outcomes | A B C D Total
Observed | 13 7 9 11 40
Expected | 10 | 10 | 10 | 10 40

We set the null hypothesis H, : the observed outcome fits the indented model and as
alternative hypothesis H, : the observed outcome does not fit the indented model.
Using a GDC, we calculate the Goodness of fit.

A3

® A B L& D E F
= | =*GOF(a
1 13 10 Title X! GOF
2 10 X2 2
3 10 PVal 0.572407
4 11 10 df &
5 CompList  {0.9,0.9,...
6

As seen above, the p-value is 0.572 (3 s.f.) which is above our 0.05 threshold. So we
do not reject H, and support the claim that the observed model fits the intended

outcome (in this case, if the spinner has unbalanced weight it does not statistically
affect the outcome of the spin.)

3. First step is to change the probabilities of the expected outcomes into frequency.

Outcomes | 1 2 3 4 5 6 Total
Observed | 27 | 15 | 16 | 18 | 13 | 31 120
Expected | 24 | 12 | 12 | 12 | 12 | 48 120

We set the null hypothesis H, : the observed data fits the indented model of the biased
dice and as alternative hypothesis H, : the observed outcome does not fit the indented
model. Using GDC, we calculate the Goodness of fit.

B B
List 1 | List 2 [ List 3 | List 4 ¥2GOF Test
suB|o E x¥x2=11.5625
1 27 24| 0.375 p =0.04130003
2 15 12| 0.75 df=5
3 16 12|1.3333 CNTRB:List3
4 18 12 3
GRAPH] CALC ] TEST [ INTR | DIST [IESN]
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As seen above, the p-value is 0.0413 (3 s.f.) which is below our 0.05 threshold. So we
reject H, , and do not support the claim that the observed outcome fits the intended

model (in this case, the dice cannot be considered biased at the 0.05 level.)

4. First step is to bring back the expected outcomes out of 50 to match the total number
of observations. Notice that we do not violate the rule of having at least 5 expected
values for each outcomes.

Outcomes | A | B+ | B B-| C D E Total
Observed | 3 4 5 9 10 | 12 7 50
Expected | 5 5 5 10 | 10 | 10 5 50

We set the null hypothesis h, : the observed data fits the indented outcome of the
scores set by the teacher and as alternative hypothesis h, : the observed outcome does
not fit the indented model. Using a GDC, we calculate the Goodness of fit.

=°GOFa] .o _]6): CopyVar Stat., Stat7.

=

@A B e ‘D E F
= ' | [=x*GOF(
1 3 5 Title X! GOF |
2| 4 5 X2 2.3|
3 5 5 PVal 0890145
4 9 10 df 6.
5 10 10 CompList {0.8,0.2...
6 12 10

7 7 5

As seen above, the p-value is 0.890 (3 s.f.) which is above our 0.05 threshold. So we
do not reject H, and do support the claim that the observed data fits the intended

model at the 0.05 level (in this case, the predetermined grade distribution set by the
teacher.)

5. The expected values are found using the binomial probability feature on your GDC:
160x(0.03125,0.15625,---,0.03125) =(5,25,50,50,25,5)

We set the null hypothesis h, : the observed data fits the indented model of a fair coin.
h, : the observed outcome does not fit the indented model. Using GDC, we calculate
the Goodness of fit.
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B B
List 1 | List 2 | List 3 | List 4 %2 GOF Test
SUB|0 E x2=11.82
1 2 5 p =0.08733919
2 18 25 df=5
3 a1 50 CNTRB:List3
a 62 50
ICIT[ ED (T | [DELETE|EEMINSERTI & ]

The p-value = 0.0373. Since the p-value is less than a, reject Ho at the level of
significance of 0.05. (The observations do not fit the binomial model of a fair die
tossed 5 times.)

6. (a) First, we calculate the expected outcomes. 90 days surveyed which is 18
weeks (90/5). We expect each day of the week to be equally likely to be an
absent day.

Outcomes | Monday | Tuesday | Wednesday | Thursday | Friday | Total
Probability 0.2 0.2 0.2 0.2 0.2 1

Observed 24 14 12 14 26 90

Expected 18 18 18 18 18 90

Ho: The observed outcomes fit the intended model. H;: The observed
outcomes do not fit the intended model. The p-value = 0.0533. Since the p-
value is greater than o, do not reject Hy at the level of significance of o =
0.05.(There is insufficient evidence that absenteeism is dependent on the day
of the week.)

(b)  In this case, we need to combined Monday and Friday together.

Monday
Outcomes / Friday Tuesday | Wednesday | Thursday | Total
Observed 50 14 12 14 90
Expected 36 18 18 18 90

Ho: The observed outcomes fit the intended model. Hj: The observed
outcomes do not fit the intended model. The p-value = 0.0265. Since the p-
value is less than a, reject Ho at the level of significance of a = 0.05. (Friday
and Monday absences combined are statistically higher than during the rest of
the week.)
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Exercise 18.6

1. (a) H, : there is no difference between the 10th and 9th graders in their music
choices

H, : there is a difference that cannot be attributed to chance alone.

(b)  Degree of freedom v=(4-1)-(2-1)=3

(c) Using GDC, we can store the observed data and pass it straight to the y*2way
function of the GDC.

As the p-value of the y° test is 0.319 which is greater than the « value of
0.01. Hence, we do not reject the null hypothesis H,, and conclude that the
music taste and the grade level are independent.

2. (a) H, : there is no difference in marks between last year grade and this year grade

H, : there is a difference that cannot be attributed to chance alone.

(b)  Degree of freedom v=(6-1)-(2-1)=5

(c) Using GDC, we can store the observed data and pass it straight to the y*2way
function of the GDC.

The j’ statistics is 3.55
(d)  The p-value of the y* testis 0.616 which is greater than the ¢ value of 0.05.

Hence, we do not reject the null hypothesis H, and conclude that the
achievement level and the student’s group are independent.

3. (a) H, : there is no difference in political preferences between city areas

H, : there is a difference that cannot be attributed to chance alone.
(b)  Degree of freedom v=(3-1)-(3-1)=4

(c) Using GDC, we can store the observed data and pass it straight to the y*2way
function of the GDC.

The y”statistics is 20.3 which gives a p-value of 0.00043 which is less than
the o value of 0.05. Hence, we reject the null hypothesis H,, and conclude that
the political preferences and the city area are not independent.
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4. There is a need first to recombine the first and second columns as their expected
values would be less than 5.

So, we rewrite the table in this way.

Outcomes 0-9 10-14 15-19 20-24 25-30 30+
Students 18 20 23 40 35 12
Business Owners 17 16 18 16 8 4

(a) H, : there is no difference in postings between the 2 groups
H, : there is a difference that cannot be attributed to chance alone.

(b)  Degree of freedom v=(6-1)-(2-1)=5

(c) Using GDC, we can store the observed data and pass it straight to the y*2way
function of the GDC.

The y’statistics is 12.5 which gives a p-value of 0.0285 which is less than the
a value of 0.05. Hence, we reject the null hypothesis H, and conclude that the
number of postings and the 2 groups are not independent.

5. (a) H, : there is no difference in between color preferences between the groups

H, : there is a difference that cannot be attributed to chance alone.
(b)  Degree of freedom v=(4-1)-(5-1)=12

(c) Using GDC, we can store the observed data and pass it straight to the y*2way
function of the GDC.

The j’test gives a p-value of 0.9 which is more than the « value of 0.05.
Hence, we do not reject the null hypothesis H,, and conclude that the colour

preferences are independent of the groups.
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6. There is a need first to recombine the first and second columns as their expected
values would be less than 5.

So we rewrite the table in this way.

WORKED SOLUTIONS

g amarded | g g 5 4 | 123 | Total
Mathematics 10 3 5 7 25
Biology 7 9 7 29
Chemistry 10 7 5 31
Physics 10 9 10 6 35

H, : there is no difference in marks between the 4 groups
H, : there is a difference that cannot be attributed to chance alone.
The Degree of freedom v=(4-1)-(4-1)=9

The j’test gives a p-value of 0.7 which is more than the « value of 0.05. Hence, we
do not reject the null hypothesis H; and conclude that the marks preferences are
independent of the subject groups.

7. H, : there is no difference outcomes between the 2 teams

H, : there is a difference that cannot be attributed to chance alone. The Degree of
freedom v=(2-1)-(3-1)=2

The j’test gives a p-value of 0.2 which is more than the « value of 0.05. Hence, we
do not reject the null hypothesis H, and conclude that the league outcomes are
independent of the teams.

8. First, we calculate the proportion of win for both team. Barcelona: % =0.58 and
., 245 .
Bayern Munich: 310 =0.54 . We use both value in the 2 prop-z Test.

The p-value of 0.6 is more than the « value of 0.05. Hence, we do not reject the null
hypothesis H, and conclude that the league outcomes are independent of the teams.
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Chapter 18 practice questions

1. (a) sample size n=18; hence v =17
(b) 6 choices; hence v=(6—-1)=5
() 3 faculties, 5 universities; hence v=(3-1)-(5—-1)=8
2. Using invT function on your GDC.
(a) t-value = 1.71. In this case, p = 0.05 as right-tailed and v =24
(b) t-value = -1.71. In this case, p = 0.05 as left-tailed and v =24

(c) t-value = £2.09 . In this case, p = % =0.025 as two-tailed and v =19

(d) r-value = £2.90 . Inthis case, p = % =0.005 as two-tailed and v =17

3. (a) p-value <  ; hence, results are not statistically significant

(b) p-value < « ; hence, results are statistically significant

o . ) .
() p-value < By (as it is a 2 tailed test); hence, results are statistically

significant.

(d)  The results are statistically significant if t-statistics > #-critical value (as it is
right tailed); otherwise, it isn’t. In this case, since the #-statistics is less than the
critical value, then results are not statistically significant.

4. The population standard deviation, o , is not given, so we use the t-statistics. We will
perform the calculations manually for demonstration purposes. On exams, you are not
sn—l sn—l

n n

value, using invT on GDC with p=0.975 and v =(30—1) =29 gives a t-value of
12

—— Or
30

expected to do that. Remember that X —¢- Sus<x+t- . To find the t-critical

2.0452. Finding the true mean interval: 64 —2.04 A2 <pu<64+2.04-

30

59.5< 1 <68.5. A sample GDC output:

B B
1-Sample tInterval 1-Sample tInterval
Data :Variable Lower=59.5191264
C-Level :0.95 Upper=68.4808736

X 164 X =64

SX 12 SX =12

n : 30 n =30
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5. This can be done with a hypothesis test.
Ho: <110, Hpi: p>110

The p-value = 0.99 > 0.05, we do not reject the null hypothesis. Thus we cannot
support the claim of a mean larger than 110.

E Radfornd) [d7e)(Real
1—Sample0tTest
.9965263
.89969586

S MY +T
™
Wnnns
B bt bt (3 1 =t
WO W

In fact, with a test statistics of 100, it is obvious, without using tests, that the mean is
not more than 110. Moreover, your results can also be achieved with a 95%
confidence interval:

B Radfornl] [d/c]Real
1-Sample tInterval
Lower=94.8108109
Upper=105.189189
X =100

SX =12

n =23

It is clear than any value beyond (94.8, 105.2) cannot support the claim.
Note here that the claim does not have to be the null hypothesis.
6. This can be done with a hypothesis test or a confidence interval.
Ho: =30, Hi:pu#30
The p-value = 0.011< 0.05, we reject the null hypothesis. Thus we cannot support the

claim of a mean of 30 minutes.

B RadForml] [d7c]Real
1-Sample tTest

. 795085
.0115466

MO

SN HIT 4T
™
amnnH

N=NO W
oo

A confidence interval willalso confirm the above result:

1-Sample tInterval
Lower=12.5117695
Upper=27.4882305
X =20

SX =186

n =20

A confidence interval of (12.5, 27.5) does not contain the 30 minutes claim.
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7. (a) H,: =624 (the claim)and H, : £ #62.4
(b) H,: 213 (the claim) and H, : £ <13
(0 H

(d) H,: 1 >102 and H, : # <102 (the claim)

0 M <723 and H, : 1> 72.3(the claim)

8. H,: x4 =28.6 (the claim) and H, : £ #28.6
Using GDC and #-test

1-Sample gTest
+ .

2.0785984
.02144519

1

SN MIT 4T |
4

MN-INO 1N
(=L &) Qo

We see that p-value is 0.0514 which is greater than « =0.05, so we do not have
evidence against the claim that American BMI = 28.6.

9. h, : £="79°C (the claim) and h, : = 79°C

Using GDC and #-test

B Radforml] [d7c]Real
1-Sample tTest

1 #79

t =3.47850543
p =6.9549%xuw"3
X =80.1

sx =1

n =10

With #-value of 3.48 we get a p-value of 0.00696 which is less than « =0.05, so we
reject the null hypothesis and reject the claim that the coffee is served at 79 °C.

10. H, : £ <20min (the claim) and H, : £ >20min
Using GDC and #-test

B Redfomi GRlResd
1 Samplg tTest
.13137085
é14758235

S MU a+T |

o

L [ B

OIS~

We see that p-value is 0.148 which is greater than « = 0.05, so we do not have
enough evidence to reject the null hypothesis. We cannot support the claim that the
mean wait time is in excess of 20 minutes
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11. H, : 1£=2 A (the claim) and H, : £ # 2 A. Using GDC and #-test

B Redforn] (dFlRell
1-Sample tTest

ST +T
E

NON =N

With #-value of 6.39 we get a p-value of 0.000002 which is less than o =0.05, so we
reject the null hypothesis and reject the claim that the fuses are manufactured to
specifications (2A).

12. H, : £ =204 °C (the claim) and H, : £ <204 °C. Using GDC and #-test

Test 204,200,10,15,-1: stat.results "Title" "t Test"
"Alternate Hyp" "p < p0"
4 ol -1.54919

"PVal" 0.07182
"df" 14,
0 200.
"$x = snax” 10.
it 15.

With #-value of -1.56 we get a p-value of 0.0718 which is more than & =0.05, so we
do not reject the null hypothesis. We cannot support the magazine’s claim that the
ovens are not reaching the indicated temperature.

13. (a) H, : =12 (the claim) and H, : £=1.6. Notice that in this case, we are not

testing a general alternative hypothesis. In order to calculate the probability of
type II error, we need a specific alternative one. In this case it is H, : £ =1.6.

(b)  The probability of type I error is « . Hence, P(type I error) = 0.05

Assuming the mean to be 1.2, the critical value corresponding to an « = 0.05
level of H,:ux=1.2 using invT on your GDC:

E]
Inverse Student-t
xInv =1.72913281

t-value (for oo = 0.05) = 1.72913, thus the critical value is

critical value x*=1.2+1.72913 i =1.89596

V20
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Now, find the #-value corresponding to 1.89596, assuming H, : 1£=1.6 to be

true:

t= % =0.73532, therefore

V20

B =P (% <1.89596) = P(t <0.73532) = 0.764

(c) Remember that the power of the test is the probability that we correctly reject
a false null hypothesis and is found using 1-/ .

Hence, power of the testis  1-0.764 =0.236

14. (a) H, : £=0.045 (the claim) and H, : 2£=0.054. Notice that in this case, we are

not testing a general alternative hypothesis. In order to calculate the
probability of type II error, we need a specific alternative one. In this case it is
H,:u=0.054

(b)  The probability of type I error is « . Hence, P(type I error) = 0.05

Assuming the mean to be 0.45, the critical value corresponding to an o =0.05
level of H,: x=0.045 using invT on your GDC:

t-value (for oo = 0.05) = 1.796, thus the critical value is

critical value x* =0.045+1.796 M =0.0466

Ji2

Now, find the #-value corresponding to 0.0466, assuming H, : 1z =0.054
to be true:

_0.0466-0.054
Bl 0.003

Ji2

= P(¥ <0.0466) = P(t <—8.54) = 0.00000205

= —8.54, therefore

(c) Remember that the power of the test is the probability that we correctly reject
a false null hypothesis and is found using 1—- /4 .

Hence, power of the test is 1—-0.00000205 = 0.9998 ~ 1

15.  First, let’s calculate the difference. The table becomes:

Before training | 2.1 | 1.6 |13 |12 |23 |1.6 |12 |15

After training 19 (14 |12 (18 |22 |17 |13 |1.1

Difference, d 02 102 (01 |-06]01 |-0.1]-0.1]04
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(a) Null hypothesis is the training makes no difference in times.

We define “d” as before — after
H,:d<0 and H, :d >0 (the claim).

(b)  Use your GDC with 1-sample #-test. We get a p-value of 0.589 (3 s.f.).
Hence, we do not reject the null-hypothesis, and so, claim that we do not have
enough evidence to say that the program reduces reaction time.

16. First, let’s calculate the difference. The table becomes:

Before 142 150 140 145 152 140 146 148

After drug use 131 140 144 147 142 130 150 142

Difference, d 11 10 —4 -2 10 10 —4 6

(a)  Null hypothesis is the experimental drug makes no difference in times.

We define “d” as before — after H,:d <6 and H, :d >6 (the claim).
(b)  Use GDC and run a 1-sample #-test. We get a p-value of 0.708 (3 s.f.).

Hence, we do not reject the null-hypothesis. We do not have enough evidence
to claim that the experimental drug reduces the systolic blood pressure by at
least 6 mm Hg.

17.  First, let’s calculate the difference. The table becomes:

Without music 42 | 35 5341492 (312|264 |502| 35 402|452

With music 41.4 13921552 | 51 332 26 | 48 | 272|384 | 47

Difference, d 06| 42 | 1.8 | 1.8 2 | 04]-22|-78]-18] 1.8

(a)  Null hypothesis is the experimental drug makes no difference in times. We
define “d” as before — after

H,:d >0 and h,:d <0 (the claim).

(b)  Run a 1-sample #-test. We get a p-value of 0.544 (3 s.f.). Hence, we do not
reject the null-hypothesis. We do not have enough evidence to claim that
music in the background improve typing speed.
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18.  H,:p,—1,=0.H, : 14—, #0

As we have two different samples, we will use a 2-sample #-test with pooled data as
the variances can be considered equal. On a GDC, we use a 2-Sample #-test function
with the statistics given.

E B
2-Sample tTest 2-Sample tTest

rl FU2 X2 =12 i
t =1.6459024 sx1 =3

p =0.12570363 sx2 =6

df =12 sSp =4.5

x1 =16 nl =8

X2 =12 v |n2 =6

As the p-value = 0.126 (more than @ =9.05), we do not reject the null-hypothesis and
conclude that we do not have sufficient evidence that there is a difference in the
battery life of the 2 brands.

19‘ HO :/umen < luwomen a‘nd HO :Iumen > Iuwomen (the Claim)‘

As we have two different samples, we will use a 2 sample #-test with pooled data as
the variances can be considered equal. On a GCD, we use the 2-Sample t Test
function with the statistics given.

E]

2-Sample tTest

w1 2

¢ =4.,10135387

p =1.377 x50 4

df =31

x1 =6000

x2 =5000 L

The p-value is 0.000377 which is smaller than 0.05. We reject the null hypothesis and
claim that we have statistical evidence that men’s salaries are higher than women’s
salaries.

20. Thisisa GOF test.  H,: the observed model fits the expected binomial distribution
H, : the observed model does not fit the indented model.

To calculate the expected frequencies, use a GDC.

Put your possible number of cards — 0 — 5 into a list, then use the binomial pdf
command to multiply this list by 100 and store into a third list.

A sample is shown here.
E Radformd] [d7s](Real

List 1 | List 2 | List 3 | List 4
SUB
1 0.3184] 31.64
2 1| 0.4218| 42,187
3 2| 0.2108| 21.003
4 3| 0.0468| 4.6875

0
GRAPH] CALC J TESTJ INTR J DIST JIES]
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A table of expected and observed frequencies is

Outcomes 0 1 2 3 4 Total
Observed 30 45 20 4 1 100
Expected 31.64 42.19 21.09 4.69 0.39 100

As we cannot have expected values less than 5, we combine the last 2 columns

Outcomes 0 1 2 3-4 Total

Observed 30 45 20 5 100

Expected 31.64 42.19 21.09 5.08 100
Use GDC GOF test

B Radffornd) [d7c)Real

¥2GOF Test
x2=0.32975664
p =0.95433826

df=3
CNTRB:List3

The p-value is 0.954 which is obviously larger than 0.05. We fail to reject the null
hypothesis.Thus, we support the claim that the observed data fits the intended
outcome at the 0.05 level (in this case, the binomial distribution.)

21.  Similar to the previous exercise, this is a GOF test. Use a GDC to run the test.
Ho: data fits a uniform distribution

Hi: data does not fit a uniform distribution. If the distribution were uniform, the
expected values would each be equal to 16. The p-value =~ 0.328 with df =4, so we do
not reject the null hypothesis and conclude that there is no difference between the
observed and expected values, and the distribution can be considered to be uniform at
the level of significance of 0.05.

22.  Ho: data fits the distribution suggested by the station
H;: data does not fit the expected distribution.

The intended ratio 2 : 8 : 2 : 3 : 1 means the expected values are

{10, 40, 10, 15, 5}.The p-value = 0.768 with d.f. = 4, so there is no difference
between the observed and expected values, and the distribution can be considered to
match the intended ratio at the level of significance of 0.05.

23.  One method is to use a 1-proportion test. For a coin to be fair the proportion of heads
or tails must be equal to 0.5. H;:p=0.5; H,: p#0.5

E] Radorm1] [d7c]Real
1-Prop ZTest

Prop#0.5
z =-1.8
P =0.07186063
p =0.41
n =100
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24.

25.

26.

27.

With p-value of 0.0719, we fail to reject the null hypothesis. Thus, we can support the
claim that the coin is a fair one.

This is a Chi-squared independence test.
Ho: There is no difference between genders in the amount of TV watched. (claim)

H1: There is a difference that cannot be attributed to chance alone. The p-value =
0.109, so we do not reject the null hypothesis at the level of significance of 0.05.
Gender and hours of TV watched are independent.

(a) H, : there is no difference between the groups and the choice of uniform

H, : there is a difference that cannot be attributed to chance alone. Degree of
freedom v=(4-1)-(2-1)=3

Enter the observed data into a matrix and run test of independence using your

2
GDC. p-value of the # test of independence is 0.0844 (3 s.f.), we do not
reject the null-hypothesis and consider the various groups and the choice of
uniform as independent.

(b)  There is a notable difference in the response from MYP parents compared to
the rest. Isolating that group from the others may provide a good statistical
analysis of the difference. However, dealing with such a situation may require
procedures beyond your present syllabus and will not be included in exam
questions.

(a) The hypotheses: Ho: here is no difference in opinion regarding tax reform
between voting regions. (claim)

H;: There is a difference that cannot be attributed to chance alone. The y°

statistics is approximately 12.3 and the p-value = 0.0547, so we do not reject
the null hypothesis at the level of significance of 0.05. Opinions on tax reform
are independent of the voting regions.

(b)  When the Metro (core) region is compared to the other regions combined, the

observed matrix becomes
71 100 50
86 62 34|

The y’ statistic is approximately 9.71 and the value = 0.00779, so we can

reject the null hypothesis that there is no difference between the Metro (core)
region’s opinions compared to the others combined at the level of significance
of 0.05.

(a) The hypotheses are
H1: There is no difference between the brands in their effectiveness. (claim)

H1: There is a difference that cannot be attributed to chance alone. The p-
value = 0.498, so we do not reject the null hypothesis at the level of
significance of 0.05. There is no difference between brands and their
effectiveness.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

(b)  When the other two are combined, the observed matrix becomes
25 49 15
7 22 11
The p-value = 0.247 so we do not reject the null hypothesis that the
distributions are same.

28. (a) From GDC:

Unbiased estimate of x is X = 2.36, and unbiased estimate of
c’is 5., =33.65
(b)) @) Hy:u<0; H:u>0

(ii))  This is a 1-sample t test for the mean. From GDC: p-value = 0.103

(iii)  Since 0.103 > 0.05. We fail to reject the null hypothesis - There is
insufficient evidence at the 5% level to support the claim that extra
tuition improves examination marks.

29. (a) Use a GDC to create a 99% confidence interval. Here is a sample. Also, since
o =0.031s given, we will use a Z-interval instead of a #-interval. (on exams,

you will be using #-intervals)

B
1-Sample ZInterval
Lower=9.76145266

Upper=9.82454734
X =9.793

SX =0.01655294
n =6

A 99% confidence interval estimate of the mean is (9.761, 9.825).

(b)  If'this process is carried out a large number of times, approximately 99% of
the intervals will contain the real mean u of the population.

(c) The width of a confidence interval is given by z,, .

5 n

As requested, to half this interval, we need to find the new level, «,,, such that

This is so, because all other parameters in the formula are still the same.

For a 99% confidence, z, =2.576. Thus z, ~=1.288.
2 2
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anew
In order to find —5—, we find the area under the standard normal distribution

to the right of 1.288, multiply it by 2, and subtract the result from 1.
Alternatively, you can use the “solver”.

A sample output:

E] [RadForml] [d/c]Real
Normal C.D

p =0.09887298
Z:Low=1.288

z:Up =1000

Thus, the new level is 1-2x0.09887298 ~ 0.80, and therefore the new
confidence level is 80%.
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Exercise 19.1

1. (a) Precipitation is the explanatory variable; autism prevalence rate is the response
variable.
(b) No; no matter how strong the association is, it does not prove that

precipitation causes autism, only that they are associated.

2. (a)  No association.
(b)  Strong nonlinear association, possibly quadratic.
(c) Nearly perfect negative linear association.
(d)  Strong positive linear association.
(e) Moderate negative linear association.
® No association.
(2 Strong positive nonlinear association, possibly exponential.

(h)  Mostly strong positive linear association, but a cluster of outliers is a departure
from the major pattern.

i) Very strong negative linear association with one outlier.

3. First, we find the mean of x and the mean of y, and make sure that any line we find
must contain the point (¥,). Remember that all numbers listed are approximate and

may contain some rounding.

(a) The best fit line is approximately y =—-2.6x+185

180 -
160 -
140 -
120
100 - (35,95])
y
80 - -
®
60 -
40 -
20 -
0 :
g 20 40 50 80
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(b)  The best fit line is approximately y =4x+12
S
=
s
il

¥

30 ~

28 4

10 +

a

(c) The best fit line is approximately y =2x—24

120
100
B0 4

60 +

¥

40 (35, 46)

20 +

4 9

-20 4
x

4. (a)  Number of pages is the explanatory variable, hours to finish is the response
variable.

(b)  Scatter diagram is below. The association is strong, positive, and
approximately linear.

(c) The best fit line is approximately # = 0.03n +2.22

15

hours

10 - (330, 11.5)

pages
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(d)  The gradient of 0.03 indicates that each additional page adds about 0.03 hours
to the reading time, or an additional 100 pages adds 3 hours. The #-intercept of
2.22 indicates that a book with zero pages will take 2.22 hours to read:

In general, and since our closest number to zero is 150, trying to interpret the
intercept is not an appropriate practice. In cases, where we have included in
our data zero or being close to it, then this may indicate the extra time it takes
to get the book and find the last page and any other task that is not related to
the number of pages.

(e) t=0.03x500+2.22~17.2. About 17 hours.

5. (a) The explanatory variable is mass.
—r
o
1400 ® o ®
)
@ 1250 o
< (¢}
1100 ®
o
950 e
o
32 34 36 38 40 42 44 46 48 50 52 54 56
mass

(b) UsingaGDC: M =432, R=1240

(c) A possible best-tit line is shown below. (Using a GDC)
—reTye

1400+

1250+

rate

1100

950

T T T T T T T T T T T T T
32 34 36 38 40 42 44 46 48 50 52 54 56

mass

(d)  There appears to be a strong, positive, linear correlation. The gradient of the
line is about 24, which indicates that metaboloic rate increases by about 24
units for each additional kg in mass.

(e) Estimate from the graph: about 1160.

) Kevin’s mass is beyond the range of the observed data. If we predict his
metabolic rate using this model, it would be an extrapolation, whose results
may not be reliable.
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6. (a) may be correct because the association appears to be strongly positive.
(b) is not since the data do not lie exactly on a line.
(c) is correct because if we sketch the line, the points will be tightly spread around it.
(d) is obviously false since there is a positive association.

(e) is false because with correlation close to 1, the points will fall on the line of
regression almost exactly, which is not the case here.

) is obviously false as it deals with data way beyond the present data.

7. (a)  Number of items produced is the explanatory variable; production cost is the
response variable.

(b) A scatter diagram is shown below.

100

90 B

ds GBP)

80 @

70 L
60 L

cost (tt
L]

50 ®
40 5 ®
30 a®

20

0 10 20 30 40 50 60 70 80

number of items (thousands)

(c) Strong, positive, approximately linear, no outliers visible.
(d) UsingaGDC: (¥,7)=(42.4,61.1)

(e) A line of best fit must contain the “mean-point” shown below.

100

90 //
: A

(a2.4,61.1) e

60

50 {./
40 /

production cost (thousands GBP)

30

20 ‘
0 10 20 30 40 50 60 70 80

number of items (thousands)

) Draw a vertical line at number of items 70. It intersects the line of best fit at

approximately 88 thousand GBP.
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(2 We notice on the best fit line that for every 10 units of horizontal change there

is about 10 units of vertical change, thus, approximate gradient is 1.0 (GDC
best fit is 0.966.) This suggests that that, on average, production cost increases
by about 1000 GBP for each additional 1000 items produced.

(h) 20 (approximate); this could be interpreted as the fixed costs to keep the

factory operating. This is an extrapolation since out lowest number of items is
18000, which is very far from zero. Thus, in principle such an interpretation is
not appropriate.

(i) Predicting production cost for 100 thousand items would be an extrapolation.

It is about 20 thousand items beyond our highest production. Such prediction
is not reliable.

8. (a) Speed is the explanatory variable; temperature is the response variable.

(b)  The association is strong, positive, and approximately linear.

110 ‘
100
®
__ 90 *
o P
¢ 80
=
®
2 70
§ s ¢
60
50 ®
®
a0 -
20 30 40 50 60 70 80 90

speed (km h'l)

(¢)  UsingaGDC: (¥,7)=(55,75.9)
(d)  Shown below.

110 /‘
100 /
90 2 o
[ ]

80

. -~ [55,75.9)
/.
60 /

50 /A
40

20 30 40 50 60 70 80 90
speed (km h1)

temperature (°C)

(e) At 60 km h™!, a vertical line intersects the line of best fit at 80 degrees.

Thus, Temperature is about 80 degrees.
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) About 0.9 (best fit is 0.882). This indicates that tire temperatures increase, on
average, by about 0.9 °C for each additional km h™".

(2 about 27 (best fit is 27.4). This suggests that the initial tire temperature before

being driven was about 27 °C. This is an extrapolation since the lowest speed
recorded is 20 km h™!, which is far from zero.

(h) A prediction from a speed of 150 km h™! would be an extrapolation since the
highest speed recorded is 90 km h™'. 150 is way too far above the maximum.

Exercise 19.2

1. Spearman’s 7, measures the strength of a monotonic (continually increasing or

decreasing) relationship. It is not sensitive to outliers. Pearson’s » measures the
strength of a linear relationship and is sensitive to outliers. 7, uses the ranks while »

uses the raw data values.

2. A: The data demonstrate a negative relationship. It is relatively weak but not the
weakest, and hence it is » = —0.40

B: The data demonstrate an almost perfect negative association, and hence, it is
r=-0.99

C: A strong positive association, » = 0.90

D: Almost no association can be observed, » = —0.03

E: A positive association. Data are not very tightly spread, » = 0.51
F: A negative association. Data are not very tightly spread, » = -0.58
G: A strong negative association » = —0.95

H: relatively strong positive association, » = 0.74

3. (a) Using a GDC: r =0.967

(%]
i

25 * o
€ 21
& &
015 &
@ &
m p B
B [ ]
05
0

100 200 300 400 500 600

L]

hours
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(b)  There is a strong positive correlation between hours in the acid bath

and mass of metal lost.

Cost ALUD
"

0 50 100 130 200 250 300 350 400 450 500 330 600 630
Number of pages

(b) Using a GDC: r=-0.141

(c) No, the linear correlation is too weak for reliable predictions, as seen on the
scatter plot and shown by the value of .

5. (a) Using a GDC: r=0.561

@® @
32
@
g o0
E 20 O O
@
261 @ 00
] (@)
T T T T T T T T
45 5.0 55 6.0 6.5 7.0 7.5 8.0
accel

(b) There is a moderate positive correlation between acceleration and fuel
efficiency; as cars get slower the efficiency appears to increase.
It appears to be only somewhat linear, which is supported by the value of r.
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(c) The ranked data is shown below.

time to
SPORTY CARS/ROADSTERS 60mph MPG rank
rank
Mazda MX-5 Miata Club 8 1.5
Honda Civic Si 2 1.5
Fiat 124 Spider Lusso 6 3
Mini Cooper S 7 5
Subaru BRZ Premium 4 5
Toyota 86 4 5
Volkswagen GTI Autobahn 9 7.5
Ford Fiesta ST 2 7.5
Fiat 500 Abarth 1 9
Porsche 718 Boxster (base) 15 11.5
Subaru Impreza WRX Premium 13 11.5
Audi TT 2.0T (AT) 12 11.5
Ford Focus ST 9 11.5
BMW M235i 14 14.5
Ford Mustang Premium (2.3T, AT) 11 14.5

r. =0.670; in general, there is a moderate positive rank correlation between
acceleration and fuel efficiency in MPG; as acceleration times increase MPG
increases as well. Cars that accelerate slower are more efficient.

(d)  Pearson’s » measures the strength of a linear correlation.

Since this data appears to be somewhat nonlinear, Spearman’s 7, is a more

appropriate measure since it measures the strength of the monotonic
association. It is also not influenced by some of the extreme values that appear
to be somewhat far from the trend such as Fiat 500 or the Porsche.

6. (a) Using a GDC: r=-0.598
9.4 @ @
o SR

8.8
= e
S 8.2+ ® ®
= oo

7.6 (@]

7.0 ® )

4:5 5:0 5:5 6:0 615 7:0 7:5 8:0
accel
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(b)  There is a moderate negative linear correlation. As cars get slower, the L per
100 km required decreases. The linear correlation is slightly stronger than in
the previous exercise. By converting to L per 100km, we had to find the
reciprocal of the units which may have made the association slightly more
linear.

() The ranked data is shown below.

time to L per
SPORTY CARS/ROADSTERS 60mph 100 km

rank rank
Mazda MX-5 Miata Club 8 14.5
Honda Civic Si 2 14.5
Fiat 124 Spider Lusso 6 13
Mini Cooper S 7 11
Subaru BRZ Premium 4 11
Toyota 86 4 11
Volkswagen GTI Autobahn 9 8.5
Ford Fiesta ST 2 8.5
Fiat 500 Abarth 1 7
Porsche 718 Boxster (base) 15 4.5
Subaru Impreza WRX Premium 13 4.5
Audi TT 2.0T (AT) 12 4.5
Ford Focus ST 9 4.5
BMW M235i 14 15
Ford Mustang Premium (2.3T, AT) | 11 1.5

(d) r. =-0.670; in general, there is a moderate negative rank correlation between

acceleration and fuel efficiency in L per 100 km; as acceleration times
increase, L. per 100 km decreases. Cars that accelerate slower are more
efficient in general. The value of 7, has the opposite sign from the previous

exercises as the direction of correlation has reversed.
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7. (a) Using a GDC: »=0.0852
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(b)  There is almost no association between fat and sodium for these menu items.
8. (a) Using a GDC: r =0.940

] o
660 o ®
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2 1 (@) 8
£
= 540"
= <
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420{ o
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fat

(b)  There is a very strong positive linear correlation between fat and calorie
content for these menu items.

9. (a) While a has the strongest linear correlation, we should not make any

conclusions without looking at a scatter diagram. It could be that the design of
the experiment causes outliers in variable @ which are causing the relatively
strong linear correlation.

(b)  Without knowing more about the nature and design of the experiment, we

cannot conclude that changes in a cause changes in S. However, if lan
deliberately manipulated the values of a and measured S, we may have strong
evidence for causality (we would also need to suspect an underlying
relationship between the two variables).
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10.  Using a GDC
(a  »=0.993

140
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80 -
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a 05 1 15 2 25
wind speed

(b)  There is a strong positive linear correlation between wind speed and RPM.

(c) The scatter diagram appears to have a slight curve to it and it is reasonable to
suspect that the force applied by wind may be nonlinear. A logistic or power
model may be more appropriate.

11.

(a) The association appears moderate, negative, and approximately linear.

3.8
®
3.4
@
© O @]
g 3.0 . @
? & ®
2.6
@
2.2 @
T T T T T T T T T
0 ) 10 15 20 25 30 35 40
hours

(b) r, =—0.533; there is a moderate negative rank correlation between GPA and
hours worked.

(c) r =—0.461; since the form of the association is approximately linear with no
strong outliers, r is relatively close to 7, .
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12. (a) The association is generally negative but is nonlinear with a possible
quadratic form.

R GE ‘
e °
9.804 1 @
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2
gl 9.800
& @
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o
"
9.792
] o
9'788 T T T T T T T T T T
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tempel’ature

(b) r, =—0.643 ; there is a moderate negative rank correlation between
temperature and the specific weight of water.

(c) The form is non-monotonic.

Exercise 19.3

1. R>=0.36

2. R* =0.64

3. r=+0.9

4. r=-0.7

5. Model B since the spread of data is less than in model A.
6. (a) True

(b)  False: although the models both fit the data equally, we would need to
examine the data visually and in context to determine which model is more
appropriate.

7. (a) Using a GDC: L =0.00475k+ 0.242 . On average, each additional hour
increases mass loss by 0.00475%. The L intercept of 0.242 is not meaningful
in this context (it is an extrapolation, and it suggests a mass loss of 0.242% for
0 hours).

(b)  0.00475x100 = 0.475%

() R> =0.935. The LSRL predicts 93.5% of the variation in mass loss using time
in bath as the explanatory variable. Alternatively, 9305% of the variation in
mass loss can be explained by variation in time in bath.

(d)  L=0.00475x400+0.242 =2.14%
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(e) Although the value of R’ is relatively close to 1, the LSRL we generated
should only be used to predict mass loss from hours in the acid bath.
The model was developed using the time in bath as an independent variable.
Using the model ‘in reverse’ makes the mass lost independent and so, lowers
our confidence in the prediction significantly.

8. (a) Using a GDC: E =1.85r+16.4 . On average, for each additional second in 0-60
mph time, fuel efficiency increases my 1.85 miles gal™!. The E-intercept of
16.4 is not meaningful in this context; it is an extrapolation and a car would
have to have instantaneous acceleration to 60 mph! That is, it has to
accelerate from 0 to 60 in 0 seconds!

(b) R>=0.315. The LSRL predicts 31.5% of the variation in efficiency using 0-
60 mph time as the explanatory variable. Alternatively, 31.5% of the variation
in efficiency can be explained by variation in time.

(c) E=1.85x5.7+16.4 ~26.9 miles gal™!. Since the LSRL predicts only 31.5% of
the variation in efficiency, there are major other factors affecting efficiency.

(d) 9 seconds is beyond the range of the observed value of the explanatory
variable; any prediction would be an extrapolation.

(a) Using a GDC:

3500 - E
E
£ 3000
=
: 2500
2000 @
E
=2
2 1500 P
8 9 *
T 1000 ®
=
i ® .“.
500 -
0 : - ; = .
0 100 200 300 400 500

Seats

The association between the number of seats and fuel consumption is strong,
positive, and approximately linear. There is one possible outlier but it appears
to fit the general trend.

(b) F =7.87n-126. The fuel consumption increases by 7.87 L min~! for each
additional seat. The F-intercept of —126 is not meaningful in this context
since a plane with 0 seats is not realistic.

(c) R?> =0.898 . The LSRL predicts 89.8% of the variation in fuel consumption
using the number of seat as the explanatory variable. That is, 89.8% of the
variation in fuel consumption can be explained by variation in the number of
seats.
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(d) F=787x350-126 =2628.5~2630 L min'

(e) The data appears to have a slight nonlinear form in the scatter diagram. It
would make sense that fuel consumption would increase in a faster-than-linear
rate as the limits of current technology are reached, so a nonlinear model may
not be the most appropriate.

10. (a) Using a GDC.
The scatter diagram shows a strong, positive, linear association.

There is a possible outlier at (48, 37).
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O
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o ..
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(b)  E=0.815(5)—8.62. For each additional unit increase in Training Stress

Score, Relative Effort increases by 0.815 units. The E-intercept of —8.62 is
not  meaningful in this context since 0 stress score was not included in the
collected data.

(c) R>=0.771. The LSRL predicts 77.1% of the variation in Relative Effort using
the Training Stress Score as the explanatory variable. That is 77.1% of the
variation in Relative Effort can be explained by variation in Training Stress
Score.

(d  E=0.815(60)-8.62~40.3
(e) This is equivalent to the range of data used in setting up the model:
48< S5 <112

) Since the low outlier is the minimum value in the domain, if we remove the
outlier, we would need to adjust the domain to 74 <§ <112 and a prediction
based on a Relative Effort of 60 would then become an extrapolation.

(g  Without (48.37), the LSRL is £ =0.996(S)—24.7 with R* =0.756 . The

LSRL has changed significantly but the value of R’ is only slightly different,
but it did not improve. In fact, there is another potential outlier at (96, 84),

which, if removed may improve the model. The LSRL is £ = 0.874(S ) —-15.6
with R* =0.806
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11.

12.

()

(b)

(c)

(d)
(e)

®
(2

(@)
(b)

The scatter diagram shows a strong negative approximately linear association
between change in NEA and change in mass.
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M =-0.00344N +3.51. On average, for each additional 100 calories in
change of non-exercise activity, change in mass decreases by 0.344 kg.

The M-intercept suggests that when non-exercise activity does not change,
mass will increase by 3.51 kg.

R?> =0.606 . The LSRL predicts 60.6% of the variation in change in mass
using change in non-exercise activity as the explanatory variable.

M =-0.00344x200+3.51~4.20 kg

A negative change in NEA suggests that the individual did less non-exercise
activity after being overfed.

-94 <N <690

The change in mass for N =1100 would be negative, suggesting that the
person was able to lose weight by eating more!

Production Rate is the explanatory variable; Defects is the response variable.

There appears to be a weak positive association between production rate and
defects. However, an outlier at (300,40) may be affecting the strength of the
association.

404 @
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® ()
'§ 28
:g 22 ¢
(¢ O @
164
101 @ O
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production_rate
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13.

() D =0.0479R +5.67 ; The number of defects increases by about 5 for each 100
unit increase in production rate. The D-intercept of 5.67 is not meaningful in
this context.

(d) R*> =0.0872 ; the LSRL predicts 8.72% of the variation in the number of
defects using production rate as the explanatory variable.

(e) The low value of R* suggests that there are more significant factors
determining the variation in the number of defects. It is better to try to find
other factors instead.

) There appears to be a moderate positive approximately linear association
between production rate and defects .

T T T T T T T T T
300 320 340 360 380 400 420 440 460
production_rate

(2 D=0.113R-21.3; The number of defects increases by about 11 for each 100
unit increase in production rate. The D-intercept of —21.3 is not meaningful
in this context.

(h) R? =0.630 ; the LSRL predicts 63.0% of the variation in the number of
defects using production rate as the explanatory variable.

(i) The production rate appears to be a significant predictor of the number of
defects. Lower production rates should be attempted and further data can then
be recorded.

3g) It is OK to remove the outlier to investigate how influential it is. However, we
must be careful to not put too much confidence in our predictions and
recommendations using the revised data. Instead, we must investigate the
outlier and see what caused it: was it a particularly unskilled worker? Mis-
entered data? A power failure during production or other failure? Something
else? If there are no unusual causes for the outlier, we should not remove it in
our final analysis.

(a) There is a strong positive association between year and millions of active
monthly users. The form appears nonlinear or piecewise linear.

(b)  Suitable domains would be 0 < y<5and 5<y <8
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14. (a) Temperature is the explanatory variable, butterfat is the response variable.

(b)  The association appears to be negative and moderate and approximately linear.

51 7@
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Temperature (°C)

There is a gap in the data; why are there no data values for temperatures in the
interval 8 <T <13? We should proceed with caution.

(¢) The LSRL is F'=-0.02167 +4.94 . The butterfat content decreases by 0.02%
for each increase of 1 °C. The F-intercept of 4.94 indicates that at a
temperature of 0 °C, we predict that the butterfat content would be 4.94% ;
beware, this is an extrapolation.

(d) R*> =0.318 ; 31.8% of the variation in butterfat content is predicted by the
LSRL using temperature as the explanatory variable.

(e) Correlation is not causation: while temperature and butterfat may have a
moderate correlation, we cannot claim that lowering the temperature will cause
increased butterfat content. Further research is needed; an investment in a
climate-controlled barn may be an expensive experiment.

Exercise 19.5

1. (a) log(y) vs x; exponential model

(b)  yvslog(x); logarithmic model

(c) logarithmic linearisation should not be used since data appears to have a
turning point

(d) log(y) vs log(x); power model
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2. (a) The relationship is not linear. Apparently, the weight increases at first and then
around 4 it starts decreasing. Apparently, the data can be modelled by a
polynomial. We used a quadratic model. A scatter diagram with an appropriate
model is shown below. A cubic model may also be used.

9.805
9.795
=
s 9.785
g o
9.775
y= ’0.000069'x2+0.000574'x+9.80512
9.765
T T T T T T T T
0 4 8 12 16 20 24 28 32
temp

(b)  The data does not appear to fit an exponential, logarithmic or power model;
the data has a turning point, so linearisation with logarithms cannot be used.

(c) The data appears to have a quadratic form, so we will use quadratic regression.

The quadratic model is w =—0.0000697"* +0.0005747 +9.80512 . R> = 0.9997,
which is a good indication of the appropriateness of the model.

(d) w= —0.000069(12)2 +0.000574(12)+9.80512 ~9.802. Alternatively, we can
find the predicted using our GDC
E

Regrdfsion

(e) According to our model, the maximum specific weight is 9.81 at 4.15 °C.

Bl [EXE]:Show coordinates
¥Y1=-pr.0161299787205e-05x2+5, 7298
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3. (a) The association is strong, positive, and nonlinear.

There are no dramatic outliers.
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(b) The relationship appears to be of exponential nature. log(fuel) vs speed
produces the best linearisation, with log(F) =0.00241v+0.192

= 1010g(F) — 100A00241v+0A192 = F — 1001921 0000241\/ — 1‘55(1'00556)" )

3.6
3.5
3.4

= 3.3
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speed_kmh
= log_fuel = 0.00241speed_kmh + 1.39: r2 = 0.86

T
550

(c) The model suggests that fuel consumption increases by 0.556% [1.00556-1]tor
each additional km h™! increase in speed. The initial value (F-intercept) of 24.5
is not meaningful in this context; it is an extrapolation and it does not make
sense to have fuel consumption at a speed of 0. R* =.862; 86.2% of the
variation in fuel consumption is predicted by the exponential model with speed
as the explanatory variable.

700

(d  F=1.55(1.00556)"" ~75.3 L min™' (rounding in intermediate steps may

result in slightly different answers.)
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4. (a) A scatter diagram with an appropriate model is shown below.

y= 0.001619'x2+-0.261667'x+18.669
9.8 O
- !
=) 9.2 1
8.6
8.0+ ©

T T T T T T

T I
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(b)  The data appears to have a quadratic form. the data has a turning point, so
linearisation with logarithms cannot be used. So, we will use quadratic
regression.

() The quadratic model is C =0.001619v* —0.261667v +18.669 .
(d) C= 0.001619(95)2 - 0.261667(95) +18.669 ~ 8.42 L per 100 km

(e) 140 km h™! is outside the range of observed values, hence the prediction would
be an extrapolation.

(f)  According to our model, maximum fuel efficiency (minimum fuel consumption)
of 8.1 L per 100 km occurs at 80.8 km h™!. This seems reasonable, although it
should be noted that the observed data includes a value of 8.0 L per 100 km,
which is less than the theoretical minimum fuel consumption.
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5. (a) The data appears to have a strong negative nonlinear form, except for the first
two data points. This is probably because this is the time immediately after the
drug was given, so blood concentration of the drug is increasing during this

time.
|
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The data has a clear turning point at 0.5 hours; it is increasing up until that
time and decreasing after. An exponential model (decay) appears appropriate.

(b)  We will use the data with #>0.5. An exponential model appears appropriate
so we will use a log( y) vs x linearisation.

(¢) The linearised scatter diagram is shown below.
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The linear model is log (C) =-0.0399 +0.960
=104 =100+ = ¢ =9.12(0.912)' .
(d) t>0.5
(e) For each additional hour, the blood concentration of this drug decreases by 8.8%.

) R?> =0.994 ; 99.4% of the variation in the blood concentration is predicted by
the exponential model using time as the explanatory variable.

(g C=9.12(0912)" ~6.31 mmol L'
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6.

(h)  According to the model, at time t = 0 the amount in blood is 9.12 mmol L!

To find the half-life we solve the equation

212 6 12(0.912) 0912 = L= = ~In2
2 n0.912

Estimating distances using the graph can be achieved by drawing vertical and
horizontal lines from the point in question and reading where these lines meet the
respective axes.

~ 7.52 hours

(a) Average distance from sun =~ 800 million km, length of year =~ 4000 days
(b)  Average distance from sun = 60 million km, length of year =~ 90 days

(c) A power model appears to be appropriate since the data appears linear on a
log-log graph.

(a) There is a strong, positive nonlinear association between average distance
from the Sun and the orbital period.
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(b)  The best linearisation is given by the log-log scatter diagram:

2.44
1.8
B 1.2
; p
Q[ 0 6:
g o y = 1.50063+ x+-0.000159
1 2 = 0.999995
0.0
-0.6
L T T T T T
-0.4 0.0 0.4 0.8 52 1.6
log_distance

The model is log P =1.50063log D+0.000159 = 10/%¢” =](le" ™" +0000159
= P — 100.000159 D1.500636 — 1 00037D1,500636 = P ~ D1.5
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(c) The orbital period of equal to the cube of the square root (% power) of the

distance from the sun. With R* =1.00 (3 s.f.), this model predict 100% of the
variation in orbital period using distance from the sun as the explanatory
variable.

(d) P ~2.77"° ~ 4.61years, notice that if you use the more accurate model
1.500636

P =1.00037(2.77) ~4.614
(e) M:O.OO217:0.217%
4.60
8. (a) There appears to be a strong sinusoidal association between temperature and
time.
26.04 | ®e
i o)
25.0
Q o o
§ 24.04
@ ()
23.01 o py P
22.0- ®e
20 2 4 6 8 101214 1618 20 22 24 24
time

(b)  The pattern appears sinusoidal/there are turning points.

Logarithmic linearisation is not appropriate in such cases.

()  Using GDC/software: 7' =2.03sin(0.263x—0.782)+24.0

(d)  The average in a sinusoidal model is the main axis of the sine wave.

In this case it is 24 °C
() 7'=2.03sin(0.263(17)—0.782)+24.0~22.9 °C
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9. (a) There appears to be a strong nonlinear relationship between RPM and torque.

520

460 O

torque

400

340 @

T b T T T T
1500 2500 3500 4500 5500

rem

(b)  There is a turning point in the data.
(c) N =-0.00003097" +0.223r +122
(d) Maximum torque is 523 Nm at 3610 RPM.
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Chapter 19 practice questions

1. (a) The value of 7 in the interval —1<r <1,
(b)  If'the association is negative, the value of » must be negative.
(c) If life expectancy increases as body mass increases, then r; must be positive.

(d)  The gradient in the LSRL is negative, but r is positive.

2. (a) There is no logical connection between the variables: 0
(b)  The higher the taxes, the less people would like to consume: —1
(c) As children grow, their weight would increase +1
(d)  The faster the car goes, the more difficult it becomes to stop! +1
(e) No real connection: 0
) The lower the temperature, the more we need to heat: —1

3. (a) The scatter diagram shows a strong, negative, approximately linear
association, with » =—0.984 .
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(b)  GDC: In(I)=-1.25+0.719

() R*=0.968:;96.8% of the variation in In(/) is predicted by the LSRL using

time as the explanatory variable.

(@) In(1)=-1.25+0.719 = ") = 207 = 122,057 ; [, =2.03,
k=-125
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4. (a) The scatter diagram shows a nearly perfect, positive linear correlation with
r=1.00
270+ @
o

o 2407 )
g ®
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E 210 ®
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o
150 )
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five_km

(b) M =9.307 +5.20 . For each additional minute in 5 km time, we estimate an
additional 9.3 minutes in marathon time. The M intercept of 5.20 is not
meaningful in this context.

()  M=930(20)+5.20=191 minutes

42195 _ 8.44 min min™'.

(d) (i) The slope gradient be

(ii)  The model gradient from part (b) is 10% more than this theoretical
gradient.

(iii)  We see that, on average, runners’ pace is about 10% slower on a
marathon than on a 5 km run.

5. Using a GDC

(a) There is a very strong, positive, linear correlation between leaf width and
length, with » =0.997.

118 @
| ®
< 1121
5 112 0
[
g ]
106 ¢
] o ©
1001 @
1 T T T T T T T T T T
43 44 45 46 47 48 49 50 51 5
width

(b) L=2.15W +6.85. For each additional mm in width, we estimate an additional
2.15 mm in length. The L intercept of 6.85 is not meaningful in this context.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

(¢) 43<W<52
@)  L=2.15(47)+6.85~108 mm

(e) 60 mm is outside the domain for our model/it would be an extrapolation.

6. No, the study was observational and so did not control alcohol intake and then
observe responses. There may be other factors that are linked with alcohol intake that
reduce the risk of cardiovascular disease.

7. (a) There is a positive association. It appears somewhat nonlinear. It increases first
and tends to level for larger numbers.

There appears to be an outlier at (17, 2550) — the Common swift.

2400 ® ® ®
o 18001 | ®
b5, @
a
@ 12001 g
600{ @@
®
0 T T T T T
0 40 80 120 160
length

(b)  There is one outlier (Common swift). Assuming the data is correct, we cannot
justify removing this data point simply because it doesn’t ‘fit.’

(c) r =0.620. There is a moderate positive linear correlation between body length
and flying speed.

(d) r. = 0.820. There is a strong positive rank correlation between body length and
flying speed.
(e) The data appears to have a slight nonlinear curve, so Spearman’s r, is more

appropriate. However, the data is approximately linear so tis is also acceptable
to measure the strength of the linear association with Pearson’s r.

) A log-log linearisation appears to produce the most linear pattern; the model is
logv=10.354log L +2.666

log 035410g L+2.666 2,666 70354
= 107" =107 =107 L

= v~ 4630

(2) R*> =0.818 ; About 81.8% of the variation in flying speed is accounted for by
the power model with body length as the explanatory variable.

(h) v=463(130) " ~259% cms”

)0.354
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8. Using a GDC

(a) There appears to be a strong, positive association between weight class and
weight lifted. The association is linear or slightly nonlinear.

4410 -

B

400
3801 .
360

Weight lifted (kg)

340+
3204
300+
280+

T T T T T T =
&0 70 BO 90 100110
Weight class (kg)

(b)  m=464log(w)-510

(c) R?> =0.986 ; 98.6 of the variation in weight lifted is predicted by the model
using weight class as the explanatory variable.

(d) (i) Taner Sagir performed better than the model would predict; he lifted
375 kg but the model predicts he would lift 366 kg for a difference of
+9 kg.

(i)  Halil Mutlu performed worse than the model would predict; he lifted
295 kg but the model predicts he would lift 302 kg for difference of —
7kg.

9. (a) There appears to be a strong, positive association, approximately linear but
with some evidence of an nonlinear association, with no outliers.

390+ @

co2

360+ ®

: O

330+ @
1 @

T T T T T T T

1955 1965 1975 1985 1995 2005 2015

year

(b) r =0.991, there is a strong positive linear correlation between year and CO»
concentration.
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Year 0 10 | 20 30 | 40 50 | 57 58

CO:2 concentration

320 | 328 | 341 | 356 | 372 | 392 | 409 | 411
(ppm)

(i) r =0.991, there is a strong positive linear correlation between years
since 1960 and CO; concentration. The correlation coefficient has not
changed by subtracting 1960 from each date value.

(iiiy C=1.62y+313. The slope of 1.62 ppm year™! indicates that CO,

concentration is increasing by 1.62 ppm for each additional year. The
intercept of 313 indicates the predicted CO> concentration in 1960.

(iv)  years from 1960 to 2018
) C=1.62(45)+313=386 ppm

(vi)  The year 2050 is beyond the range of the observed data; it would be an
extrapolation.

10. (a) There appears to be a nearly perfect positive linear association between
temperature and solubility of NaNOs.

W
1 @
115+ )
g 4
Z 100 O
85 .o
4 @
70 ,.
T T T T T T T T
0 10 20 30 40 50 60 70
temp

(b) r=0.999, There is a nearly perfect positive linear association between
temperature and solubility of NaNOs.

(c) S =0.872T+67.5. The gradient of 0.872 g per 100 ml per °C indicates that for
each additional °C, we expect an additional 0.872 g per 100 ml can be
dissolved. The S-intercept of 67.5 indicates that at 0 °C, we expect solubility
of 67.5 g per 100 ml.

(d) At T'=25 °C, we expect solubility of §'=0.872(25)+67.5=89.3 g per
100 ml.

(e) 95 °C is beyond the range of observed data; it would be an extrapolation.
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) We should not use this model to predict temperature from solubility. (Also we
do not know if the solution given has the maximum amount of NaNO3
dissolved for that temperature.)

11. (a)

184 L

12

temp
(@}
@

T 11T 1T 1T 1T 7 T
01 2 3 4 5 6 7 8 9 10 11

month

(b)  We know the temperature will be periodic by year and it appears to have a
sinusoidal form.

(c) T'=10.3sin(0.515M —1.53)+9.72

(d) The average of a wave model is the axis of the graph. In this case it is 9.72 °C

. .2 2
(e) Remember that the period of sinbx is ﬁ = Fﬁs ~12.2 months

) We know that the temperature model should have a period of 12 months.
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12.

13.

()

(b)

(c)
(d)

(e)
®

(®
(h)
(a)

The appears to be a very strong negative linear correlation between time and
velocity.

|
01®
1 O
1 O
-300
2 . .
5] O
] 1 O
2 _600- @
] @ &
-900 ®
1 ®
i T T T T T
00 02 04 0.6 0.8 1.0
time

r=-0.998 . There is an almost perfect negative linear correlation between
time and velocity.

GDC output: v(t) =—1040r +7.87

The gradient of —1040 cm sec™ indicates that for each additional second,
velocity changes by —1040 cm sec™'. The intercept of 7.87 suggests that the
object was moving upward at 7.87 cm sec™! at the start of the experiment.

v(0.15)=-1040(0.15)+7.87=-148.13 cm sec™’

The rate of change of velocity predicted by this experiment is —1040 cm sec™2.

This is greater that the possible acceleration due to gravity; most likely there
are errors in measurement.

s(£) = [v () dr = =520 +7.871+¢;5(0) = 0 => s (1) ==520¢* +7.87¢
s(1)—s5(0)=—520+7.87 x512 cm

There is a strong, positive, nonlinear associate between year and global wind
energy production.

'
600
500 - .
400
100 .

B 200- N
100 "

porwe r VW

Win
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(b)  The data has a clear exponential pattern.

(c)

I
b
I
-

3=

S G g N S e
FET T
Year

(d)  Wind power production in 1980 is an outlier; wind energy increased
significantly more from 1980 to 1985 than any other comparable period.

(e) logw=0.2014+0.1004¢
=10 =10"" 10" =1.59(10""" ) =0.159(1.26)

) Global wind energy production has increased an average of by 26% per year
since 1985.

(2 R?> =0.959 ; 95.9% of the variation in global wind power production is
predicted by the model using year as the explanatory variable.

(h)  Considering 0.159 as the initial production because it corresponds to # = 0,
then double this is 0.318.

0.318=0.159-126' =2 =126 = = 1082

=2.999 ~ 3 years
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14. (a)

e

Video game sales
o ]
=i

1 1 1 1 1 1 1 1 1 1 1 L
0 2 4 & & 10 12 14 15 18 20
Months since release

(i) At month 6 (December), there appears to be an outlier. Since it is
greater than the surrounding months, it may be increased sales during
the holidays.

(ii)  There appears to be a logarithmic pattern to the data.

(b)  S=11.7log(m)+15.4. Logarithmic growth decreases over time, which makes

sense in this context: we expect sales to increase rapidly and then the rate of
growth should slow.

()  S=11.7log(5)+15.4~23.6 thousand sales
@ () a=0, b=12

12
) S= '[0 (1 1.7log(m)+ 15.4)dm ~ 275 thousand sales

o e I
12

[ (11,7108 x+15.4)dx

275.3421017

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

15. (a) Using a GDC

7504 | (&)

minutes
®

7204 | O

690 (¢}

T T T T T T T T T T T T T
=TNON 2 B34S 5N 607 8 O T ON 111
month

(b)  We know that the length of the day is cyclical.
(c) L =4438sin(0.519M —1.12)+726

(d) The average in a sinusoidal model is the axis: 726 minutes

: 2 2
()  Remember that the period of SINOX ig A

|b| =010 ~12.1 months.

This value is reasonable as we expect the period of to be near 12 months.

() N =—4438sin(0.519M —1.12)+726

16. (a) There appears to be a strong association between power and RPM. A turning
point suggests the association is nonlinear.

4 . .
240
O ° *
(&)
5 180 @
2 ®
o
o
120- @
| @
601 o
| X T T T T 1 T T T T -+
1000 2000 3000 4000 5000 6000
rpm

(b)  There is a turning point in the pattern.
(c) We use a quadratic model: P = —0.0000157s> +0.1595—165.

Other models are also possible.

(d)  We find the coordinates of the vertex of the parabola representing the model.
Maximum power is 237 kW at 5060 RPM.
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(e) The model does not necessarily pass through every point. As a best fit, it will
miss some points. It appears that the turning point in the model tends to under-
predict maximum power since 257 kW was observed at 5500 RPM.

17.  (a)

247 |

22
X ® ®

temp

20 @

18- o @

16 © 0

T T T T 1T 1T 1T T 1T 1T 7
01 2 3 4 5 6 7 8 9 10 11

month

(b)  The pattern is not sinusoidal because there appears to be unequal local maxima.

(c) There are 3 turning points; a cubic model requires at most 2 turning points; a
quadratic model requires at most 1 turning point.

18. (a)
o )
1801 @
5 10
b ) ®
a e
)
0 ceoo00®
101234567 8291011
month
(b) P=734m’-86.2m+234
(c) R? = 0.944 ; the model accounts for 94.4% of the variation in precipitation

using month as the explanatory variable.

(d)  Since the model has a parabola shape, and this parabola opens upwards, the
minimum is the y-coordinate of the vertex, which is —19.2 mm!

(e) The model gives inappropriate predictions: it is not possible to have negative
precipitation. In fact, by looking at the shape, another model using a
polynomial of 4th degree may be a better choice.
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Exercise 20.1
Note: conventions for this chapter: DE = Differential equation, LHS = left-hand side, RHS =
right-hand side.

1. (a)  Weneed to show that f(x) ! (Inx+k) satisfies the DE x* %+ xy—1=0

X

dy _1-k-Inx
dx X’
:>x2xﬂ+x(l(lnx+k))—l=1—k—lnx+lnx+k—1=0
X X

»dy

(b) x2%+xy—1=02x a=1—xy:>d—y=ﬂ

dx x°

© f(1)=2:2=%(1n1+k):k=2:>f(x):l(lnx+2)
X
f(2)=1:1=%(ln2+k):k=2—1n2:f(x)=l(lnx+2—ln2)
X

2. (a) %ey_x=1:>%=ex_y=exe_y:eydy=exdx

Integrate both sides: ¢’ =e*+C = y = ln(ex + C)

(b) Separate variables first

ydy
dx

=y2x+x=x(y2+1):;;di/1 = xdx
3%1n(y2+1):xz—2+c:>1n(y2+1):x2+20

x2+2¢

2 2 2
=y’ +l=e¢ e v =Ce" =)' =Ce" -1
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(c) e’dy =xdx = e'edy =xdx = e ’dy = e "xdx

Left-hand side is direct evaluation while right-hand side needs integration by
parts:

- =—e " (x+1)+c>eV = (x+1)+C
:>—y=1n(e'x(x+1)+C):>y=—ln(e"‘(x+l)+C)

€ X
:yzln[m]:x—ln(x+l+6’e )

@ Tt oxey =)= 1) = (1))

dy
y -1

= = (x — 1) dx , and using partial fractions in integrating LHS

%(1n(y—1)—ln(y+l))= (x—zl) +c:>ln[;—;n=(x—l)2 +2c

y=1_ Sl e2e _ g1’
y+1

ydy  dx
(y.|.1)2 xlnx

(e) (xylnx)%}:(y+l)2 =

LHS can be integrated with substituting # =y + 1 or by partial fractions.
RHS can be integrated with substituting # =Inx.
1
In(y+1)+——=In(lnx)+c
(r+1) 41 =tn(ln)
=In(y+1)+yln(y+1)+1= (y+1)(ln(lnx)+c)

dy 1427 ydy dx

4

dv  ysin’x  1+2)* sin’x

LHS can be integrated with a substitution # =1+2y*,and RHS a standard
cosecant’x integral.

Ilyjyzzj. d)zc :%1n(1+2y2)=—cotx+c:>ln(1+2y2)=—4cotx+4c
+2y Sin- X

2 _ _—4cotx+4c 2 _ _ —4cotx _dc 2_e4c —4cotx 1_ —4cotx 1
=1+2y =e =2y =e e -1=y _76 -—=Ce -—

2 2
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(2) (1+tan y)%

=x’+1=(1+tany)dy = (x2 +1)
LHS is a direct trigonometric integral and RHS is a polynomial

y—ln|cosy|=%x3 +x+c

(h) ———— )y +1dy =re'dr
dt y\/y +1

LHS integral can be evaluated with the substitution « = y* +1, while RHS
with integration by parts

J'ny2 +1dy:jte’dt:>%(y2 +1)% =e' (1-1)+c

(y2 +1)3 =3¢ (1-1)+C
(i) ysecOdy =e”sin’0dé = ye™” dy =sin’fcos6dd

LHS integral can be evaluated with integration by parts while RHS with the
substitution # =sin@,

.3 . 3
—e‘y(y+1):sm3 9+c:e""(y+1):—sm 0
() d—y=ex(1+y2):> dy :e"dx:arctany:e"+c:>y:tan(ex+c)
dx 1+y’

3. (a) x dy=4ydx=> Y _4dy = In|y|=x" + ¢ and with initial condition
y

1n|3|=c:>1n|y|=x4 +ln3:>y=3e’“4

2
(b) & =xy = Y =xdx = In | y| = % + ¢, and with initial condition
y

x2

=1n|1|=0:>y:e7

2

1 oy o
(c) d—y—xy2 =02d—)2/=xdx2——=x—+c,and with initial condition
dx y y 2
1 1 1 X
——=—+c>c=-12-——=—-1y= >
2 2 y 2 2—x
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(d) d—y—y2=0:>d—32/=dx:>—l=x+c
dx y y

and with initial condition:

—1=2+c:>c=—3:>—l=x—3:>y=L
1 y 3—x
(e) d—y—ey=0:d—y:dx:—e_y=x+c,
dx e’

and with initial conditions:

—e! =O+c:>c=_—1:e'y =l—x:>—y=ln(1

—ex e
j:y=ln( j
1-ex

e e
2
dy -2 ) 2 y3 (x+ 1)
- = X+ = dy=(x+1)dx =>—= +c,
® o=y Sy (x+1) 3 5
and with initial conditions:
12 1y (x#1) 1

—=—tCcDCc=—— > ——= —§(x+1)2—l
3 2 6 3 Y73 2

2 6
d—{:i:—lzln|x+l|+c,
vy ox+1 y

and with initial conditions:

(g xdy-ydr=—dy=

1

1
—I—1n|1|+030——1:>y—T|x+1|
2

x+1)
2

3
(h) yzdy—xdx=dx—dy:>(y2+1)dy=(x+1)dx:>y?+y=( +c

?+3=—+c:c=?:>2y3+6y=3x2+6x+72

: dy ydy 1.5 1,
i —=Xx) +x= =xdx=—In(y +1)=—x"+c,
® ydx 4 Y +1 2 (y ) 2

with initial conditions:

%ln(l)=c:>c=0:ln(y2+l)=x2:>y2=ex2—1
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2
) %=)§‘:—;f/=>(l+ijdy=(x—l)dx3y+ln|y|:%—x+c’

2
1+1n|1|:2—2+c:c:1:y+ln|y|:%—x+l

(k) Separate variables and integrate:
1 1,2
dy . y2 - dy _ xdx
dx 1-x \/l—y2 \/l—x2

conditions, arcsin0=—+/1-0+c¢ = c=1=>arcsiny =1-+/1-x"

= arcsin y = —/1—x" + ¢, with initial

X

dy _ e'dx o e
1 —(1+e")=e""" = e’dy = =e¢’ =In(l+e" )+ ¢, with initial
o () = (1+¢7)
conditions,

e’ =1n(1+e1)+c:c:l—ln(1+e):ey =ln(1+e")+1—ln(1+e)

ot S L L)
)

1 x3
(m) (y+1)dy=(x2y—y)dx:>[l+;de:(x2 —l)dx:y+ln|y|:?—x+c,

3
1+1n|1| =9-3+c=>c=-5 :>y+1n|y| =x?—x—5
(m)  Rearrange and separate variables

-sinydy dx  e'dx
Cos y l+e™ 1+e°

(14e™)sinydy=—cosydx =

:>J-—sinydy =J- e'dx

— = In|cos y|=In(]4+¢*)+c
cosy I+e

With initial conditions, In

cos%‘=1n(1+e°)+c:>1n1:1n2+c:c=—ln2

Thus,
In|cos y|=In(] +¢*)—1n2
=ln(1+ey ):cosy
2
1+e*
= 2
(1+e")
= y =arccos
2
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(0)

(p)

()

(r)

x%—y=2x2y

= xdy = (2x2 +1)ydx

:>d—y=(2x+ljdx
y X

= In|y|=x" +In|x|+¢

Infl] =1* +Inl|+¢

=>c=-1

= In|y|=x" +In|x|-1

x+njod-1 _ | x*-1

:>|y|:e xle

xydx+e_)€2 (y2 —1)dy=0

= xe" dx =(l—y)dy
Y

2

X 2
:%+c:ln|y|—y?
0
€ se=hnf|-=
2 2
=c=-1

2

2
:%—1=ln|y|—y7

= 2Iny|- ) =e" -2

Rewrite in terms of dy and dx: xcosxdx = (2y +e” ) dy

Variables are already separated. LHS can be integrated by parts.

Ixcosxdx=j(2y+e”’)dy:>y2 +%e3y =Ccosx+xsinx+c

=3y’ +e” =3(cosx+xsinx)+C

With initial conditions: 0+ e’ =3(cos0+0)+C =C =-2

Therefore, the solution is: 3> + e =3(cosx + xsinx)—2

Separate variables and integrate

jdy = j(ex - 2x)dx = y=¢" —x" +c¢, and with initial conditions:

3=¢"-0+c=>c=2=y=e¢"—x"+2
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4. (a) 2x%=x+y:2xdy=(x+y)dx

This is a homogeneous DE.
We use the substitution y = vx = dy = vdx + xdv,and then separate variables:
2xdy = (x+y)dx
= 2x(vdx +xdv) = (x + vx)dx
= (xv—x)dx =-2x’dv
dx 2dv
->—=—
x 1-v
= 1n|x| = —2ln|1—v|+c
1

= 1n|x| =In

= 1n|x| =Y
[y —x
:>1n|x| =ln|x—y|2 +c
x=yf =C(x-y)
(b)  This is also Homogeneous. We use the same substitution as before.
(x+y)dy=(x—y)dx
= (x+vx)(vdx + xdv) = (x —vx)dx
=X (1+v)dv =(x—vx—vx—xv2)dx =x(1—2v—v2)dx
dc  (1+v)dv

=—= 5
x 1-2v—v

ln‘x—y‘z +c

:>|x|=e =ef

= In|x|+c¢ =—lln‘1—2v—v2‘
2

Substitute the value of v back and the result can be simplified to:

‘yz +2xy— x2‘ =C (remember that Inx* =21Inx)
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(c) (x2 —yz)%:xy:(xz—yz)dy=xydx;y=vx:>dy=vdx+xdv
(x2 —v’x? )(vdx +xdv) = xvxdx

= (x3 vy’ )dv =vx*dx

:(%—l)dv=%
Vo x

= Infa] = ~In| +¢

Y

2
= 1n|x| =—x—2—ln
X

2y
) 2 »

2,7 2y
+tc>y=e =Ce

+c

X
2y2

In|y|=-

Y

(d) xdy—(2xe_x +y)dx =0= x(vdx +xdv) —(er'v +vx)dx =0

x (vdx + xdv) —(er_v + vx)dx =0= x’dv=2xe""dx

2 y
=edv=—dx=>e" =2ln|x|+c
X

With y(1)=0 e% =2In|x|+1

(e) (xsecz+y)dx=xdy:>(xsecv+vx)dx=x(vdx+xdv)
X

= xsecvdx = x’dv

dx
= — =cosvdv
X

= 1n|x| = sin(z)+c
X

(LO)=c=0=>x= esm(%)
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® (x2 +y2)dx = (xy—xz)dy = (x2 +v2x2)dx = (x2v—x2)(vdx+xdv)

:>x2(1+v)dx=x3(v—1)dv:>%=(l—i)dv
X v+1

R

:ln|x|+c=1—2ln
x

X

This can be simplified to different forms which also partly depends where we
place the constant term, c. Possible forms for the answer:

(x+y)2

_2 ' exer
= or (x+y) =cxe

X

In

(@ ;de=(x+\/5)dy3vxdx=(x+x\/;)(vdx+xdv)

vxdx = (x+xx/;)(vdx+xdv) — —xv/vdx = 2 (1+\/;)dv

:_ﬁz(‘,—%+l)dvz>—1n|x|+c:—2\/g+ln :>2\/£=1n|y|—c
X Y Yy Yy
dT dT

:>4x=y(ln|y|—c)2
5. (@ E=m(T—21):>m=mdt:1n|T—21|=mt+c

Y
X

=|r-21=e""

With 7 in a Kettle is at least room temperature, 7 —212> 0, and thus,
[T-21=T-21=e""=T=e"e +21=Ce" +21

(b) () T=Ce"+21=T(0)=99=99=C+21=C =78

T(15)=69=69=78"" +21=m =%ln%
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6. (a) The growth of the tiger population can be modelled by

d = kp( —Lj, 25 < p <200, where ¢ is the number of years.
dr 200

This logistic DE can be solved using the model given in the text.

(review pages 848—850)

_ 200
P e
200 200
Since p(0)=25,then 25= =>1+b=82b=T=>p=—"——
p( ) 1+be™ P 1+7e™

We also know that p(2)=39, then

39 = LO_M = 7e =4.12821 = ¢ =0.589744
1+7¢e
In0.589744 200
:>k:_—~0.2640:>p=1+7ew
200

(b) p(d) = T ez ~ 69.69 ~ 70 tigers

5
In| =
~0.26401 _ l — ¢ 7

200 026401
c 100=———F7=1+7e7 7" =2>¢ = = ~ 7.37 years
(©) 1 4 7026401 7 —0.2640 Y
e 2100
7. (a)  This situation corresponds to =0, P(0)= ==70
1+29

(b) Carrying capacity, as clear from the model is 2100, thus,

I

In (j

1050=—219 L 1i00e0 com et = L o N2y g vears
1+29¢" 29 075

(¢)  The logistic model is of the form P(r)= lb#"" and thus, £ =0.75, and the
+be

logistic DE corresponding to this is of the form

dl:ky(l—lj:d—})= 0.75P(1—i)
dr L) dt 2100
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8. (a) This is a typical growth model
dpP dp

—=kP = —=kdt
dr P

=>InP=kt+c
:>P=ekt+c =ecekt
P(0) =500 =e° = P =500e"

P(2) =2000 = 500e*

:>k:1n—4:1112
2

= P =500e"
P(12)=500e"*""* =20 48 000
(b)  This is the time it takes the bacteria to become 1000.

1000 = 500e™* => ¢ =1 hour.
9. A logistic model for population growth as described in the text is of the form

dpP LP
& rP(L-P).P(0) =P, = P(1)= 0
dt r ( ) () 03 (t) P()+(L_R))e—kf

We will use the numbers in 1000 of people.
Thus, considering the year 2000 as 7 = 0,
P(0)=20,P(10)=50.870, and P(15) =78.680.
(a) With the given initial conditions, we can find all parameters in the model
20L
PO=553 (L-20)c™
20L
20+(L—-20)e™
10k _ 20L-1017.4
50.87(L-20)
20L
20+(L —20)e'15"
15k 20L-1573.6
78.68(L—20)
Use a GDC/Software: k= 0.1 and L = 500.37

10007.4
(t) = 011
20+480.37¢

P(10) =

=50.870 = 20L =50.870(20+(L—-20)e ")

P(15) = =78.680 = 20L =78.680(20+(L—20)e™")
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Alternatively, we can use the original Logistic model P = 7
+be

500.37
1+24.02¢7"

— and using

the initial conditions find the parameters, L, b, and k: P =

(b) 500370. This is a result found in (a).

Alternatively:

lim (1) = lim 10007.4 - 10007.4 _ 500.37
1 i>=20+480.37¢ 20

or limP = limﬂ =500.37

1> > 1+ 24.02¢7""
10007.4
P( ) = 3
20+480.37¢
10.  This is a basic growth model
dpP dp

— =kP=>-—=kdt = P =Ce"
dr P

(c) ~227.871.e., 227 870 inhabitants.

Since at = 0, there were 10, then P =Ce"” =10=Ce’ = C=10= P(r) =10e"

Doubling time is 3 hours, thus 20 =10e™ = k = lnT2 ~0.231

After 24 hours, the population of bacteria will be

P(24) =10e*** ~2560 (answers may differ according to the accuracy used.
11.  Again, a basic growth model

P =Ce" =2000e"

With doubling time of 4 hours

4000 =2000e* = k = thz

_ 4In500
In2

)
1000000 =2000¢* */ = ¢ ~ 35.86 hours
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12.

13.

Let P(t) = be the logistic model, where L, b, and r are to be determined.

1+ be™

Now from the initial conditions
t:O:SOO:L:L=500(1+b)
1+b

L :>8—5(1+b)

=5:800=—— S

1+be™" 1+ be™"
1=10:1000=— = 0=5(1—+_[f0)
1+be™ 1+be™"

The last 2 equations make a system with 2 variables.

We either use software/GDC at this point and find b and r, or we do some more
simplification.

. e sr Sb-=3 .
In the second equation, we can solve for e”": e = Tt then noticing that

e = (=)’ we substitute the value found into the third equation and simplify:

7b*> =2b—9 =0 = b ~1.2857 with back substitution we find L =1142.85~1143 and
1142.85

~ 0.2197 leadi to th del for thi lation: P(t)=
r eading us to the model for this population: P(¢) 13108570029

Therefore, 2020 represents P(15) ~1091.

(Answers will differ according to approximations made in intermediate steps).

(a) This is a variables separable DE
Note that we replaced the arbitrary constants for convenience.

(b)  Use your GDC/software to produce graphs for some values of the parameters
included.

Here is a sample:

A

L
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(c) On your graphs change the parameter values as requested.
Here is a summary of observations:
i.  equilibrium is lower and is approached more rapidly
ii.  equilibrium is higher

iii. equilibrium stays the same but is approached more rapidly

14. (a)  Newton’s law of cooling: (:1—]; =—k(T-S5)

This is a variables separable DE as we have seen.

dr dr
—=k(T-S)=>——=—kdi=>In|T =8| =—kt +
dr ( ) T-S§ 78l ‘

=S|T-Sl=e""“=>T-S=4e™"
Applying initial conditions
T=S+(T,-8)e™ =-12+33¢""

12
11'1(33)
(b)  —12+33¢"" :0:>t:—5z6.7 hours.

Exercise 20.2

1. The decay model described can be written as
do do R . : - .
Al -rQ = E =—-rdt => Q= Ae", where Q is the quantity remaining and r is the

rate of decay.
With initial conditions, we have 4 = 10, thus Q =10e™"
Now, if 1620 the half-life, then

3 1n2 ln2’

5=10e7"" = = Q=10e 12
1620

In2

After 25 years: Q = 10e_@X25 ~ 9.89 grams.
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2. (a) This is Newton’s law.
dr dr
—=—1(T-20)>——=—rdt > In|T-20|=-rt+
" (T -20) 0" n|7—20|=-rt+c
=T7-20=A4e™"

With initial condition that 7= 70 when the tea is poured
70-20=Ae’ = A=50=T =50e" +20, and with 7= 50 at r = 10, we have

L)
0

T'=20+50e '3

R ]
()  21=20+50e 0" ¢ 10" = L 10In 50

=t= ~ 76.6 minutes
50 In5-1In3

3. Since we have the deceleration in m s, we change the speed in m s™".
y, = 120 kmh ' = 2201000 53 35 g
3600
dv

o =102 dv=-10dr = v =—10r+c

With initial conditions, v =-10¢+33.33

Let s be distance travelled:

% =v=—10f+33.33 = (1) ==5¢> +33.33 +¢, but s(0)=0

s(t) = =51 +33.33¢

The car comes to a stop when v = 0, thus, 0=-10r+33.33 = ¢ =3.33 min
Therefore, the distance travelled will be

$(3.33)=-5(3.33)* +33.33(3.33) ~55.56 m

4. %=—20:>dv:—20dt:>v:—20t+c

At time ¢ = 0, the velocity was vy = c¢=v, =>v=-20t+v,

Let the distance travelled be s, then

% =v=-20f+v, = s(t) =—10£" +v,t +c, but s(0) = 0

s(t)=—108" + vt
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After time ¢, the car comes to a stop. At this time, we have
0 =-20¢, +v,, and the distance travelled is 75 m
s(t,)=—10] +v,t, =75
Substitute v, = 20¢, into the distance equation
—102 +202 =75 =1, =15
Therefore, after applying brakes for V7.5 minutes the car’s speed is zero.
v, =201, = 204/7.5 ms™. This can be changed into km/h

W ~197.18 km/h
5. (a) The increase in population per year is W =0.082125 billion
persons.
Thus, the annual growth rate is
&)
9P kP = whenr=0,k =~ 008218 51081

dr P
(b)  P(t)=Pe" =7.6e"""" =7.6e""%'®Y =18.64 billion.

(c) Assuming the same growth rate and some estimated resources as in 2017

60=7.6e"""" == In7.895 191 years. That is in the year 2208.
0.01081
6. This is a case of exponential decay
% =—kN=N=N,e " =N, e """ years
If we start with 1 g of the material, 0.65 g will remain
0.65 =100 — - _—I0005 55,
0.0001216
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7. The basic Kirchhoff’s law for the charge is given as

do 1 do 1 do
R—+—-0=E(t)=>5—+—0=12=—+40=12
dr CQ *) dr O.OSQ dr o

Using the given hint in integration:

et ‘L—? +4¢"0=12¢" = d(e"Q) =12¢"dr = "0 =3¢" +¢

With 0(0)=0, 0=3+c=c=-3=0=3-3¢"

I= 90 _ 12¢7*
dr
8. (a) A basic exponential growth model and using the fact that the number
increased from 20000 to 100000 in 10 minutes:
N (f)=N,e" =100000 =20000e"" = r = 1;1_05

Therefore, the general model starting at the beginning of the experiment is

In5

N (1) =10000¢ '

In5

(b)  After 20 minutes, there were N (20)=10000e " =250000

(c) after ¢, there were 2000, which can be modelled by

In5
20000=10000e " = In2 = In3 == 1012 ~ 4.3 minutes.
1 In5
9. This is Newton’s law again. Gaining rather than losing heat.

%:k(200—T):>T=200—Ce"“

Initial conditions:
t=0:10=200-Ce’ = C =190

1=75:52=200-190e"* = 7 = % = k=0.00333

Therefore, T =200—190¢ "%
Using this model, we can estimate the time for the roast to reach 70°.

70 =200—190e ™" = 190e™9% =130 = ¢ ~ 1 14 minutes
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10.  Assuming 1990 to be year zero. The population growth model is (in 1000s)
P(r)=25¢". Using the data from 2000, we have

30=25¢"" = r=0.01823= P(¢)=25¢"""""", and for the year 2030

P(40) =25¢"""""% ~ 51.840 . about 52000 people.

11.  Let A be the amount per kg.

d =—kA= At) = Aoe'k’ , if half-life is 5 hours, then,

dr
%:Aoe'”‘ = k=0.13863

A 50-kg dog will need at least A(1) = 50(45)=2250 mg in its blood for an hour.
A(1) =2250 = A4,e”""* = 4, = 2585 mg to anesthetise the dog properly.

12.  Numbers are in 1000s. The rate of increase of the number who have heard the rumour
is proportional to the number who have not yet heard it can be modelled by
g:k(IOO—N), N0)=0

dr
The solution of this DE, will give us the number of people who have heard the rumor
at time t.
g:k(IOO—N):> dv =kdr=In(100-N)=—kt +c

dr 100- N

=100-N=e"*= N=100—e"*“ =100— Ae™"
With initial conditions

t=0:0=100—A4e" = 4 =100

In0.9

t=7:10=100-100e 7" = k =— =0.01505

Thus, N(t) = 100(1 —6_0‘01505’)

Half of the city is 50000, thus, 50 =100(1-¢™""*"") = ~ 46.05
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13. (a) The model we use for light intensity as described is % = —kl, which must be

familiar by now :

%:—k[:ln|]|=—kx+c:>[=Ae_’“

where x is the depth below the surface of water. With initial conditions:

x=0:108= Ae’ = A=108

x=25:10.8=108¢"" = k=— 1n2(;.1 =0.0921= I(x) =108¢™"**"
In 8.1
(b)  8.1=108""" = y=——108 58 175m
0.0921
14. (a) The net force on a large falling object is the difference between its weight, i.e.,

due to gravity, mg and drag force, which, as described is proportional to the

square of its velocity. This is summarised in the following equation:
dv )

m—=mg —kv-.
a

(b)  The limiting velocity will be stable: not increasing nor decreasing:

ﬂ=0:>m@=mg—kv2=03\;=%
dr dr Vi
© v= P8 oggo MO8 TOOS_ 2 40408
k k 49° 49

15. (a) We make use of the basic model suggested in the problem and replace 7 with

o
dr
R[+Q:Vand]=d—Q:>Rd—Q+g=V
C dr dr
_d 9o 7
dd RC R

1

Next, multiply with e*C as the hint suggests

w(d0 0 Vj (r ) V e e V
|22, =2 7 |4 - =_eRdf =>eRCO = | —eRCdt
) (dt+RC R 0= R" *0=]pe

Vv L | - - L t
_"EeRCdt:RCEeRC =CVeR = e Q=CVek + 4

i
= Q0=CV+ Ae*¢

Where 4 is an arbitrary integration constant.
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With initial conditions
-t -t
0=CV+4e"=>A=-CV =0=CV-CVek = CV(I—eRC]

i1

Qit) = CV(1 — e~¥FE)

- ¥

b)) 0, :limCV(l—ef;é]:CV(l—O)=CV

1—00

do 0

(c) When the battery is removed, R & + n =0 which can be solved to

give Q(t) = Ke®¢, and initial conditions yield K = CVe®¢
=(-1)
Substitute this into the result and we have Q(t) =CVe *¢

Otk

Q) = CV{1 — ¢~ ¥¥C)
Q(ﬂ = CVe—lr—n¥RC

't

When there is no battery, the capacity will go down till it is completely
exhausted.

16. (a) The rate of change of salt in the tank can be represented by i—‘f

Every minute, s litres of mixture flows in, each containing 0.25 kg of salt,
thus we are adding 0.25s litres of salt per minute. Now, each minute, we are

draining s litres of new mixture out, containing ¢ litres of salt each, and hence
the rate of salt out is —L . Remember that the amount of mixture is fixed at

300 litres since the rate in and out are the same.

99 _ 05559
dr 300
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st
(b)  Rearrange terms and multiply both sides with e3% as hinted

S i
e300 (d—q+ﬂ = 0.25s) o0 99, G 59 _ g g5y
dr 300 d 300

st st
= d( 3 ) =e™0.255df = qe3°° =| €00 25 sdlf = 0.255 %200 70 4
S

st st st

= qeﬁ =75¢30 +C = q= 75+ ce3®
With initial conditions
st
gy =75+Ce’ = C=q,-75= q(1)=75+(q,—75) e
(c) In the long run, the amount of salt in the tank will be g, :

g, =limg(1) = }i_{g(75+(qo ~75)e" ) =75+0=75

Exercise 20.3

Note: All direction (slope) fields have been produced by a software program. Your GDC may
have this ability, or you may use available software for such tasks.

1. (a) A direction field with a few curves are shown in diagram
¥

=Y

=t
]

) 3
Solutions tend to 5 asx — oo

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

(b)

(c)

(d)

A direction field with a few curves are shown in diagram

b

) 1
Solutions tend to —5 asx — oo

A direction field with a few curves are shown in diagram

=Y

i

: 5 .
Solutions tend to approach 3 when x — —oo and diverge to 00 as x — 0o

A direction field with a few curves are shown in diagram

Solutions tend to 3 if initial y-values are positive and diverge to —oo if initial

y-values are negative. When x — —oo all solutions approach 0.
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2. Y=y+u.p(0)=1=F(xy)=y+xp.x,=0.y,=12=0.1
Thus the recursive formula for y, is

Vou =Vu+hF(x,,9,)=y,+(0.1)(y, +x,,)

Arranging the process in a table is an efficient organisation of the work involved

no|x, Y Vsl
0|0 1 1+0.1x1=1.1
1 101 |11 1.1+0.l(1.1+0.1><1.1)=1.221
2 102 | 1.221 1.36752
3 10.3 | 1.36752 | 1.5453
4 104 |1.5453 1.7616
3 (a) %:6x2—3x2y, y(O):3:>F(x,y)=6x2—3x2y,x0=O,y0:3

Thus, the recursive formula for y, is
Yo =Y, +hF(x,.3,) =y, +h(6x) -3x)y,)

Since there is a large number of iterations required given the small sizes of the
steps, it is best if we set up a spreadsheet to do the calculations.

h— 0.1 0.01 0.001
n x(n) y(n) x(n) y(n) x(n) y(n)
0 0 3 0 3 0 3
1 0.1 3 0.01 3 o001 3
! ! ! 1 1 1 1
10 1 01 2999145 001 2999999
1 011 2998846 0011  2.999999
l ! ! ! !
100 1 01  2.999015
101 0101  2.998985
l ! !
1000 1 [23681

(b) We substitute the suggested solution into the DE

y=e* +2:>%=—3x2e"‘3 =-3x*(y-2)=6x"-3x"y
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()  Exactvalue: y=e ™ +2=¢"' +2~2.367879
Error when 2 =0.1: 2.367879—-2.392794 = —0.024915
Error when 2= 0.01: 2.367879-2.370111=-0.002232
Error when 2= 0.001: 2.367879—-2.3681=-0.000221
It appears as if the error is divided by 10 (approximately).

4. %ZBx—zyH, y(1)=2=F(x.y)=3x-2y+Lx, =1Ly, =2

Thus, the recursive formula for y, is

Vi =V, +hF(xn,yn) =y, +(0.5)(3xn -2y, +1)

Voo =V, +(0.5)(3x, =2y, +1)

You = Yo +(0.5)(3x, =2y, +1) =2+0.5(3-2x2+1) =2

Vi =0 +(0.5)(3x, =2y, +1) =2+0.5(3x1.5-2x2+1) = 2.75

Vo =¥, +(0.5)(3x, =2y, +1) =2.75+0.5(3x2-2x2.75+1) =3.5
Vin =23 +(0.5)(3x; =2y, +1) =3.5+0.5(3x2.5-2x3.5+1) =4.25
5, W

&t (0202 F(52)=x 435, =03, =0

Thus, the recursive formula for y, is
Vi =V, +hF(xn,yn) =y, +(O.2)(xn +y5)

We will use a spreadsheet for the iterations.

x(n) y(n) |

n
0 0 0
1 0.2 0
2 0.4 0.04
3 0.6 0.12032
4 0.8 0.243215
5 1 0.415046
6 d_y 22 _ 22 _
. il +)°, y(0)=1=F(x.y)=x"+y".x,=0,y, =1

Thus, the recursive formula for y, is

Yo =¥, +hF(x,.3,) =3, +(0.1)(x] +7)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

Spreadsheet output for Q6 is given below

| n x(n)____yin) |
0 0 1
1 0.1 1.1
2 0.2 1.222
3 0.3 1.375328
4 0.4 1.573481
5 0.5 1.837066

d
7. (a) d—);zy(3—ty), ¥(0)=0.5= F(t.y)=y(3-19).t, = 0.y, = 0.5

Thus, the recursive formula for y, is
yn+1 :yn +hF('xn’yn) :yn +(h)yn (3_tnyn)

Spreadsheet output below:

h— 0.1 0.05 0.01
n x(n) y(n) x(n) y(n) x(n) y(n)
0 0 0.5 0 0.5 0 0.5
1 0.1 0.65 005 0575 001 0515
! ! ! ! ! ! !
5 | o5 |1703081] 025 0980081 005 = 0.57933
6 0.6 206898 03 1125214 0.06  0.596542
! ! ! ! ! ! !
10 1 3.06605 | 05 [1.795475] 01  0.670188
! ! ! ! ! ! !
15 | 15 [24402097| 075 2686308 015  0.773706
! ! ! ! ! ! !
30 | 3 [1119248] 15 |2432919] 03 1168512
! ! ! ! ! ! !
50 25 1377951 o5 [1.877339]
! ! ! ! ! ! !
60 [ 3 [1121911] 06 2261424
! ! ! ! ! ! !
150 [ 15 [2426722]
! ! ! ! ! ! !
300 [ 3 J1124112]
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(b) y’=5—3\/_, y(0)=2:>F(x,y)=5—3 V,x,=0,y,=2

Thus, the recursive formula for y, is
Voa =¥, ARF(x,.3,) =, +()(5-3{,)

Spreadsheet output below:

h— 0.1 0.05 0.01

n x(n) y(n) x(n) y(n) x(n) y(n)

0 0 2 0 2 0 2

1 0.1 2075736 005 2037868 001  2.007574
! ! ! ! | ! !

5 | o5 |2307998] 025 2170531 005 2037075
! ! ! ! | ! !

10 1 2490062 05 [2301666] 01 2072241
! ! ! ! | ! !

15 | 15 |2600226] 075 2403337 015  2.105611
! ! ! ! | ! !

30 [ 3 [273521] 15 |2593517] 03 2195958
! ! ! ! | ! !

50 25 2705188 05  2.296863|
! ! ! ! | ! !

60 [ 3 [273200] o6 2340239
! ! ! ! | ! !

150 [ 15  2588297]
! ! ! ! | ! !

300 [ 3 2.729585]
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dy 4- 4-
© L2 p0)=2 F(hy) =2 g =0y, =2

dt:1+y2’ 1+y*°
Thus, the recursive formula for y, is
Yot =V +hF('xn’yn) =V +(h)(41:_—t;’/?lj
Spreadsheet output below:
h— 0.1 0.05 0.01
n t(n) y(n) t(n) y(n) t(n) y(n)
0 0 -2 0 -2 0 -2
1 0.1 192 005  -196 001 = -1.992
! ! ! ! ! ! !
5 | o5 -148849| 025  -1775 005  -1.95907
! ! ! ! | ! !
10 1 -041234| 05 -146909] 01  -1.91572
! ! ! ! ! ! !
15 | 15 1046866] 075 -1.02416 015  -1.86977
! ! ! ! | ! !
30 | 3 151971 15  10s3s515] 03  -1.71402
! ! ! ! | ! !
50 25 1530002 05  -1.45212]
! ! ! ! ! ! !
60 E 150549 | 0.6  -1.28842
! ! ! ! | ! !
150 [ 15  1059414]
! ! ! ! ! ! !
300 | 3 1.494808]
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8. To find the exact value of the solution to the DE b_ y =cosx we need to multiply

with e™*. Now, multiply and simplify:

-X dy =X aTX -X o ax X, _ -X
e a—e y=e cosxzd(e y)—e cosxdx=e y—J‘e cosxdx

RHS can be evaluated using integration by parts:

=X
—X

e_e
Y75

(sinx —cosx)+c¢, and with initial conditions 0= %(0 ~)+c=>c =%

The exact particular solution is

—X

e y=e—(sinx—cosx)+13y=l(sinx—cosx+e")
> 2 2

Finding the exact values is simple substitution of the given numbers into the solution
formula found earlier.

For example, y(0) = %(sin 0—cos0+ eo) = 0. The rest of the row is similarly done.

Using 2= 0.1 or 0.2 to approximate the solution using Euler’s method:

We first rewrite the equation if the form )’ = F(x.y)

b_ y=cosx = % = y+cos x, and then do the iterations using

dx

Vo =V, +hF(x,.v,)=y,+h(y,+cosx,). 15 iterations are needed, and thus, it is

more efficient to use a spreadsheet for the calculations

| Exact | 0.2 | 0.1 |
x(n) y(n) x(n) y(n) x(n) y(n)
0 0 0 0 0 0
02 0220003 0.2 0.2 0.1 0.1

04 0480091 04 0436013 02 02095 |

0.6 0780713 0.6 0707428 0.3  0.328457

0.8 1123095 0.8 1.013981| 04  0.456836|
1 1509725 1 1356118 0.5  0.594626

[ 06 0.741847]
0.7  0.898565

[ 08  1.064906]
0.9 1241067

[ 1 1427335
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9. (a) Answers may differ in this question as the diagram is too small as given.

“}‘_ﬂ.,r_f_“._,_.__.- ——— e T R R NN W YA

;;;;;;;; e T CHL T W T . VL W

;;;;;;;;;;;;;;;;;;; b e T T T T T R

___________________ o T T T T R T T T . 1

lr'" A e i B e e T T . T T W W )

B e T T, T T T T T T T

NN

b T T T

o, T

RN

LR WL

NN NN

T T

b T . Y

b 8

B T o T T T T T T VEL S ML S L

B R A O T W T A LY
___________________ R T .

—————————————————————— LR T T T T

0 T | T T T i

(b)  ¥(3) is somewhere between 0 and 0.5.
10. (a) Slope field is shown in diagram

SRR N N LI e R A g g e
N B - T
2&\\\————//////;/
Lo NNN—mmms s f
A N S S, S
1_5‘,\\\\\————///;/////
NNN————/ s F IS
m_@x\————;;//////
S M et P P 2 PP P
M;\?kr——ﬂ////////
X, K O Sems s 0 g R R  o A

1 2 3 4

(b) y4)=2.5

11. (a) We need to look at a few points such as (1, 1) where )’ =xy = )" =1, which
may indicate I, or III. However, looking at (2, 1) where y'=xy = )" =2 we
can eliminate I since the gradient is negative. III is correct as you notice the
tangent is steep enough to justify a gradient of 2.

(b) A similar approach to (a). )’ =x”+)’:(0.5.1)=)'=125or (2.1)= )’ =5

indicates that IV is the only viable choice. I and II are not appropriate since the
gradient can also be negative which cannot be the case here.

(¢)  Choosing (1.5, 1.5), ' =1.5* =1.5 = 0 can only be satisfied by II.

(d)  Even though this is the only choice left but testing a few points can confirm
the choice.

Take the point (2, 2) for example, y' =2—2% =-2 which is clearly satisfied
only by L.
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12.  An approach similar to question 12 will give us the following:
(@ i (b) v (c) i (d) i
13. (a) The rate of increase of pollutant per hour is 300x0.01. Draining 300 litres out

with pollutant concentration of 9 will give us the following model:
1000000
99 _ 300%0.01-300x—L_ = 300(0.01-10"g):
dr 1000000

¢ in grams and ¢ in hours, ¢(0) =0

(b)  Using a direction field may help answer this question.

12000 tv

10000

8000

8000

4000

2000

IS ‘ 7 .
&

5000 10000 15000 20000

Apparently, the long term trend stabilises at 10000.

Since all solutions converge to that value, this limiting amount does not
depend on the initial amounts.

©  2_300(0.01-10) =10°—2 _300d = 10— ~34s
dr 10" —¢q 10" —¢q

= -10*In10* - g| =3r+C

With initial conditions

~10*In[10* = 0| =0+ C = € =-10" In10* = -10" In[10* —¢| =3¢ =10" In 10
= In[10* —g|=In10" =3x10™1 = g —10" = —e""" """
—¢=10"-10*¢>"" =10* (1 —e-3*1°"’)

(i) After one year the amount of pollutant will be approximately

104 (1 _ e—3x10_4><365x24) ~ 9278 g

(ii) }iqu(lo“ (1_6—0,00031)) -10* g
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(d) Since no pollutant is added then, we are only reducing the pollutant
—2=300(-10"¢): ¢(0)=9278

(e) With separation of variables, the solution with initial conditions will be

q()=9278(e ™).
After one year, we will have ¢(365x24)= 9278(e‘°'°°°3X365X24) ~670¢g

® We need to solve the equation

10 j
ul
10=9278(c "™ ) = 1 =232 £ 23776 hours ~ 2.6 years

—-0.0003

14. (a) a = —kA per description. However, the surface area and volume of a sphere

dr
are not independent of each other. We will express the area, 4, in terms the
volume V.

A=4nr*V =§n’r3 = A=3B6xV"

2
Hence, (L—It/ =—kA =—kV'3, where k = c3/36x and c is a constant of

proportionality that depends on several factors like temperature and friction.

(b)  Here is a direction field
Y

0.4+

0.34 - -

024 -~~~

0.1} =~

Tx

A solution corresponding to a volume of 0.034 is sketched and the #-intercept
(x-intercept on this graph) is noted as approximately 2.8 minutes.
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15. (a) The amount of drug entering the body every hour is 5x100mg and leaves at a
rate of 0.4 where ¢ is the amount of drug present in the blood stream. This

situation can be modelled by

‘:1_3 —500—0.4¢: ¢ in mg, 7 in h.

(b) We use a slope field for this

The amount will stabilise at 1250 mg.

Exercise 20.4

As suggested in the book, this section’s exercises are best done with a CAS or a GDC with
special programs for phase portraits. We will demonstrate finding eigenvalues and
eigenvectors in a few cases, but the rest is left for you since it is repetitive. Also refer to this
chapter or to chapter 7 for more examples. Phase portraits were produced using open source
software found around the internet.

1. (a) The first step is to find the eigenvalues.

23 1 0 2-14 3
(2 J (0 J (2 1—1}

In particular we need to determine where the value(s) of A for which the determinant
of this matrix is zero.

det(A—2A1)=(2-2)(1-2)=6=2>~31—4

Thus, the characteristic polynomial is A*—31—4

Now, finding the zeros of this polynomial will give us the eigenvalues
A’ =32-4=(A-4)(A+1)=0
=>4 =-14 =4

Each of these eigenvalues will generate an eigenvector.
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For 4 =-1:
I 3 3
(A—}J)v=0:>(2 jv=0,
- (a 3 3\(a 0 3a+3b=0
Let v= , = = =
b 2 2)\b 0 2a+2b=0

The last system can be easily reduced by subtraction {

- a 1
a+b=0:>b=—a3v=( Jza( j
—a -1

For 4, =4:
.o~ (=2 3). -
(A—i])v=03( Jv=0,
2 3
~ (a -2 3 \(a 0 —2a+3b=0
Let v= , = = =
b 2 =3)\b 0 2a-3b=0

The last system can be easily reduced by subtraction {

. a 1 3
2a+3b=0=>b=32a=v= =a| , =k
a 3 2

x=3Ce" +C,e”
y=2Ce" -C,e”

a+b=0

—2a+3b6=0

w o

Therefore, a general solution is {

Since eigenvalues are of opposite signs, Trajectories approach equilibrium and then
move away. Saddle point. Unstable.

Here is a sample phase portrait with a few trajectories
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1 2
(b) Eigenvalues: —4, —25, eigenvectors (J,( SJ

x=Ce™" +2C,e™

General solution: . 25
y = Cle_ ! —SCZG_ !

% A A
B ¢ 2 P e
S % I .
NN T X vy VY S
S ! NN N
L A A \\\\\
T A TN TN T
LI LT L A laN g In '8 &
A S L TS .
A1 %N\ 1T %1%

Since eigenvalues are both negative, we have a stable system. Trajectories move
towards the equilibrium point which is called stable node in this case.

5

1 3
(c) Eigenvalues: -2, 6, eigenvectors( J,( )

x=Ce™” +3C,e"

y=—Ce™ +5C,e”

General solution: {

Since eigenvalues are of opposite signs, Trajectories approach equilibrium and then
move away. Saddle point. Unstable.

1) (-1
(d) Eigenvalues: 5, —1, eigenvectors (2}(1 j
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, x=Ce"' -Ce™
General solution:
y=2Ce" +C,e”

— > 4 / 7 7
A = A ¥l Vi 7 Vi
J A} 1 7 7 7
J J J 7 Vs 7
o J / 7] i 1 il
J / e i) T
2 I A 4 I A
4 /L 7 s -~

Trajectories approach equilibrium and then move away.

Saddle point. Unstable.

2) (2
(e) Eigenvalues: -3, 1, eigenvectors (1 )’(SJ

x=2Ce™ +2C,¢
y=Ce™ +5C,e

General solution: {

= 7l A

 ~id L B 6

= = P =1

7 §Es 7 o s —

B e »// =1
52 v = P P e

= — /] e e = =

— — pd e P P P

Again, trajectories approach equilibrium and then move away.

Saddle point. Unstable.
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5)(1
) Eigenvalues: 8, —10, eigenvectors N

x=5Ce" +C,e™”

General solution: ¢ 10
y=2Ce" +4C,e™

oo o g o b o N W e
I e W s o N N e e
P A A - R T T
P A A ¢ I e
A S S o ow oM e e e e
PR AT A S #, B Mmoo w w w
& ¥ o w e e
& a W w = -
® ¥ ¥ & - # = R e
A S - -~ A S S B B
P - - A - o o o e
%rj - -— ”~ A S B T
- - Fr I S S R A
- L] P N S ST e i SR
— e e W W Y B ENE B S S S SR S S S
-— e s, K R R S ST SRR R AR
-— - om owm Wk 4t A B A SR SR e
b= T S T S P B S NP IR S
ww v W oW X 4 A P S R e
L, W B S FE I B S SR SR B e

Trajectories approach equilibrium and then move away.

Saddle point. Unstable.

1

1

(2) Eigenvalues: -2, 5, eigenvectors 51 2
3

x=Ce™ +Cye”
General solution:

y=3Ce™ +§C2e5’

Trajectories approach equilibrium and then move away.

Saddle point. Unstable.
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1) (-
(h)  Eigenvalues: -1, 4, eigenvectors[ J,( ﬁ)

V21

x=Ce ' =2C,e™

General solution:
{ y=2Ce" +Cye™

\ \ / 2 I O el O
N \ / & «r | oe—l |le—
= S \ J = [ 1| It
sl ST A TNN ] Tl [ [l
— ~— — — N L T= =~
= r N
=L = [T 7 ) A N
— IEINW. a T A N

With both eigenvalues negative, the curves move towards the equilibrium.
Stable system with the origin as a node.

-1} (-1
(i) Eigenvalues: —1, 2, eigenvectors ( i ),( 2)

x=-Ce"' -C,e”

General solution: ,
y=Ce ' +2C,e”

T NT TN T NN

A\ Rl 1L LR L LN
ST RN NN N T NN
\\\\'\'\'\‘\
NN \\‘\'\‘\
NN Rt N
NT Y N TN\ N
=== RN

Trajectories approach equilibrium and then move away.

Saddle point. Unstable.
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2. (a) The first step is to find the eigenvalues.

6 -1 1 0 6-14 -1
N P (e

In particular we need to determine where the value(s) of A for which the determinant
of this matrix is zero.

det(A—AI)=(6—1)(4—-2)+5=2>-104+29
Thus, the characteristic polynomial is A* —101+29. Now, finding the zeros of this
polynomial will give us the eigenvalues

A2 =101+29=0
=>4 =5-2i,4, =5+2i

iNAF RN
VARV A A

=l
=
=g /ﬁ\
P
v
/
Y

SENAELUE W LY L
IR RIAS VB YR S R E

Eigenvalues are complex and the real part is positive, the trajectories move away from
the origin in a spiral manner, the origin is an unstable focus, also known as a spiral
source.

(b)  Eigenvalues: + 2i.

S e =S - S e U S e . S
- B S e i T S— . — _— P T
== [ T o [ = T 5 =N =] 9 = ™
—_— /= —=> T T =l Ts TS TS TS TS T
/‘ == — = = = — s
TSNS =7 SN =
C—\)
s = \&& = A NS N
T Y S S S s | ST | &l ‘/
Tl S S S S S S s s e e— e
= sl s e =l s |l = € | e <
b 3 At e ~ ~— p -— -~ -— - - -
-~ ~ -— o == ~ -— -— ~— -— -— - -—

Eigenvalues are purely imaginary; the origin is a stable equilibrium point (but
not asymptotically stable). It is also called a centre.
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(c) Eigenvalues: —0.1 £+ i

AL //‘/e/@&\\\\
o Y | et e &< = s— [~ =] ™
7 AT AR )
oL s NN
J L ¥ /4 NN R
R A 1
DERETEY UV AN 2 7 1
VN NNS A J7I T
NN TSNS 17T
NN e s e A 1A 7
N s s — | A 72| A2
R B e S T e = T = B < e e

Eigenvalues are complex and the real part is negative, the trajectories
approach the origin in a spiral manner.The origin is an asymptotically stable
focus, also known as a spiral sink.

(d) Eigenvalues: —%ii

o L
N &~ -
&

NS« e v v v
N\ N[N« e & » v

AN

AN

N\ A

\

NN
AT R A

Eigenvalues are complex and the real part is negative, the trajectories
approach the origin in a spiral manner. The origin is an asymptotically stable
Sfocus, also known as a spiral sink.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



Mathematics WORKED SOLUTIONS

Applications and Interpretation HL

(e) Eigenvalues: 1 +1

P = = N 1§ AL 2
P = e L I
7 = ~— 1417

s P 2 MR A LA
P g || &~ Iy 71 A Z
P S R A AT 7
IR V& O AV Y L R
v L LY |7 2l 7 A || 2
AT VM N T T 7
A O T T | SR I
J [T UHN M~ =17 L7 2 7
ST VO === AT

Eigenvalues are complex and the real part is positive, the trajectories move
away from the origin in a spiral manner, the origin is an unstable focus, also
known as a spiral source.

) Eigenvalues: + i

L e e Ll e e |l el e | e el e

& | e |7 | e | T | e | e e

\

= 1| 7 L= _=|_ = L7

IR TR TR AR AN
MR RN
VUV VWY

VALY

—F = = | = = 3= ==

Eigenvalues are purely imaginary; the origin is a stable equilibrium point (but
not asymptotically stable). It is also called a centre.
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1) (1
3. (a) Eigenvalues: -3, 2, eigenvectors( 3),( j

x=Ce™ +Ce”

General solution: 3 5
y=-3Ce™ +2C,e”

. . 3=C, +C, C =1 x=e" +2e”
Particular solution: = =
1=-3C, +2C, 2

VvV VY N gt At
VoV oV Y N Z A 1T T
VbV VW) 2770 11
Vooloob b VY I |
VIR AR 7 1 f 1T [
VBRI IR IR 7 L
R AR SRR S \ | N Ll
bbb \ 1 o
2N AL AL O
VR A 4 NAVA S 8 1 8
VIR SV 4 NONI\E A (A R
A NN Y1 R

Trajectories approach equilibrium and then move away.

Saddle point. Unstable

{xnﬂ :xn +h(yn)
Euler:
yn+l :yn+h(6xn _yn)
{x0+1=x0+h(y0) {x1:3+0.1(1):3.1
=
Your = Yo +h(6x, - ¥,) ¥, =1+0.1(18-1)=2.7
X, =x+h(y) - X, =3.1+0.1(2.7) . x, =3.37
v, =y +h(6x,-y) |y, =27+0.1(6x3.1-2.7) [y, =429

Exact x=e 02 1 2e%% + 353 4.5% error
xact:
y= 370D 1 460D £ 432 0.7% error
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(b)  The first step is to find the eigenvalues.

0 -1 1 0 -4 -1
A—-Al = -1 =

10 -7 0 1 10 -7-4
In particular we need to determine where the value(s) of A for which the
determinant of this matrix is zero.
det(A—AI)=(-A)(-7-2)+10=2"+7A+10
Thus, the characteristic polynomial is A* +74+10. Now, finding the zeros of

this polynomial will give us the eigenvalues

A +72+410=(1+2)(2+5)=0

=>A4=-24=-5
Each of these eigenvalues will generate an eigenvector.
For 4, =-2:

(A=Al)v=0= > Mo,
10 -5

- (a 2 -1\(a 0 5a-b=0
Let v= , = = =
(bj (10 —Sj(bj (Oj {10a—2b =0

The last system can be easily reduced by subtraction {

- 1
Sa-b=0=b=5a=v= “ =q
Sa 5

For 4, =-5:

5a-b=0

(A—/u);:éz{s _1jv=0,
10 -2

-~ 1
Similar steps to earlier will yield v = (Sa j = a(sj
a

x=Ce™ +C,e™

Therefore, a general solution is: R S
y=2Ce" +5C,e™

C =£ nge—Zr_Ee—Sr
. . 2=C+C, "3 3 3
Particular solution: = =
-7=2C,+5C, c, =_E yzﬁe_%_ﬁe_ﬂ
3 3 3
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e e T e e A T e

e e e i T e W T W
o T e i S e
e T e T T e Wi W
e e T T T T T T
e e T T e T T e

=

With both eigenvalues negative, the curves move towards the equilibrium.
Stable system.

xn+1 :xn +h(_yn)
Euler:
Yy =V, +h(10x,=7y,)

X, =2+0.1(7)=27 x, =2.7+0.1(0.1)
-
¥ ==T+0.1(10x2=7x(=7))==0.1 |y, ==0.1+0.1(10x2.7 = 7x(~0.1))

x,=2.71
=
y, =2.67
e 1?762(0'2) I s02) 5 45

? 202 _ 55 502)

Note here that the estimate for y is off. This is due to the fact that the gradients of
trajectory functions are very large, and the functions are convex at this stage which
will cause this discrepancy (see diagram above). In such cases, Euler’s method will
not be a good estimate. There are other methods available but are not included in the
present syllabus.

y= ~0.85

-1\ (2
(¢c)  Eigenvalues: —1, 4, eigenvectors ( { ),(3)

x=-Ce" +2C,e"

General solution: \
y=Ce " +3C,e"

x= 8 e —§e4’
Particular solution: 5 5
_ 8. 12
Y=TEC TS
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Trajectories approach equilibrium and then move away. Saddle point. Unstable.

Euler: { "™ +hx,+23,) = {xz =1
yn+1=yn+h(3xn+2yn) Y, =—0

r= 302 —§e4(°‘2) ~ 2251

Exact:
y=—Se02 1202 ¢ 65
5 5

=z A Al A s 7
\ i d %A 177
v = AR
H - A AA 7
J T U1 AW A7
T ST aArEUNi
44 VAL A
VAN Ar / TIT [f 7
i i Y1t
A L e — AR
Ay /4 L\ e \
/ /N LN & e

1) (-1
(d) Eigenvalues: —1, —6, eigenvectors (4},(1 j

, x=Ce' =C,e™
General solution: ]
y=4Ce™" +C,e™

Particular solution:

With both eigenvalues negative, the curves move towards the equilibrium.
Stable system with the origin as a node.

X, =x,+h(-5x,+y, =0.55
Euler:{ e ( 4 ):{x2

yn+1=yn+h(4xn—2yn) v, =1.88
x=2e 02 4 202 L0 61
Exact: 5 >
y — 26—(0.2) _26—6(0.2) ~ ]..84
5 5
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N\ R A e
N NN Y (A =T =N~
NS NN TV T TN TS
NN O\ Nt Sl =l sl =
e -V =~ S = T
\\;\\\ D S S R T B e A
S PSaPSNSa PN, Il e AR IS RPN IS S
~N NN ~ NG Bl S B S
~ TS s TN L S
~N N~ s A RN NS e
~ TS == (/T N TN INNTS =

-1\ (1
(e)  Eigenvalues: -2, 6, eigenvectors ( { ),(1)

x=-Ce™ +C,e”

General solution: , ]
y=Ce™ +C,e”

. ) x =3¢ +2e%
Particular solution:
y==3e"" +2e"
X, =X, +h(2x, +4y, x, =64
Euler: : ( Y ) =77
yn+l = yn +h(4xn +2yn)

. | = 3e_2(0.2) + 266(0‘2) ~ 8.65
xact: y=-3e202 1 2¢0? ~ 4,63

~N —>

A=~ NN N NN

NONCN NS S e
A s oSN N N NN

Trajectories approach equilibrium and then move away.

Saddle point. Unstable.
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4., We will demonstrate details of the solution in two cases. The rest are similar and for
convenience, we leave details out.

(a) We use the substitution »' = y, which implies that " = y’, thus the original
differential equation becomes

V' +4y+3u=0,
and thus,
V' ==3u-4y

Now we have the system
U=y
V' ==3u-4y

Which can be written in matrix form as

— (U 0 1 \(u -
Y'= = =MY
y') =3 4Ny
- 1
To find the eigenvalues we need to set det(M — A1) =‘ s 4‘ =0
Thus, the eigenvalues are 4, =-1,1, =-3

The respective eigenvectors are

Lol

The general solution is then

r;)-ec ) )

With initial conditions

(1))l (3 mscm

Since we need y to solve the initial differential equation, then the first row of
the solution is the value we need

u=4e" —2e

Euler’s iterations: We will use a step of 0.1 for convenience as the exercise
does not specify the step size.

u,, =u,+h(u) {u1=2+0.1><2=2.2
Vs = Vo +h(3u,—4y,) ¥, =2+0.1(=3x2-4x2)=0.6
{u2 =u +h(u)=u+h(y)=22+0.1x0.6 =226
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(b)  We use the substitution )’ =u, which implies that y" =u', thus the original
differential equation becomes

u—-u-2y=0
and thus,
u'=2y+u

Now we have the system

V'=u
u'=2y+u

Which can be written in matrix form as
— ' 0 1
U' = y = y
u' 2 1 )\u
-k 1 ‘

To find the eigenvalues we need to set det(M —kl)= ‘ N

Il
S

Thus, the eigenvalues are &, =2,k, = -1

The respective eigenvectors are

w(a)e(l)

The general solution is then

=1+ - b ()

With initial conditions

3 1 -1
2P el s s o 2 e 222
u V' 8 2 1 3 3
Since we need y to solve the initial differential equation, then the first row of
the solution is the value we need
2,
3 3

Euler’s iterations: We will use a step of 0.1 for convenience as the exercise
does not specify the step size.

Vo = Vo +h(,) 3, =3+0.1x8=3.8
=
un+1:un+h(2yn+un) u1:8+0'1(2><3+8):9.4

{3 =y +h(¥) =y, +h(2y, +1,)=3.8+0.1(2x3.84+9.4)=5.5
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(c) We use the substitution y’ =u, which implies that y" =#’, thus the original
differential equation becomes

2u'=5u+2y=0

and thus,

u'=-— +§u
Ty

Now we have the system
y=u

u'=— +§u
4 2

Which can be written in matrix form as
) 0 1
u -1 —\u
2
. -k
To find the eigenvalues we need to set det (M —kl ) =‘ 5 1

Thus, the eigenvalues are &, = %, k,=2
The respective eigenvectors are
Lo (2) . 1
vi=| |, V,=

)2
The general solution is then
_ (2 1

u y 1 2

With initial conditions

2

2 1
gl B T e B et I (o [ AC
u V' —— 1 2 4 2

4

Since we need y to solve the initial differential equation, then the first row of
the solution is the value we need
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Euler’s iterations: We will use a step of 0.1 for convenience as the exercise
does not specify the step size.

yn+1:yn+h(y,’1) yI:—2+0.1><—%:—2.175

5,17 7 5( 7
un+1:un+h(_yn+5un) ulz——+0,1 2+—(——) =-1.9875
4 2\ 72

(v, =y +h(¥) =y +h(u,)=-2.175+0.1(-1.9875) = -2.374

(d)  With substitution u’ = v;v' = —2u —3v; we transform the equation into a system

!

— (u 0 1)\(u ) .
V' = = , which leads to eigenvalues k, =-1k, =-2
v

v -2 3

1 -1
and respective eigenvectors v, =( J,ﬁz =( 5 j

and with initial conditions, the solution is u =—7e™ + 6™

Euler’s iterations: performing 2 iterations we get u (0.2) =-1.83

(e) With substitution y’ = u;u’ = -5y —6u, we transform the equation into a

system

= [V 0 1 \(y . .

U'= = , which leads to eigenvalues k, =-1,k, =-5
u' -5 -6 )\u
oy o . 7 01

and with initial conditions, the solution is y = Ee —Ee

Euler’s iterations: performing 2 iterations we get y(0.2) =2.71

X . y . )
5. a —— grams per litre and —— grams per litre, respectively.
(a) 100 & p 200 EAMs P P y

(b) Tank 1 will have 10 //min coming in from Tank 2 with concentration of Z)}E

It will be losing 30 //min to Tank 2, thus,

Tank 1: %=rm -7, =10L_30i=_3_x+l
dr 200 100 10 20

Tank 2 will have 30 //min from Tank 1, losing 10 //min to Tank 1, and losing
20 //min to the outside, thus,
Tank2: ¥ =y —p 2305 102 20X =3

m e TIE100 0 2000 2000 100 20
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(c) The system can now be modelled by

A
y=| 10 20
33
10 20
Eigenvalues: 4, = - ;8/5 A = = Z(;/g

1 1
Eigenvectors: [3 _\/ﬁ} ;[3 _,.\/5]

2 2

2

1 1
General solution: (;Egj =¢ [3 _ \/ﬁ] U c, [3 n \/ﬁ]eﬂzt
2

With initial conditions

o) |

2

}/ﬁf +25(1+%}[3+3§]6M
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Chapter 20 practice questions

1. Separate the variables and integrate both sides

dy xy :>dy xdx

oo b g e
dx 1+x° Y 1+ x? 1+ x?
:>1n|y|:\/1+x2+c

With initial condition

1n|1| 1+0 +c:>c=—1:>ln|y| 1+x° -1

1+x?
Vis2-1 €

2)}:6 =
€

2. %=sinxcoszy:>seczydy=sinxdx:>tany=—cosx+C

With initial condition

tan%=—cos%+€:>C=1:>tany=1—cosx:>y=arctan(1—cosx)

3. This is also a variables separable DE.
d d dx
Lo y(3-y)= Y &
dx y(3 - y) X

LHS can be simplified using partial fractions and then integrated

dy _dx_dy dy _dx
=—=7- =—=—(In Inly—3|)=In|x|+c¢
y(3-y) x 3y 3(y-3) «x ( ¥~ In]y=3) = In|x]

=1In

L‘zm\xmsc:»‘i‘:quz\
y=3 -

With initial condition
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4. If y= Cxln‘/;,then

lny:ln(Cxl“ﬁ)=lnC+lnx/;lnx=1nC+%lnx~lnx:lnC+%(lnx)2

:ld—y=lx2xlnxxl:>d—y=y><ln—x
ydx 2 x dx X

:>xd—y—x>< Xln_x_ Inx
dx Y X Y

5. Gli—?=kQ:>dEQ=kdt:1nQ:kz‘+c:Q:Ae’“

At time ¢ = 0, there will be the original amount, Qo, and thus the model is O = Q,¢".

The half-life is 1620 means that

%QO = 0,¢'™ = 1620k = ~In2 = k ~ ~1.00042787

Remains of 10 grams after 25 years is Q ~10e™*"***"*”* =9 89 grams
2
6. (a) sz—xzydy=2xdx:>y—=x2+c:y2=2x2+k
dx 2
2
(b) d—y=y—:>d—y=%2:>—l=—l+c:>y=L= al
dx x> 3y x y x l—c 1—cx
x
() X’ Y_ YV —y= 2dy = %2 LHS can be evaluated with partial fractions
dx y -y x
1 1 1 d dx 1
= ——3I2—y=ln|y—l|—ln|y|=f—2=——+c
y=1) oyl oy Py-y ¥ x
L. _!
lny—_1=—l+c:y—_l:ex =Ae *
y X Y
xd—y=tany:>CO,Sydy=%:>ln|siny|=ln|x|+c:>siny=eln‘x‘+c=C|x|
(d) dx sin y X
= y =arcsin Cx
2 B bl
(e) Gl—y=xy:>d—y=xdx21n|y|=x?+c:>y=e2 = Ae?
y

() x2+1%:§=>ydy= i =y =2x" +1+c

Nx?t+1
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2
CUNP i S ?y L AL
dx &' y -1 2(y+1) 2(y—1)

(we used partial fractions for the LHS)

dy dy . 1 By .
2(y+1)+2(y—1) - dx:>51n(y2_1)=_e +e=Inyy’ ~l1=c—e

(@

(h) lnyd—y=1:>lnydy=dx
dx
Use by parts on the LHS
y1n|y|—y=x+c

7. Factor numerator and denominator and separate variable:

d_yzxy+y=y(x+l):y+ld =x+1dx
dx xy+x x(y+1) y 4 X

_[y+1 _[x—de:y+ln|y|:x+ln|x|+c
=e’e™ =¢'e"e’ = ye' = Axe"

8. y%=cosx:>ydy=cosxdx:>jydy=fcosxdx

2
:>y7=sinx+c:>y2 =2sinx+C = y=12sinx+C

The constant C cannot be completely arbitrary because 2sinx+C >0. If C <-2, then
2sinx+ C will be negative for all values of x. If —2<C <2, then 2sinx+C will be

positive for some values of x.

9. In order to be able to find the limiting value of the population, we first solve the DE.
d d . . .
P _s p-2p = . dr, LHS evaluated using partial fractions
dr r(5-2p)
dp p
J' '[dt:>—ln =t+c=In =5t+K
r(5-2p) 2p-5 2p-5
- P _ K — g ,
2p-5
then, with initial condition
P AeSt:i=A:>L—ie5’
2p-5 3 2p-5 3
20e™
Solving for p, we have =
g lorp p e _3
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20" 20 5
a limp=lm———=—=—
(a) e P =5 8 -3 8§ 2

(b) with new initial condition

NPT U BN (RN Pt
2p-5 —4 2p-5 8
Solving for p, we have
SeSI

=——— and

P2
St

lim p = lim—>%— =2

1o 1> 8 4 265[ 2

(c) Regardless of the initial value of the population, as time increases, the
population stabilises at 2 500.

1+ J-1+x

dy dx:>J- dy

= = arctan y = arctanx +c¢
1+y> 1+x° ?

10. (1+x2)%=1+y2 =

y(2) =3 = arctan 3 = arctan 2 + ¢ = ¢ = arctan 3 —arctan 2

= arctan y —arctan x = arctan 3 —arctan 2

= tan (arctan y —arctan x) = tan (arctan 3 — arctan 2) = 2— L
Il+xy 1+6
1+7x
7y—7x=1+xy:>y(7—x):1+7x:>y= ;
—x
1 1 1 A B
11. = =
W T (x—2)(x+l):>(x—2)(x+l) x—2 x+l
1= A(x+1)+B(x-2)= A=2, B=—

1 _ 1 B 1
¥-x-2 3(x—2) 3(x+1)

dy 5 & dy ¢ dx ¢ dx
® i - :>Iy2_j3(x—2) I3(

=

dc xX*-x-2 )y x’-x-2 x+1)
:—%=%1n(x—2)—%1n(x+1):>%=%ln(x+1)—%ln(x—2):§ln ;“j;
3 x+1
=>—=In +c
y x=2
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With initial values

:%=ln 1+c:>c=3—ln2
3 o5 3T o 2
y x=2 y x=2
353V 12 =3y
=ec "’ =2e 7 = x+1
x-2
Y
1+2=
12.  (a) dy _ x+2y :>v+xg= X :>v+x@=1+2v
dx 3y-2x dx sV _, dx 3v-2
X
(b)  Multiply and collect like terms
3v2—2v+x(3v—2)@=1+2v:>—23v—_2dv=@
dx v —4v-1 X

__j3v a1 —J‘%:lnbvz—4v—1‘=—2ln|x|+c

2
I LIS AP S LI
X X X X
=3y’ —dxy—x’ =—1+cx’
With initial value
0-0-1=-l+c=>c=0=3)y"—4xyp—x"+1=0

13. Substitute y = vx and Y =v+ x@
dx dx

Y =x +xyd—y=03v2 —1+v(v+xﬂ)=0
dx dx

:>v2—1+v2+vxﬂ= I vdv —J—
dx 1-2v°

:—lln‘2v2—l‘=ln|x|+c:>ln 21 =lnx*+4c

4 2v° -1

2

= 12 =e*y' = 2x 2=Ax4:>1=A(2x2y2—x4)

) y | 2y —x

= -

X

C=2x"y* —x", where C =%.
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dyyy
dxx

14. (a)

IS

= xdy = (y +y dxz_[y )

LHS can be evaluated using partial fractions

=ec

ln|y|—ln|y+1|:ln|x|+c:‘L
y+1

(b)  With initial value
Y

y+1

(c)—(d) Use a spreadsheet for Euler’s method calculations

C|x|:>l—C:>
2 y+1

2

Yy ty
X

Yo =V, +hF(x,.,). and %=F(x,y)= . we have

X

n

2
Yot = Vi +hF(xn’yn)=yn +h(yn—+ynJ

For example, y,,, = ¥, + 1 F (x.3,) =1+ 02(1:1) 1.4.

x, | approx.y, | exacty, | % error
1.2 1.400 1.5 6.6
1.4 1.960 2.3 16
1.6 2.789 4 30.3
1.8 4.110 9 543

15. ym=yn+hF(xn,yn)3yn+1=yn+h(xnyj).
It 5 steps are needed, then 4 = 0.2.
For example, y,,, =, +hF(x0,y0) =1+ 0.2(0) =1, and

Vi =0 +RF(x,,)=1+02(0.2x1) =1.04,

x(n) y(n)
0 1
0.2 1
0.4 1.04
0.6 1126528
0.8 1278816
1 1.540475
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16. yn+1=yn+hF(xn’yn):yn+1=y,,+0.1(ex"y”).

For example, y,,, =y, +0.1F (x,,y,) =1+ O.I(eOXI) =1.1,

x(n) y(n)

0 1
0.1 1.1
02 1211628

! !

0.9  3.539766

1 5.958404

17. Substitute y = vx and b =v+ x@
dx dx

d_y_x2+3y2:>v+ dv_1+3v2 2vdy

&

= =
dx  2xy dxr  2v 1+v'  x
:>1n(l+vz)=1n|x|+c:>1+v2 =A|x|

2

:>1+y—2=Ax3y2 = Ax’ —x
X

18. =), +hF(x,.3,)= Y. =), +0.1(xn\/y7)-

For example, y,,, =y, + O.IF(xO,yO) =4+ O.l(lx\/Z) =42,

x(n) y(n)

1 4
11 4.2
12 4.425433
13 4.677873
14  4.959043
15  5.270807

19. (a) Ify:e'x+x—1,then%:—e_x+1

Now substitute these values in the given DE.

%=x—y:>—e'x +l=x—(e*+x-1)=—"+1
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(b)—(c) With 5 steps, we will need 2= 0.2; with 10 steps, we will need 2= 0.1
yn+1 :yn +hF(xn’yn):>yn+1 :yn +h(xn _yn)‘

0.2 0.1

() y@ o x(@m)  y(0)
0 0 0 0
0.2 0 0.1 0
0.4 0.04 0.2 0.01
06 0112 03  0.029

0.8 0.2096 0.4 0.0561

1 0.32768 | 0.5 0.09049

0.6 0.131441
0.7 0.178297
0.8 0.230467
0.9 0.28742
1 0.348678

(d)  Actual value to 10 s.f. is y(1) = 0.3678794412; Note that with 10 steps the
discrepancy is less than with 5 steps. Thus, using more steps (and a smaller
step size gives a better approximation.

do da

20. —:—k(a—20):>
dr a-20

=a-20=4de™™ =>a=A4e"+20
With the 2 initial values (0, 70) and (10, 50), we can find the values of 4 and .
(0,70): a=Ae™+20=70=A4+20= 4=50= & =50e™ +20

(10,50:) o =50e™ +20=50="50e"* +20 = e " =§:> k=t

=—kdt = In(a—20)=—kt +c

1.3

= a =50¢ 10“5[+20
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21. (a) Exponential decay is relative to the quantity present, that is
dN —kt
E:—kN: InN=—kt+c= N({)=N,e™", so,
&:Noe_’“ 1w, In2_  In2 ~ 5700 years
2 2 k  0.0001216
(b)  We need to find how long it will take such material to decay to one quarter of
its value: Ny _ Ne " =t= L ~ 11400 years
0.0001216

22.  This is exponential decay where the model N(#)= N,e™ is appropriate.

We need to find how long it takes a substance with 5.1x10'" atoms to decay to
4.3x10" atoms. That is

ln(“)
43%10"° = 5.1x 100 000012160 _y 4.3
0.0001216

Given that the Roman empire existed more than 2000 years ago, this appears not to be
genuine from the era.

~ 1403 years.

23.  (a) To achieve an approximation of y when x = 1, we will need 4 iterations with
step size of 0.25. We will use a spreadsheet for the calculations

yn+1 :yn +hF(xn’yn):>yn+1 :yn +025<x5 +y:)

x(n) y(n)
0 2
0.25 3
0.5  5.265625
0.75  12.25983
1 49.97629
dy

(b)  Less than actual value; ™ > 0 so solution curve is curving upward; short

segments from Euler’s method to approximate solution curve will be below
the actual solution curve.

24. (a) s g/LL of salt in 4 L of solution are entering the tank.

Thus, the rate of salt going in is s%x 4# = 4SL,

min min
There is Q g of salt in the solution in the tank, hence the concentration of salt

is gg. The rate of salt going out is therefore, 0 L4 L = 40 g
120 L 120L min 120 min

o . dQ 4 1
So, the initial value problem is: —==4s———0=45s——0; 0(0)=0
P g ST Y TR 39 2O
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t

(b)  Rearrange and as suggested multiply both sides of the DE with ¢
1 t 1 t t
e’? ~d—Q+e3° -%Q =45-¢3% = d(e3° -Q) =4s-e3dr
L £
=e¥.0=120se* +c¢
With initial conditions

e”-0=120se’ +c = c=-120s
- * -
=e¥.0=120se’ -120s = Q0= l20s(l—e 30)
l
(c) lim QO(¢) =lim120s[l—e3°]=1205
11— 11—

25. In the absence of other factors, we have

(ji—];:kP:d?P=kdt:1nP=kt+c:P=Poe"’

Given the fact that it doubles every week: 2P, = Pe* = k=1In2

Now, the initial value problem can be set up:

((11—]; = (ln 2) P —140000; P(0)=200000

—(In2)r

Rearrange and as suggested multiply both sides of the DE with e

e—(ln2)t (j'i_f _ e—(ln2)t . (1n2) P=-140 OOOe—(ln2)t - d(e—(ln2)t . P) =—140 OOOe—(lnz)tdt

- e—(ln2)t .P= I_I4O OOOe—(ln2)rdt — 140000 e—(lnz)t Ny
In2
_ 140000 o,

In2

=P

With initial conditions

140000
In2

200000 = +c=c=-1977.31

Therefore, the flies population is modelled by

P ~201977.31-1977.31e"™
=201977.31-1977.31x2"; 0<1<6.67 weeks

0 <t < 6.67 weeks is added to make sure that the number of flies is non-negative!
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